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ABSTRACT: We consider double scaled little string theory on K3. These theories are la-
belled by a positive integer k > 2 and an ADFE root lattice with Coxeter number k. We
count BPS fundamental string states in the holographic dual of this theory using the super-
conformal field theory K3 x (SL[(JQ(’I]%)’“ X Sgg%’“) / Zy.. We show that the BPS fundamental
string states that are counted by the second helicity supertrace of this theory give rise to

weight two mixed mock modular forms. We compute the helicity supertraces using two
separate techniques: a path integral analysis that leads to a modular invariant but non-
holomorphic answer, and a Hamiltonian analysis of the contribution from discrete states
which leads to a holomorphic but not modular invariant answer. From a mathematical
point of view the Hamiltonian analysis leads to a mixed mock modular form while the
path integral gives the completion of this mixed mock modular form. We also compare
these weight two mixed mock modular forms to those that appear in instances of Umbral
Moonshine labelled by Niemeier root lattices X that are powers of ADFE root lattices and
find that they are equal up to a constant factor that we determine. In the course of the anal-
ysis we encounter an interesting generalization of Appell-Lerch sums and generalizations
of the Riemann relations of Jacobi theta functions that they obey.
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1 Introduction and motivation

Little string theory (LST) originated in the study of the dynamics of modes localized on
solitonic fivebranes that act as a source for the massless two form field B that originates
in the Neveu-Schwarz sector of superstring theory. These fivebranes are often called NS5-
branes and exist in type ITA and IIB string theory as well as in heterotic string theory [1-4].
As is the case for D-branes, it is possible to take a limit in which the dynamics on the
fivebranes decouples from the bulk, but unlike the corresponding limit for D-branes, the
limit in which the dynamics on fivebranes decouples keeps the energy scale E fixed relative
to the string scale mgs. Taking the string coupling gs — 0 with £ ~ mg leads to a
six-dimensional theory on the fivebranes, dubbed little string theory (LST) in [5], which
is a non-trivial interacting theory with fascinating properties. In particular it is a six-
dimensional supersymmetric theory with either (2,0) or (1,1) supersymmetry in IIA or
IIB string theory respectively and has stringy excitations and behavior including T-duality
and a Hagedorn density of states. Unlike critical string theory, it does not include gravity
as there is no massless spin two particle in the spectrum. Evidence that such theories exist
and discussions of the properties described above can be found in [5-9] with [10] and [11]



containing useful reviews. Some important earlier ideas with important applications to
black hole physics appeared in [12, 13]. The papers [14-16] are particularly useful references
for many of the aspects of LST that we will utilize in our analysis.

Techniques for analyzing little string theory are unfortunately limited. Some early
analysis was based on discrete light-cone gauge theory and Matrix theory [6, 17, 18] and
there is also an approach using deconstruction [19], but most recent analyses have utilized
a holographic description [20-22] of the theory of k fivebranes based on the superconformal
field theory (SCFT)

M6 X Rd) X SU(Q)k (1.1)

that describes the space-time background sourced by fivebranes in the decoupling limit
above [2]. Here Ry is a supersymmetric linear dilaton background, SU(2), is a level k su-
persymmetric Wess-Zumino-Witten (WZW) model and in the simplest case of fivebranes in
flat space Mg = R>! is the free superconformal field theory describing the space-time coor-
dinates tangent to the fivebrane world-volume. In this paper we will take Mg = My x Rb1
with M, a hyperKahler manifold. The utility of this holographic description is limited by
the presence of a strong coupling region: since the dilaton field is linear in the coordinate ¢,
the theory has one asymptotic region in which the string coupling goes to zero and another
asymptotic region where the string coupling goes to infinity and thus one needs to be able
to do strong coupling computations to fully study the theory in both regions.

The strong coupling problem can be circumvented by Higgsing the theory, that is by
separating the fivebranes so that they are located in a Zj; symmetric fashion on a circle
of radius 7y in a two-dimensional plane in the four-dimensional space transverse to the
fivebrane before taking the scaling limit [8, 9, 23]. The Higgsing breaks the SU(2) x SU(2)
symmetry of the string theory in the background (1.1) down to U(1) x Zj. If we consider
fivebranes in type IIB string string theory then by S-duality we know there is a U(k)
gauge theory on the fivebrane broken down to U(1)* and that there are D1 branes that
can stretch between the fivebranes with mass of order ry/gs whose lowest energy states
include the massive gauge bosons from breaking U(k) down to U(1)*. One then considers
the double scaling limit g5 — 0,79 — 0 with r/gs fixed. In this limit the massive gauge
bosons survive as states with finite mass and one can study physics at the string scale
rather than taking a low-energy limit.

Although our description so far involves a U(k) = Aj_1 x U(1) gauge theory arising on
k coincident fivebranes in type IIB string theory, there are dual descriptions of this theory
which arise when we identify an S! in one of the directions transverse to the fivebranes.
In particular, T-duality relates the Aj_; fivebrane theory to string theory near a C?/Z
singularity [24]. In the dual picture, separating the NS5-branes on a circle corresponds
to deforming the singularity with a deformation parameter p. The double scaling limit,
Js, 1 — 0 with gs/,ul/lC fixed, is then described by the SCFT

R 174 « (SL[(J2(,11;R)1¢ y Sgéf)ﬁ) /2, (12)

where SL(2,R);/U(1) is the supersymmetric, non-compact, “cigar” conformal field theory
and SU(2);/U(1) is a coset theory that describes the N = 2 minimal model SCFTs. The



infinite throat region that led to a strong coupling region has now been capped off and as
a result it is possible to do reliable perturbative computations on aspects of double scaled
little string theory (DSLST) using this SCFT. The Zj, orbifold is present in this construc-
tion in order to project onto a set of U(1)g charges that are consistent with imposition of
the GSO projection needed to obtain a theory with space-time supersymmetry. Note that
the elliptic genus of the SCFT (1.2) minus the RY x M? factor has been studied in [25]
in connection with mirror symmetry.

The McKay correspondence between simply laced (ADE) root diagrams and finite
subgroups I' of SU(2) suggests that we can define an ADE extension of this construc-
tion by considering string theory on C2/I'. This extension to include Dy and Eg, E7, Eg
theories is supported by the structure of the SCFT (1.2) which also has an ADE clas-
sification of modular invariant partition functions that are compatible with space-time
supersymmetry [26-29].

Thus the SCFT appearing in (1.2) is labelled by a hyperKihler manifold M*, a positive
integer k > 2 and a choice of ADFE root system or Dynkin diagram which can be Aj_; for
any choice of k, Dy for k even, and Eg, E7 or Eg for k = 12,18,30 respectively!
and this SCFT provides a holographic description of the corresponding ADE DSLST
compactified on M?.

In this paper we will focus on the case M* = K3. Although this choice could be
motivated by the desire to study LST in situations with reduced supersymmetry, our moti-
vation arises from the fact that with this choice there is a natural object, the second helicity
supertrace, that counts BPS states, and that from the analysis in [30] for k& = 2 seems to
have some connection to the mock modular form appearing in Mathieu moonshine [31-35].
Given that Mathieu moonshine has an extension to Umbral moonshine [36, 37] and that
Umbral moonshine is classified by root lattices with ADE components, total rank 24 and
common Coxeter number, it is natural to ask whether the mock modular forms of Um-
bral moonshine also appear in helicity supertraces of LST on K3 at higher values of k
and whether there is a connection between the ADFE classification of LST and the ADFE
classification of Umbral Moonshine. A related analysis for M* = T* can be found in [38].

The second helicity supertrace that we will study is given by

(1) = Tr ']52 (_1)FS qLofc/24 qiofa/m (1.3)

where the trace is over all space-time states, that is including both Ramond (R) and
Neveu-Schwarz (NS) sectors of the SCFT with GSO projection. Jg is the generator of
a U(1) rotation in space-time which we take to be rotation about the asymptotic S! in
the cigar CFT and Fj is the space-time fermion number which is 0 for bosons and 1 for
fermions. Standard arguments show that this quantity receives contributions only from
BPS states, and in a theory with a discrete spectrum, is a holomorphic function of 7. See
e.g. [39] for a review.

One important fact about the SCFT (1.2) is that the SL(2,R);/U(1) factor describes
string propagation on a non-compact space. As a result the spectrum contains both dis-

In the ADE classification of modular invariant partition functions at level k the Coxeter number of the
ADEF root system must equal k.



crete, normalizable states, as well as a continuum of scattering states. Recent analysis
of the elliptic genus of the SL(2,R);/U(1) SCFT in (1.2) [40-42] has revealed a tension
between modularity and holomorphicity in computations of the elliptic genus. Contribu-
tions from discrete states are holomorphic functions of 7 because of cancellations between
fermions and bosons, but since modular transformations mix characters of discrete states
with those of continuum states, the contribution of discrete states alone is not modular
invariant. Including the continuum states leads to a modular invariant expression for the
elliptic genus, but it is no longer holomorphic because violations of holomorphy arise from
continuum states due to differences between the density of states of fermions and bosons.

This kind of tension between holomorphy and modularity is precisely the defining
feature of mock modular forms. Mock modular forms were first introduced by Ramanujan
in the last letter he wrote to Hardy in 1920, but were only understood in more depth in
recent times due to work of Zwegers [43] and others. For reviews see [44, 45]. Recall that a
modular form of weight k is a holomorphic function f(7) on the upper half plane H obeying

f <‘”+b> ) (“ b) € SLy(Z) . (1.4)

ct +d cd

In the simplest case a weakly holomorphic mock modular form of weight &k for SLo(Z) is
a holomorphic function on H with at most exponential growth as 7 — ioc which is part
of a pair of holomorphic functions (h(7), g(7)) where g(7), called the shadow of h(7), is a
modular form of weight 2 — k and the completion of A(7), ﬁ(v‘), given by

>)

(1) = (1) +9%(7) (1.5)

with -

g'(r) = () [ (o4 1), (1.6
transforms like a modular form of weight k£ on SLy(Z). Note that h(7) is holomorphic,
but not modular if the shadow ¢(7) is non-zero, while in this case the completion h(7) is
modular but not holomorphic, and obeys the equation:

(4775)* 825_7—) = —2mi g(7). (1.7)

Mathieu moonshine is the observation that a particular mock modular form of weight
1/2, HA' with ¢ expansion

HAY = 2¢71/8 (<1445 ¢ 4+ 231 ¢ + 770 6> + 2277 ¢* + 5796 ¢° + - --) (1.8)

appears in the decomposition of the elliptic genus of K3 into characters of the N = 4 super-
conformal algebra (SCA) and that the coefficients 45,231, 770, 2277, 5796 are dimensions of
irreducible representations (irreps) of the sporadic Mathieu group M4 while the higher co-
efficients have decompositions into small numbers of irreps. The shadow of H At g 24n(7)3
where 7(7) is the Dedekind eta function. Strictly speaking, the pair (H A%l, 24n(7)3) does
not satisfy the definition above because 1(7)? acquires a phase (an eighth root of unity)



under modular transformations. Thus as is often done for modular forms, we need to gen-
eralize the definition (1.5) to allow for a multiplier system which can be a phase, or more
generally for vector valued modular or mock modular forms with n components, a multi-
plier p : SLa(Z) — GLN(C) that determines the matrix transformation on the components
of the (mock) modular form that accompanies a modular transformation on 7.

We will also need to extend the definition (1.5) to include mixed mock modular forms.
If M, is the space of weight & modular forms then we define a mixed mock modular form
of weight k|¢ to be a holomorphic function with polynomial growth at the cusps that has
a completion

h=n(r)+> figh, [ €My, gj €My, (1.9)
J

such that h transforms like a modular form of weight k. As an example, the product
n(r)3HA™" is a mixed mock modular form of weight 2 with shadow 24 7(7)3 5(7)3.

In [30] it was shown that the second helicity supertrace of the SCFT (1.2) at k = 2 is the
completion of this mixed mock modular form, x5=2 = —(1/2) n(r)3HA" (7). This result
suggests a possible connection between the the £ = 2 DSLST and Mathieu moonshine.
Mathieu moonshine has been extended to Umbral Moonshine in which vector-valued mock
modular forms HX are labelled by the root lattices X of the 23 even, self-dual rank 24
lattices with non-empty root systems, that is by the 23 Niemeier root lattices L, and
exhibit moonshine properties for groups GX which are defined in terms of the Niemeier
lattice LX as

G* = Aut (LX) /Wy (1.10)

where Wx is the Weyl group of X.

The Niemeier root lattices X are composed of ADE components with total rank 24
and equal Coxeter numbers m(X). Umbral Moonshine generalizes Mathieu moonshine in
that X = A2* with m(X) = 2 leads to the moonshine group GA" = My and to the mock
modular form HAT' given above. The weight 3/2 shadow 7(7)3 appearing for X = A?* has
a generalization involving the vector-valued weight 3/2 theta functions

Sm,'r'(T) = Z (2mn + ’f') q(an+T)2/4m (111)
nez

with » =1,2,---m — 1, and for each X labeling an instance of Umbral moonshine we can
associate a mixed mock modular form of weight 2 given by

X2 = S (r) HX (7). (1.12)

For m = 2 we have Sz 1(7) = n(7)3.

We thus have on the one hand the SCFT (1.2), specified by an integer k£ > 2 and a
choice Y of ADE root diagram with Coxeter number k with its second helicity supertrace
Xy (1) (which we now label by Y) and we will show later that X3 () is the completion of
a mixed mock modular form of weight two. On the other hand we have the quantities 3
labelled by Niemeier lattices X with an ADFE classification and these are also mixed mock



modular forms of weight two. By comparing shadows we conclude that the X3 are, up to a
numerical factor that we will determine, the completions of the y5 when the X are powers
of a single ADE component.

To summarize, we have two motivations for the computations done in this paper. The
first is to explore further the structure of DSLST compactified on K3 by computing the
second heliticy supertrace that counts the BPS states of this theory. The second is to further
explore possible connections between DSLST on K3 and Mathieu and Umbral moonshine.

The outline of this paper is as follows. In section 2 we describe the structure of the
superconformal field theory (1.2) in more detail, discuss the structure of the helicity super-
trace and then compute the full, non-holomorphic supertrace by generalizing the techniques
used in [30] which involve performing an integral over the holonomy of a U(1) gauge field on
the torus. In section 3 we analyze the holomorphic contribution to the helicity supertrace by
performing an explicit sum over the discrete characters of the superconformal field theory.
We compare our results to the holomorphic part of the previous computation and find
perfect agreement. The result of these computations involves a sum of the form ) Sk .h,
where the h, are vector-valued mock modular forms. We turn in section 4 to a discussion
of the relation between the mock modular forms h, arising in these computations and the
vector-valued mock modular forms H;X of Umbral Moonshine. In section 5 we conclude
and offer some thoughts about possible future directions of research. The appendices con-
tain many technical and interesting mathematical details that appear in this work. These
include a generalization of the Riemann identities for Jacobi theta functions to Riemann-
like identities involving Appell-Lerch sums and a generalization of the Appell-Lerch sum
that appears prominently in [43] to a Appell-Lerch like sum depending on the modular
parameter 7 as well as on three elliptic variables.

2 The holographic dual of DSLST

We consider the holographic dual of DSLST as described by the SCFT (1.2) with M* = K3,
with N/ = 4 supersymmetry [14, 46, 47] on the worldsheet. This SCFT describes string
propagation in the background of & NS5-branes that are wrapped on K3, and separated
along the transverse R* in a ring structure, in a near-horizon double scaling limit [48]. The
geometric picture of the SL(2)/U(1) coset is a semi-infinite cigar [49-51], which is asymp-
totically a linear-dilaton times a circle. Translation around the circle is an exact symmetry
of the theory, and the conserved U(1) momentum corresponds to the spacetime R-charge.

The string theory based on the above SCFT has 16 conserved supercharges. We
would like to compute the second helicity supertrace (1.3) of fundamental strings in this
background, thus generalizing the calculation of [30] for the &k = 2 A-type theory. In path-
integral language this is a torus partition function with two insertions of the spacetime R-
charge. We will essentially follow the ideas and calculations of [30] to compute the second
string helicity supertrace. We will briefly sketch the procedure below, mainly focussing
on the new aspects compared to [30] and relegating many details to the appendices. We
begin by considering a string wrapped on the S' and moving in time. The full string theory
includes the reparametrization ghosts of the ' = 1 string worldsheet, which have the effect



of cancelling the oscillator modes of the R x S' factor in the above SCFT. This leaves
us? with the momentum and winding modes around the S and all the fluctuations in the
“internal” theory with central charge ¢ = ¢ = 12:

S S
K3 x ( 58’“ x 88&) /L . (2.1)

We shall consider the K3 to be at the T*/Zy orbifold point. Physically we expect that
our results should be independent of the moduli of K3 since we are counting BPS states and
these do not change as we move in the moduli space of K3 surfaces. To be more precise,
the holomorphic part of our result should depend only on BPS states and the completion
is then fixed by demanding modular invariance. However since we are dealing with a non-
compact theory the issue of moduli independence is not completely straightforward and
this issue deserves further attention. As a small check on this claim we have done the
computation for several different orbifold limits of K3 and in each case find that the final
result of our calculation only depends on the elliptic genus of K3 which does not depend
on the moduli of the K3 surface.

A new ingredient compared to the k = 2 situation is the supersymmetric SU(2);/U(1)
theory with central charge ¢ = 3—% (which becomes trivial at k¥ = 2). The characters of this
theory are defined in terms of a branching relation using the characters of the SU(2) WZW
model after splitting off a U(1) factor [52]. We gather some useful information about
the characters in appendix A.2. We treat the non-compact gauged WZW SL(2);/U(1)
model based on the more recent work of [40-42]. The coset is expressed as SL(2); X
U(1)¢/U(1) where U(1)€ is a complexification of the gauged U(1) subgroup, to which one
adds a (b, c)“® ghost system of central charge ¢ = —2. The supersymmetric SL(2); consists
of a bosonic ng WZW model at level k + 2, and two free fermions 1* (and their right-
moving counterparts). The coset U(1)®/U(1) is represented by the real boson Y. Related
string worldsheet calculations that combine the two cosets have been discussed in [14, 15]
in a different context.

The holonomies of the U(1) gauge field around the two cycles of the torus are repre-
sented by a complex parameter? u = ar + b. It is useful to consider a combination of the
boson Y and the gauge field holonomy which is called Y*, as in [40, 42]. This field Y
is a compact real boson at radius R = \/2/7k7 and can be thought of, in the asymptotic
variables, as the angular direction of the cigar. In the exact theory it is described by
the compact level k CFT U(1),. The bosonic Hy, the two fermions, the Y* boson, and
the (b, c)“® ghosts are all solvable theories and are coupled by the holonomy u that has to
be integrated over the elliptic curve E(7) = C/(ZT + Z).

We now write down the partition functions of the various fields entering (2.1). We will
keep track of the gauge field holonomy u as well as a parameter z which we introduce as the
chemical potential of the spacetime R-charge. This R-charge is the diagonal J3 component

2As mentioned in [30], one can also obtain this SCFT using a gauge-fixing condition on the string
worldsheet.

3Throughout this paper, we will use the subscripts 1 and 2 on a complex variable to denote its real and
imaginary parts, i.e. 7 = 71 + 172, u = u1 + tuz etc.



of the SU(2) x SU(2) R-symmetry rotations of the CHS solution, and it is identified with
the U(1) momentum around the cigar (see [48, 53| for a discussion). The appearance of
the two potentials u and z is governed by the corresponding charges of the above fields.

Our notations and conventions are summarized in appendix A.
The bosonic H;” = SL(2,C)/SU(2) model at level k contributes:

(k + 2)\/E e27ru§/7'2 1

Z ju) = — - 2.2
() =T Prri)P 2
The (b, c)“® ghosts have the contribution:

Zgn(1) = T2 I(7)? . (2.3)

The two left-moving fermions 1* have a contribution in the NS sector* [54]:

1 2 » Ooo(T;u)

ChNS Tu) = ———e T3 /T2 62mu1u2/72 0077’ 9.4
S = ) 2

the other NS(—1)F, R, R(—1)!" characters can be derived from this by N = 2 spectral flow
ab
2
NS, R, and b = 0 and 1 stands for the trace with an insertion of 1 and (—1)%" respectively.

The characters of the N/ = 2 minimal model SU(2),/U(1) are labelled by® (j,),

(a,b) [52] and have the form:

on the worldsheet. We shall denote these four characters by ch .’ where a = 0, 1 stands for

CI (5] (r30) = ™2 (g (ri0) + (-1 (730)) (2:5)

Here v is the chemical potential for the U(1)r symmetry of the minimal model, and in
what follows we will only need these characters evaluated at v = 0. The explicit form of
the functions y#® are presented in equations (A.63), (A.59), (A.45). In this section we will
only use that they obey the branching relation (see equation (A.64)):

Z Xﬁ"a(T; 0) Vg (7’; %) = X;(T;w) V2,4 (7’; E) (2.6)

2
TEZQk

where the functions x; are defined by:

gy (732/2) — O —j1(7;2/2)

(e ) — 2.7
X_] (Tﬂ Z) 91 (7_’ Z) ( )

The U(1); fibered over the coset has the characters:
Chy (750, 2) = e ™ u2+22)"/2m2 Vi (7 —(u +2)/2) : (2.8)

n(r)

4The prefactor in front of the usual expression for free fermions arises because of a factor of k + 2 in the
action of these fermions. This prefactor cancels an equivalent one in the numerator of the bosons in (2.2).

5In this section we work at a fixed level k and do not display it in the various formulas in order to avoid
clutter. In section 3 and the appendices, there is an explicit superscript on the functions C7, x%*, and x;
that shows the k-dependence (see (A.66), (A.63), (A.45)).



On tensoring the chiral part of the free fermions, the U(1); and the SU(2)/U(1) char-
acters above, we obtain:

C(1;u,2) Z chl(;ﬁ)(T; w) chy, (T3 u, 2) Cﬂ [3](7;0) (2.9)
r&log
o Qa (T;u) . Jya (. 7,a .
- 7;)27(7_) TEZZ% ﬁk,T(Ta (U + Z)/2) (Xr (7-’ 0) + (_1)bX7‘ +2(7—7 0)) )
Oab(T51)

= i (st 2P (0t 2)/2) 4 (0t 2) Dl (0 2)/2))

where we have performed the sum over r using the branching relation (2.6). The last line
in (2.9) can further be rewritten as

Oab (75 1) Oap (T30 + 2)
n*(7)

Xi(T5u+ 2). (2.10)

The prefactor C(7;u,z) in (2.9) can be read off from equations (2.4), (2.5), (2.8), and
we shall keep track of the overall normalisations separately in what follows. The above
manipulations show that the characters from the SU(2)/U(1) factor and the U(1) of the
cigar recombine to give back the SU(2) characters x; in the path integral computation of
the second helicity supertrace.

So far we have discussed the two cosets in the theory (2.1), and we are left to deal
with the K3 SCFT, for which we use its description as a T%/Zs oribifold. The partition
sum naturally splits into the untwisted and twisted sectors of this orbifold, which we label
by a subscript (r,s) with r,s = 0,1. This description is fairly standard in the literature,
we present some details in section 3. The excitations that contribute to the K3 characters
do not couple to the U(1) gauge field of the cigar coset, nor do they carry any spacetime
R-charge. As we are only interested in these two charges, the K3 characters contribute to
our observable of interest with vanishing value of the elliptic parameter.

As for the coset part, we separately consider the chiral fermionic part of the K3 SCFT.
For the spacetime helicity supertrace computation we need to combine their characters,
presented in section 3, with that of the chiral partition function of the two cosets (2.10),
and we then sum over the worldsheet spin structures. Performing these steps, we obtain,
in the untwisted sector:

i 1 1
Z(Jo,o) (T30, 2) = 254 (7) (650 (73 0) 800 (75 1) Boo (75 2 + u) — 631 (73 0) Oo1 (73 0) O (73 2 + )
— 9%0(7'; 0) 610(7;u) O10(T; 2 + u)) X (T u+ 2)
1
= g Ph(m2/2) 0 (7 2/2 ) xi(msut 2), (2.11)

where we have used, in the second line, the identity R2 of [55]. Note that the only
j-dependence is in terms of x;(7;u) which is an overall factor. In a similar fashion, we



obtain the twisted sector partition functions:
i 1
Z(JOJ)(T; u,z) = W 02, (1;2/2) 0%0(7'; 2/2 +u) x;(T;u+ 2),
i 1
Z(Jl,O) (T3u,2) = ey 03, (1;2/2) 03, (15 2/2 + u) xj(T5u + 2) (2.12)

2l 4 (riu,2) = 031(7;2/2) 0% (73 2/2 + 1) xj(T; u + 2) .

1
n*(7)
These equations are the analog of equations (3.16) of [30]. We note that the charac-
ter x;(7,u) factors out in equation (2.10), and consequently in all the following expressions.

The expressions (2.11), (2.12) contain the chiral fermionic contributions from all the
elements in (2.1) to the spacetime helicity supertrace (1.3). To obtain the the helicity
supertrace, we need to further perform the following steps. First we include the characters
from the rest of the fields, i.e. the bosonic characters (2.2), (2.3), as well the bosonic K3
characters given in section 3. Then we add the right-movers, and then we sum over j € Zo.
Thus we obtain an expression Z(7;u,u, z,zZ), which has to be integrated over (u,u) to give
the partition function as a function of (7,z,%Z). Finally, we need two insertions of the
spacetime R-charge, which is implemented by two derivatives in z —Z. Combining all these
elements, we obtain the helicity supertrace:

o~ 2
) =1 / sy ( ! (az—aa) Z(7u,T, 2, %)
E(r)

i 2.13
T 211 ( )

The various intermediate steps proceed exactly as in [30]. In the following section we shall
display more details of these steps as part of a Hamiltonian analysis of the BPS spectrum
of the DSLST. The final result for the helicity supertrace is:

o\ Vkm duiduy 1,2 . 7](7')6 [E—
(1= e~/
4 Je@) T

X5 ———01(T;u) Z Ixe(T3w) > ZM(K3; 7, u). (2.14)
01(7;u) i

It is convenient to introduce the standard notation

L 01 (15 u)? L 0; (15 u)?
<P—2,1(T,u) = 77(7')6 ’ @0,1(7, u) = =y 9z‘(730)2 ’

800,1(75 U)

P(t;u) = ()

(2.15)

The functions ¢_o1 and g1 are elements of the standard basis of weak Jacobi forms
(see (A.1) and [56]). The elliptic genus of K3 is given by Z°(K3;7,u) = 2¢0 1(7;u). The
function P(7;u) is a multiple of the Weierstrass p-function P(7;u) = —%gg(v‘, u).

Using this notation and equation (2.7), we can rewrite (2.14) as (cf. eq. (3.30) of [30]):

N duidu
Xé(T) = / 1772 P(1;u) Bi(T;u), (2.16)
E(r) T2
where
Bi(riu) = L;TQ B S |y (s u/2) — O o(7u/2) 2. (2.17)
LELok
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In the above equations (2.14), (2.17), the summed variable ¢ takes values in Loy It is clear
however, from the definition of the theta functions, that 19k 0= 19k » = 0and 19k 0= —19k v
are non-zero for £ =1,2,...k — 1 with

O e(752) = Vg o(732) — g —e(75 2) (2.18)

so that only k—1 of the 2k summed expressions are distinct and non-zero. We can therefore
restrict the summation so that one has

k—1
By(rsu) = Vkry e ™™ Y iy (riu/2) (2.19)
r=1

We shall use this expression in the following sections. Note that the function Bs(T;u)
is equal to the function denoted by H(7,u) in [30] after using the identity 0i(7;u) =
—Q9271(7'; u/2)

2.1 ADE DSLST

There is a natural extension of the above analysis to the more general SCFTs labelled by
ADE root systems as follows. For any divisor d of k, define

B(k,d)(T; 'LL) \/ kTQ (& 7rku2/7'2 Z 01@ o T u/2) ﬁkr (T u/2) 7nr,) s (2.20)
7! €l
where
%jfi) _ 1 if 7+ =0mod2d and 7 —7"=0mod2k/d, (2.21)
’ 0 otherwise .
Further, for Y an ADE root system, define By (7;u) by
1 -~ =~
By(r;u) = 5\//m eT™/ T N Gy (i u)/2) D (T3 0/2) QY (2.22)
! €loy
where QZT, are the (r,r’') components of the matrices defined® in table 1.
In this notation, the function (2.19) is
By, = B(i1) = Ba,_, - (2.23)
Next, define:
(k,d duidu
W) = [ i) B, (224)
E(7) T2
and Jundl
W) = / %2 P(r5u) By (r3u). (2.25)
E(T) T2

From calculations parallel to the one in the last subsection, the functions Y3 (7)

are the second helicity supertraces evaluated in the holographic dual of DSLST of type
Y=A, Dor FE.

5The matrices QY are the same ones as those appearing in table 5 of [37], that paper uses the notation
Qun(d) for QD).
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Y m(Y) QY

A1 m Qm.1)
/241 m Q(m.1) 4 (m.m/2)
FEe 192 Q2.1 4 (124) 4 (126)
E- 18 Q8.1 4 (18,6) 4 ((18,9)
Fy 30 QB0 4 (30,6) 4 ((30,10) 4 ()(30,15)

Table 1. Coxeter numbers and matrices QY for ADE root systems Y.

2.2 The helicity supertraces, their completions and their shadows

The modular properties of the functions )?%/(7') can be deduced by following arguments
similar to those presented in [30], as we now briefly discuss.

The function P(7;u) is a Jacobi form of weight 2 and index 0, i.e. it is invariant under
elliptic transformations. We can check that the function By (7; ) is invariant under the full
Jacobi group. The measure dujdusg /T is also invariant under the elliptic transformations.
This means that the integral (2.16) over the coset E(7) is indeed well-defined, and further,
it transforms like a modular form of weight 2.

The pole of the P-function at u = 0 necessitates some care in the definition of (2.16).
As in [30], we define the integral as a limit:

duyd
() =1lim | By(r;u) P(ru) =222 (2.26)
e—=0 ) e T2

where E°(7) is the torus with a small disk of size e centered at the origin removed from it.
The 7-derivative of X (7 ) can be computed easily using the trick in [30]. We first notice
that 07 B(T;ar + b) = 557 02 B(T;u)|u=ar4s- Using this heat equation, the 7-derivative
of Xx(7) reduces to a contour integral around the origin:

d
O Bi(rsu) P(rsu)
47Tk oDs T2
1 3 1
= (27i) Resy—0 (&Bk (T3u)— 2 >

47rk:72 w2

O Xk(T) =

7) Ser(T) (2.27)
TEZ 2k

where the weight 3/2 modular forms Sy ,.(7) are defined in (A.25). In other words,
Xk is the completion of a mixed mock modular form of weight 2 and shadow

5 o
= T ez Sk (T) Sin(7).7

It is now also clear from their definitions that X**% and X" are completions of weight 2
mixed mock modular forms with shadows proportional to

ST S (1) Ser () QMY and, respectively > Sp(r) Sp (1) Q. (2.28)

71! €Lay, T €Lay

"This corrects an error in the normalization of equations (A.12) and (A.13) of [30].
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The integral (2.26) is analyzed in [57] and explicit expressions for the mixed mock
modular forms x*%) (1) are found in terms of elementary number-theoretic sums as follows.
Define, for d|k,

k
FrD ()= | d Z - sq’*, (2.29)

s s
kr>d?s>0 d?r>ks>0

and for Y an ADE root system define F) to be the linear combination of ]-?f & using the
matrices of table 1 as above. Thus

Ay (k,1)

7 = 7Y (2.30)
]_—2Dk/2+1 _ 2(14«‘,1) +f2(k,k/2)’ (2.31)
fQEG _ 2(12,1) -|-_7—"2(12’4) +‘7:.2(12,6)’ (2.32)
]:.2E7 _ 2(1871) + ]:.2(18,6) + ‘7:.2(1879)7 (233)
J__gEg _ 2(3071) " ]:.2(30,6) n ]:2(30710) +.7:2(30’15). (2.34)
The result of [57] is
k
W00 = (1) Bl - 200 (2:35)
which further implies
X3 (1) = 1k(Y) Eo(1) — 24 F5 (7). (2.36)
Here the second Eisenstein series is given by
By(r)=1-24) o1(n)q", (2.37)
n=1

with oq(n) is the sum of the divisors of n.

In the following section we will show, using a Hamiltonian analysis, that the re-
sult (2.36) also arises as the discrete part of the helicity supertrace of the string background
described by (1.2). Our Hamiltonian analysis complements the functional integral analysis
of the present section, and provides us with an independent point of view on the associated
physics, as well as a independent derivation of the mixed mock modular forms (2.25) that
we now briefly summarize. We begin with the the identity (B.114), which can be rewritten
in the form

1
W |- )+ 5 Y W w0 (@239)
welly
where Il = {%, 5 TTH} and pY (7;v,u,w) is a multi-variable Appell-Lerch sum defined in
appendix B. Substituting this into (2.25), we obtain

duydu 12 1
~Y 1auU2 3 Y Y
% 7._/ nr — )2 T;w,w,O — W '7;u,u,0 By Tyu)| . 2.39
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The first term in square brackets in (2.39) is independent of u, and the integral of By (7;u)
can be performed using a slight modification of the technique used in appendix A of [30]
to yield

/ durdus p oy = k(Y. (2.40)
B

T2

This term, as in the analogous computation for & = 2 in [30], gives the holomorphic
contribution to Y3 (7), while the second term in square brackets in (2.39) provides the non-
holomorphic completion. From (2.39) and (2.40), we find that the holomorphic contribution
to the second helicity supertrace is given by

X3 ( Z pY (73w, w,0). (2.41)
welly

It is indeed a nontrivial fact that (2.41) is equal to (2.36) and gives the weight two mock
modular form whose completion is X3 (7). This follows from the following argument, that
we have also used earlier. By the corollary (B.16), the expression (2.41) for x3 (7) has a
weight two completion

(1) = x5 ( —f > QY Sk (7)SE (7). (2.42)

JiJ '€Lay

Comparing this with equation (2.27), we deduce that both the expressions (2.36) and (2.41)
are mixed mock modular forms with the same shadow. Therefore their difference has
vanishing shadow and must be a holomorphic modular form of weight two. But there are
no such modular forms, so their difference must vanish.

3 Evaluation of the BPS index via characters

In this section, we will isolate the contributions to the helicity index, x3 (1), that arise
from the discrete characters of the SL(2,R) affine algebra. In this way we will explicitly
verify that modes localized at the tip of the cigar account for the holomorphic part of the
helicity index. In other words, we will compute

P ~\ 2
() = T (<1)Fs gho-e/2iglo=e/zi (1, _ 7.)’ (3.1)

where the trace omits the sum over momentum and winding modes associated with S as
before but now also omits contributions associated with continuous characters of SL(2, R).

The charge J? and its right moving counterpart Js are global charges coming from the
level k super SL(2,R) algebra. In the path integral formulation of section 2, the associated
currents are gauged via an integral over the variable u. This equates these charges with
the left and right momenta of the Y* boson (J% — pz, and —J3 = pr). The level k super
SL(2,R)/U(1) algebra is built out of a bosonic SL(2,R)/U(1) algebra at level k£ + 2 and
two free fermions giving a further level —2 contribution. Therefore, J? =: yTep™ : + 53,
where 1* are the free fermions and ;3 is the global charge associated with the bosonic
SL(2,R)/U(1) coset descending from a bosonic parent SL(2,RR) algebra at level k + 2.
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Further details on both the bosonic and the supersymmetric SL(2,R)/U(1) cosets and
their characters can be found in [58-60]. See also [61] for a nice summary.

The momentum around the cigar corresponds to .J3 — J? which is the unbroken U(1)
of the full N = (4,4) SCFT, [SL(2,R);/U(1) x SU(2)/U(1)] /Zy [46, 47). J® + J3, on the
other hand, is the winding number which is only conserved modulo Zj.

If we put the [SL(2, R)k/U(l) x SU(2)./U(1)] /Zy and Ty/Zs factors together, we get:®

1 o R
X2 dls Z Z a+b+ab Z (_1)a+b ZT4/ZQ [5 Z %] (7—77_)
r,8€L2 a,beZy a,beZs
k—2  k+1 _—
. P 21,k ! al (=.

X Z Z a(2j/) Z Q§+1,2l’+1 C—Zp—a [%]( ) C 2p a [%] (7_70)

20,21'=0 2j'=1 2p,2p€EZ

a a\1? —k g

<|(prg) - (p43)] @bBIGmr0 @ CET0. B2

where the sum over r,s goes over Zs twists of the Ty/Zsy orbifold and the sums over
a,b,@,b perform the GSO projections (for Type IIA string). The bosonic and fermionic
oscillator contributions from R, x S; factor are canceled by the (b, ¢, 3,v) ghosts as before.
Q%/l 419041 18 the ADE invariant matrix? corresponding to the simply laced root system Y
having Coxeter number k. In terms of QXT, defined in the table 1 we have

QL =ar, -ar_. (3.3)

o Ty/Zs contribution:
raa — 0S r m r frm ral (=
ZT4/ZQ [Sz%] (T?T):Zzbl/ZQ[S]( ) Z’]f‘4/22[ ]( ) ZT4/Z2 [S%] (7_)7 (34)

where
047 ](r:0) 0 %47 ] (30)

Zim (18] (r) = e , (3.5)
A7
2855, B ) = o, (3.
and for (r,s) # (0,0)
T 2 = T 2
205, 15 (r,7) = 16 1(r)” 1(7) 3.7)

0 [170](7:0) 0 [135] (7:0) 6 [172] (7:0) 6 [117] (750)

e SU(2)x/U(1) contribution: the expressions CL* [¢] are the supersymmetric SU(2)/
U(1) characters. Further details are given in appendix A.2.

e SL(2,R);/U(1) contribution: discrete N' = 2 characters that appear in supersym-
metric SL(2,R);/U(1) contributions to x3 4. () are

—('=1/2°+(wta/2?  2(pta/2)/k
z Yz Oap(T; )

14+ (_1)b Yo qp+a/2—j’+1/2 77(7-)3

chl [4](j,py 7 x) = (3.8)

8See equation 4.29 in [14].
9See appendix A.2 for details.
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The x variable counts the R charge of the N' = 2 superconformal algebra formed out
of the SL(2,R);/U(1) coset. This expression assumes p — j' € Z and otherwise we
take it to be zero.

These are states that descend from the discrete series of representations for SL(2, R)

algebra, Dj[, by gauging J3. For these two representations j/ € RT and states at the

ground level have j3 € +(j' + Z(T). Note that for p > j’ we can find a state with
' =)+ (@p+a/2)* 2(p+a/2)  a

at the lowest g-power level of chs [2]1(4',p;7,2). These are precisely the conformal

weight and R-charge for the SL(2,R)/U(1) primary VSM, Ci/fn .

the vertex operator follows [16].

This notation for

One last factor that appears in the equation (3.2) is'?

, 1/2 if2/'=lorj/ =k+1,
a(2J’)={

- (3.11)
1 if 25/ =2,...,k.

To account for the [(p + %) — (ﬁ + %)]2 of the equation (3.2) we will compute a sum
in which we replace [(p + %) — (T? + %)] ? factor with

e2miz(p—j'+(14+a)/2) —2miz(p—5'+(1+a)/2) (3.12)

We will finally get back to X%/dis by acting

[ ! (0- +(’H]2 (3.13)

211

z=2z=0
on the expression we get.!! Note that j' — % factors cancel once we get to X{dis; however,
we have included them in the equation (3.12) to get nice modular properties in the z
dependent function we will compute.

Let us start our computation by focusing on

> O L8] (rt) chf [§] (7 pimw) g2 OO, (3.14)
2pEZ
We first note that C*50_, [2](r5t) = (—1)® O, [#](r;—t). Since chf[§] (j,p; 7, 2) is
zero unless p — j' € Z we define n = p — j' + a and the expression in (3.14) becomes
—1)® YO[B =t) b [§) (7,5 + = asmm) O (3.5)
ne”

10T his factor reflects an ambiguity in the character decomposition as
chf (2] (1/2,n +1/2;7,2) 4+ chl [¢] (K +1)/2,n + (k +1)/2; 7, x) (3.10)

can be rewritten in terms of a continuous character (see [15]). In any case, we will see that the j' = 1/2
and (k + 1)/2 terms do not contribute to ngis(r).

"The sign difference compared to (2.13) is because we are keeping track of J3 and jg here instead of pr,
and pr as we did there.
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or, using the equation (3.8) for ch® [¢](§,p; 7, x),

_(j—g) +(J‘/+n—%) Q(j/-‘y-?’b—%)/k‘

ab 2,k q k Yz Oub(T;2) 130
cs 5] (T —1) — y: 2 . (3.16)
7;2 2n+-25'— 14 (—1)byx qn+12 77(7_)3 z
If we introduce variables v, u, w by
2
r=v, t=v—w, z—u+<1—k>w—v, (3.17)
we obtain
1-a\2 k 245/ _ l—a k
g ) e 0
n(7) ez 1+ (=1)by,¢""
a2/ +i32
w 21,k .
X <“12/k> Cszer,ia (5] (15w —v). (3.18)
Yo
This is exactly equal to
(~1)* By (0, uw)
v 2 2
= (—1)% BS;)QZH’% ! (7’; T,z + e + <1 — k) t,r — t> . (3.19)

7] 7.7

The expression B, is defined in appendix B.4 as

U 9 N 6 N Y]
B T (r 0, 1, w) = ab(T,v() )c;b(’ﬂ ) (ET (730 4 Tt Tap, W) (3.20)
n(r
where 74, = (a — 1)7/2+ (b—1)/2 and
i’k n?/k j'n/k 1-2/k
B (e, w) = —2 ¢4 Yu Y CJ LET (ryw —v). (3.21
/’L ( ) 011(7_’ U) = 1 - yv qn yi 2/k 2n+] [ ] ( ) ( )

Some algebraic and modular properties of 7" (T v. ,u,w) are worked out in detail in

appendix B. Moreover, as shown in appendix B.4, B, ’j 7' (

T; v, u, w) satisfies analogues of the
Riemann relations for theta functions. This will be an important ingredient in simplifying
XQYdIS( ). Moreover, appendix B.4 tells us that B ’J’J (T;v,u, w) is an entire function of v,
w and w and B; ’“ (7;0,0,0) = §; ;.

To summarize this discussion, our goal now is to compute

Zbos ['r’
by Bl S S

rsEZz L,I'=1 j'=0
1 ]Cl !

x5 S T2 2 118)() B (730,2,0)
a,b€EZs
1 oS k1 _

x5 ST (=)™ G2 20, 18] (7) By (7,0,%,0) (3.22)
E,BEZQ

using the machinery developed in the appendices. Note that we have redefined 21 + 1,21’ +
1,25 =1 —1,I',j' compared to the equation (3.2).
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GSO projections. We will start simplifying the equation (3.22) by performing the GSO
projections first, i.e. by computing its second and third lines:

a a+r a—r kg’
— Z g _;r_s} (1;0) 0 [—b+s] (1;0) B,; 7 (730, 2,0), (3.23)
abEZQ
and )
ciea [ asr 1 e oy AT aer —kl g _
5 2 ()T B (300 8| 5| (70) By Y (1:0,7,0). (3:24)
a,bEZs

Untwisted sector (r,s) = (0,0). First we study the holomorphic side, keeping in mind
that 911(7’; 0) =0:

1
5(900(7;0) Ooo(30) BEV (750, 2,0) — 001(75 0) By (73 0) BEM (750, 2, 0)

— 010(7;0) 010(7;0) Bf[’)ld (130, z, 0)) (3.25)

According to the identity (R5) of section B.4 this is equal to

O11(732/2) 011 (1 —2/2) B (7 —2/2, 2/2,0). (3.26)
Similarly, for the anti-holomorphic side we get

011(7;2/2) 011(7; —%/2) 311 ( T;—%2/2,%/2,0). (3.27)

Due to the 61 terms, (r,s) = (0,0) contribution to the equation (3.22) behaves as
22%% as z,Z — 0. Therefore the untwisted sector does not give any contribution to X2 dis
which we get after the action of the operator (3.13).

Twisted sectors. We start with the (r,s) = (1,0) sector. From the holomorphic side
we get

(910(7 0) B10(70) BEW (710, 2,0) — Boo(730) B (73 0) BEW (7:0, 2, 0)
— 001(7; 0) 1 (7 0) B (T;o,z,O))

= — 011(7;2/2) 11 (75 —2/2) BEY (7272, 2/2,0) (3.28)

using the identity (Ef’)) We can similarly employ the identity (Eﬁ) and find the contri-
bution of the anti-holomorphic side as:

— Bo1(7;2/2) Bon (7; —2/2) B (7 —2/2,2/2,0). (3.29)

The crucial point is that the only nontrivial contributions after the action of

[ ! (0 ﬂL&)}2 (3.30)

211

z=z=0
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come from 02 acting on the 011(7; 2/2) 611(7; —2/2) term in the holomorphic contribution.
Taking derivatives and setting z = 0, these two theta functions give %77(7')6. Setting z and
Z to zero for the rest, we get the (r,s) = (1,0) contribution to x{dis as

1 2, ) KL .
s 2o e+ Al (1R r0.0.0)

LI'=1 j'=0

x (—501(?; 0) G0 (7 O)P'f’f"j’(?;o,o,o)) . (3.31)

<

Substituting Z{ff’jz [3] and noting that Bl’ £ (7;0,0,0) is 0y j» in the relevant range we
can rewrite this as

k—1
QN M (rir/2,7/2,0). (3.32)
LI'=1
We can repeat the same arguments for the other two twisted sectors as well. Using

Riemann-like relations (]f%\é) and (}/2\@) we find the contribution of (7, s) = (0, 1) sector to be

k—1

An(r)® Y Oyt (71/2,1/2,0). (3.33)
LI'=1

(]?1/5) and (]TZ\lJG), on the other hand, gives the (r,s) = (1, 1) sector contribution to be

k—1
477(7)3”2_:19};,,17» (n 5y 0 (3.34)

In summary, the result of this section is that

X2dls - Z Z QY kJ’l 7— w,w,()), (335)

wellz [I'=1

1 7 T+1
272

helicity supertrace.

where I, = } We notice that this is exactly x5 (7 ( ), the holomorphic part of the

4 Connections to Umbral Moonshine

The upshot of the preceding two sections is that for each choice of k and an ADFE root
system Y with Coxeter number k, the second helicity trace 5(\%/ is the completion of a mixed
mock modular form of weight 2 with shadow proportional to

Z Skr Skr( )QTT (41)

! €Lgy,

The holomorphic part of )?%/ is a mixed mock modular form of weight two. In section 2 we
found that the holomorphic part of Y3 is given by

Yy (1) = —1k(Y) Ea(7) + 24 FY (1) (4.2)
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or by

X3 (7) Zu (3w, w,0), (4.3)

where the latter expression is indeed equal to the contribution to Y3 from the discrete
characters of the SCFT as we worked out in section 3. Although it is not obvious, these
two expressions are in fact identical. We proved their equality in section 2 by asserting
that they are weight two mixed mock modular forms with equal shadows. That means
their difference is a true modular form of weight two for SL(2,Z), but there are no such
forms so their difference must vanish.

We now want to compare our result for X%/ to the weight two mixed mock modular
forms that appear in Umbral Moonshine. Recall that in [37] an instance of Umbral Moon-
shine was associated to the root system X of each Niemeier lattice with a non-vanishing
root system. The root systems X are uniquely characterized by having components con-
sisting of ADE root systems with equal Coxeter numbers m(X) and with total rank 24. For
each X there exists a vector-valued weight 1/2 mock modular form HX, r = 1,---m(X)
which exhibits moonshine for a finite group GX = Aut(L~)/Wx where LX is the Niemeier
lattice associated to X, Aut(L*~) its automorphism group and Wy the Weyl group of X.
For each X there exists a weight one, index m(X ) mock Jacobi form given by

i m (T, 2) ZHX (1,2). (4.4)
The first coefficient in the Taylor series expansion of ¢ffm about z = 0 is given by
Xo =Y HXSpm,. (4.5)
=

While the Niemeier root lattices X have an ADE classification, it is distinct from the
ADE classification of the the SCFT in equation (1.2) since a mixture of ADE components
is allowed for X while the classification of the SCFT only allows a single, distinct, A,D or
E component.'? In comparing our results to those of Umbral Moonshine we will therefore
consider only X which are powers of single A, D, or E components, namely

X = A3 AL A8 AS AL A3 AL, Aoy, DS, DE, D3, D3, Doy, B, E3 . (4.6)

To each of these X's we associate a single ADE root system Y via X = YQ%/%(( ) 5o that

Y = Ala A27 A37 A47 A67 A87 A127A247D4a D67D87 D12a D247E63 ES (47)

respectively. For these cases the results of [37] show that X§ is a weight two mixed mock
modular form with shadow proportional to

> Skr() S (T) Q) (4.8)

T Gng

12 Attempts to combine the partition functions of SCFT’s with different ADE components leads either to
partition functions that do not have integer multiplicities for states or partition functions that correspond
to SCFT’s that do not have a unique vacuum state.
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Since the shadows of y2* and x3 are equal up to a proportionality constant, y5 and
X3 must also be equal up to the same constant factor. We determine the constant by the
following argument and then verify this by direct comparison of ¢ expansions. In DSLST
the massless fields consist of rk(Y") fields in a multiplet which is equivalent to a vector
multiplet of N = 2 supersymmetry in four dimensions. Each vector multiplet contributes
+1 to the second helicity supertrace, so the leading term in xJ (7) should be k(Y )¢". On
the other hand, the mock modular forms of Umbral Moonshine are characterized by the fact
that the only polar term occurs in HX for 7 = 1 with H{¥ = —2¢~1/4(X) L (gt~ 1/4m(X)),
As a result the leading term in 3" Sy, H;X is —2 and we therefore deduce that

) (49)

X3 (1) =~

which can also be verified by comparing the ¢ expansions of both sides using the explicit
g-series for HX given in [37]. For X = A?* with Y = A; and rk(Y) = 1 the relation (4.9)
reduces to that found in [30].

The holomorphic part of the second helicity supertrace X%/ can of course be computed
for any single ADFE root lattice Y and will be a mixed mock modular form of weight two,
so it is natural to ask whether there is anything special about those Y which appear in
Umbral Moonshine via Niemeier lattices X. For the Niemeier lattices with pure ADFE root
systems built out of a component Y, the rank 24 condition for the rank of the Niemeier
lattices implies that rk(Y) divides 24, and therefore we can write X = Y2470 We
will call such cases the Umbral Y. For these cases we know that x5 has a g expansion
with coefficients that are even integers. From the formula (4.2), we deduce that all the
coefficients in the ¢ expansion of x3 are divisible by rk(Y).

As remarked above, this divisibility can be understood for the coefficient of ¢° since
there are rk(Y) massless states contributing to x3 , but it is not clear why this should
be true for the coefficients of higher powers of ¢ that count massive BPS states. In fact
this divisibility by rk(Y") does not occur for non-Umbral choices of Y. For example, while
for Y = Aj, the ¢ expansion of ys is given by:

Xy =4 =3 -96¢—288¢> —384¢> —576¢* —360¢° + - -- (4.10)
where all coefficients are divisible by 3, the g expansion of X§:A7 which is a non-Umbral
example is given by

Xy~ =7-192¢ — 576 ¢% — 768 ¢° — 1344 ¢* — 1152¢° + - -- (4.11)

where the coefficients 7,192 are relatively prime so there is no common factor that can
be factored out. More generally, we have X;/:A’“ =k —24(k+1)q+ O(¢?), X;/:Dk =
k—24(k —1)q+ O(¢?) and x3 " =7 - 72¢ + O(¢?) and it is clear that the coefficient
of the ¢° term does not divide the coefficient of the ¢! term for non-Umbral Y’s. For the
convenience of the reader we give low order terms in the ¢ expansions of the x5 for the

choices of X appearing in the list (4.6) in table 2.
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X\m 0 1 2 3 4 5 6 7 8 9
A -2 96 192 144 384 240 768 336 768 720
A2 -2 72 216 216 336 240 648 336 816 648
A -2 64 192 256 384 240 608 336 768 624
A —2 60 180 240 420 300 588 336 744 612
A} -2 56 168 224 392 336 672 392 720 600
A3 -2 54 162 216 378 324 648 432 810 648
A3, -2 52 156 208 364 312 624 416 780 676
Azy  —2 50 150 200 350 300 600 400 750 650
D§ -2 36 192 252 384 372 612 336 768 540
D¢ —2 40 120 248 384 360 616 472 768 704
D3 -2 42 126 168 384 354 618 462 768 696
D2, —2 44 132 176 308 264 620 452 768 688
Doy =2 46 138 184 322 276 552 368 690 598
Ef -2 16 128 216 352 376 648 488 800 648
E$ -2 —6 78 102 246 300 474 384 768 648

Table 2. Coefficient of ¢" in the ¢ expansion of x5 for pure ADE Umbral X.

5 Conclusions and open problems

In this paper we performed a path integral evaluation of the second heliticty supertrace of
the SCFT describing the holographic dual of ADE little string theory on K3 and showed
that the answer has the form of the completion of a mixed mock modular form of weight
2. We identified the holomorphic part of the supertrace as the contribution from localized
states on the non-compact, “cigar” component of the SCFT by using a Hamiltonian anal-
ysis to sum only over these normalizable contributions and showed that this matched the
holomorphic part of the previous computation.

Our results have a very suggestive connection to the mock modular forms appearing
in Umbral Moonshine in that the ADE label Y which are Umbral in the sense that X =
Y 24/7%(Y) {5 the root lattice of a Niemeier lattice lead to second helicity supertraces Xy with
special divisibility properties. In trying to refine this connection the most pressing problem
is to identify the symmetries of the SCFT (1.2) that preserve space-time supersymmetry
and in particular to understand to what degree these extend the known such symmetries
that act on the K3 component and have a relation to the Umbral symmetry groups G*X.

It is clear that we have not identified a physical criterion that would single out precisely
the Umbral choices of Y. The computation we have done goes through for any choice of Y’
and we see no sign of any inconsistency or instability of the theory for non-Umbral choices.
This problem also afflicts other related attempts to find a relation between Umbral Moon-
shine and explicit non-compact Conformal Field Theories. For example, the decomposition
of the elliptic genus given in the appendix of [38] in terms of Umbral Jacobi forms ¢ (7, z)
can be extended to an infinite class of non-Umbral Jacobi forms.
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To some degree our results are inevitable mathematical consequences of modular in-
variance in the context of non-compact SCFT. It is nonetheless interesting that the precise
mock modular forms appearing have such a close relation to mock modular forms that
have appeared in to context of Umbral Moonshine. Our results makes these mock modular
forms manifest in a physical system. The string theory computation also leads to other
findings such as the divisibility condition 7k(Y")|24 — this was not guaranteed by modular
invariance. The significance of the divisibility criterion is not entirely clear to us. If one
divides x3 by rk(Y")/24 then one still obtains a possible second helicity supertrace in that
it still has integer coefficients in the ¢ expansion of the holomorphic part. The question
then is whether it is possible to associate this supertrace to some physical background in
string theory. One possibility is that it should be interpreted as a possible helicity super-
trace of the long sought for theory of a single fivebrane. The problem with this idea is that
it is not clear why a background corresponding to k fivebranes in the double scaling limit
should factorize in this way.

We noted earlier that one can view the SCFT (1.2) as describing the behavior of string
theory near a singularity C?/I" with I" as finite subgroup of SU(2). We can further view this
singularity as a local singularity in a global K3 manifold which can develop singularities of
type ADFE with rank up to 20. If we do this then we are considering type II string theory on
K3 x K3 with the second K3 factor developing a local ADF singularity and then focusing
attention at the behavior near the singularity. In the global context this background has a
tadpole in the antisymmetric tensor field B [62] due to a space-time coupling of the form

— /B A Xg(R). (5.1)

Furthermore, for geometric compactification on an eight-dimensional manifold M the in-
tegral of Xg is proportional to the Euler number of M,

xX(M)
/M Xg(R) =~ (5.2)

As a result, for K3 x K3 which has Euler number 242, there is a tadpole which can be
cancelled by the addition of 24 fundamental strings tangent to the remaining R*! (or R x 1
is we compactly the spatial direction as discussed earlier). As we approach a singularity
in K3 to obtain the SCFT used here we lose the global structure and there is no tadpole
condition since the flux can escape off to infinity. Nonetheless, the SCFT we have used does
not have a flux of the B field at infinity and thus we expect that it describes a situation
in which the local contribution to Xg(R) coming from the singularity is cancelled by a
contribution from fundamental strings. It would be interesting to understand the role of
these background fundamental strings in more detail.
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A Definitions and conventions

We use variables: ¢ = e?™7 for 7 € H, y = €?™* for z € C, and similarly we use ., ¥z, Yu,

.etc. for €27 @2miw G2miu - respectively, where z,z,u, ... € C.

A.1 Basic modular, elliptic and Jacobi functions

a) The Dedekind 7 function is defined as:

— q1/24 H(l o qn> _ q1/24 an(Sn—l)/Q' (Al)
n=1 ne”L
Under the generators of modular transformations n transforms as
(T +1) = ™ 12y(1), (A.2)
n(=1/7) = e ™2 (). (A.3)

b) The Jacobi theta function 4, with a,b € {0,1} is:

eab('r; z) 0 [ ] Z q (n+a/2)?/2 27rz(z+b/2)(n+a/2) (A4)
ne”L

We use the notation 0 [{] (7, z) for a,b ¢ {0, 1} as well using the infinite series above.

i) Product formulae and other conventions:

oo(r:2) = O3(7:2) = [ (1 =) (Lrwa™ ) (14970 7)
n=1
_ Z q 2/2 m (A5)
meZ
Oo1(732) = 0a(732) = [T (1 =) (1 = wa"™/2) (1= y72q"*2)
n=1
_ Z m m2/2 m, (AG)
meZ
010(7;2) = ba(732) = ¢Sy P T =" (A +9g™) (L +y ')
n=1
_ Z (2?2 mA /2 (A.7)
meZ
O11(r52) = —ib0y(r;2) =iqg By P [T A= g") L —yg™) 1=y 'g" ")
n=1
= Z(_l)mq(m+1/2)2/2ym+1/2. (AS)
meZ

The conventions here for 6y, 01, 610,611 are consistent with [55] and the con-
ventions for 0;, i = 1,2,3,4 are consistent with [36].
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ii) Transformation under shifts:

Boo <7‘ z + 57 + g) = q_“2/8 y_“/2 e imab/2 Oub(T5 2), (A.9)
o1 <T; 5 e b; 1) = I/ (/8 y (202 6, (7 7). (A.10)
We also note the following relations for reference:
Ooo(T; 2+ 1/2) = Op1 (73 2),
901(T;Z+1/2):9 ( )
O10(75 2 +1/2) = 011 (73 2),
Or1(75 2+ 1/2) = —b10(7; 2). (A.11)
900(T;Z+T/2) _1/8 1/2(910(7' Z)
Ooi(T;2+7/2) = y71/2 011(7; 2),
910(7’;Z+T/2): 1/2900(7';2),
011(7; 24 7/2) = —iq /By V2001 (75 2). (A.12)
900(7‘;Z+<T+1>/2) y*1/2011(7‘z),
Oo1(T; 24 (T +1)/2) = y 2 010(r; 2),
Or0(T;2 + (1 +1)/2) = —’Lq_l/g ~Y200,(7; 2),
011(m; 24 (T +1)/2) = —¢ Y8y Y2 050(7; 2). (A.13)
iii) In [43], ¥(z) is defined as
(z) =z 1) = 011(75 2) (A.14)
It obeys the following properties:
O11(32 +1) = —011(7;2) and On1 (152 + 7) = —q /2y~ O (r32),  (A.15)

and moreover, z — 011(7; z) is the unique entire function satisfying these two
properties up to an overall multiplicative constant.

011(7; —2) = — b1 (73 2), (A.16)
and more generally 0q;(7; —2) = (—1)% 04(7; 2).
iv) Under modular transformations:
011(T +1;2) = €™/ 01 (7; 2), (A.17)
011(—=1/7;2/7) = e 3T/ 71/2 eI 011(7; 2). (A.18)
1 ,
S 01 (,0) = (). (A.19)
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c)

Let
1 1
xozi(x—i-z—i-v-l-U), ZOZ§($+2_”_“)7
1 1
vozi(x—z—i-v—u), U0:§($—Z—U+u)- (A.20)

Then, we have the following Riemann theta relations [55].

(R5) : +000800800600 — 001001001601 — O106106010610 + 0110110116011 = 2011011011011,

(R8) : 001601600600 + Oo0bo0bo1001 — 011611010010 + O10010011011 = —260116011010010,

(R9) = —001601600600 + Oo0b00b01601 + 011611610610 — O106010011611 = —2610610011611,
(R11) : —010010000000 — 011011001001 + 000000010010 + 001001011011 = 2001001011011,
(R13) : —010010000600 + 011011001601 + Ooofo0b10610 — 001001611611 = 2011011001001,
(R15) : —011011000000 — 010010001001 + 001001010010 + Oo0600011011 = 2000000011011,
(R16) : —011011000000 + 010010001601 — 001001010610 + Oo0fo0811611 = —26011611600600-

In these relations, the arguments of the theta functions on the left hand side are
(t;2), (15 2), (1;0), (T;u) in that order, and arguments for the theta functions on the
right hand side are (7;x¢), (7;20), (7;v0), (T; up) again in that order.

Level k Jacobi theta functions ¥y, ,.(7; z) are defined as

Uee(miz)= Y gyt = Y gy (A.21)

nez n€Z+r/2k
n=r mod 2k

Note that there is another theta function definition, which is used commonly in affine
algebra characters

O,1(T;2) = Z g yhn. (A.22)
n€Z+r/2k

It is related to the Jacobi theta function as
Vi (73 2) = Op (73 22). (A.23)
In this paper, we exclusively use Jacobi theta functions, 9}, even in cases involving

affine SU(2) characters.

We also define a combination that appears often

Do (73 2) = (73 2) — g —p(73 2). (A.24)

From the Taylor expansion of the Jacobi theta function we also have the weight 3/2
unary theta function

1 0
Skr(T) = m— 70, (7; 2)

2mi 02 =D (2kn + r)g B, (A.25)
s

2=0 neZ
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i) Identities:

Ori2k (T3 2) = Ope (75 2), (A.26)
ﬂk,—r(Ta Z) = ﬂk,r(T _2) (A27)
Vi (T3 2) + Vg k(75 2) = g2, (7/25 2), (A.28)
Sk 2k (7_) Sk (7—)7 (A29)
Sk T(T) _Sk,r(T) (A30)
ii) Elliptic transformations:
19]4 T(T7 z + 1) = 19]677’(7-7 Z)? (Agl)
Opr(T52 +7) = ¢  y 2 O (73 2), (A.32)
Vpr(T52+1/2) = (=1)" Op (75 2), (A.33)
Opp(Ti2+7/2) = ¢ My ™0 (75 2). (A.34)
iii) Modular transformations:
V(T +152) = ™2k g, (75 2), (A.35)
Ior(—1/732)7) = v/—iT 2RI Z S g (75 2), (A.36)
r'=—k+1
Ska(T+1) =™/ Gy (7 ) (A.37)
Str(=1/7) =TT Z St S (7
=—k+1
k—1
= (—ir)*? 3" 8 Sy (7), (A.38)
r'=1
where
k 1 sk |2 . wll ) k k
Sr(m), = e e /& and Sl(,l’) = \/; Sin —— = (SI(J,) - ‘Sl(,—)l’) . (A.39)

e) Jacobi forms

The modular and elliptic transformation laws of Jacobi theta functions provide a
template for the definition of the broader class of functions known as Jacobi forms.
Following [56] we say that a holomorphic function ¢ : H x C — C is a Jacobi form of
weight & and index m if it transforms under the Jacobi group SLa(Z) x Z? as

¢(T,z):(cr+d)kexp<—27rim 2 >¢<“T+b, - ) (‘C‘ 2) € SLy(Z) (A.40)

cT+d ct+d cTt+d
o(7, 2) =exp (2mim(N’T + 2X2)) (1, 2 + AT+ ), A\, p€Z. (A.41)
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A.2

Invariance under the transformations 7 — 7+ 1 and z — z + 1 implies that we can

write a Fourier expansion in the form

o(r,2) = Z c(n,r)q"y" (A.42)
n,rez
and the elliptic properties imply that the coefficients ¢(n,r) depend only on the
discriminant 72> — 4mn and on r mod 2m. A weak Jacobi form is a Jacobi form
whose coefficients obey c¢(n,r) = 0 whenever n < 0. In our analysis an important
role is played by the weak Jacobi forms ¢ 1(7, z) and ¢_»1(7, 2) with (weight,index)
of (0,1) and (—2,1) respectively given by

Ooo(7;2)* | Boi(732)* | b1o(7;2)°
2 — 4
©0,1(7; 2) <900(T; 0)2 * Oo1(7;0)2 * 610(7;0)2

2 2 2
+ 10y + 1 —1)2(5y% — 22y +5
Y y+l oW )(y2 y+5) (A.43)
y y
911(7;2)2
21Ty 2) = — ———
p—21(752) (7
—1)? —1)4
ok P k) S (A.44)
y y

SU(2),/U(1) characters
Affine SU(2) characters:
The character of the spin [ — 1 representation of affine SU(2) algebra at level k — 2 is

D (g ) = Ona(i2/2) = Ona(mi2/?) Dia(T:2/2)
=1 AT V21(752/2) — 021(7;2/2) b11(152)

where [ is an integer in the range 1 <[ < k — 1. It is an entire and even function of

(A.45)

the variable z.

i) Elliptic transformations:

X (2 +1) = () B P (), (A.46)
Xl(k12) (ri2+7) = q—(k—2)/4 y—(k—2)/2 ](f 12)1 (7: 2). (A.47)
ii) Modular transformations:
Xl(ﬁ 2)(T+1 2) = omil?/2k ,—mi/4 l( )(T-Z) (A.48)
-1
77122
Xl( 1 ( 1/7;2/7) = ™= (=22 Z l, 1 (15 2). (A.49)

b) Modular invariant combinations:

The modular transformation for 9, involves matrices

ngﬂ)/ _ \/127]{ 6771’1'7"7«’/]@ and 7;57]? — eﬂir2/2k 57,77”/' (A50)

for r,r" € Zsy,. Both of these matrices are symmetric and unitary.
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For each divisor d of k we define 2k x 2k matrices

ankrd) 1 ifr+7"=0mod 2d and r — " = 0 mod 2k/d, (A51)
0 otherwise.
These matrices then satisfy
ST olkd gk — lkd)  ang 70T Qlkd) k) — lkd) (A.52)
That means, in particular, that the form of ZT,T’GZ% 19;;,7" Qi,kr,d) Uy is preserved
under the modular transformations. Also, note that quk;,d) = Qilf’f).

(k—2

The modular transformations of x,”; ), 5k,r and S}, on the other hand involves the
matrix

) =i(s") — 8™ ), A =1,....k—1. 53
‘S/:l(];) Sl(];) Sl(,k)l l l, k A

It satisfies

k k k)* k k a(k) k)
‘S/:Z(J’):‘S/:l(ﬁl)’ ‘§l(,l’) :gz(y)v ‘/S\l(,k)—l’: (_1)”1 z’,z and ZS( rl'—‘shl" (A.54)

It is natural to define then the (k — 1) x (k — 1) matrices

alD = ol o) for ' =1, k- 1. (A.55)

rr! rr!

From (A.51) we immediately deduce that

alD =i, . (A.56)
Moreover, ﬁfnkr,d) = 0 unless r2 — 7'? € 4k7Z and this gives
k.d ei(r?—r’ k.d
QD emit?=r)/2k — Q) (A.57)

Finally, using (A.52) we see that

St k) Sk) _ kd). (A.58)

String functions:

The function z — Xl(k) (7;22) satisfies Xl(k) (1;2(2+1)) = Xl(k)(T; 2z) and Xl(k) (152(2 +
T)) = q_ky_%xl( )(T; 2z). In other words, under elliptical transformations it trans-

forms like an index k£ Jacobi form and hence has a theta decomposition. This follows

from the fact that there is a U(1) symmetry we can gauge in the level k affine SU(2)

algebra so that the characters have a branching relation

Wz = 3 ) op(r:2/2), (A.59)
r&lok

(k)

). (7) using this decomposition.

where we define string functions ¢
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From (A.59) and from the properties of Xl(k)(T; z) it is easy to show that

Cl(yl:’) (T) - Cl(,]:")+2k(7_) = c(k) (7—) = C;fi)l’k,r(T)- (A60)

l,—r
Since X" (r; 2+ 1) = (=1) i) (75 2) and Vg p(7, (= + 1)/2) = (=1)" Iy (73 2/2)

cl(f? (r)=0 ifl—r # 0(mod 2). (A.61)

Supersymmetric coset:
The supersymmetric coset theory SU(2),/U(1) gives rise to N = 2 minimal models
with central charge

6:%:1—2/1@ k=2,3.4,.... (A.62)

We will need characters in the R and NS sector. There is also a T sector in which
the two supercharges have different periodicity. We use the conventions of [14] where
(adding superscript k to their notation to specify the level)

TR = D e (T) Yokt 2rk(an—) (75 2/2K), (A.63)

n€ly_2

where s = 0,2, 1,3 denotes NS sector states with (—1)F = 1, —1 and R sector states
with (—1)f = 1, —1 respectively. F=2) (1) are the SU(2);_o string functions defined

lr
through (A.59). ook (7; z) satisfies the branching relation
(k—2),_. W=z Lsk( . Wz
X, (miw) e <7’7 5 > = Z Xy (T3 2) O (7',5 k:) (A.64)
r&Zoy
Specifically for k = 2, Xl(k—2=0) (1;2) = 1 and this branching relation implies
X827 2) = 6, o 1) (A65)

Finally, we define supersymmetric SU(2);,/U(1) characters by combining x+¥* (7 2) as

CHF (5] (3 2) = €™/ (K (ri2) + (-1 20 (r2) ), (A66)

where a = 0, 1 denotes NS and R sectors in that order and b = 0, 1 states whether the
trace defining the character is taken with or without a (—1)¥ insertion, respectively.
Using (A.63) we can also write it as

a iTa n (k—
C'7l"7l~C [b] (T; 2) =e o/ Z <_1)b Cl(,r+22)n—a(7—) ﬂ?k(k*Q),Zr‘«Hc(ana) (T; Z/Qk)

nEZZ(k_g)
(A.67)
Note that from (A.61) it follows that
CLE (9] (152) =0 ifl+7+a#0(mod 2). (A.68)
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i) Identities:
Using (A.67) we can show

CHE 18] (132) = (=) CEF [] (15 —2), (A.69)
CH 18] (3 2) = CEF 18] (75 2), (A.70)
CEZIR 9] (732) = (~1)P CEF [8] (75 2). (A.71)
Lk a b —a?(k— —a(k— ima
Cr+a [8] (T;Z+27+2> =q (k 2)/8ky (k 2)/2ke b/2
x eimrta)/k oLk (4] (7 ), (A.72)
etk 1] (T; Z+a*1 T+bl> (1) (h=2)/8k  (1-a)(k=2)/2k gim(a+1)b/2

w eim(b=1)(r+a—1)/k Of:k (4] (75 2). (A.73)

CLk [1] (75 2) is particularly important for our discussion. It satisfies the branch-

ing relation
D 2 o (w2 ) - S CEF [ (732) O (riw/2) . (AT4)
l 9 k 9 ]C - r 1 9 NS 9
T 2k

B2 (r2) = —x¥?(r;2). This in

Formally Xl(f_;,f) (152) = Xl(k_z) (1;2) and x

turn leads to

O[] (152) = CRF [1] (73 2), (A.75)
Cr 2R [ (752) = = O [1] (73 2), (A.76)
CrtM [H)(r52) = CF VR [ (m32) = 0. (A.77)

Setting z — 0 in the branching relation (A.74) we get

C}ﬂ_Lk H] (1;0) =i (5r,l (mod 2k) — 5—7“,1 (mod Qk)) : (A.78)

ii) Elliptical transformations:

Using (A.67) one can easily obtain

@
(9] (752 4 7) = ¢ k=2/2k = =2k ()b bR 19] (7 2). (A.80)

iii) Modular transformations:
Using (A.48), (A.49) and (A.74) one can work out the behavior of C* [1](752)

under modular transformations as
CLUH ) (7 + 132) = e/ CLLE [ 72 (A81)
k—1
— - miz?(k— T k k)% ~I'—1,
CrY ] (=1 /752/7) = =i (=2/hn 37 N7 SR ST O ] (3 2).

N
U'=17'EZoy

(A.82)
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iv) Explicit expressions:

According to [63] we can write CP¥[9] (73 2) as

l2772 r 900( )

Cl—l,k [O] ( ) =q yk i (A83)
T n(r)?
kn2+in 1 1
X g q — + — —1
) (1 +y_1qkn+l+T 1 _’_qun+l2 >
or as

i g 7k2)/4k "/ 0o (73 2) all(m IT) n(kt)3
Oro(kT; 2 — BE7) o (ks 2 + 5E7) 0(7)?

CIY* 8] (732) =

T

(A.84)

whenever [—1 = 7 (mod 2). We find then explicit expressions for CL "% [] (7; 2)

using equation (A.72). From these expressions, it is easy to check that z —
-1,k ra . . .

Cr " [3](7;2) is an entire function.

B Appell-Lerch sums

In [43] Zwegers defines a function p(u,v;7) as

B el (_1)n qn(n+1)/2 e2miny
wlu,v;7) = I ) Z T ) (B.1)
’ nez
13

We will define now a generalization:

Definition B.1.

o J '/k kn2+j’n yk k=2 i

— u Jw

pFrI (10, u, w) = () E E - < 5 ) C’grﬂ [1](m;w—v) (B.2)
11 TGZ Yo q Yv

knEZ-i-

or equivalently

i (710, u,w) = [{](r3w—v) (B.3)

k 2 -/ 1-2/k
i/ gk gk <y w Yo /> i1k

911(7—a u) nez 1- Yv qn yzl) 2/k 2ty

where 7 € H, w € C and v,u € C — (Z7 + Z). The superscripts, k, j and j’, are integers
and k£ > 2.

We will usually deal with j and j’ in the range {j,;' = 1,...,k — 1}, but we will not
restrict them for now, aside from requiring them to be integers, and use the expression
above to define it for general j and j’. An important property is that

(533 (70, uw) = 0 if § # ' (mod 2). (B.4)

This follows from the property (A.68) of C3 nj_ Jk[ ] function. For the rest of this section

we will implicitly assume j = j’ (mod 2) if we do not state otherwise.

3Multivariable generalizations of Appell-Lerch sums which are distinct from those presented here are
discussed in [64].
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Definition B.2. We define

u(k’d)(T;v,u,w Z Q(kd ’]’jl(T;v,u,w) (B.5)
).] -
for d|k and
Y (v, u,w) = Z QY G 1 k33" (750, u, w) (B.6)
7.7 -

for a simply laced root system Y with Coxeter number k.

In the following, we will work out some properties for these functions generalizing the
properties of u(u,v;T) as worked out in [43].

Remark. p?1!(7;v,u,w) is equal to i u(v,u; 7) of [43] and to pu(v,u; ) of [65]. This can

be seen explicitly from (B.3) using Cy7 ; [1] (3w —v) =i (—1)" (see A.65).

B.1 Basic properties and behavior under elliptical transformations

Proposition B.3. The function uk’j’jl(T;v,u,w) 1s holomorphic on the set it is defined
(r € H, w € C and v,u € C— (Zr + Z)). Moreover both u — "33 (1;v,u,w) and
v — ,uk’j’j/ (T;v,u,w) are meromorphic functions with at most simple poles at u = a1T + by

and v = aoT + by respectively with ay,as,b1,bs € Z. In pcir;ctifular, the residue of the pole
J—1 .

at v =0 for the function v — Pk (150, u,w) is —ﬁ %

Proof. That pk3d" (1;v,u,w) is holomorphic for 7 € H, w € C and v,u € C — (Z7 + Z) is
easy to see from (B.2) using the convergence of the sum over n and also the holomorphicity
of C’j.',*l’k [1](r;2) for 7 € H and = € C. That u — p*7'(1;v,u,w) has at most simple
poles on Z7 + Z is immediate from the fact that 61;(7;u) has simple zeros on Z7 + Z.
v — ,uk’j’j/ (1;v,u,w) may have poles at v’s satisfying 1 — y, ¢~* = 0 for an integer a;
(see (B.3)). This happens on Z7 + Z where each location gives a simple pole on these
locations unless there is a zero contribution from the Cj Lk [1] term. In particular, v =0
pole comes from the n = 0 term of (B.3). The assocnated residue is

B0 () = i () O )
L O ()
T omi O11(m;u) (B.7)
L

Proposition B.4.
(a) Mk’j’j/(T;U,U+ ]_,’LU) = —Mk7j’j/(7_;vau7w)7
(b) 'Ll/kmjv]/(fr v+ l,u”u)) = —/,Lk7j7j,(7_;v7u7w)}

(c) pFdd (10, u,w + 1) = — 24k ki d (730, u, w),

-/

(d) Mk,]}] (T; v+ T, U+ T, w) = Mk,j,j/ (T; V, U, w),

-/

(e) ,U;k’j’] (7—7 _U, _u’ _w) — Mkakfjka.]/(

TV, U, W).
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Proof. (a) follows trivially from the fact that 611 (m;u+ 1) = —011(7; u).
For (b), we first point out that

Coii ] (riw —v — 1) = — 2Rk I b8 [ 1] (73w — v). (B.8)

The e~ 27(2n+3")/k factor is then canceled by 27 '/k produced by yf)'// ¥ and edmin/k produced

by yvf(lﬂ/k)n in the sum.

The proof for (c) is quite similar to the proof for (b). C’%;i]k,” produces a — e2m(2n+7')/k
factor. e~4m"/k produced by yf,,l ~2/K" i the sum cancels a portion of this and we are left

with the phase factor — e2™9'/k ags stated in the proposition.

For (d) we simply write

uk’j’j/(T; v+ T, U+ T, W) =

i’k . 2 5! 1-2/k n
o 'k A AL BT Vel
—q 2yt On(rsu) S 1= yo gttt

S

Yv

1-2/k
—(k— Y i—1,k
x (‘q ez <w> Conpjraa 1] (T30 —U)> - (B.9)
By rearranging various factors we get

i’k - 1-2/k n+1
yi/ q(n+1)2/k AR Yo Y / Lk
011(7;u) 1 —yp gt yzl;_Q/k A
n

[1] (73w =) (B.10)
€L

which is just uk’j’j/(T; v, u, w) after shifting the dummy summation variable n — n — 1.
Finally, p*J:3' (15 —v, —u, —w) is

—il ke . 1-2/k\ ~ "
yr gk gk (1= CI~L5 (1] (130 — w) (B.11)
(i 0) 2= vilqn yi—z/k 2n+j
o -/ - n
o v /k qnz/kz AL TS yzlu 2/k oLk (1] (r50 — w) (B.12)
911(7_. u) 1— yv_l g 1-2/k —2n+j5’ L1 ) > .
) nez Yo

where we changed the summation variable n — —n on the second line. Using (A.69), (A.71),

1 — Yo q"
and = e) follows. ]
1—y, 1q71 1—yy, g™ ( )

Proposition B.5.
(a)
B3 (v, w) oyt g 2R (o u T w) =

y i'/2

— 2 /AL k—2

q =/ (y qui2/k> Xg‘—l )(T;w—l—u—v)
uYw

(b)

(BB (72 0w, w) 4y BRI =22 g 42 (1 g 7 =

w

y i'/2
— 472 v k—2
g 7 (y1_2/k> X§,1)(T;w+u—v)
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(c)

ukvjmj/ (7'7 v, u, 'U)) + Mk,k—j7k+j’ (T, U, U, 'LU) =

y i'/2

_j2 k—2

q 9"k (y leQ/k> Xg,fl)(T;w—i-u—U).
uJw

Proof. We start with (a) by writing /%797 (7; v, u + 7, w) as

k / —92/k\ T
v/ A A T Ci-Lk 1 B.13
—q 12y 1011 (1) 1 — yuq" y1_2/1C 2n45/ [1] (T30 —v). (B.13)
’ nez v
Using % Yo (1—ylvq" — 1) we can rewrite this as
1/2 J/k 2/k\ ™
_ 4 Yu k.g.5' n?/k ]n/k yuyw j—1,k o
e e e S T e e

(B.14)
This tells us that we can express the combination

2 Y yl 2/k\7'/2 . o
o ( u;} ) [F‘k’“ (730, u,w) + yoyy, g Pk (T;U,HT:“))} (B.15)
v

as
y. yl 2/k\ nti'/2
n 2)°/k u Yw lk )
it 1 (y/> e =, (B16)

Using (A.70) and separatmg the sum over n € Z as a sum over s € Z and p € Z;, by writing
n = ks -+ r we obtain

1—a/k\ k(s+ 25
S+2T+‘7 yu yu)
911 ) 2= > (12/k) Ch ) (w—v).  (BAT)
Yv

r€lLy SEL

= 911(17'14) Z k2457 <T; % (u+ (w—v)(1— 2/k))> C%T_:jk [1](m;w—wv). (B.18)
’ re’ly,

We can extend the sum over Zk to a sum over Zgy using (A.68) as
Z O 75 + (w—v)(1=2/k)) | CI7VR [ 1] (150 — ). (B.19)
911 ez

Finally the branching relation (A.74) tells us this is just Xg-k__lz) (7;w + u — v) finishing the
proof for (a).
Note that from (A.47) and part (d) of proposition (B.4) we find a similar identity for

v — v + 7 transformation.

W (50, uw) gy g P (o 7 w) =

y y1 2/k\ (k=3")/2
—(k—j")2 uYw k—2
q(k”/‘““(yv ) X2 (rw + u— ).

For part (b) we use (A.80) and follow a proof very similar to that we had in part (a).
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Finally, by part (a)

1-2/k J

i'/2
— B (ry 0,0, w) 4 g <yv> D (rw +u— ) (B.20)
YuYw

is yoys Lqg 2 k99 (7 v, u 4 7, w). By (B.13) this combination is

k+3)/k 2k 1-2/k\ ™
- yf, 3/ gk gimlkgn (yu v / > i1k 1 (i — ) (B21)
. _ 1-2/k 2ngt LLIAD ' ’
Hll(Ta u) neZ 1 —yug™ Yo /
Using (A.71), we see that this is just #7547 (7; 0, u, w) proving part (c). OJ

We now give a lemma generalizing Proposition 1.4.7 of [43]. It will be an important
ingredient both in working out the modular properties of the p functions defined here and
in the proof of the Riemann relations of section B.4.

Lemma B.6.

199 (70 + 2+ 2 w) — pF (0, u,w)

in(r)? GV [ (rw) On(ri2) (v +u+ 2)

011(7;v) O11(T5u) 611 (T30 + 2) O (Tsu+2) (B.22)
for u,v,u+ 2,0+ 2 ¢ Zt + L.
Proof. Let us define
fo) = 011 (750 4 2) O11(T5u + 2) [Mk,j,j’ (1104 21+ 2w) — R (72 0,0, ) -
- 011(7;5 2) 011 (750 + u + 2) :
Using (A.15) and parts (a), (b) and (d) of proposition B.4 it is easy to check that
fz+1)=f() and  f(z+7)=f(2) (B.24)

In other words, f(z) is a meromorphic function of z which is doubly periodic.
In fact, parts (a), (b) and (d) of proposition B.4 tell us that [ — p] term alone is a
meromorphic function in z which is doubly periodic. By proposition B.3

z — Mk’j’j/(T; v+ 2z,u+ 2, w) — ,uk’j’j/(r; v, U, W) (B.25)

part has simple poles at z = —v+a17+ by and at z = —u + ao7 + by with a1, a9,b1,b0 € Z
(or double poles if u = v (mod Z7 + Z) but we will assume that this is not the case since
generalization of our arguments to this case is straightforward). Moreover, this [ — p]
combination has zeros on z € Z1 + Z.

The theta function prefactor in f(z) preserves the double periodicity and cancels the
poles at —u+Z7+7 and at —v+7Z71+7Z. In return, the theta functions in the denominator
have simple zeros at Z7+7Z and at —u—v+Z7 +Z which would be poles for f(z). However,
the zeros of the denominator at Zr + Z are canceled by the zeros of the [p — p] term on
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the same set. In summary, f(z) is a doubly periodic function with at most one simple pole
per fundamental parallelogram (at —u — v + Z7 + Z).

A doubly periodic function with at most one simple pole per fundamental parallelogram
is a constant. Therefore,

i i 011(752) O11(T350 + u + 2)
33 (7304 2, ut-2, w) — 9 (70, u, w) = S : Tv,u,w), (B.26
ILL ( J Y 9y ) /’L ( ’ ) Y ) Hll(T;v _"_ Z) 911(7_;“_"_ Z) g( I Y ) )’ ( )

for some meromorphic function g(7; v, u, w).
By proposition B.3 the residue of the left hand side of equation (B.26) at z = —v is

1 O [ (mw)

C2mi O (Tsu—v)

(B.27)

For the right hand side the residue at the same position is

011(1;—v) O11(T5u) [ 1 1 s
O11(7;u —v) (%iin(f)?») g(73 v, u, w). (B.28)

Equating both expressions gives ¢g(7; v, u, w) and completes the proof. ]
Corollary B.7. Taking z = —u — v in Lemma B.6 gives
§9 (75—, =0, w) = @I (70,0, ). (B.29)

Then, using part (e) of Proposition B.4 we get

Iulk,kfjjgfj’(T; v, —w) = Iuk,j,j’(T; vy, W), (B.30)

B.2 Modular behavior of u functions

The behavior of 597" under 7 — 7 + 1 is easy to work out from its definition.

Proposition B.8.
189 (7 4 1w,y w) = e o2mi[i2—3"%] /4k 153 (1, u, w) (B.31)
Proof. This easily follows from (A.17) and (A.81). O

The transformation under 7 — —1/7, v — v/7, v — u/7 and w — w/7 is not as
simple and we need to develop some tools first for this discussion.

Definition B.9. For 7 € H and u € C we define

e27ri kra? —Arkux

R

We also define

e (T30) = 2 [hge (73 0/2) = iy (750/2)]

_ mikTa?/2 —rnkux 1 - 1
- Z/d.’l? € € <1 — emz—mir/k 1— eww—f—wir/kz) ) (B33)
R

forr=1,...,k— 1.
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Remark. For r = 1,2,...,2k — 1, the definition here coincides with the definition of
hy(u; T) in Proposition 3.3.6 of [43]. According to our definition we find hy, = hy op4r-
Also, we note that ho 1(7;u) is exactly h(u;7) defined in Definition 1.1 of [43].

Proposition B.10. u — Ekﬂ,(T, u) are entire functions satisfying the following properties:

x>

2
—iT
P

(@) hpp(msu) + (=1) g (riu+1) =

-1
:S-\?gl;) 6i7rk(u+p/k)2/27—‘

1

(b) ﬁkm(T; u) + e~ Tiku—mikT/2 ﬁk,k,r(T; U+ T) = 2e Uit T2k for =1 k1.
(c) /f;k’T(T;’U,) = /ﬁkyr(’i'; —u).

Proof.

(a) We write ﬁkm(r; u) + (1)t /f;]w«(T; u+1) as

, 1 1
z/dx 67T’Lk:7':1}2/2 e—wkux <1+(_1)T+1€—7rka:> < > ) (B.34)

1 —emz—mir/k o 1 —ema+mir/k

R
Note that
_ ir k) k
1+ (_1)7‘+1€—7rkzz —mz+mir/k 1- (6 7ra:+7rzr/k) —mx+mir/k P
1 — emz—mir/k =€ 1 — e—matmir/k - Zl (6 ) (B35)
p=
and similarly
k
1+ (_1)r+1677rk:w rmir p
1 — ematmir/k - Z (6 e ) ’ (B36)
p=1

p=k terms cancel each other and for /]’;kﬂ«(T; u)—{—(—l)’”“ﬁm (15 u+1) we eventually get

k—1
z/dx eﬂ'ik‘rmz/2 efﬂkux Zefﬂxp <efm'rp/k o 67rirp/k) (B37)
R p=1
i —
= 2;sin TP / da em ke /2o mk(utp/k)e (B.38)
- R

Now we can easily compute the integral to find our result.

(b) We start by noting that

. i ke 2/2 — 7k 1 1
—1 / da e FTET e (1 _era—mir/k ] _ em:+m’r/k) (B.39)
R+

is simply
e miku—kT/2 (it 7). (B.40)
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Using this, we can express hy - (7;u) + e~ miku—mikT/2 hi jo—r(T;u +7) as

. - mikra?/2 —mkux 1 - 1
v / / dz e € (1 — emz—mir/k 1— eTFiU+7TiT/k> ’ (B'41)
R R+2

This integral can be easily computed as

P kT2 /2 e~ Tmhuz
2mi Res
z=ir/k

1 — emx—mir/k

) —9 efﬂiTufﬂirzT/Qk_ (B42)

(c) Changing the integration variable x — —x we get

n C) — kra?/2  —rk 1 B 1
h’k,T(T7 u) - Z/dx e e T (1 — e—mx—mir/k 1— e—ww—l—ﬂir/k) : (B'43)
R

Using

(W - 1) + (1_ — /k> e (BAY)

gives us EkW(T; u) from equation (B.43).

O]

Remark. uv — EW(T, u) functions are the only entire functions satisfying parts (a) and

(b) of proposition B.10. To see this suppose there are two entire functions, ?L,@(T; u) and

/51(37),(7'; u), satisfying these two properties. Then their difference fkm(r; u) = ?LSB,(T; u) —

B,E?Z(T; u) satisfies
Frr(miw) = (=" fop(riu+1) =0 and fi(riu) +e ™02 fy(riut7) =0

(B.45)
forr=1,...,k — 1. The second equation then gives

Fra(riu) — e 2RUTETRT f o (riu 4 27) = 0. (B.46)

By considering ﬁw (T;u +m + 2n7) with integer m,n and restricting u to a parallelogram
formed by 1 and 27 we see that u — fj,(7;u) is a bounded function which goes to zero as
u — i00. Liouville’s theorem implies then f . (7;u) = 0.

Definition B.11. For u € C and 7 € H, [43] defines

1 . 4
Ry (Tiu) = Z [sgn <n+ 2) -F ((n—i—?k’uz/TQ) 7'2/]6‘):| e~ min®T/2k—2minu. (B.47)
n=r mod2k

where
z

E(z) =2 / due ™ (B.48)
0
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We also define
Rk,T‘(T; u) = Rk,r(T; ’LL/2) - Rk’,—r(T; u/2) (B'49)

More explicitly, ]flk’r(T;u) is

< > - > ) [sgn (n + ;) ~E ((n + kua /T2)\/T2 /k)] e min®T/2hminu,

ner+2kZ ne—r+2kZ

(B.50)
Remark. For r =1,...,k — 1 we can write E;W(T; 0) as
ﬁk,r(T;O) =2 Z {sgn (n)— E (n\/%)} e’ T/2k (B.51)
ner+2k7
Since E(z) = sgn (2) [1 — ' (3, 722) /\/7], we see that
Ry (750) = (k) ™2 S5, (7), (B.52)

where S} .(7) is the non-holomorphic Eichler integral of S, .(7), which solves the equation

0S5
(47?72)1/2 IST(T) = =270 Sk (7). (B.53)
T

It is easy to see from this definition that

o Ry, (T;u) = Riyyon(tiu) and Ry, (73u) = Ry pyon(rsu),
o Rypp(riu) = — Re (73 0),
e For r = 0 (modk), E}C’T(T;U) =0.
Proposition B.12. Forr=1,... k-1
(a) Ek,r(T; u) = ﬁk,r(ﬂ —u).
(b) Rpp(riu) + (=1)" ! Ryp(r;u+1) = 0.
(c) §k7r(7_; u) + e~ miku—mikT /2 Ek,k—r(TQ U+7) = 9 p—miru—mir’t/2k
Proof.
(a) This property follows by changing the dummy summation variable n — —n.

(b) The only term in the equation (B.50) that is affected by the u — u+ 1 transformation

is e=™" which produces a factor of e~ (FT2kL) — (_1)r,

(c) We write e ™ku=mikm/2 Ry (70 +7) as

(T3 [ (0 D) B (ki)

n€k—r+2kZ  nEr+k+2kZ
% efﬂ'ik’U,77TikT/26771'7;77,27'/2]€77T’L'TZ(U+T). (B54)
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Shifting the dummy summation variable as n — n — k we get

( S )[sgn@_m;)_zz((n#‘;?) )]s ma

ne—r+2k7Z ner+2kZ

We can write this expression as

1 1 min?r :
—R;M Tiu) ( Z Z > [sgn( 2) —sgn <n—/€—|—2>] e 2& T

ner+2k7Z ne—r+2kZ
(B.56)

[sgn(n + 3) —sgn (n — k + 3)] term is only nonzero (and is equal to 2) for integers
in the interval —% <n<k-— % and hence it picks the n = +r term in the sum giving
us the desired result.

O
Proposition B.13. Forr=1,...,k—1
(a) ﬁ;w(T + Lu) = e~ mir?/2k E}C’T(T + L u).

. mk’u2/27 k-1
(b) Ry,(m5u) + ZS(k Rk,p(

1 u
=it T

— ) = hir(T30).

Proof.

(a) In equation (B.50), 7 — 7 + 1 transformation only affects the e~™*T/2k ferm which
produces a factor of e~ mi(Er+2RL)? 2k — o—mir? 2k

(b) Let us define %k,T(T; u) as

. . 67riku2/27' k-1 Sk B 1 u
hkﬂn(’r; U) = ka(’r; 'LL) + ﬁ ;Sﬁp Rk,p <_T7 T) . (B57)

Our proof will start by showing that le,r (7;u) has the same behavior under v — u+ 1 and
u—u+Tas Ek,r (1;u) (see parts (a) and (b) of proposition B.10). Since u — Ek,r (1;u) are
the unique entire functions having this behavior we will finish our proof by showing that
U — E]wn(T; u) are entire functions.

We start with ﬁk7r(7'; u) 4 e~ miku—mikT/2 E/@k_,,(T; u+ 7). There are two contributions
to this object which are

Ry (r5u) + e ™Rk 2 Ry y (730 +7) (B.58)
and
7mk:u2/27' k—1 1 ) ) 7rik(u+7')2/2'r k—1 R 1
L e S W (L)
—’LT 1 ’ T T —1T =1 ) T T
(B.59)

The first factor gives 2 e~ miru—mir’t/2k by part (c) of proposition B.12 and the second one

is zero by S'ékjrp = (—1)pt! 3\7@7]}) and using part (b) of proposition B.12.
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Similarly, we can separate Ekﬂn(T; u)+(—=1)r*! E;w, (7;u+1) into the sum of two factors.
The first one is Ry, (7;u) 4+ (—=1)"" Ry (1;u + 1) which is zero by part (b) of proposi-
tion B.12. The second contribution is

mku2/2’r k-1 1 7r7,k(u+1) /27 k=l 1 1
S(k) P I 2 B Loutd
§ 3! Rk,,,< T,T>+( e —— § ( — ) (B.60)

Using (—1)"*! SA(T? = 8™ and then changing the dummy summation variable of the

Tvk_p
second factor as p — k — p we get
Tl"Lk"U,Q/QT k=1 . 1 ) ] . 1 1
ZS (k) [ka <—; u) + eMku/Temk/%—Rk,k—p <_; u + >:| ) (B‘61)
V—iT T T TT T

The part (c) of proposition B.12 then tells us that the factor in square brackets is just
2 emipu/Temip? /2KT | Thig finally gives

N g k-1

b (i) + (=) (it 1) = —==3 [} ™ (utp/k)?/27, (B.62)
p:l

Our final task is to show that v — Ek’,, (7;u) are entire functions. It is straightforward
to work out

i Ek‘,r (T5u) =14/ E e~ mhuz /T2 (O r(—T,0/2) — Vg —p(—T,0/2)] (B.63)
ou T
and
J 5 vl —iT 7rk(u7' ur)? J4ra|T|? 1 U 1 U
aﬂkm( > Ve Po\z o7 ) " 207 )|
(B.64)
Then we rewrite
k—1
~y O~ 1 w 0 = 1 u
(k) ~_ .2 = (k) 2 _-.Z
Sr,p auRk,p< -’ 7_) 1 Z Sr,p 8uRk’p< T’T) (B65)
p=1 PELay,
as
—iT 7rk wr—ur)? /AT |T|? u (k)* 1 U
/72 v ( 2 /ams|7| Z Sfr,pﬁku’ﬂ - _ﬁ _ Z S I 0 om
PELay, PELay,
(B.66)

Using equation (A.36) this expression is equal to

— /E /—i T eﬂk(u?—ﬂr)2/47'2|fr\2 e—mkﬂ?/Q? [ﬂk,r(_?7 E/Q) _ ﬁk,—r(_?a 5/2)] ) (B67)
T2

Combining equations (B.63) and (B.67) we get

o ~ 67riku2/27' k—1 N o 1 u
—Ryr S¥ R, (—=:=)=0 B.68
o k, (7—7 u) + \/_7,”_ pz P u k,p s ( )
as was to be shown. O
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We finally relate ﬁk,r and /ﬁk,r to the ,u’“j’j/’s modular transformation properties.

Proposition B.14. For j,7'=1,...,k—1 and j = j' (mod 2)

1 oy o
5 |:Mk7j7] (7—) v, u, w) + :uk’k_%k_j (Ta v, U, w) :|
| Y 2 ’“i S0 g0 kpy (L1 0w w
VT — P R
pp'=1
1 _ ~
= Z[ Xg-k_lQ)(T;’u, —v4w) hyj(Tiu —v+w(l —2/k))
o (ru = v w) (7w — 0+ w(1 — 2/R))] (B.69)
Remark. We will find it convenient to define
1 ] . -
/J,S}’,]m] (150, u,w) = 5 [M’W’j (730, u, w) 4 pkF=ik= (T;v,u,w)] (B.70)

Since 3\](-2) = (—1)j+13§]z)7p and since we are considering the j = j' (mod 2) case (as other-

. P,
wise uk’“ is zero) we have

) g kpy (10w W g gk kpp (10 U w
ZS jp/'usym ( ) S p Sirp 1 put ot ot Rl (B.71)
p.p'=1 p,p'=1
Furthermore, since ﬁ(.k.’,) Q;f Zl)k _jy we have
k=1 B
Z Q”, usg,]nf T, U, W) = Z chj’,d),uk’“ (150, u,w) . (B.72)
Ji'= Ji'=1

Using (B.30) we also see that

b (73u,u,0) = pH97 (70,0, 0). (B.73)

Then with this definition, the proposition above can be equivalently expressed as

eWi(u_v)z/Te_ﬂ—in(l_g/k)/T k-1 alk) ak) 1 v v w
k55" . kpp' [ _~.20 * %
Msym (T’U)U’?w) + _ZT Z Sjvp S //"’sym ( ’7'7 T T T>

pp'=1
1 _ ~
= P ) Bl v w1 - 278

+ X](f J2)1<7‘ u—v+w) hk,k—j’(ﬂ u—v+w(l— Q/k))} . (BT

Proof. Using lemma B.6 with z — z/7, v — v/7, u = u/7, w — w/T and 7 — —1/7
we get

S { k! <_1.v+z utz w) % (_1 v w)]

j7p j/ 7p/ Msym ’ ’ ’ Msym

p,p'=1 T T T T JLJ
_ tn (—%)3 011 (—1;2) 04y (—1; vtutz)
£ 0 (-5 ) o (1 ) o (-1 )

1 k) ak) | ~p—1k 1 L ow k—p—1k 1 L w
X5 Sip Sy |Gy T ] i)+ Gy [1] | (B.75)
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The first factor

in (1) 011 (—1;2) Oy (—1; vree2)

B.76
o (L 8) b (-5 ) 011 (5 55) oy (5 ) B
can be rewritten using 7 and 611’s modular transformation as
: 3
ety () 011 (732) O (30w + 2) -
e 011 (1;0v) 011 (T50) 611 (50 + 2) 011 (Tyu+ 2) (B.77)
We can rewrite the second factor,
1 . (k) a(k) 1 w 1 w
N p—Lk 1 . k—p—1k 1 .
B} Sip Sit [Cp’ [1] <—777> + Gy Tl (_T’T>:| (B.78)
p.p'=1
using equations (A.70), (A.71), (A.82) and properties of 3’5’?, and Sr(kr), to get

v
2
1 .2 - -
_ = miw?(1-2/k)/T J—Lkr1 . _ I—Lkg1 .
=S [ [ (rsw) = 5 (3] (3 w)]
1

7T"L"Ll)2 — T '77 —q s
= 56 (1-2/k)/ [C]]/ 116[%](7_’w)_’_ C]’;:ij'/ 1kH](T,’u})] . (B79)

Combining these two factors and using lemma B.6 once more we see that the left hand side
of equation (B.75) is equal to

— V—ir e milumv)?/T gmiw?(1=2/k) /7 [uf}’,ﬁ’ﬁp/ (T;v—l—z,u—i-z,w)—ufy’lr’;lpl (T;v,u,w)} . (B.80)

Therefore,
, ewi(u—v)z/’re—m'wQ(l—Q/k)/T k—1 (ke & , 1 v u w
W (s, w) + — > Shah i (1Y) ey

p,p'=1

depends on u and v only through u — v. Let us call it %H’“’j’j’ (T;u —v,w).

Looking at its definition in equation (B.81), u — H¥J7'(7;u — v,w) can have poles
only at u € Zr + Z. However, since H*77' (131 — v, w)’s dependence on u is only through
w— v, it can not have any poles at all. Therefore, z — H¥J' (1; z,w) is an entire function.
We will now find two properties for H*3d' (7; z,w) which will turn out to characterize these
functions completely.
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The first one of these two properties is

- , , y i
6771'17'7271'1sz,3,3 (T; 2+ T,w) + Hk,],.] (7-; z,w) _ qu 2 )4k <yzy11U72/k> J Xg-k_f) (T; 2+ w)
(N2 _ —(k=3)/2  (p_9
+ g (k=3"?/ak (yzy}u 2/k) XD (752 +w). (B.82)

To see this, let us use the definition of %Hk’j’jl (T;u — v, w) as given in equation (B.81) to

) -
write 1 H?99' (150 — v+ 7,w) as

mi(u—v+7)2 /7 —miw?(1-2/k) /7 k=1 1

i i e™ e k k) kopo v U w

pEdd (750, utmw) + — S S SE, bk (—T; S o4 )
p,p'=1

The first factor, u?ﬁhj, (T;v,u + T,w), is equal to

i'/2
- 2 1 e y k2
q1/2yu lyv [_ Ng]jﬂlj (T; v, u, U)) + 5 q 37/ 4k <1’02/k> X;-fl )(7’; w+u— ’U)
YuYw

1 y (k—j")/2
—(k—i"2 k—2
+ 5 q (k—3")?/4k < 132/k> ng—j—)l(T; w4+ u — v) (B.84)
YuYw
by part (a) of Proposition B.5. Then, using part (b) of Proposition B.4 we see that
/ 1 vu w / 1 vuw
k.p.p e 1. — — k.p.p —_— e = — . B85
Hsym < 7"7"7'+ ’T> Hsym < 7_,7_,7_,7_) ( )

Finally, using that e™(u—v+7)%/7 :q1/2y;1yve”(“*”)2/7 we rewrite %Hk’j’j/ (T;7+u—v,w) as

i'/2
_ il 1 _.re Y k_9
ql/Qyu lyv [_ M]s?r]ﬂl] (7'§ v, u, 'LU) + § q 77/ Ak (112/k> Xg;l )(7'; w4 u— U)
YuYw

1 Y (k—3")/2

—(k—i")2 v k—2

+ 54 (k—=3")?/4k ( 1_2/k> X](g_j_)l(T;’w +u—v)
YuYw

i(u— —Th — r k=
- emi(u—v)? /1 —miw?(1-2/k)/ L 50 5 ,uk’p’pl lovuww (B.86)
—iT p,p'=1 b et T T ’ ’

Combining the first and fourth terms contained in the brackets as — %H koghd’ (150 — v, w)
and replacing v with v 4+ z we get to the statement of equation (B.82).
The second property we would like to use is

Hkvjvj/ (7—’ z + 1’ w) + Hkijj/ (7—’ 2, w)
k—1

Pz ) A 38, e
—iT '
p'=1
i = . .
—2 mik(z+w(1— / T
+X](€7j7)1<7';2+’w) — Sé_)j,yp, eTik(ztw(1-2/k)+p'/k)*/27 (B.87)
p'=1
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To see this, we will again use the definition of %Hk’“/ (T;u —v,w) from equation (B.81)
to write %Hk’j’j/ (T;u—v+1,w) as

mi(u—v+1)2/7 —miw?(1-2/k)/r k=1 1
k, . e™ € ak) ak)  k, vut+l w
Msyjrrf (7_3 U, u+17 w) + 77/7— Sj,p Sj p’ lu’SyZI)np < 7_ 7_ - , =
pp'=1
(B.88)

The first factor ,us’” (1;v,u+ 1,w) is simply equal to —ufﬁ;lj/ (1;v,u,w) by part (b) of
Proposition B.4.

The second factor is more complicated and we should be very careful applying part
(a) of Proposition B.5. 8, (mod2) factor in

uk’p’p/(T; v, U — T,w) + yvyu_lql/zﬂk’p’pl(ﬂ v, U, W) =

p'/2
/2 / yv k—2
o <yy12/k) XI(D—I )(75 WA+ U=V =T) Oy (mod2) (B.89)

is especially important. Using equation (A.47) we can express this as

y y1 2/k\ (k=p")/2
(k—p')2 uYw k—2
Yoty ' g | g PR <y > 2 (w0 4w = ) By (moay | - (B90)

If we substitute v — v/7, v — u/7, w — w/T and T — —1/7 we get

Iuk,pm’( l v “+1’w) efri/7627ri(uv)/7'|:_uk,p,p' <_1 vy “’) | emilk—p)?/2kr
T T T T T T T T
(e _ o k—2 1 w+u—v
x emir =2 I g )1< i )6p,p’(mod2)]- (B.91)

Using this expression in (B.88) together with equation (B.71) we find %Hk’j’j/ (T;u—v+1,w)
to be equal to

_ ok’ . —
Hsym (Ta v,u, w) —ir 3’0 /“Lsym

em’(ufv)?/T e,m-w2(1,2/k)/7 Al S\Ug) S\(k) k.p,p’ 1 B uw
7' T T T

pp'=1
mwi(u—v)2/7 e—ﬂ'iw2(1—2/k)/7 k-1

+ € — /;(f;) "S\](/li;l emilk—p')?/2kT jmi(u—v+w(1-2/k))(k—p)/T
p.p'=1
k—2 1 wt+u—vw
. X](Cipi)l <_7_’ 7‘) 6p7p/ (mOd 2) . (B92)

We recognize the first line as —%Hk’j’j/ (T;u —v,w). At this point we replace u with
v + z and change the dummy summation variables in the second line as p — k — p,
p — k—p'. Since S](.,]Z)_p = (- )9+1gSA‘j(I;), gSA’(,kL Ly = (=1 +1§( ) and since we are assuming
j =j' (mod2) we find

HF*37' (524 1,w) + H*5d' (15 2,w) (B.93)
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to be

miz? /T —miw?(1— r k-1
2em% /T e (1-2/k)/ Z k) S( mip'? 2k Jmi(z+w(1-2/k)p /7

p.p'=1

—T

1 w+z
x XY (-; ) Sppf (mod2)-  (B.94)

T T

We can rearrange the exponential factors to get

mik(z+w(1—2/k)+p' /k)2 /2T e—m’(k—Z)(z—i—w)2/27'

(&

(k)
p

k—2 1 w+z
X x}(, 1 ) <_T; T> Opp/ (mod 2)- (B.95)

Next, we use 20,/ (mod2) = 1 + (— 1)pte’ S §(,k1)0,(—1)p+p/ =Sk W

Jp < k—j,p “k—3".p' and equa-
tion (A.49) to find

Ly s 48 80

mik(z+w(1— 'Ik)2 /21 Q k—2
(® » k—]’,p’:| ok (zHw(1=2/k)+p' [k)2/2 S]g{? X7(~_1 )(T;erZ)_

(B.96)
Summing over p first, then over r finally proves (B.87).

Equations (B.82) and (B.87) completely determine H*7" (7; z,w) because any entire
function of z satisfying these two equations should be equal to H*77' (732, w). To prove
that, suppose there are two entire functions g1(z) and g2(z) obeying them. Then their
difference f(z) = g1(z) — g2(2) is an entire function satisfying

f(z)+f(z+1)=0 and f(2) + e 2= f (2 4 1) = 0. (B.97)
Then for arbitrary integers m and n we get
fzo+m7r+n) = (—1)m+"e”m27+2ﬂmzof(zo). (B.98)

Varying zo over 0, 1, 7, 147 parallelogram and m and n over all integers for equation (B.98)
to see that f(z) is a bounded function and hence has no z dependence at all by Liouville’s
theorem. Letting m to infinity in (B.98) shows that it is in fact zero.

As our final task let us define

» 1 -
GH (1 2,0) = 5 2 (72 w) B (73 2+ w(1 = 2/8))

(s w) B (732 + w(1 = 2/R))| (B.99)

for j, 7/ =1,...,k—1and j = j' (mod?2). Since z — G*71' (7;z w) is an entire function,
our proof of (B.14) will be complete if we can show G¥77" (7; z, w) satisfies equations (B.82)
and (B.87). This, in turn, follows from equations (A.46), (A.47 )and parts (a) and (b) of
Proposition B.10. ]
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Theorem B.15. We define a completion for pisym kg’ = % [uk’j’j/ + ,uk’k_j’k_j/} functions as:

1 . it 1
5 (199 (0, w) + WA (0,0 w) | = 3635 Gnoay
(k

X [Xj:f)(T;u —v+w) ék,j/(T; u—v+w(l-—2/k))

1 (730, u, w) =

+ X,(Ck JQ)I( Tiu—v+w) Ek’k_jl(’i'; u—v+w(l—-2/k))|. (B.100)
for r € H and u,v € C — (Z7 4+ Z). Then this function satisfies:

(a) ﬁk’j’jl(T + 1; v, u, ’LU) _ e—m'/4 em’(j?,j/Q)/Qk ﬁk’j’jl(T; v, 1, w)'
1 . . .,
(b) Z WG Lk ( L 1:)__ e 7 R (2R T ().
pp'=1
Proof. (a) This part quickly follows from equation (A.48), Proposition B.8 and part (a) of
Proposition B.13.
(b) Let us define
Fkadd’ (. _1 5 (k=2)/ . ﬁ . 1—9/k
(7_7 v, u, w) = Z 7,4’ (mod 2) Xjfl (7_7 U—"v+ w) k3’ (Ta U—v+ w( - / ))
+ X2 (ru— v+ w) Ry (s — v+ w(l - 2/k))} . (B.101)

Our statement will be proven if we can show that

. 2 sy 2 k—1
o emi(u—v)*/7 o—miw=(1=2/k)/T I vuw
FR39" (130, u, w) + : pkp,p - ==
T ’7' 7' T T

/

p,p'=1

1 _ —~
=1 854 (mod 2) xﬁ-’“_f) (T5u —v+w) hy (150 —v+w(l —2/k))

+ X2 (= v 4 w) Py (T u— v+ w(l - 2//{))} . (B.102)
That is because if this is the case, the right hand side of equation (B.102) will cancel the
error term that comes from the S transformation of pf97" 4 pFk=3k=3" part of k77" (see
Proposition B.14).
k—1
iti ) g0 g (1.
We start by writing Z Sj7p Sj,,p, F < i as
p.p'=1

k-
1 Mgk | gk k) (k-2) (1 u—v+w) 5 1 u—v+w(1-2/k)
é Z [ Jp J7 ’+ k— J,pSk—j’,p’} Xp—1 7 - Ry )

REES
aRES

v
T T
T

T

2 1l u—v+w 1 u—v+w(l—2/k)
+X§gp)1< T )Rkk —p (—T; . (B.103)
We have used 20, 1/ (mod2) = 1+ (— 1)P+P" and §(’“)§( ) (=1)PtP = S\](fk)Jp@(Ck)]  to obtain

i
this form. Changlng the dummy variables p,p’ — k — p, k — p’ for the X;g » )1Rk k—p term
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yields a (—1)717" factor to give

5. - k-1 N
4,4’ (mod 2) S(k) o(k) (k) G(k)
4 Z |:S]7p Sjlyp, + Skfjvp Sk*j,ap/:|

p.p'=1
_ 1 u— =~ 1 u— 1-2/k
X [X1()k_12) _ﬁiu v—i—w) Ry (_;u vt wl / )>] (B.104)
T T T T
Using equation (A.49) then and combining exponential factors we can rewrite
mi(u—v)? —riw2(1-2/k)/r k-1
e i(u—v) /7’6 w?(1-2/k)/ S\(k) §<f€)/Fk’p’p, _l g E E (B105)
—iT T S5 i
pp'=

as

eﬂik(u7v+w(172/k))2/27'

k—1
_ ~ 1 — 1-2/k
[X§1€_12)(T;u—v+w) g S\]('/kj)p/Rk:,p’ <—; u— v+ / )>
p'=1

=it T T
k—
1 u—v4+w(1-2/k
+Xl(ck 32)1 (75 u—v+w) Z k— j p’Rk,p < . ; / )>]5j7j’(m0d2)' (B.106)

Using part (b) of Proposition B.13 this is equal to

85 it (o B ~
%{ 2 (ru— v+ w) by (riu— v+ w(l = 2/k))

+ X](ck_;?_)l(T; u—v+w) /i\lk,k—j’ (Tsu—v+w(l - 2/k))] , (B.107)

_ Fk’j’j/ (T; v, U, w) +

proving equation (B.102). O

We also define

1*D (750, u, w) Z r Iy 4 akdd (0, u,w) (B.108)
J.'=1
for d|k and
i (130, u, w) Z QY i B k03" (75 0, u, w) (B.109)
3=

for a simply laced root system Y with Coxeter number k. We notice that because of the

ﬁgkj,d ) = Q;Ck C]l)k j» property and because Q( D — 0 unless j = j' (mod2), these combina-

tions have simple forms such as

i (r;v,u,w) = pt (750, u, w) Z QY ,J/X] 1 (T;u—v+w) ﬁk’j/(T;u—v+w(1—2/kz)).

JJ’ 1
(B.110)
Lastly, u = v and w = 0 case is specifically important for this work. We note that
k—2 Sk, (T) %) —1/2 g«
WP 0) = W , and Ry j(r;0) = (wk) 285 (7). (B.111)
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Corollary B.16. For 7 € H and z € C — (Z1 + Z) we have

~Y Y 1 *
at (r52,2,0)=p" (1;2,2,0) — — g Q i Skj (1) Sk js () (B.112)
( ) 47r J,3'=1 !
Y 1 *
=p (1;2,2,0) — Y Sk () Si i (7), (B.113)
o vioE, 2

which obeys:
(a) f¥ (1 +1;2,2,0) =e ™4 Y (1;2,2,0).

(B) (= £:2.2,0) = —v=ir i (ri2,2,0).

(¢) n(r+ 1) @Y (1 + 152,200 = [n(n)]* @Y (72,2,0).
(d) [n(=1/7)]° ﬂy( - %;%%0) =72 (N B (7:2,2,0).

Proof. These properties quickly follow from modular transformation properties of n(7),
Theorem B.15 and equations (A.57) and (A.58). O

B.3 Decomposing g1

In this subsection we will prove the identity

©_o1(1;2)n(1)? [—MY(T z,2,0) Z pY (73w, w,0)| = kl(;/) 1(m32),  (B.114)
wEHz

where IT, = {1, 7, ZH} and g1, 921 are the weak Jacobi forms defined in (A.43), (A.44).
At k =2 with Y = A; this reduces to the relation given in [65, 66] and employed in [30]
(eq. A.24) for the evaluation of the helicity supertrace.

Our proof is an easy application of the Lemma B.6 which gives

:U“kJJ/ (7-; w,w, O) - :uk;’jVj, (T; 2y 2, O)

ot G R0 burw — 2 fu(ret) L
O11(752)? 611 (75 w)? |

for each w € Tly. Since C;:,_l’k[%] (1;0) = 4dy; in the range j,j' = 1,...,k — 1 and

Z (AZ}/] = rk(Y’), we can rewrite the left hand side of the equation (B.114) as

rk(Y) Z Or11(T;w — 2) 011 (T;w + 2)

(i w)? (B.116)

wells

which is just 1(2 ) ©00,1(T; 2).
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(k,d)

We can also generalize this identity by replacing p¥’s with p functions. Similar

(k,d)

k—1
arguments apply to this case; the only change is replacing rk(Y') with Z O ;7 which is
j=1

just % —d. We get

k
E_qg
12

1
p21(ri2) (1) |=pt D (riz, 2,045 3 pt D (rw,w,0)| =
wella

©o,1(7; 2). (B.117)

B.4 Riemann relations

We start by defining

9&6(7—; ’U) Hab(T; u)
n(r)?

where 74, = (a—1)7/2+ (b—1)/2, k > 2 is an integer, j,j7' = 1,...,k—1 and a,b € {0,1}.
Using equation (B.7) we find

B (750, u,w) = T (T30 o+ Tap, o+ Tap, ), (B.118)

B (7:0,u,w) = ~i O (1] (s w). (B.119)

. i1k . . o
Since Cj, [11(750) =i (67 (mod2k) — 0—j.j (mod2k))» 0 the range j,j' = 1,...,k —1
(and also for j/ = 0 or k as we will need in the main text) we get

B9 (730, 1,0) = 6. (B.120)

In this section we will prove some identities which are similar to the Riemann relations
satisfied by theta functions. In particular, we will show that

000 (75 ) o0 (T; 2) Bg(’)j’j/(T; v, u,w) — Op1(752) 01 (75 2) Bgij’jl(T; v, U, W)

— bho(7;2) O10(T5 2) Bf(’)j’j/ (T50,u,w) + O11(7;2) O11(7;3 2) Bﬁj’j/ (150, u,w)

= 2611(1520) 011(7; 20) Bfij’j/ (13 v0, up, w), (B.121)
where
1 1
a:ozi(ar—l—z—i-v—l—u), zozi(az—kz—v—u),
1 1
vozﬁ(aﬁ—z—i—v—u), u0:§(w—z—v+u). (B.122)

We will use Lemma B.6 to get

Mk‘,j,j/ (7—’ v+ Tab,U + Tabs w) - /-Lkhj’j/ (7—; v, U, w)

in(r)? CLT 1) (75w) Oap(750) Oap (750 + 1)
= 011(750) 011(T5u) Oup(T;v) Oap(T; 1) : (B.123)
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If we use this on the left hand side of (B.121), we find
ST (1) a3 2) Oap (73 2) B (30, u,w)
a,b=0,1

ki (v0, 0, w)

= Z (=1)¥ 0,4 (7: ) O (75 2) B (75 0) By (73 10) (B.124)

7](7’)3 a,b=0,1
iy M[ ] 1)+, (75 2) 6 Oap(150) 0
911(7_ ’U Z ab T; SC) ab(TaZ) ab(Ta ) ab(T,fU+U) .

Using the Riemann theta relation (R5) this is equal to

2 kodnd’ TV, U, W
K UET)g ) 011(7;520) 011(73 20) O11(73 v0) 011 (73 10)

2i C]jfl’k [1] (75 w)
911(7‘; U) 911(7’; u)

which we can rearrange as

911(7’; $0) 911(7’; Zo) 911 (7‘; Vo — ’U) 911(7’; Vo + u) (B.125)

011(7;5v0) 011(7;u0)
n(r)?
in(r)® CL M 3] (13 w) 11 (73 w0 — v) 011 (73 (v0 — v) + u + v)

n . (Ba26
011(7;v) 011 (75 u) 611 (73 v0) 011 (73 o) ( )

2011(1;20) 011(75 20) B3 (750, u, w)

Noting that up = (vo — v) + u, vg = (vo — v) + v and employing Lemma B.6 once more we

obtain
011 (75 v0) 011 (73 u0)

n(r)?3

2011(1520) 011(7; 20) uk’j’j/ (13 v0, ug, w) (B.127)

which is just
2011(1;20) 011(73 20) Bﬁ” (7300, ug, w) (B.128)
as we wanted to show.
Shifting x, z in equation (B.121) by various factors of £1/2,+7/2, +(1+7)/2 we obtain

(R5) : +9009003(])€6j’ — 001001 B,; kad’ _ 91091oBlféj’j/ + 9119113fij’j, = 29119113fij’j,,

(RS) : —901901B§6j’ + 9009003 - 911911Bk’j’j/ + 9109103fij’j/ = —2911911Bf(’)j’j/7

(R9) : —901901Bk’j’j/ + BooB00 BY; 'y 0116011 By B39 010010BT = 2010010 BY
(R11) : —010610B; had' _ 9119113 2 4 90090031() it 901901Bfij’j/ = 2901901Bfij’j/,
(RTZ))) : —9109103 s 0110118} ki 4 eooeooBféj’jl - 901901Bfij’j/ = 2‘9119113k’j’j/
(R15) : —011011 B — 010010 B + 001001 Bi 7 + 000000 B = 2000000 B4,
(R16) : —011011Bh57 + 0100108877 — 001001 B + Oooboo B = —2011611 BE.

In these relations, the arguments of the 6,,’s and B, ’“ on the left hand side are (7;x),
(1;2), (T;v,u,w), in that order, and the arguments for 0,p’s and BSZ;J’JI on the right hand
side are (75x0), (7;20), (7;v0, up, w), again in that order.
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