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1 Introduction

The characteristic feature of the theories with a partial breaking of the global supersymme-

tries is the appearance of the Goldstone fermionic fields, associated with the broken super-

translations, as the components of Goldstone supermultiplets of unbroken supersymmetry.

The natural description of such theories is achieved within the coset approach [1–4]. The

usefulness of the coset approach in the applications to the theories with partial breaking

of the supersymmetry have been demonstrated by many authors [5]–[25]. The presence of

the unbroken supersymmetry makes quite reasonable the idea to choose the corresponding

superfields as the basic ones and many interesting superspace actions describing different

patterns of supersymmetry breaking have been constructed in such a way [9–12, 14, 16].

However, the standard methods of coset approach fail to construct the superfield action,

because the superspace Lagrangian is weakly invariant with respect to supersymmetry - it

is shifted by the full space-time or spinor derivatives under broken/unbroken supersymme-

try transformations. Another, rather technical difficulty is to obtain the component action

from the superspace one, which is written in terms of the superfields subjected to highly
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nonlinear constraints. Finally, in some cases the covariantization of the irreducibility con-

straints with respect to the broken supersymmetry is not evident, if at all possible. For

example, it has been demonstrated in [9–11] that such constraints for the vector supermul-

tiplet can be covariantized only together with the equations of motion.

It turned out that one can gain more information about component on shell-actions if

attention is shifted to the broken supersymmetry. It was demonstrated in [25] that with

a suitable choice of the parametrization of the coset, the θ-coordinates of unbroken super-

symmetry and the physical bosonic components do not transform under broken supersym-

metry. Moreover, the physical fermions transform as the Goldstino of the Volkov-Akulov

model [26, 27] with respect to broken supersymmetry. Therefore, the physical fermions can

enter the component on-shell action only i) through the determinant of the fermionic viel-

bein (to compensate the variation of the volume ddx), ii) through the covariant space-time

derivatives, or iii) through the Wess-Zumino term, if it exists. The first two ingredients

can be easily constructed within the coset method, while the Wess-Zumino can be also

constructed from Cartan forms following the recipe of ref. [28]. As a result, we will have

the Ansatz for the action with several constant parameters, which have to be fixed by

the invariance with respect to unbroken supersymmetry. The pleasant feature of such an

approach is that the fermions are “hidden” inside covariant derivatives and determinant of

the vielbein, making the whole action short, with the explicit geometric meaning of each

term. In the present paper we apply this procedure to construct the action of N = 1, D = 5

supermembrane and its dual cousins.

2 Supermembrane in D = 5 space-time

In accordance with the general consideration presented in [25], to construct the component

action for the supermembrane in D = 5 one has to carry out the following steps:

• Choosing the proper parametrization of the coset space element corresponding to the

given pattern of the supersymmetry breaking; constructing the Cartan forms and

finding the covariant derivatives,

• Imposing the kinematical and dynamical constraints,

• Finding the bosonic limit of the action and then generalizing it to the full supersym-

metric case,

• Fixing the arbitrary constants in the supersymmetric action by imposing the invari-

ance with respect to unbroken supersymmetry.

Let us perform this programme.

2.1 Coset space

In the present case we are dealing with the spontaneous breaking of N = 1, D = 5 Poincaré

supersymmetry down to N = 2, d = 3 one. From the d = 3 standpoint the N = 1, D = 5
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supersymmetry algebra is a central-charges extended N = 4 Poincaré superalgebra with

the following basic anticommutation relations:

{
Qa, Qb

}
= 2Pab,

{
Sa, Sb

}
= 2Pab, {Qa, Sb} = 2ǫabZ,

{
Qa, Sb

}
= 2ǫabZ. (2.1)

The d = 3 translations generator Pab and the central charge generators Z,Z form D = 5

translation generators. We will also split the generators of D = 5 Lorentz algebra so(1, 4)

into d = 3 Lorentz algebra generators Mab, the generators Kab and Kab belonging to the

coset SO(1, 4)/SO(1, 2) × U(1) and the U(1) generator J . The full set of commutation

relations can be found in the appendix A, (A.2).

Keeping d = 3 Lorentz and, commuting with it, U(1) subgroups of D = 5 Lorentz

group SO(1, 4) linearly realized, we will choose the coset element as

g = eix
abPabeθ

aQa+θ̄aQaei(qZ+q̄Z)eψ
aSa+ψ̄

a
Saei(Λ

abKab+Λ
ab
Kab). (2.2)

Here,
{
xab, θa, θ̄a

}
are N = 2, d = 3 superspace coordinates, while the remaining coset

parameters are N = 2 Goldstone superfields. The whole N = 1, D = 5 super Poincaré

group can be realized in this coset by the left acting on (2.2) of the different elements of

the supergroup. The resulting transformation properties of the coordinates and superfields

with respect to unbroken and broken supersymmetries are presented in (A.6), (A.7). The

results of a pure technical calculation of the corresponding Cartan forms, semi-covariant

derivatives and their algebra are summarized in the appendix A, (A.10), (A.15), (A.19).

2.2 Kinematical constraints and equations of motion

In accordance with the general theorem (Inverse Higgs phenomenon) formulated in [29], in

order to reduce the number of independent superfields one has to impose the constraints

ΩZ=0 ⇒
{
∇abq=−2i (1+l·̄l)lab−l2 l̄ab

(1+l·̄l)2−l2 l̄2
,

∇aq=−2iψa, ∇̄aq=0,
ΩZ=0 ⇒

{
∇abq̄=2i (1+l·̄l)̄lab−l̄

2
lab

(1+l·̄l)2−l2 l̄
2 ,

∇̄aq̄=−2iψ̄a, ∇aq̄=0.

(2.3)

Here, to simplify the expressions, we have passed to the some variant of the stereographic

parametrization of the coset SO(1, 4)/SO(1, 2)×U(1)

lab =

(
tanh

√
Y√

Y

)cd

ab

Λcd, l̄ab =

(
tanh

√
Y√

Y

)cd

ab

Λcd. (2.4)

The equations (2.3) allow us to express the superfields Λab,Λab and ψa, ψ̄
a
through covari-

ant derivatives of q(x, θ, θ̄) and q̄(x, θ, θ̄). Thus, the bosonic superfields q(x, θ, θ̄), q̄(x, θ, θ̄)

are the only essential Goldstone superfields needed for this case of the partial breaking of

the global supersymmetry. The constraints (2.3) are covariant under all symmetries, they

do not imply any dynamics and leave q(x, θ, θ̄) and q̄(x, θ, θ̄) off shell.

Within the coset approach we may also to write the covariant superfield equations of

motion. It was shown in [15]–[21] that this can be achieved by imposing the proper con-

straint on the Cartan forms for broken supersymmetry. In the present case these constraints
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read

ΩS | = 0 ⇒ (a) ∇aψb = 0, (b) ∇̄bψ
a = −iΛb

c

(
tan 2

√
T√

T

)a

c

≡ −iλab

ΩS
∣∣ = 0 ⇒ (a) ∇̄aψ̄b = 0, (b) ∇bψ̄

a
= iΛb

c

(
tan 2

√
T√

T

)a

c

≡ iλ̄
a
b , (2.5)

where | means the dθ-projection of the forms. These constraints are closely related with

constraints of the super-embedding approach [30].

To conclude this subsection let us make a few comments:

• The easiest way to check that the equations (2.3), (2.5) put the theory on-shell is to

consider these equations in the linearized form

∂abq = −2iΛab (a), Daq = −2iψa (b), Daq = 0 (c), (2.6)

Daψb = 0 (a), Dbψ
a = −2iΛa

b (b). (2.7)

Acting on eq. (2.6b) by Db and using the eq. (2.6c) and the algebra of spinor deriva-

tives (A.16) we immediately conclude that eq. (2.7b) follows from (2.6). In addition,

the eq. (2.7a) means that the auxiliary component of the superfield q is zero and,

therefore, our system is on-shell

Daψb = 0 ⇒ D2q = 0 ⇒ ∂abD
bq = 0 ⇒ �q = 0. (2.8)

• It turns out that the variables {λba, λ̄
b
a} defined in (2.5), are more suitable then

{lab, l̄ab} (2.4) one. Using the algebra of covariant derivatives (A.19) it is easy to find

the following relations from (2.3) and (2.5)

∇abq = −i
λab − 1

2λ
2λ̄ab

1− 1
4λ

2λ̄
2 , ∇abq̄ = i

λ̄ab − 1
2 λ̄

2
λab

1− 1
4λ

2λ̄
2 . (2.9)

These equations play the same role as those in (2.3), relating the superfields {λab, λ̄ab}
(and, therefore, the superfields {Λab,Λab}) with the space-time derivatives of the

superfields {q, q̄}.

2.3 Bosonic part

In what follows we will mainly deal with the component approach. So, let us define the

components of our superfields as

q = q|θ=0, ψa = ψa|θ=0, λab = λab|θ=0, Λab = Λab|θ=0. (2.10)

The basic idea of the approach outlined in [25] is to write the candidate for supersymmetric

action as a proper supersymmetrization of the bosonic action. So, the crucial step is to

construct the bosonic action. Keeping in the mind that the system of equations (2.3), (2.5)

is invariant with respect to all N = 1, D = 5 super Poincaré group, we have to conclude

that its bosonic sub-sector has to be invariant under the bosonic part of the super-Poincaré

group, i.e. under ISO(1, 4) transformations. This information is enough to construct the

bosonic action.

There are, at least, three equivalent ways to construct the bosonic action.
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2.3.1 Bosonic coset

The simplest, straightforward way to construct the bosonic action is to consider the bosonic

coset, i.e. the coset (2.2) with discarded θ’s and all fermions

gbos = eix
abPabei(qZ+q̄Z)ei(Λ

abKab+ΛabKab). (2.11)

Clearly, the corresponding bosonic Cartan forms can be easily extracted from their su-

perfields version (A.10). The bosonic version of the constraints (2.3) will result in the

relations

∂abq = −2i
(1 + l · l̄)lab − l2 l̄ab
(1 + l · l̄)2 − l2 l̄2

, ∂abq̄ = 2i
(1 + l · l̄)l̄ab − l̄2lab
(1 + l · l̄)2 − l2 l̄2

, (2.12)

while the bosonic vielbein Babcd
(
ΩbosP

)
= dxabBabcdPcd (2.13)

acquires the form

Bcdab = δ(ca δ
d)
b − 2

(1 + l · l̄)2 − l2 l̄2

[
(1 + l · l̄)

(
l̄cdlab + lcd l̄ab

)
− l̄2 lcdlab − l2 l̄cd l̄ab

]
,

Therefore, the simplest invariant bosonic action reads

Sbos =

∫
d3x detB =

∫
d3x

(1− l · l̄)2 − l2 l̄2

(1 + l · l̄)2 − l2 l̄2
, (2.14)

or in terms of {q, q̄}

Sbos =

∫
d3x

√
(1− ∂abq ∂abq̄)

2 − (∂abq ∂abq) (∂cdq̄ ∂cdq̄). (2.15)

The latter is the static gauge Nambu-Goto action for the membrane in D=5.

2.3.2 Direct construction

Another way to derive the bosonic action is to use automorphism transformation laws.

These laws (A.8) in the bosonic limit have the form

δxab = 2i
(
āabq − aabq̄

)
, δq = −2i(ax), δq̄ = 2i(āx). (2.16)

The active form of these transformations reads

δ⋆q = −2i(ax)− 2i∂abq
(
āabq − aabq̄

)
, δ⋆q̄ = 2i(āx)− 2i∂abq̄

(
āabq − aabq̄

)
. (2.17)

Due to translations, U(1)-rotations and d = 3 Lorentz invariance, the action may depend

only on scalars ξ and (ηη̄), where

ξ = ∂abq ∂
abq̄, η = ∂abq ∂

abq, η̄ = ∂abq̄ ∂
abq̄. (2.18)

Their transformation laws can be easily found to be

δ⋆ξ = 2i(ā∂q)−2i(a∂q̄)−2i(āabq−aabq̄)∂abξ−2i(ā∂q)ξ+2i(a∂q̄)ξ−2i(ā∂q̄)η+2i(a∂q)η̄,
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δ⋆(ηη̄) = 4i(ā∂q̄)η − 4i(a∂q)η̄ − 2i(āklq − aklq̄)∂kl(ηη̄)− 4i(ā∂q)ηη̄ + 4i(a∂q̄)ηη̄ +

+4i(a∂q)ξη̄ − 4i(ā∂q̄)ξη. (2.19)

Therefore, the variation of the arbitrary function F (ξ, ηη̄) reads

1

2i
δ⋆F = [(a∂q)η̄−(ā∂q̄)η]

(
Fξ+2(ξ−1)F(ηη̄)

)
+[(ā∂q)−(a∂q̄)]

(
F+(1−ξ)Fξ−2ηη̄F(ηη̄)

)

−∂ab
[(
qāab − q̄aab

)
F
]
. (2.20)

Thus, to achieve the invariance of the action one has impose the following restrictions on

the function F :

Fξ + 2(ξ − 1)F(ηη̄) = 0, F + Fξ(1− ξ)− 2(ηη̄)F(ηη̄) = 0, (2.21)

with the evident solution

F =
√
(1− ξ)2 − ηη̄. (2.22)

Therefore, the invariant action has the form

S =

∫
d3x
√
(1− ∂abq∂abq̄)2 − (∂abq∂abq)(∂klq̄∂klq̄),

and thus, it coincides with the previously constructed one in (2.15), as it should be. Finally,

one should note that the trivial action

S0 = α

∫
d3x, α = const (2.23)

is also invariant under ISO(1, 4) transformations.

2.3.3 Using the equations of motion

This way is more involved, thus we just sketch main steps. The idea is to find the bosonic

equations of motion for {q, q̄}, which follow from (2.3), (2.5). These equations will explicitly

contain {λab, λ̄ab}, which have to be expressed through {∂abq, ∂abq̄} from the bosonic version

of the equations (2.9)

∂abq = −i
λab − 1

2λ
2λ̄ab

1− 1
4λ

2λ̄2
, ∂abq̄ = i

λ̄ab − 1
2 λ̄

2λab

1− 1
4λ

2λ̄2
. (2.24)

Having at hands the equations of motion one may reconstruct the bosonic action, which of

course, will again coincide with (2.15).

Clearly, in the present case the two previously discussed ways are simpler. Nevertheless,

in the cases where some of the physical bosonic components have no Goldstone fields

interpretation, this way is rather efficient, if not the simplest ones (see e.g. [22, 23]).

2.4 Adding supersymmetry

Now, we have at hands all ingredients to construct the full component action for the

membrane which will be invariant under both, broken S and unbroken Q supersymmetries.

In our approach, we are starting with the broken supersymmetry.

– 6 –
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2.4.1 Broken S supersymmetry

In our parametrization of the coset (2.2) the superspace coordinates {θ, θ̄} do not trans-

form under S supersymmetry. Therefore, each component of our superfields transforms

independently and from (A.7) one may find that

δxab = i
(
ε(aψ̄b) + ε̄(aψb)

)
, δq = 0, δq̄ = 0, δψa = εa, δψ̄a = ε̄a . (2.25)

Then, one may easily check that the θ = 0 projections of the covariant differential

△xab (A.11)

△̂xab ≡ △xab|θ=0 = dxab − i
(
ψ(adψ̄b) + ψ̄(adψb)

)
≡ Eabcd dxcd, (2.26)

as well as the covariant derivatives constructed from them

Dab =
(
E−1

)cd
ab
∂cd (2.27)

are also invariant under S supersymmetry. From all these it immediately follows that the

action possessing the proper bosonic limit (2.15) and invariant under broken supersymme-

try reads

S1 =

∫
d3x det E

√
(1−DabqDabq̄)2 − (DabqDabq)(Dcdq̄Dcdq̄). (2.28)

The action S1 reproduces the kinetic terms for the bosonic and fermionic components

S1 =

∫
d3x

[
−i
(
ψa∂abψ̄

b + ψ̄a∂abψ
b
)
− ∂abq∂

abq̄ + . . .
]
, (2.29)

but the coefficient between these kinetic terms is strictly fixed. This could be not enough

to maintain Q supersymmetry. So, one has to add to the action S1 the purely fermionic

action S2

S2 =

∫
d3x det E , (2.30)

which is trivially invariant under S supersymmetry. Finally, to have a proper limit

Sq→0,ψ→0 = 0,

one has to involve into the game the trivial action S0

S0 =

∫
d3x. (2.31)

Thus, our anzatz for the supersymmetric action acquires the form

S = (1 + α)S0 − S1 − αS2 =

= (1+α)

∫
d3x−

∫
d3x det E

(
α+
√

(1−DabqDabq̄)2−(DabqDabq)(Dcdq̄Dcdq̄)

)
, (2.32)

where α is a constant that has to be defined.

In the cases previously considered within the present approach [25, 31], the Ansatz,

similar to (2.32), was completely enough to maintain the second, unbroken supersymmetry.
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The careful analysis shows that in the present case there is one additional, Wess-Zumino

term which has to be taken into account

SWZ = i

∫
d3x det E

(
ψmDabψ̄m − ψ̄mDabψm

)
Dac q Dc

b q̄. (2.33)

The variation of the SWZ under S supersymmetry reads (only the variations of ψ, ψ̄ without

derivatives play a role)

δSWZ = i

∫
d3x det E

(
εmDabψ̄m − ε̄mDabψm

)
Dac q Dc

b q̄. (2.34)

The simplest way to check that δSWZ = 0 is to pass to the d = 3 vector notations.1 Then

we have

δSWZ ∼
∫
d3x det E ǫIJK

(
εmDI ψ̄m − ε̄mDIψm

)
DJ q DK q̄ ∼

∼
∫
d3x det E det E−1ǫIJK

(
εm∂I ψ̄m − ε̄m∂Iψm

)
∂J q ∂K q̄ ∼

∼
∫
d3x ∂I

[
ǫIJK

(
εmψ̄m − ε̄mψm

)
∂J q ∂K q̄

]
= 0. (2.35)

Thus, the action SWZ (2.33) is invariant under S supersymmetry and our Ansatz for the

membrane action extended to be

S = (1 + α)S0 − S1 − αS2 + βSWZ. (2.36)

Let us stress, that after imposing broken supersymmetry, our component action (2.36)

is fixed up to two constants α and β. No other terms or structures are admissible! Funny

enough, the role of the unbroken supersymmetry is just to fix these constants.

2.4.2 Unbroken supersymmetry

To maintain the unbroken supersymmetry, firstly, one has to find the transformation prop-

erties of the components. Using the transformations of the super-space coordinates (A.6)

δθa = ǫa, δθ̄a = ǭa, δxab = i(ǫ(aθ̄b) + ǭ(aθb)),

one may easily find the transformations of the needed ingredients (we will explicitly present

only ǫ-part of the transformations):

δψa =−ǫb (Dbψa)|θ=0 = ǫbψmλ̄nb ∂mnψa,

δDabψc =−ǫd (Dd∇abψc)|θ=0 = 2ǫdDabψ
mλ̄ndDmnψb + ǫdψmλ̄nd∂mnDabψc,

δDabq =−ǫd (Dd∇abq)|θ=0=2ǫdDabψ
mλ̄ndDmnq+2iǫdDabψd+ǫ

dψmλ̄nd∂mnDabq, (2.37)

and, as a consequence,

δ det E = ∂mn

[
ǫdψmλ̄d

n det E
]
− 2ǫdλ̄d

nDmnψ
n det E . (2.38)

1Our conventions to pass to/from vector indices are summarized in the appendix A, (A.21).
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To fix the parameter α one may consider just the kinetic terms in the action (2.36)

Skin =

∫
d3x

[
−i (α+ 1)

(
ψa∂abψ̄

b + ψ̄a∂abψ
b
)
+ ∂abq∂

abq̄
]
, (2.39)

which has to be invariant under linearized transformations (2.37)

δψ̄a = −iǫbλ̄ba ≃ −ǫb∂baq̄, δ∂abq = 2iǫd∂abψd. (2.40)

Varying the integrand in (2.39) and integrating by parts, we will get

δSkin=

∫
d3x

[
2i(α+1)ǫcψa∂ab∂c

bq̄−2iǫdψd�q̄
]
=

∫
d3x

[
i(α+ 1)ǫdψd�q̄−2iǫdψd�q̄

]
.

(2.41)

Therefore, we have to fix

α = 1. (2.42)

Unfortunately, the fixation of the last parameter β is more involved. Using the trans-

formation properties (2.37) one may find

δF = 2
(
ǫcλ̄ncDabψ

mDnmq + iǫcDabψc
) ∂F
∂Dabq

+ 2ǫcλ̄ncDabψ
mDmnq̄

∂F
∂Dabq̄

+

+ǫcλ̄ncψ
m∂mnF , (2.43)

where

F ≡
√
(1−DabqDabq̄)2 − (DabqDabq)(Dcdq̄Dcdq̄). (2.44)

To avoid the appearance of the square roots, it is proved to be more convenient to use the

following equalities

∂F
∂Dabq

= −i
λ̄ab + 1

2 λ̄
2λab

1− 1
4λ

2λ̄2
,

∂F
∂Dabq̄

= i
λab + 1

2λ
2λ̄ab

1− 1
4λ

2λ̄2
. (2.45)

After some straightforward calculations we get

δ [− det E (1 + F)] = 2iǫc det E
(
DabψcDabq̄ − 2Damψ

mDa
c q̄
)
−2ǫcλ̄cmDabψ

mDadqDb
dq̄ det E .
(2.46)

Similarly, one may find the variation of the integrand of the action SWZ (up to surface

terms disappearing after integration over d3x)

δLWZ = −2β det E
[(
ψkDabψ̄k − ψ̄kDabψk

)
ǫcDadψcDb

dq̄ − ǫcλ̄cmDabψ
mDadqDb

dq̄
]
. (2.47)

Now, it is a matter of quite lengthly, but again straightforward calculations, to check that

the sum of variations (2.46) and (2.47) is a surface term if

β = 1. (2.48)

Thus, we conclude that the action of the supermembrane in D = 5, which is invariant with

respect to unbroken and broken supersymmetries, has the form

S = 2

∫
d3x−

∫
d3x det E

(
1 +

√
(1−DabqDabq̄)2 − (DabqDabq)(Dcdq̄Dcdq̄)

)
+

+i

∫
d3x det E

(
ψmDabψ̄m − ψ̄mDabψm

)
Dac q Dc

b q̄. (2.49)
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3 Dualization of the scalars: vector and double vector supermultiplets

Due to the duality between scalar field, entering the action with the space-time derivatives

only, and gauge field strength in d = 3, the actions for the vector (one scalar dualized) and

the double vector (both scalars dualized) supermultiplets can be easily obtained within the

coset approach. Before performing such dualizations, let us firstly rewrite our action (2.49)

in the vector notations. If we introduce the quantity

Gab =
1√
2

(
ψmDabψ̄m − ψ̄mDabψm

)
, (3.1)

then only vector indices show up in the action. Passing to the vector notation, we will get

S = 2

∫
d3x−

∫
d3x det E

(
1 +

√
(1−DIqDI q̄)2 − (DIqDIq)(DJ q̄DJ q̄)

)
+

+i

∫
d3x det E ǫIJKGIDJ q DK q̄, (3.2)

where

DI ≡
(
E−1

)
I
J∂J , EIJ = δJI − 1√

2

(
σJ
)
ab

(
ψa∂I ψ̄

b + ψ̄a∂Iψ
b
)
. (3.3)

3.1 Vector supermultiplet

The standardN = 2, d = 3 supermultiplet includes one scalar and one gauge fields (entering

the action through the field strength) among the physical bosonic components. Thus, we

have to dualize one of the scalar fields in the action (3.2). To perform dualization, firstly,

one has to pass to the real bosonic fields {u, v}

q =
1

2
(u+ iv), q̄ =

1

2
(u− iv). (3.4)

In terms of newly defined scalars, the action (3.2) reads

S = 2

∫
d3x−

∫
d3x det E

[
1 +

√(
1− 1

2
DIuDIu

)(
1− 1

2
DJvDJv

)
− 1

4
(DIuDIv)

2

]
+

+
1

2

∫
d3x det E ǫIJKGIDJ u DK v, (3.5)

The equation of motion for bosonic field v has the form

∂I

(
det E

(
E−1

)I
J
VJ

)
= 0, VI = ṼI +

1

2
ǫIJKGJDKu, (3.6)

where

ṼI =

(
1− 1

2Du · Du
)
DIv +

1
2 Du · Dv DIu

2
√(

1− 1
2Du · Du

) (
1− 1

2Dv · Dv
)
− 1

4 (Du · Dv)2
. (3.7)

Then, one may find that

DIv =
2ṼI − Ṽ · Du DIu√

1− 1
2Du · Du+ 2Ṽ · Ṽ −

(
Ṽ · Du

)2 . (3.8)
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Now, performing the Rauth transformation over bosonic field v, we will finally get

S̃ = 2

∫
d3x−

∫
d3x det E

(
1 +

√
1− 1

2
Du · Du+ 2Ṽ · Ṽ −

(
Ṽ · Du

)2
)
. (3.9)

This is the action for N = 2, d = 3 vector supermultiplet which possesses additional,

spontaneously broken N = 2 supersymmetry.

One should stress, that the real field strength is defined in (3.6), but the action has a

much more simple structure being written in terms of ṼI .

3.2 Double vector supermultiplet

Finally, one may dualize both scalars in the action (3.2). As the first step, one has to find

the equations of motion for the scalar fields

∂I

(
det E

(
E−1

)I
J
V J
)
= 0, ∂I

(
det E

(
E−1

)I
J
V
J
)
= 0, (3.10)

where

VI = ṼI − iǫIJKGJDK q̄, ṼI =
(1−Dq · Dq̄)DI q̄ + (Dq̄ · Dq̄)DIq√
(1−Dq · Dq̄)2 − (Dq · Dq)(Dq̄ · Dq̄)

. (3.11)

After a standard machinery with the Rauth transformations we will finally get the action

Ŝ = 2

∫
d3x−

∫
d3x det E

[
1 +

√(
1 + Ṽ · Ṽ

)2
− Ṽ 2 Ṽ 2 − iǫIJK GI ṼJ Ṽ K

]
. (3.12)

The bosonic sector of this action coincides with that constructed in [32]. Again, the simplest

form of the action is achieved with the help ṼI variables which are related with field

strengths as in (3.10), (3.11).

4 Conclusion

In this paper, using a remarkable connection between partial breaking of global super-

symmetry, coset approach, which realized the specific pattern of supersymmetry breaking,

and the Nambu-Goto actions for the extended object, we have constructed the on-shell

component action for N = 1, D = 5 supermembrane and for its dual cousins. Of course,

such an action can be obtained by dimensional reduction from the superspace action of the

3-brane in D = 6 (see e.g., [9–12]) or from the action of ref. [7]. Nevertheless, if we pay

more attention to the spontaneously broken supersymmetry and, thus, use the correspond-

ing covariant derivatives, together with the proper choice of the components, the resulting

action can be drastically simplified. So, the implications of our results are threefold:

• we demonstrated that the coset approach can be used far beyond the construction of

the superfield equations of motion if we are interested in the component actions,

• we showed that there is a rather specific choice of the superfields and their components

which drastically simplifies the component action,
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• we argued that the broken supersymmetry fixed the on-shell component action up

to some constants, while the role of the unbroken supersymmetry is just to fix these

constants.

The application of our approach is not limited to the cases of P-branes only. Different types

of D-branes could be also considered in a similar manner. However, once we are dealing with

the field strengths, which never show up as the coordinates of the coset space, the proper

choice of the components becomes very important. In particular, the Born-Infeld-Nambu-

Goto action (3.5), we constructed by the dualization of one scalar field, has a nice, compact

form in terms of the “covariant” field strength ṼI which is related with the “genuine” field

strength, obeying the Bianchi identity, in a rather complicated way (3.6). The same is also

true for the Born-Infeld type action (3.12). In order to clarify the nature of these variables,

one has to consider the corresponding patterns of the supersymmetry breaking (with one, or

without central charges in the N = 4, d = 3 Poincaré superalgebra (A.2)) independently.

In this respect, the detailed analysis of N = 2 → N = 1 supersymmetry breaking in

d = 4 seems to be much more interesting, being a preliminary step to the construction of

N = 4 Born-Infeld action [22, 23, 33] and/or to the action describing partial breaking of

N = 1, D = 10 supersymmetry with the hypermultiplet as the Goldstone superfield.
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A Superalgebra, coset space, transformations and Cartan forms

In this appendix we collected some formulas describing the nonlinear realization of N =

1, D = 5 Poincaré group in its coset over d = 3 Lorentz group SO(1, 2).

In d = 3 notation the N = 1, d = 5 Poincaré superalgebra contains the following set

of generators:

N=4, d=3 SUSY ∝
{
Pab, Qa, Qa, Sa, Sa, Z, Z,Mab,Kab,Kab, J

}
, (A.1)

a, b = 1, 2 being the d = 3 SL(2, R) spinor indices.2 Here, Pab, Z and Z are D = 5

translation generators, Qa, Qa and Sa, Sa are the generators of super-translations, the

generators Mab form d = 3 Lorentz algebra so(1, 2), the generators Kab and Kab belong to

the coset SO(1, 4)/SO(1, 2)×U(1), while J span u(1). The basic commutation relations read

[Mab,Mcd] = ǫadMbc + ǫacMbd + ǫbcMad + ǫbdMac ≡ (M)ab,cd ,

[Mab, Pcd] = (P )ab,cd , [Mab,Kcd] = (K)ab,cd ,
[
Mab,Kcd

]
=
(
K
)
ab,cd

,

2The indices are raised and lowered as follows: V a = ǫabVb, Vb = ǫbcV
c, ǫabǫ

bc = δca .
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[
Kab,Kcd

]
=

1

2
(M)ab,cd + 2 (ǫacǫbd + ǫbcǫad) J,

[Kab, Pcd] = − (ǫacǫbd + ǫbcǫad)Z,
[
Kab, Pcd

]
= (ǫacǫbd + ǫbcǫad)Z,[

Kab, Z
]
= −2Pab,

[
Kab, Z

]
= 2Pab, [Mab, Qc] = ǫacQb + ǫbcQa ≡ (Q)ab,c ,[

Mab, Qc
]
=
(
Q
)
ab,c

, [Mab, Sc] = (S)ab,c ,
[
Mab, Sc

]
=
(
S
)
ab,c

,
[
Kab, Qc

]
= −

(
S
)
ab,c

,
[
Kab, Qc

]
=(S)ab,c ,

[
Kab, Sc

]
=
(
Q
)
ab,c

,
[
Kab, Sc

]
=− (Q)ab,c ,

[J,Qa] = −1

2
Qa,

[
J,Qa

]
=

1

2
Qa, [J, Sa] = −1

2
Sa,

[
J, Sa

]
=

1

2
Sa,

[J,Kab] = −Kab,
[
J,Kab

]
= Kab, [J, Z] = −Z,

[
J, Z

]
= Z,

{
Qa, Qb

}
= 2Pab,

{
Sa, Sb

}
= 2Pab, {Qa, Sb} = 2ǫabZ,

{
Qa, Sb

}
= 2ǫabZ. (A.2)

Note, that the generators obey the following conjugation rules:

(Pab)
† = Pab, (Kab)

† = Kab, (Mab)
† = −Mab, J

† = J, Z† = Z,

(Qa)
† = Qa, (Sa)

† = Sa. (A.3)

We define the coset element as follows

g = eix
abPabeθ

aQa+θ̄aQaei(qZ+q̄Z)eψ
aSa+ψ̄

a
Saei(Λ

abKab+Λ
ab
Kab). (A.4)

Here,
{
xab, θa, θ̄a

}
are N = 2, d = 3 superspace coordinates, while the remaining

coset parameters are Goldstone superfields, ψa ≡ ψa(x, θ, θ̄), ψ̄
a ≡ ψ̄

a
(x, θ, θ̄), q ≡

q(x, θ, θ̄), q̄ ≡ q̄(x, θ, θ̄), Λab ≡ Λab(x, θ, θ̄), Λ
ab ≡ Λ

ab
(x, θ, θ̄). These N = 2 superfields

obey the following conjugation rules

(
xab
)†

= xab, (θa)† = θ̄a, q† = q̄, (ψa)† = ψ̄
a
,
(
Λab

)†
= Λ

ab
. (A.5)

The transformation properties of the coordinates and superfields with respect to all

symmetries can be found by acting from the left on the coset element g (A.4) by the

different elements of N = 1, D = 5 Poincaré supergroup. In what follows, we will need

the explicit form only for the broken (S, S) and unbroken (Q,Q) supersymmetries, and

(K,K) automorphism transformations which read:

• Unbroken (Q) supersymmetry (g0 = exp (ǫaQa + ǭaQa))

δxab = i
(
ǫ(aθ̄b) + ǭ(aθb)

)
, δθa = ǫa , δθ̄a = ǭa . (A.6)

• Broken (S) supersymmetry (g0 = exp
(
εaSa + ε̄aSa

)
)

δxab=i
(
ε(aψ̄

b)
+ε̄(aψb)

)
, δq=2iεaθ

a, δq̄=2iε̄aθ̄
a, δψa=εa, δψ̄

a
= ε̄a . (A.7)

• Automorphism (K,K) transformations (g0 = exp i
(
aabKab + āabKab

)
)

δxab = −2i
(
aabq−āabq̄

)
−2θcψcā

ab+2θ̄cψ̄ca
ab, δθa = −2iaabψ̄b, δθ̄

a = 2iāabψb,

δq = −2iaabxab − 2aab
(
θaθ̄b −ψaψ̄b

)
, δψa = 2iaabθ̄b,

δq̄ = 2iāabxab − 2āab
(
θaθ̄b −ψaψ̄b

)
, δψ̄

a
= −2iāabθb. (A.8)
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As the next step of the coset formalism, one construct the Cartan forms

g−1dg = ΩP +ΩQ +ΩQ +ΩZ +ΩZ +ΩS +ΩS + . . . . (A.9)

In what follows we will need only the forms ΩP ,ΩQ,ΩZ and ΩS which explicitly read

ΩP =




(
cosh 2

√
Y
)cd
ab
△xab − i

(
Λ
ab△q−Λab△q̄

)(sinh 2
√
Y√

Y

)cd

ab



Pcd,

ΩQ =

{
dθb
(
cos 2

√
T
) c

b
− i dψ̄

b
Λ a
b

(
sin 2

√
T√

T

) c

a

}
Qc,

ΩZ =



△q+

(
Λ
ab△q−Λab△q̄

)(cosh 2
√
Y −1

Y

)cd

ab

Λcd+i△ab

(
sinh 2

√
Y√

Y

)cd

ab

Λcd



Z,

ΩS =

{
dψb

(
cos 2

√
T
) c

b
+ i dθ̄bΛ a

b

(
sin 2

√
T√

T

) c

a

}
Sc, (A.10)

△xab = dxab − i
(
θ(adθ̄b) + θ̄(adθb) +ψ(adψ̄

b)
+ ψ̄

(a
dψb)

)
, (A.11)

△q= dq− 2iψadθ
a, △q̄ = dq̄− 2iψ̄adθ̄

a. (A.12)

Here, we defined matrix-valued functions Y ab
cd,T a

b and T a
b as

Y ab
cd = ΛabΛ

cd
+ΛabΛ

cd, T a
b = Λa

cΛc
b, T a

b = Λa
cΛc

b. (A.13)

Note, that all these Cartan forms transform homogeneously under all symmetries.

Having at hands the Cartan forms, one may construct the “semi-covariant” (covariant

with respect to d = 3 Lorentz, unbroken and broken supersymmetries only) derivatives as

△xab∇ab + dθa∇a + dθ̄a∇̄a = dxab
∂

∂xab
+ dθa

∂

∂θa
+ dθ̄a

∂

∂θ̄a
. (A.14)

Explicitly, they read

∇ab = (E−1)ab
cd∂cd,

∇a = Da − i
(
ψbDaψ̄

c
+ ψ̄

b
Daψ

c
)
∇bc = Da − i

(
ψb∇aψ̄

c
+ ψ̄

b∇aψ
c
)
∂bc, (A.15)

where

Da =
∂

∂θa
− i θ̄b ∂ab, Da =

∂

∂θ̄a
− i θb ∂ab,

{
Da, Db

}
= −2i∂ab, (A.16)

Eab
cd = δ(ca δ

d)
b − i

(
ψ(c∂abψ̄

d)
+ ψ̄

(c
∂abψ

d)
)
, (A.17)

(E−1)ab
cd = δ(ca δ

d)
b + i

(
ψ(c∇abψ̄

d)
+ ψ̄

(c∇abψ
d)
)
. (A.18)

These derivatives obey the following algebra:

{∇a,∇b} = −2i
(
∇aψ

c∇bψ̄
d
+∇aψ̄

c∇bψ
d
)
∇cd,

{
∇a,∇b

}
= −2i∇ab − 2i

(
∇aψ

c∇bψ̄
d
+∇aψ̄

c∇bψ
d
)
∇cd,
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[∇ab,∇c] = −2i
(
∇abψ

d∇cψ̄
f
+∇abψ̄

d∇cψ
f
)
∇df ,

[∇ab,∇cd] = 2i
(
∇abψ

m∇cdψ̄
n −∇cdψ

m∇abψ̄
n)∇mn. (A.19)

To complete this rather technical appendix, we will also define the d = 3 volume form

in a standard manner as

d3x ≡ ǫIJKdx
I ∧ dxJ ∧ dxK ⇒ dxI ∧ dxJ ∧ dxK =

1

6
ǫIJKd3x. (A.20)

The translation to the vectors is defined as

V I ≡ i√
2

(
σI
)
a
b Vb

a ⇒ Va
b = − i√

2
V I
(
σI
)
a
b, V abVab = V IV I . (A.21)

Here we are using the standard set of σI matrices

σI σJ = iǫIJKσK + ηIJE,
(
σI
)
a
b
(
σI
)
c
d = 2δa

dδc
b − δa

bδc
d, (A.22)

were ǫIJK obeys relations

ǫIJKǫIMN = δJMδ
K
N − δJNδ

K
M , ǫIJKǫIJN = 2δKN , ǫIJKǫIJK = 6. (A.23)
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[12] M. Roček and A.A. Tseytlin, Partial breaking of global D = 4 supersymmetry, constrained

superfields and three-brane actions, Phys. Rev. D 59 (1999) 106001 [hep-th/9811232]

[INSPIRE].

[13] T. Adawi, M. Cederwall, U. Gran, M. Holm and B.E.W. Nilsson, Superembeddings, nonlinear

supersymmetry and five-branes, Int. J. Mod. Phys. A 13 (1998) 4691 [hep-th/9711203]

[INSPIRE].
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