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1 Introduction

The characteristic feature of the theories with a partial breaking of the global supersymme-
tries is the appearance of the Goldstone fermionic fields, associated with the broken super-
translations, as the components of Goldstone supermultiplets of unbroken supersymmetry.
The natural description of such theories is achieved within the coset approach [1-4]. The
usefulness of the coset approach in the applications to the theories with partial breaking
of the supersymmetry have been demonstrated by many authors [5]-[25]. The presence of
the unbroken supersymmetry makes quite reasonable the idea to choose the corresponding
superfields as the basic ones and many interesting superspace actions describing different
patterns of supersymmetry breaking have been constructed in such a way [9-12, 14, 16].
However, the standard methods of coset approach fail to construct the superfield action,
because the superspace Lagrangian is weakly invariant with respect to supersymmetry - it
is shifted by the full space-time or spinor derivatives under broken/unbroken supersymme-
try transformations. Another, rather technical difficulty is to obtain the component action
from the superspace one, which is written in terms of the superfields subjected to highly



nonlinear constraints. Finally, in some cases the covariantization of the irreducibility con-
straints with respect to the broken supersymmetry is not evident, if at all possible. For
example, it has been demonstrated in [9-11] that such constraints for the vector supermul-
tiplet can be covariantized only together with the equations of motion.

It turned out that one can gain more information about component on shell-actions if
attention is shifted to the broken supersymmetry. It was demonstrated in [25] that with
a suitable choice of the parametrization of the coset, the #-coordinates of unbroken super-
symmetry and the physical bosonic components do not transform under broken supersym-
metry. Moreover, the physical fermions transform as the Goldstino of the Volkov-Akulov
model [26, 27] with respect to broken supersymmetry. Therefore, the physical fermions can
enter the component on-shell action only i) through the determinant of the fermionic viel-
bein (to compensate the variation of the volume d%z), ii) through the covariant space-time
derivatives, or iii) through the Wess-Zumino term, if it exists. The first two ingredients
can be easily constructed within the coset method, while the Wess-Zumino can be also
constructed from Cartan forms following the recipe of ref. [28]. As a result, we will have
the Ansatz for the action with several constant parameters, which have to be fixed by
the invariance with respect to unbroken supersymmetry. The pleasant feature of such an
approach is that the fermions are “hidden” inside covariant derivatives and determinant of
the vielbein, making the whole action short, with the explicit geometric meaning of each
term. In the present paper we apply this procedure to construct the actionof N =1,D =5
supermembrane and its dual cousins.

2 Supermembrane in D = 5 space-time

In accordance with the general consideration presented in [25], to construct the component
action for the supermembrane in D = 5 one has to carry out the following steps:

e Choosing the proper parametrization of the coset space element corresponding to the
given pattern of the supersymmetry breaking; constructing the Cartan forms and
finding the covariant derivatives,

e Imposing the kinematical and dynamical constraints,

e Finding the bosonic limit of the action and then generalizing it to the full supersym-

metric case,

e Fixing the arbitrary constants in the supersymmetric action by imposing the invari-

ance with respect to unbroken supersymmetry.

Let us perform this programme.

2.1 Coset space

In the present case we are dealing with the spontaneous breaking of N = 1, D = 5 Poincaré
supersymmetry down to N = 2,d = 3 one. From the d = 3 standpoint the N =1,D =5



supersymmetry algebra is a central-charges extended N = 4 Poincaré superalgebra with
the following basic anticommutation relations:

{Qa,Qp} = 2P, {Sa. 50} = 2P, {Qa, S} = 2€atZ, {Qu:Sp} = 2€aZ. (2.1)

The d = 3 translations generator P,; and the central charge generators Z, Z form D = 5
translation generators. We will also split the generators of D = 5 Lorentz algebra so(1,4)
into d = 3 Lorentz algebra generators M, the generators K, and K4, belonging to the
coset SO(1,4)/S0O(1,2) x U(1) and the U(1) generator J. The full set of commutation
relations can be found in the appendix A, (A.2).

Keeping d = 3 Lorentz and, commuting with it, U(1) subgroups of D = 5 Lorentz
group SO(1,4) linearly realized, we will choose the coset element as

g = 7" Fab 8" Qa+0°Q, i(aZ+a7) " Sat 9" Sa A K +R K o) (2.2)

Here, {x“b,ﬁa,éa} are N = 2,d = 3 superspace coordinates, while the remaining coset
parameters are N = 2 Goldstone superfields. The whole N = 1, D = 5 super Poincaré
group can be realized in this coset by the left acting on (2.2) of the different elements of
the supergroup. The resulting transformation properties of the coordinates and superfields
with respect to unbroken and broken supersymmetries are presented in (A.6), (A.7). The
results of a pure technical calculation of the corresponding Cartan forms, semi-covariant
derivatives and their algebra are summarized in the appendix A, (A.10), (A.15), (A.19).

2.2 Kinematical constraints and equations of motion

In accordance with the general theorem (Inverse Higgs phenomenon) formulated in [29], in
order to reduce the number of independent superfields one has to impose the constraints

— '% ~ %
QZ:O = {Vabq— 2i (IH11)2 1212 ° QZ:O - {Vabq—Ql (_1+l~i)2—l212 ,

Vea=-2itp,, V.q=0, aQ=—2i,, V,q=0.
(2.3)

Here, to simplify the expressions, we have passed to the some variant of the stereographic
parametrization of the coset SO(1,4)/SO(1,2) x U(1)

cd cd
I, — tanh VY A 1. — tanh VY A (2.4)
ab \/? y cd)» ab \/? o cd- .

The equations (2.3) allow us to express the superfields Agp, Agpy and %, 1" through covari-
ant derivatives of q(z, 6, 0) and q(z,6,0). Thus, the bosonic superfields q(z, 6, 0), q(z, 0, 0)
are the only essential Goldstone superfields needed for this case of the partial breaking of
the global supersymmetry. The constraints (2.3) are covariant under all symmetries, they
do not imply any dynamics and leave q(z, 6, 0) and q(z, 0, 0) off shell.

Within the coset approach we may also to write the covariant superfield equations of
motion. It was shown in [15]-[21] that this can be achieved by imposing the proper con-
straint on the Cartan forms for broken supersymmetry. In the present case these constraints



read

Qs| =0 = (a) Vatp, =0, (0) Vpp® = —iA° (tari/z%/f): = —iAj
Qs| =0 = (a) Vatp, =0, (b) Vptp" = iAy° <mri2/f>c =iX;, (2.5)

where | means the df-projection of the forms. These constraints are closely related with
constraints of the super-embedding approach [30].
To conclude this subsection let us make a few comments:

e The easiest way to check that the equations (2.3), (2.5) put the theory on-shell is to
consider these equations in the linearized form

Oupq = —2iAy (a), D.q = —2iy, (b), D,q =0 (¢, (2.6)
Datpy = 0 (a), Dy = —2iA¢ (b). (2.7

Acting on eq. (2.6b) by D;, and using the eq. (2.6¢) and the algebra of spinor deriva-
tives (A.16) we immediately conclude that eq. (2.7b) follows from (2.6). In addition,
the eq. (2.7a) means that the auxiliary component of the superfield q is zero and,
therefore, our system is on-shell

Db, =0 = D?’q=0 = 9,D°q=0 = Oq=0. (2.8)

e It turns out that the variables {)\2,5\2} defined in (2.5), are more suitable then
{lap,1ap} (2.4) one. Using the algebra of covariant derivatives (A.19) it is easy to find
the following relations from (2.3) and (2.5)

Aab — %)‘ZS\ab

j‘ab - %5‘2)‘ab
Ve T T TR EEEU
4

i 2.9
1 1a23° 29

) vab(l =i
These equations play the same role as those in (2.3), relating the superfields {Aup, Aap}
(and, therefore, the superfields {Agp, Agp}) with the space-time derivatives of the
superfields {q, q}.

2.3 Bosonic part

In what follows we will mainly deal with the component approach. So, let us define the
components of our superfields as

¢ =4dlo=0, Yo =Vglo=0, Aab = Aablo=0, Aap = Aap|o=0- (2.10)

The basic idea of the approach outlined in [25] is to write the candidate for supersymmetric
action as a proper supersymmetrization of the bosonic action. So, the crucial step is to
construct the bosonic action. Keeping in the mind that the system of equations (2.3), (2.5)
is invariant with respect to all N = 1, D = 5 super Poincaré group, we have to conclude
that its bosonic sub-sector has to be invariant under the bosonic part of the super-Poincaré
group, i.e. under ISO(1,4) transformations. This information is enough to construct the
bosonic action.
There are, at least, three equivalent ways to construct the bosonic action.



2.3.1 Bosonic coset

The simplest, straightforward way to construct the bosonic action is to consider the bosonic
coset, i.e. the coset (2.2) with discarded 6’s and all fermions

Ghos = €2 Fav ¢l (aZ+T2) (A Koy + A K ap) (2.11)
Clearly, the corresponding bosonic Cartan forms can be easily extracted from their su-
perfields version (A.10). The bosonic version of the constraints (2.3) will result in the

relations

(T Dy — Pl
aabq =21 (1 e l_)2 R (212)

(L1 Dy — Plap
Dav = —2 b b
N G R ) PR T

while the bosonic vielbein By
<Ql])§s) _ dwabBadePcd (213)

acquires the form

cd _ s(c d) 2 L1 (7cd cdy _ 727g9cdy 72 7ced7
Bl =08 — [(1+l 0) (z lap + 1 zab) 1]y, — 12] zab],

Therefore, the simplest invariant bosonic action reads

s [ s (=102 =112
sbos—/dxdetB_/dx(1+l_l_)2_l2l-2, (2.14)

or in terms of {q, g}

Show = [ @2/ (1 = 90 90)* = @ 0°0) (D.a000). (2.15)
The latter is the static gauge Nambu-Goto action for the membrane in D=5.

2.3.2 Direct construction

Another way to derive the bosonic action is to use automorphism transformation laws.
These laws (A.8) in the bosonic limit have the form

oz = 2i (dabq — aabq> , 0¢ = —2i(ax), 6q = 2i(ax). (2.16)
The active form of these transformations reads
§5*q = —2i(azx) — 2i0wq (aabq . a“bq> | 6% = 2i(az) — 2i0uq (aabq - aab(j> . (217)

Due to translations, U(1)-rotations and d = 3 Lorentz invariance, the action may depend
only on scalars ¢ and (n7), where

€= 0uwq 07, 1= 0wy 0"q, 7 = Oupq ™. (2.18)
Their transformation laws can be easily found to be

6*€ = 2i(adq) —2i(adq) —2i(aq—a™q) Dap€ —2i(adq)€ +2i(adq)& —2i(adq)n~+2i(adq),



% () = 4i(adq)n — 4i(adq)n — 2i(a*'q — a™q)Ow(n7) — 4i(adq)ny + 4i(adq)ny +
+4i(adq)&n — 4i(adq)én. (2.19)

Therefore, the variation of the arbitrary function F'(§,n7) reads

%5*F= [(adq)71—(@dq)n] (Fe+2(6—1) Fiymy ) +[(@dq) — (adq)] (F+(1 &) Fe =20 F )
—0ab (q&“b — cja‘“’> F] : (2.20)

Thus, to achieve the invariance of the action one has impose the following restrictions on
the function F:

Fg + 2(5 — 1)F(TI77) = 07 F+ F&(l - f) - 2(7777)F(m7) = 0, (2.21)

with the evident solution
F=VI-¢7—m. (2.22)

Therefore, the invariant action has the form

S / d*2\[ (1~ 0,00%)? — (0409 (70"0),

and thus, it coincides with the previously constructed one in (2.15), as it should be. Finally,
one should note that the trivial action

So = a/dgx, a = const (2.23)
is also invariant under ISO(1,4) transformations.

2.3.3 Using the equations of motion

This way is more involved, thus we just sketch main steps. The idea is to find the bosonic
equations of motion for {g, ¢}, which follow from (2.3), (2.5). These equations will explicitly
contain { gy, Aap }, which have to be expressed through {0.,q, 9.} from the bosonic version
of the equations (2.9)

. )\ab - %AQS\ab

j\ab - %XZAab
aabq:_l 1_&/\25\2 ) T 1i9392

20 (2.24)
1— a2y

Oabq =1
Having at hands the equations of motion one may reconstruct the bosonic action, which of
course, will again coincide with (2.15).

Clearly, in the present case the two previously discussed ways are simpler. Nevertheless,
in the cases where some of the physical bosonic components have no Goldstone fields
interpretation, this way is rather efficient, if not the simplest ones (see e.g. [22, 23]).

2.4 Adding supersymmetry

Now, we have at hands all ingredients to construct the full component action for the
membrane which will be invariant under both, broken S and unbroken @) supersymmetries.
In our approach, we are starting with the broken supersymmetry.



2.4.1 Broken S supersymmetry

In our parametrization of the coset (2.2) the superspace coordinates {f,6} do not trans-
form under S supersymmetry. Therefore, each component of our superfields transforms
independently and from (A.7) one may find that

bah =i (gt 4 2oyt) | 6g =0, 00 =0, " =<, 6t =2 (2.25)
Then, one may easily check that the 6 = 0 projections of the covariant differential
Az (A.11)
Az = Az®lg_y = dz® — i (Q,Z)(ad@b) + 1/_)(ad¢b)> = Egé’ da?, (2.26)
as well as the covariant derivatives constructed from them
—1\cd
Dap = (E71),, Oca (2.27)

are also invariant under S supersymmetry. From all these it immediately follows that the
action possessing the proper bosonic limit (2.15) and invariant under broken supersymme-
try reads

S = /d3:r det 8\/(1 — DapqDq)? — (DapqD?q)(DeqqDe4q). (2.28)
The action S7 reproduces the kinetic terms for the bosonic and fermionic components
S = / d (=i (00wt + 00" ) = dwad™a + ..., (2.29)

but the coefficient between these kinetic terms is strictly fixed. This could be not enough
to maintain @ supersymmetry. So, one has to add to the action S; the purely fermionic
action So

Sy = / 3z det &, (2.30)
which is trivially invariant under S supersymmetry. Finally, to have a proper limit
Sqﬁo,wﬁo = 07
one has to involve into the game the trivial action Sy
So = /d%. (2.31)
Thus, our anzatz for the supersymmetric action acquires the form
S=(14a)Sy— 51 —aSy =

= (14a) / d3z— / Pz det & <a+\/ (1—Daquabq)Q—(Daquabq)(Dcququ)> , (2.32)

where « is a constant that has to be defined.
In the cases previously considered within the present approach [25, 31], the Ansatz,
similar to (2.32), was completely enough to maintain the second, unbroken supersymmetry.



The careful analysis shows that in the present case there is one additional, Wess-Zumino
term which has to be taken into account

Swz = i / d*z det & (Y™ Dapim — V" Dapthm) D ¢ D q. (2.33)

The variation of the Sy under S supersymmetry reads (only the variations of v, 1) without
derivatives play a role)

5Swy =i / Pz det & (" Dapthm — & Dapthm) D ¢ D1 q. (2.34)

The simplest way to check that §Swz = 0 is to pass to the d = 3 vector notations.! Then
we have

5Swz ~ / d*z det & 'K (€™ Dy, — E"Drtbn) Dy q D G~
~ / Bz det & det ET1 TR (em 0P — EMO1Ym) Oy q Ok T ~
~ /d% Or [e"5 (6™ — €M) Dy q Ok @] = 0. (2.35)

Thus, the action Sywyz (2.33) is invariant under S supersymmetry and our Ansatz for the

membrane action extended to be
S = (1+Od) Sy — S1 — aSs + BSwz. (2.36)

Let us stress, that after imposing broken supersymmetry, our component action (2.36)
is fixed up to two constants o and 5. No other terms or structures are admissible! Funny
enough, the role of the unbroken supersymmetry is just to fix these constants.

2.4.2 Unbroken supersymmetry

To maintain the unbroken supersymmetry, firstly, one has to find the transformation prop-
erties of the components. Using the transformations of the super-space coordinates (A.6)

50" = €%, 66% =&, 6z = i(c(*g”) 4 2%,

one may easily find the transformations of the needed ingredients (we will explicitly present

only e-part of the transformations):

5tha = —€" (Dyt,)lg—g = €"U" N} Omntha,
5Dab¢c = _ed (deab'lpbc) |0:0 = ZEdDabwmj\gDmn¢b + €d¢m5\gamnpabw07
6Dapq = —€* (DaVapq)|g—o =2 Dep V™ Ny Dy +2i€ Doytba+ €™ N Oy Dapg,  (2.37)

and, as a consequence,

§det € = Ay [edzpmxd” det 5] — 2687 VDt det E. (2.38)

LOur conventions to pass to/from vector indices are summarized in the appendix A, (A.21).



To fix the parameter o one may consider just the kinetic terms in the action (2.36)
Sn = [ % [~ia+ 1) (520" + 5°0u") + Oua0™q]. (239)
which has to be invariant under linearized transformations (2.37)
Othg = —i€Npg =~ —€0paq,  00upq = 2i€% Dty (2.40)
Varying the integrand in (2.39) and integrating by parts, we will get
5 Siin = / &3z [2i(a+1)ecwaaabacbq——2ied¢qu} - / &3z [1(a n 1)ed¢qu—2iedq/}qu} .
(2.41)

Therefore, we have to fix
a=1. (2.42)

Unfortunately, the fixation of the last parameter 3 is more involved. Using the trans-
formation properties (2.37) one may find

- oOF - OF
= 2 (e“A\]D, mDnm i cDa c) A~ 2¢° nDa mDmn_i,
OF (“NeDapt) q + 1€“Dapbe) 9Dg + 26N\ Dapt) anabq +
+e N Oy F (2.43)
where
F = /(1 ~ DusgD™q)? — (DaygDq)(DeaqDg). (2.44)

To avoid the appearance of the square roots, it is proved to be more convenient to use the
following equalities
OF AL NN 9F X A

= — — y p— — . 245
3Dabq ! 1— %/\2>\2 8Dab(j ! 1— i)\2/\2 ( )

After some straightforward calculations we get

5= det £ (1+ F)] = 2ie® det £ (Dabch“bq - 2Damme3q> 26 N Dt D DY G det £.

(2.46)
Similarly, one may find the variation of the integrand of the action Swz (up to surface
terms disappearing after integration over d>z)

SLvwy = —28det € [(zpkpabz/?k _ u?kpabzpk) DU, DbG — Ao Dapth ™D DG . (2.47)

Now, it is a matter of quite lengthly, but again straightforward calculations, to check that
the sum of variations (2.46) and (2.47) is a surface term if

B=1. (2.48)

Thus, we conclude that the action of the supermembrane in D = 5, which is invariant with
respect to unbroken and broken supersymmetries, has the form

S =2 / d*x — / d*z det & (1 + \/ (1 — DapgD?q)? — (Daquabq)(Dcququ)) +

+i / d*z det & (Y™ Dapm — V" Dapthm) D ¢ D q. (2.49)



3 Dualization of the scalars: vector and double vector supermultiplets

Due to the duality between scalar field, entering the action with the space-time derivatives
only, and gauge field strength in d = 3, the actions for the vector (one scalar dualized) and
the double vector (both scalars dualized) supermultiplets can be easily obtained within the
coset approach. Before performing such dualizations, let us firstly rewrite our action (2.49)
in the vector notations. If we introduce the quantity

1
V2

then only vector indices show up in the action. Passing to the vector notation, we will get

gab (wm,Dabqum - @mDabT/Jm> ) (31)

S = 2/d3x - /d% det & (1 + /(1 —DrgD;q)? - (DIqDIq)(DJqDJq)) +
+i / dz det & %G, Dy q Dk G, (3.2)

where

Dy = (5—1)IJ8J’ &l = 5}] _ \}5 (Gj)ab (Wlaﬂzb —l—@Zaafwb) _ (3.3)

3.1 Vector supermultiplet

The standard N = 2,d = 3 supermultiplet includes one scalar and one gauge fields (entering
the action through the field strength) among the physical bosonic components. Thus, we
have to dualize one of the scalar fields in the action (3.2). To perform dualization, firstly,
one has to pass to the real bosonic fields {u, v}

g = %(u—l—iv), G %(u — ). (3.4)

In terms of newly defined scalars, the action (3.2) reads

1 1 1
S = 2/d3x — /dgaj det& |1+ \/(1 — 2D[’LLD[U> <1 — 2DJUDJ'U> - Z (DIUDIU)2 +
1
—1—2/d3;1: det £ '’5GD; u Dk v, (3.5)
The equation of motion for bosonic field v has the form
—1n\{ = 1
Or (det € (67} Vi) =0, Vi =Vi+ SerxGoDru, (3.6)

where . .
7 = (1 — $Du - Du) Dyv + 5 Du - Dv Dru . (3.7)

2,/(1~ Du - Du) (1~ §Dv-Dv) — } (Du- Dv)?

Then, one may find that

oV, =V -DuD
Dy = ! v . (3.8)

(1 4w Du oV V(7 Du)”

,10,



Now, performing the Rauth transformation over bosonic field v, we will finally get

& _ s [ Ll 7 (7. D)
§=2 [ d%— [ dzdeté (14 /1-Du-Dut2V -V - (V-Du) . (3.9)

This is the action for N = 2,d = 3 vector supermultiplet which possesses additional,

spontaneously broken N = 2 supersymmetry.
One should stress, that the real field strength is defined in (3.6), but the action has a
much more simple structure being written in terms of Vj.

3.2 Double vector supermultiplet

Finally, one may dualize both scalars in the action (3.2). As the first step, one has to find
the equations of motion for the scalar fields

or (deve (€7, v7) =0, or (deve (€71 V) =0, (3.10)

where
(1—Dq-Dq) D;q+ (Dg-Dq) Diq
V(1 =Dq-Dg)? — (Dq - Dq)(Dgq - D)

After a standard machinery with the Rauth transformations we will finally get the action

§:2/d3x—/d3xdet£

The bosonic sector of this action coincides with that constructed in [32]. Again, the simplest

Vi =V —iersxGyDrq, Vi=

(3.11)

~ =\ 2 ~ = ~ =
1+\/(1+V-V) CVEV2 e G ViVi| . (3.12)

form of the action is achieved with the help Vi variables which are related with field
strengths as in (3.10), (3.11).

4 Conclusion

In this paper, using a remarkable connection between partial breaking of global super-
symmetry, coset approach, which realized the specific pattern of supersymmetry breaking,
and the Nambu-Goto actions for the extended object, we have constructed the on-shell
component action for N = 1, D = 5 supermembrane and for its dual cousins. Of course,
such an action can be obtained by dimensional reduction from the superspace action of the
3-brane in D = 6 (see e.g., [9-12]) or from the action of ref. [7]. Nevertheless, if we pay
more attention to the spontaneously broken supersymmetry and, thus, use the correspond-
ing covariant derivatives, together with the proper choice of the components, the resulting
action can be drastically simplified. So, the implications of our results are threefold:

e we demonstrated that the coset approach can be used far beyond the construction of
the superfield equations of motion if we are interested in the component actions,

e we showed that there is a rather specific choice of the superfields and their components
which drastically simplifies the component action,

— 11 —



e we argued that the broken supersymmetry fixed the on-shell component action up
to some constants, while the role of the unbroken supersymmetry is just to fix these
constants.

The application of our approach is not limited to the cases of P-branes only. Different types
of D-branes could be also considered in a similar manner. However, once we are dealing with
the field strengths, which never show up as the coordinates of the coset space, the proper
choice of the components becomes very important. In particular, the Born-Infeld-Nambu-
Goto action (3.5), we constructed by the dualization of one scalar field, has a nice, compact
form in terms of the “covariant” field strength V; which is related with the “genuine” field
strength, obeying the Bianchi identity, in a rather complicated way (3.6). The same is also
true for the Born-Infeld type action (3.12). In order to clarify the nature of these variables,
one has to consider the corresponding patterns of the supersymmetry breaking (with one, or
without central charges in the N = 4,d = 3 Poincaré superalgebra (A.2)) independently.
In this respect, the detailed analysis of N = 2 — N = 1 supersymmetry breaking in
d = 4 seems to be much more interesting, being a preliminary step to the construction of
N = 4 Born-Infeld action [22, 23, 33] and/or to the action describing partial breaking of
N =1,D = 10 supersymmetry with the hypermultiplet as the Goldstone superfield.
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A Superalgebra, coset space, transformations and Cartan forms

In this appendix we collected some formulas describing the nonlinear realization of N =
1, D = 5 Poincaré group in its coset over d = 3 Lorentz group SO(1, 2).

In d = 3 notation the N = 1,d = 5 Poincaré superalgebra contains the following set
of generators:

N:47 d:3 SUSY X {PalH Q(M@av Saag(b 27 77 Mabv Kabyfaby J} 5 (Al)

a,b = 1,2 being the d = 3 SL(2, R) spinor indices.? Here, P, Z and Z are D = 5
translation generators, Q.,Q, and S, S, are the generators of super-translations, the
generators My, form d = 3 Lorentz algebra so(1,2), the generators K, and K, belong to
the coset SO(1,4)/SO(1,2)xU(1), while J span u(1). The basic commutation relations read

[Maba Mcd] = €adMpc + €acMpa + €pcMaq + €paMac = (M)ab,cd7

[Mabapcd] = (P)ab7cd7 [MabaKC ] = (K)ab,cd’ [MGb?FCd] = (F)ab,cd’

2The indices are raised and lowered as follows: V¢ = €®V,, Vi = €.VE,  €qpe’® = 8¢ .
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1
[ aba ] = 5 (M>ab,cd +2 (Eacﬁbd + 6bcead) J,

[Kab, Ped) = — (€ac€d + €bc€ad) Zs [Kab, Pea] = (€ac€va + €bc€ad) Z,
[Kab, Z] = =2Pap, [Kab, Z) = 2Pup, [Map, Qc] = €acQb + €6cQa = (Q) gpc »
[Ma, Q] = (Q )abc [Maps Se] = (S) e [Mavs Se] = (g)ab,c’
] ( )abc [Kab7@c]:(s)ab,cv W“b’sc]:(é)ab,c’ [K“b’gc]:_(Q)ab,c7
Q) = Qs [ = 580 11,8:] = 35 [1.5.] = 5.,
(], Kap) = —Kap, [/ Kap| = Kap, [J,Z)=—2, [J,Z] = Z,
{Qa,Qp} = 2Pap, {Sa, S} = 2P, {Qa, S} =26 Z, {Qq,Sp} =260 Z. (A.2)

Note, that the generators obey the following conjugation rules:

[ ab

(Puwp)' = Pupy (Kup)' = Kapy (Mup)' = —My, JT =17, 21 =7,
(Qa)' = Qu» (Sa)' =5 (A.3)
We define the coset element as follows
g = i7" Pab 0" Qut0"Q i(aZ+a7) " Sat e AP K+ A R ) (A.4)
Here, {m“b,ﬂa,éa} are N = 2,d = 3 superspace coordinates, while the remaining

coset parameters are Goldstone superfields, ¥* = ¥%(x,0,0), ¥* = ¥"(x,0,0), q =

q(z,0,0), q=q(z,0,0), A® = A®(2,0,0), A* o _ Kab(x,ﬂ,é). These N = 2 superfields
obey the following conjugation rules
T _

( ab) (9&) 9(1, qT = q, (¢Q>T _ 'l,b <Aab) Aab (A5)

The transformation properties of the coordinates and superfields with respect to all

symmetries can be found by acting from the left on the coset element g (A.4) by the

different elements of N = 1, D = 5 Poincaré supergroup. In what follows, we will need

the explicit form only for the broken (S,S) and unbroken (Q,Q) supersymmetries, and
(K, K) automorphism transformations which read:

e Unbroken (Q) supersymmetry (go = exp (e2Qq + €2Q,))
5z =i (é“éb) n g<a9b>) ,00% =%, 609 =& (A.6)
e Broken () supersymmetry (go = exp (EaSa + E“ga))

su =i (g 120y ba=2ie,0%, da=2i,0%, o =c", 5

<
e

I
4
=
-

e Automorphism (K, K) transformations (go = exp i (a“bKab + d“bfab))

5% — —9i (aabq—a“bq) —260°4 a® 426, ,a®, 5% = —2ia®ep,, 0% = 2ia%ep,,
5q = —2ia®xqp — 2a™ (005 — Y1) S = 2ia™,,
0q = 2ia®xqp, — 2a (0.0, — Y, y) 5" = —2iae,,. (A.8)
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As the next step of the coset formalism, one construct the Cartan forms
g ldg=Qp+ Q0+ + Q2 +Qz7+ Qs+ Qs +... . (A.9)

In what follows we will need only the forms Qp, g, 1z and Qg which explicitly read

cd
cd — inh 2VY
_ ab ab _ AGb A = S111
Op = (cosh2\/l7)abe 1<A Aq— A Aq) ( o )ab P,
— ¢ n2VT\
0o =14de® (cos2VT)  —idg’ A0 | 22 .
Q{ (COSf)b1¢b<ﬁ aQ,
cd cd
B b\ b p ) [cosh2VY —1 - ap [siNh2VY
Q7= Aq+(A Agq—A Aq) (Y abA,;d—HA 7\/? abACd Z,
—c . in2vVT\
Qg = dp® (cos2VT)  +idd® A, [ 22 . Al
s {¢(cos\/7)b+1 b(ﬁ ) Se, (A.10)
Az® = dz® — (9(“d§b) + 0@ + plagy? + 17)(ad¢b)> , (A.11)
Aq=dq — 2itp,d0", Aq = dq — 2ip,do". (A.12)
Here, we defined matrix-valued functions Y 5,4, T',,? and T,° as
Y = A A + A A TP = AN, T, = A, AL (A.13)

Note, that all these Cartan forms transform homogeneously under all symmetries.
Having at hands the Cartan forms, one may construct the “semi-covariant” (covariant
with respect to d = 3 Lorentz, unbroken and broken supersymmetries only) derivatives as

Az g + dO°V, + OV, = dz®® afab + df” 32,1 + d@“a(z_a. (A.14)

Explicitly, they read

Vap = (E_l)adeacda
Vo = Do =i (¥ Dt + 9" Datp) Voo = Do — i (¥'Vath + 9"Vt ) e, (A15)

where
Du= 2 itt0, Du=-2 100 {Dq, Dy} = —2i0 (A.16)
a 907 abs a 90a abs a> /b ab> .
Eade = 5205;)1) —1 <¢(C ab"?’d) + Q;Z(Caabll)d)) ) (A17)
(E_l)ade = 51(1651?) +1 <¢(Cvab{bd) + {b(cvabd’d)) . (A.lS)

These derivatives obey the following algebra:
Vo, Vo} = =21 (Vay Vit + YVt Vitp") Vea,
{Va, o} = =21V = 2 (Vo Vi’ + Vad Vitp? ) Vea,
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Vs Vel = =20 (Vath 'V’ + V' Vet ) Vo,
[vab7 vcd] = 2i (vab’l/’mvcd{bn - Vcdwmvab{ﬁn) vmn (Alg)

To complete this rather technical appendix, we will also define the d = 3 volume form
in a standard manner as

1
dr = erjrde! Ndx? Ada® = da! Ada? A da® = EEUKdga:. (A.20)

The translation to the vectors is defined as

—%VI (o), % VOV = VIV (A.21)

Here we are using the standard set of o/ matrices

VI

A A

5o,

ol o/ =il EoE 4l E, (oI)a b (oI)Cd =26,%0." — 5,%6.4, (A.22)
were e/ /K obeys relations
T Keryun = 5}{4(5]{? — (5]‘{,(5]\151, e”KeUN = 2(511\?, EIJK€[JK = 6. (A.23)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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