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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be
a nonempty, closed and convex subset of H, and let T': C — C be a nonlinear mapping.
Throughout this paper, we use F(T') to denote the fixed point set of 7. A mapping T': C —
C is said to be nonexpansive if

1Tx - Tyl < llx-yll, Vx,yeC. (11)

Let F: C x C — R be a real-valued bifunction and ¢ : C — R be a real-valued function,
where R is the set of real numbers. The so-called mixed equilibrium problem (MEP) is to
find x € C such that

Flx,9)+ () —ox) >0, VyeC, (1.2)

which was considered and studied in [1, 2]. The set of solutions of MEP (1.2) is denoted by
MEP(F, ¢). In particular, whenever ¢ = 0, MEP (1.2) reduces to the equilibrium problem
(EP) of finding x € C such that

F(x,y) >0, VyeC,

which was considered and studied in [3-7]. The set of solutions of the EP is denoted by
EP(F). Given a mapping A : C — H, let F(x,y) = (Ax,y — ) for all x,y € C. Then x € EP(F)
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ifand only if (Ax,y —x) > 0 for all y € C. Numerous problems in physics, optimization and
economics reduce to finding a solution of the EP.

Throughout this paper, assume that F : C x C — R is a bifunction satisfying conditions
(Al1)-(A4) and that ¢ : C — R is a lower semicontinuous and convex function with restric-
tion (B1) or (B2), where

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for any x,y € C;

(A3) F is upper-hemicontinuous, i.e., for each x,y,z € C,

limsup F(tz + (1 - t)x,y) < F(x,9);

t—0%

(A4) F(x,-) is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

1
F(z,yx) + 9(yx) — ¢(2) + ;O/x -z,z—x)<0;

(B2) Cisabounded set.

The mappings {T},}32, are said to be an infinite family of nonexpansive self-mappings on
Cif

I Twx - Topll < llx -y, VayeCon=1, (1.3)
and denoted by F(T,) is the fixed point set of T}, i.e., F(T,) := {x € C : T,;x = x}. Finding
an optimal point in the intersection (), F(T},) of fixed point sets of mappings T, n > 1,
is a matter of interest in various branches of sciences.

Recently, many authors considered some iterative methods for finding a common el-
ement of the set of solutions of MEP (1.2) and the set of fixed points of nonexpansive
mappings; see, e.g,, [2, 8, 9] and the references therein.

A mapping A : C — H is said to be

(i) monotone if
(Ax —Ay,x—y) >0, Vx,yeC;
(ii) strongly monotone if there exists a constant 1 > 0 such that

(Ax—Ay,x—y) = nllx—y|*>, VxyeC.

In such a case, A is said to be -strongly monotone;

(ili) inverse-strongly monotone if there exists a constant ¢ > 0 such that
(Ax — Ay,x —y) > || Ax - Ay|?>, Vx,yeC.

In such a case, A is said to be ¢ -inverse-strongly monotone.
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Let A : C — H be a nonlinear mapping. The classical variational inequality problem
(VIP) is to find x* € C such that

(Ax*,y-x*)>0, VvyeC. (1.4)

We use VI(C, A) to denote the set of solutions to VIP (1.4). One can easily see that VIP (1.4)
is equivalent to a fixed point problem. Thatis, # € C is a solution of VIP (1.4) if and only if &
is a fixed point of the mapping Pc(I — LA), where A > 0 is a constant. Variational inequality
theory has been studied quite extensively and has emerged as an important tool in the
study of a wide class of obstacle, unilateral, free, moving, equilibrium problems. It is now
well known that the variational inequalities are equivalent to the fixed point problems, the
origin of which can be traced back to Lions and Stampacchia [10]. Not only the existence
and uniqueness of solutions are important topics in the study of VIP (1.4), but also how to
actually find a solution of VIP (1.4) is important. Up to now, there have been many iterative
algorithms in the literature for finding approximate solutions of VIP (1.4) and its extended
versions; see e.g, 3, 11-14].

Recently, Plubtieng and Punpaeng [15] and Ceng et al. [16, 17] considered some iterative
methods for VIP (1.4) and its extended versions and got some strong convergence theo-
rems. As a generalization of VIP (1.4), the general system of variational inequalities (GSVI)
is to find (x*,y*) € C x C such that

(MB1y* +x* —y*, 0 — x*) (1.5)

>0,
(UaBox™ +y* —x*, 0 —y*) > 0,
which p; and p, are two positive constants. GSVI (1.5) is considered and studied in [17],
and the solution set of GSVI (1.5) is denoted by GSVI(C, By, B;). In particular, whenever
B; = By = A and x* = y*, GSVI (1.5) reduces to VIP (1.4). Ceng et al. [17] transformed GSVI

(1.5) into a fixed point problem in the following way.

Lemma 1.1 (see [17]) For given x,y € C, (x,9) is a solution of GSVI (1.5) if and only if x is
a fixed point of the mapping G : C — C defined by

Gx = Pc(l - [LlBl)Pc(I - ,u2Bz)x, Vx e C,
where y = Pc(x — o Box) and P is the projection of H onto C.

In particular, if the mapping B; : C — H is {;-inverse strongly monotone for i = 1,2, then
the mapping G is nonexpansive provided u; € (0,2¢;) for i =1,2. We denote by I" the fixed
point set of the mapping G.

On the other hand, Moudafi [1] introduced the viscosity approximation method for non-
expansive mappings (see also [18] for further developments in both Hilbert spaces and
Banach spaces).

A mapping f : C — C is called a-contractive if there exists a constant « € (0,1) such
that

lf ) —fO)| <allx-yl, VxyeC.
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Let f be a contraction on C. Starting with an arbitrary initial x; € C, define a sequence

{x,} recursively by
X1 = of (%) + 1 —0)) Ty, V¥ >0, (1.6)

where T is a nonexpansive mapping of C into itself and {«,} is a sequence in (0,1). It is
proved in [1, 18] that under appropriate conditions imposed on {«,} the sequence {x,}
generated by (1.6) strongly converges to the unique solution x* € F(T') to the VIP

((I —f)x*,x—x*) >0, VxeF(T).

A linear bounded operator A is said to be y-strongly positive on H if there exists a
constant ¥ € (0,1) such that

(Ax,x) >V |lx|?>, VxeH. (1.7)
Recently, Marino and Xu [19] introduced the following general iterative process:
Xp+l = Oanf(xn) + (1 - anA)Txm Vn >0, (18)

where A is a strongly positive bounded linear operator on H. They proved that under
appropriate conditions imposed on {«,} the sequence {x,} generated by (1.8) converges
strongly to the unique solution x* € F(T) to the VIP

(A-yf)x*,x—x*)>0, VxeF(T), (1.9)
which is the optimality condition for the minimization problem

1
min —(Ax,x) — h(x),
xeF(T) 2

where / is a potential function for yf (i.e., /' (x) = yf(x) for all x € H).

In 2007, Takahashi and Takahashi [5] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of the EP and
the set of fixed points of a nonexpansive mapping in a real Hilbert space. Let S: C — H be
a nonexpansive mapping. Starting with arbitrary initial x; € H, define sequences {x,} and

{u,} recursively by

F(,y) + - (y =ty thy —2,) 20, VyeC, (110)
Kpa1 = Opf (%) + (1 — 00) Sy, Vn>1.
They proved that under appropriate conditions imposed on {«,} and {r,}, the sequences
{x,} and {u,} converge strongly to x* € F(S) N EP(F), where x* = Pr()nepr)f (x*).
Subsequently, Plubtieng and Punpaeng [15] introduced a general iterative process for
finding a common element of the set of solutions of the EP and the set of fixed points of a
nonexpansive mapping in a Hilbert space.
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Let S: H — H be a nonexpansive mapping. Starting with an arbitrary x; € H, define
sequences {x,} and {u,} by

F,y) + 5= (¥ = th thy — %) =0, Vy€C,

(1.11)
K1 = ¥ f (%) + 1 — 00, A)Suy, Vm>1.

They proved that under appropriate conditions imposed on {«,} and {r,}, the sequence
{x,} generated by (1.11) converges strongly to the unique solution x* € F(S) N EP(F) to the
VIP

(A-yf)x*,x—x*) >0, VxeF(S)NEPF), (1.12)
which is the optimality condition for the minimization problem

min l(Ax, x) — h(x),
x€F(S)NEP(F) 2
where / is a potential function for yf (i.e., '(x) = yf(x) for all x € H).
Let {T}}32; be an infinite family of nonexpansive self-mappings on C and {A,}:°, be a
sequence of nonnegative numbers in [0, 1]. For any # > 1, define a mapping W, of C into
itself as follows:

un,n+l = I;

un,n = )Vn Tn un,n+1 + (1 - )‘n)l;

Un,n—l = )‘n—l Tn—l un,n + (]- - )\‘}’I—l)lr

Ui = Tl + (1= Ap), (1.13)
U1 = i1 Tieea Uy e + (1= M),

Upo = 1 Tolys + (1= 22)1,

Wn = Lln,l = )LlTlun,z + (1 - A.l)]

Such a mapping W, is called the W-mapping generated by T}, T)_1,..., T1 and Ay, Ay,
co AL
Recently, Yao et al. [6] proved the following strong convergence result.

Theorem 1.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F :
C x C — R be a bifunction satisfying conditions (Al)-(A4). Let {T,,}32, be an infinite family
of nonexpansive self-mappings on C such that Q := (-, F(T,) N EP(F) # {). Suppose that
{an}, {Bn) and {y,} are three sequences in (0,1) such that o, + B, + vy, = 1 and {r,} C (0, 00).
Suppose that the following conditions are satisfied:
(i) limy—ooay =0andy o) o, = 00;

(i) 0<liminf,_, o By <limsup,_, . By <1;

(iii) liminf,_, o 1y, > 0 and lim,,_, o (¥541 — 1) = 0.
Let f be a contraction on H, and let xy € H be given arbitrarily. Then the sequences {x,}
and {y,} generated iteratively by

F(y,,x) + i(x—yn,yn —-x,)>0, VxeC,
Xn+l = ar(f(xn) + ,ann + Vn Wnyn;
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converge strongly to x* € Q, the unique solution of the minimization problem
in Il - h(x)
min = [|x[|* — A(x),
xeQ 2
where h is a potential function for f.

Very recently, Chen [20] proved the following strong convergence theorem.

Theorem 1.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T,):2, be an infinite family of nonexpansive self-mappings on C such that the common
fixed point set Q2 := (o, F(T,,) # 0. Let f : C — H be an a-contraction, and let A: H — H
be a strongly positive bounded linear operator with a constanty > 0. Let y be a constant
such that 0 < ya < y. For an arbitrary initial point xy € C, one defines a sequence {x,}
iteratively

Kpsl = Pc[oty,yf(x,,) +(1- ot,,A)Wy,xn], Vn >0, (1.14)

where {a,} is a real sequence in [0,1]. Assume that the sequence {,} satisfies the following
conditions:

(C1) lim,_ o oy, = 0;

(C2) Y02 oy = 00.
Then the sequence {x,} generated by (1.14) converges in norm to the unique solution x* € <2,
which solves the VIP

(A-yf)x",a" —x) <0, VxeQ. (1.15)
More recently, Rattanaseeha [7] introduced an iterative algorithm:

x1 € H arbitrarily given,
F(uy,y) + i(y — Uy, Uy —x,) >0, VyeC, (1.16)
Xn+l = PC[O{nyf(xn) +( -, A)Wyx,], Vn=>1,

and proved the following strong convergence theorem.

Theorem 1.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A4). Let f be an a-contraction on H with
a €(0,1), and let {T,,}32, be an infinite family of nonexpansive self-mappings on C such
that Q= (-, F(T,,) NEP(F) # 3. Let A : H — H be a y-strongly positive bounded linear
operator with0 < y < g Let A, Ay, ... beasequence of real numbers such that0 < 1, <b <1,
n=12,....Let W, be the W-mapping of C into itself generated by (1.13). Let W be defined
by Wx = lim,_, oo Wyx, Vx € C. Let {x,} and {u,} be sequences generated by (1.16), where
{a,} is a sequence in (0,1) and {r,} is a sequence in (0, 00) such that the following conditions
hold:

(C1) lim,_ o oy = 0;

(C2) Yo oy =00;

(C3) lim,_, o1, =r>0.
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Then both {x,} and {u,} converge strongly to x* € Q, which is the unique solution to the VIP
((A —yf)x*, x* —x) <0, VxeQ.
Equivalently, x* = Po(I — A + yf)x*.

Let F: C x C — Rbe areal-valued bifunction, ¢ : C — R be a real-valued function, A be
a strongly positive bounded linear operator on H, and f be an /-Lipschitz continuous map-
ping on H. Motivated by the above facts, in this paper we propose and analyze a general
iterative algorithm:

x1 € H arbitrarily given,
F(ttn,9) + 99) = @(hn) + 3y = th, Uy = %) 2 0, Vy € C, (L17)
X1 = Pelonyf(en) + Buxn + (1= B — 0, A)W,Gu, ], Vn>1,

where {«,},{B,} C (0,1), {r,} C (0,00), G = Pc(I — 1B1)Pc(I — u2B5), and W, is the
W -mapping defined by (1.13), for finding a common solution of MEP (1.2), GSVI (1.5) and
the fixed point problem of an infinite family of nonexpansive self-mappings {T},}52; on C.
It is proven that under mild conditions imposed on {«,}, {8,} and {r,}, the sequences {x,,}
and {u,} generated by (1.17) converge strongly to x* € Q := ()2, F(T,,) "MEP(F,p) N I,
which is the unique solution of the VIP

(A-yflx, 2" —x) <0, VxeQ, (1.18)
or, equivalently, the unique solution of the minimization problem

1
in — A ) - )
min 2( x,x) — h(x)
where / is a potential function for yf (i.e., /' (x) = yf(x) for all x € H). Whenever B, =
B, =0 and ¢ =0, our problem of finding x* € (7, F(T,,) "\MEP(F, ¢) N I" reduces to the
problem of finding x* € ()2, F(T,,) N EP(F) in Theorem 1.3. The results presented in this
paper improve and extend the corresponding theorems in [7].

2 Preliminaries

Let H be a real Hilbert space with the inner product (,-) and the norm || - ||, and let C
be a closed convex subset of H. We indicate weak convergence and strong convergence
by using the notations — and —, respectively. A mapping f : C — H is called /-Lipschitz
continuous if there exists a constant / > 0 such that

lf ) =) <lix=yll, VayeC.
In particular, if / =1 then f is called a nonexpansive mapping; if / € [0,1) then f is called a
contraction. Recall that a mapping 7" : H — H is said to be a firmly nonexpansive mapping

if

T — Ty|® < (Tx — Ty,x—y), Vx,y€H.
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The metric (or nearest point) projection from H onto C is the mapping Pc : H — C
which assigns to each point x € H the unique point Pcx € C satisfying the property

ll = Pex|| = inf ||lx — y|| =: d(, C).
yeC

Some important properties of projections are gathered in the following proposition.

Proposition 2.1 For givenx € H and z € C:
(i) z=Pcx & (x—2z,y—2) <0,Vy e C;
(i) z=Pcx & llx—z|2 < le—yI> = lly—2lI% Yy € G
(iii) (Pcx—Pcy,x—y) = |Pcx —Pcy|?, Vy € H.

Consequently, Pc is a firmly nonexpansive mapping of H onto C and hence nonexpan-
sive and monotone.
Let A : C — H be an a-inverse-strongly monotone mapping. Then it is obvious that A

is monotone and é-Lipschitz continuous. We also have that for all x,y € Cand A > 0,

”(I—AA)x—(I—AA)sz = Hx—y—)»(Ax—Ay)”2
= [lx = ylI* — 24 ({Ax - Ay,x - y) + 2% Ax - Ay||?

< llx =yl + A(h = 2a) | Ax — Ay]|>. (2.1)

So, whenever A < 2«, I — AA is a nonexpansive mapping.
Given a positive number 7 > 0. Let 759 . H — C be the solution set of the auxiliary
mixed equilibrium problem, that is, for each x € H,

1
T ¥x:= {ye C:F(.2) +9(2) —p0) + —{y-%2-9) 2 0,Vz € C}~

Proposition 2.2 (see [2, 8]) Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C x C — R be a bifunction satisfying conditions (A1)-(A4), and let ¢ :
C — R be a lower semicontinuous and convex function with restriction (B1) or (B2). Then
the following hold:

(a) foreachx € H, TED x4,

(b) T s single-valued,;

© T is firmly nonexpansive, ie., for any x,y € H,

|TEDx - TEDy|? < (TEDx - TEDy, x - y);

(d) foralls,t>0andxeH,

|| TS(F Py — Tt(F"p)tz < %(TS(F Py — x, TS(F Py Tt(F"")x>;

(e) F(T") = MEP(F, ¢);
(f) MEP(F, @) is closed and convex.
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Remark 2.1 It is easy to see from conclusions (c) and (d) in Proposition 2.2 that
|| Tﬁp'“’)x - T,(F"”)y” <|x-yll, Vr>0,x,yeH
and
| TEDx - Vx| < |S;—t| |TE9% —x|, V¥s,t>0,xeH.
We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then the following inequality holds:
e+ 912 < 2l + 20,2 +9),  Vay€X.

Lemma 2.2 Let H be a real Hilbert space. Then the following hold:
(@) lx—yl2 = &l = llyll2 = 2(x - y,) for all x,y € H;
(b) 112+ uyll? = Allxll2 + pliyll® = hpellx = yII2 for all x,y € H and &, p € [0,1] with
At+tpu=1
(c) If{xn} is a sequence in H such that x, — x, it follows that

lim sup ||x, —y||2 = limsup ||x, —x*+ = —y||2, VyeH.

n—0o0 n— 00

We have the following crucial lemmas concerning the W-mappings defined by (1.13).

Lemma 2.3 (see [21, Lemma 3.2]) Let{T,}32, be a sequence of nonexpansive self-mappings
on C such that (-, F(T,) # ¥, and let {1} be a sequence in (0, b] for some b € (0,1). Then,
forevery x € C and k > 1, the limit lim,,_, oo Uy, xx exists, where U, is defined by (1.13).

Remark 2.2 (see [6, Remark 3.1]) It can be known from Lemma 2.3 that if D is a nonempty
bounded subset of C, then for € > 0 there exists ¢ > k such that for all # > ng,

sup || Upx — Urx|| < €.
xeD

Remark 2.3 (see [6, Remark 3.2]) Utilizing Lemma 2.3, we define a mapping W : C — C
as follows:

Wx = lim Wyx= lim U,;x, VxeC.
n—0oQ Hn—>0Q

Such a W is called the W-mapping generated by 71, T, ... and A1, Ay, ... . Since W, is non-
expansive, W : C — C is also nonexpansive. Indeed, observe that for each x,y € C,

[Wx - Wyll = lim || Wyx — Wyl < [lx - yl.
n— 00

If {x,} is a bounded sequence in C, then we put D = {x, : n > 1}. Hence, it is clear from
Remark 2.2 that for an arbitrary € > 0, there exists Ny > 1 such that for all n > N,

| Wixn = Wanll = | Upax, — Uhxpll < sup [|Uyax — Uix|| < €.
xeD

Page 9 of 25


http://www.fixedpointtheoryandapplications.com/content/2014/1/80

Wang et al. Fixed Point Theory and Applications 2014, 2014:80 Page 10 of 25
http://www.fixedpointtheoryandapplications.com/content/2014/1/80

This implies that
lim |W,x, — Wx,| = 0.
H—0Q

Lemma 2.4 (see [21, Lemma 3.3]) Let{T,}52, be a sequence of nonexpansive self-mappings
on C such that (., F(T,,) # ¥, and let {),} be a sequence in (0,b) for some b € (0,1). Then
F(W) = (", F(T).

Lemma 2.5 (see [22, demiclosedness principle]) Let C be a nonempty closed convex subset
of a real Hilbert space H. Let T be a nonexpansive self-mapping on C with F(T) # (. Then
I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I — T)x,} strongly converges to some y, it follows that (I - T)x = y.
Here [ is the identity operator of H.

Lemma 2.6 Let A: C — H be a monotone mapping. In the context of the variational in-
equality problem, the characterization of the projection (see Proposition 2.1(i)) implies

ueVI(C,A) & u=Pc(u—-rAu), VYr>O0.

Lemma 2.7 (see [19]) Let A be a y-strongly positive bounded linear operator on H and
assume 0 < p < ||A||™Y. Then |I — pA|| <1-py.

Lemma 2.8 (see [23]) Assume that {a,} is a sequence of nonnegative real numbers such
that

Ap1 < (L= Y)ay + 0uYn, V=1,

where {y,} is a sequence in [0,1] and {0,} is a real sequence such that
(i) 2221 ¥Yn = O0;
(ii) limsup,_, o0, <0 0r Y oo (04l < 00.

Then lim,,_, o a, = 0.

3 Main results

We will introduce and analyze a general iterative algorithm for finding a common solu-
tion of MEP (1.2), GSVI (1.5) and the fixed point problem of infinitely many nonexpansive
mappings in a real Hilbert space. Under appropriate conditions imposed on the parameter
sequences, we will prove strong convergence of the proposed algorithm.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying conditions (A1)-(A4), and let ¢ : C — R be a
lower semicontinuous and convex function with restriction (Bl) or (B2). Let the mapping
B;: C — H be t;-inverse strongly monotone for i = 1,2. Let {T,}5, be a sequence of non-
expansive self-mappings on C, and let {),} be a sequence in (0,b] for some b € (0,1). Let
A be a y-strongly positive bounded linear operator on H and f : H — H be an [-Lipschitz
continuous mapping with yl <y. Let W, be the W-mapping defined by (1.13). Assume
that Q := (2, F(T,) NMEP(F,9) N I" # @, where I is the fixed point set of the mapping
G = Pc(I — u1By)Pc(I — pyBy) with u; € (0,28) for i =1,2. Let {«,} and {B,} be two se-
quences in (0,1) and {r,} be a sequence in (0,00) such that:
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(i) limyooty =0, Y ooy, =00 and Y oo |01 — 0y < 00;
(ii) 0 <liminf,_ oo By <limsup,_, . By <land > oo |Bur1 — Bul < 00
(ili) iminf, o7y, >0 and Y o2) |rys1 — 1yl < 00.

Given x1 € H arbitrarily, the sequences {x,} and {u,} generated iteratively by

F(”nry) + Gﬂ()/) - (/)(un) + i(y_ Up, Uy —%,) >0, VyeC,

X1 = Pelanyf(xn) + Buxn + (1= B — 0, A)W,Guy), Vn>1, @0
converge strongly to x* € Q, which is the unique solution of the VIP
(A-yf)x*,x" —x) <0, VxeQ, (3.2)
or, equivalently, the unique solution of the minimization problem
min l(Ax, x) — h(x), (3.3)
xeQ 2

where h is a potential function for yf.

Proof Taking into account that lim,,_, o &, = 0 and 0 < liminf,,_, o B, <limsup,_, . Bn <1,
we may assume, without loss of generality, that a,, < (1 - B,)||A[| ! for all #n > 1. Since A is
a Y -strongly positive bounded linear operator on H, we know that ||A|| = sup{(Au,u) : u €
H,llull =1} =y,

I -A| = sup{((l—A)u, u) :ue€H,|ul = 1} <1l-7,

and for u € H with ||u| =1,

(((1 —ﬂ,,)[—ay,A)u, u) =1- B8, - a,(Au,u)
>1-Bu—aullAll =0,

thatis, (1 — 8,)I — «,A is positive. It follows that

”(1 - ﬂn)l—anA” sup{(((l - ﬁ,,)l—a,,A)u, u) :ue€H,|ul = 1}

sup{l - B, —a,(Au,u) :u € H, |lul =1}

<1-B,-a,y.
We observe that Po(yf + (I — A)) is a contraction. Indeed, for all x,y € H, we have

|Pa(yf + (I - A))x—Pa(yf + U -A))y|
<||(vf +T=A)x= (vf +T-A))y|
<y f@ —fO)| + 11 - Alllx -yl
<ylllx=yll+ A=) x -yl
=(1-@F-yD)lx-yl.
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By the Banach contraction principle, we deduce that Po(yf + (I — A)) has a unique fixed
point x* € H. That is, x* = Po(yf + (I — A))x*. In addition, by Proposition 2.2 we have
Uy = T,(f"p>x,, for all n > 1.

We divide the rest of the proof into several steps.

Step 1. We show that {x,} is bounded. Indeed, take p € Q arbitrarily. Since p = T,(f’“’)p
and p = Gp = Pc(I — p1B1)Pc(I — o By)p, B; is ¢;-inverse-strongly monotone for i = 1,2, by
Proposition 2.2(c) we deduce from 0 < pu; < 2¢;, i = 1,2, that for any n > 1,

2
I1Gu, = plI* = | Pcll = juB1)Pc(l = paBa)uy — Pe(l = puB1)Pc(l - paBo)p |
2
< | = u1B)Pc( — paBa)uy — (I = 11BY)Pc(I — puaBo)p |
= | [Pc = naBa)uy — Pc(l — paBo)p]
2
- Ml[Blpc(I — paBy)uy, — BiPc(l - Msz)P] ”

2

< ||Pc(l = paBa)uy — Pc(l - pnaBo)p |
2
+ (1 = 281) | BiPc = pu2Ba)uy, — BiPc(I — 12Ba)p ||

2

< ||Pc(I = paB2)uy — Pc(I - puaBo)p |
2
< | = aBo)un — (I = paBo)p |
2
= | (un — p) = n2(Baus, — Bop) |
< llttn = pI* + pa(p2 — 282) | Battn — Bapll®
2

< llun—plI* = | TE % = TEp|” < Nl - pII*. (3.4)

n

(This shows that G is nonexpansive.) Thus, from (3.1), (3.4) and W,,p = p, we get

%01 = Il = || Pelenyf ®n) + Buxu + (1= B — 0, A) WG] = p |
< |letnyf@n) + Butn + (A = B — cuA) W, Guty, — p |
= |len(vf ®n) = Ap) + Bu(xn = p) + (1 = B — 2wA) (W, G — p)|
< [0 = B - AW, Gt = pll + Bullxn = pll + || vf (%) - Ap |
< (1= By = x| Gty = pll + Bullon = pll + | vf (%) - Ap|
< (A=, 7) %0 —pll + au(y [f ) - f D + | v ) - Ap|)
< (1=, P)llxn = pll + au(v Uiz, - pll + | vf(0) - Ap|)
= 1= - yDeu]llxn — pll + | vf (p) - Ap||

- [1- & = yDa ]I, — pl + 7 y Der, L= AP
y-vi
fmax{nxn—pn,w}.
—yl

By induction, we get

1/ ) - Apl
0~ smax{nxo—pu,”f”—” .
v -yl

Therefore, {x,} is bounded and so are the sequences {u,}, {f(x,)} and {W,,Gu,}.
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Step 2. We show that ||x,,1 —x,|| = 0 as n — oo. Indeed, we write y,, = o,y f (%) + By +
(1-8)I -a,A)W,,Gu,,. Then x,,,; = Pcy, for each n > 1. Define y,, = 8,x, + (1 - B,,)w,, for
each # > 1. Then from the definition of w,,, we obtain

Yl — BrnsrXnsl  Yn — BuXn
Wyl — Wy = -

1- ,371+1 1- ,Bn
Oln+l]/f(xn+1) + ((1 - ,3n+1)1 - an+lA)Wn+lGun+l

1- ﬁn+1
anyf(xn) + (1= B — 0, A) W, Gu,
- 1- :Bn
_ (78] .
=Y (1 — ,3n+1f(xn+1) 1— ﬂnf(xn)>
(1= 2 wenen - (1-25)
+1- Wy Guy — | I — W, Gu,
1- /3n+1 1-Pn

O+l oy o,
- |:<1 = Bus1 - 1-58, )f(xnﬂ) + m(f(xnﬂ) _f(xn)):|
+ ( I— apA ) _ (1_ a,A ))Wn+lGun+l
1- ﬂn+l 1- ﬁn

oA
+ (I - )(Wn+lGun+l - W, Gu,)
1- lgn

= <1 il’;iﬂ 1 i“y;gn > (Vf(xnﬂ) - AW, Gun+1) + l(j—nﬁny (f(xn+1) —f(x,,))

+ (1_ 1 o A)(Wn+1Gun+l - WnGun)-

— Pn
It follows from Lemma 2.7 that

(07788} ay

l_ﬂnﬂ l_ﬁn
+ gy e =) +

Wis1 = wyll <

” Vf(xnﬂ) - AW, GUy ”

<I - 1 TVIIBHA)(WVHIGMMH - WnGun)

(07788 | oy
1-Bu1 1By

oy,
1- B
_ | @i =)A= Bn) + (B = )
- 1= B = Bu)

ay
1_/3;1

<

V%1 — Xl

||Vf(xn+l) — AW, Gl ” +

+|[{—

AH (Wi Gty — Wi Guy ||

|| yf(xnﬂ) _AWVI+1GM}1+1 “

oy

l_ﬁn

yl”xnﬂ —Xn ”

+

1_ 1 il AH (” Wn+1Gun+1 - Wn+1Gun” + ” Wn+1Gun - WnGun”)

~— Pn

|an+1 - an| + |ﬁn+1 - ﬂn|
- 1-d)1-B8,) “ Vf(xml) - AW,.1Gu,p ”

24

l_ﬁn

yl||xn+l —Xn ”


http://www.fixedpointtheoryandapplications.com/content/2014/1/80

Wang et al. Fixed Point Theory and Applications 2014, 2014:80 Page 14 of 25
http://www.fixedpointtheoryandapplications.com/content/2014/1/80

<1 1o ﬂ )(”Gunﬂ = Guy || + | Wy Guy, - WnGun”)

|an+1 - Oln| + |ﬂn+1 - ﬂrz

B 1-d)1-Bn)

| H Vf ni1) = AW, G ”

yl”xnﬂ xn”

oy
"1,

Oy _
+ <1— 1- }3 V)(”MVHI - un” + ”WHHGun - WnGun”) (35)

From (1.13), since W, T}, and U,,; are all nonexpansive, we have

Wi Guy — Wy Guyll = 1A T1lys12Guy — M T1 U, 2 Guy ||
< Ml Up12Guy — Upa Gy ||
= M A2 Tolpi,3Gtty — o To Uy 3Guty ||
< Mol Up3Guy — Uy 3 Guy ||
<...

< Mg Al Ui ne1 Gy — Uy 1 Gty ||

M ﬁ Abs (3.6)

where sup, . {l|Upi1,n1 Gt || + U1 Gunll} < M for some M > 0. Furthermore, we es-
timate ||#,+1 — u,||. Taking into account that 0 < liminf,_,, 8, < limsup,_, . B, <1 and
liminf,_, o 1, > 0, we may assume, without loss of generality, that {8,} C [¢,d] C (0,1) and
{rn} C [€,00) for some € > 0. Utilizing Remark 2.1, we get

litnar = tnll = | T3P0 = TP, |
= [T = T x| + | T30 %, - T
< o =l + 2T g
-
< Wt — sl + L T, |
< W = all + MalFss = 1o, (37)

where sup,,.,{¢ L T,n+1 X, — x|} < My for some M; > 0.
Note that

Ynel = Yn = Brn®ns1 — %) + (Bus1 — Bu) (Kni1 — Wyia) + (L= Br) W1 — wy).
Hence it follows from (3.5)-(3.7) that
142 — Xl

= 1Pcyni1 = Pcynll < 1yns1 = yull

< Bullxna — %ull + 1Bre1 = Balll®ne1r = Waar | + (L = B [Wiia — will
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< Bullxnsr = xall + 1Bus1 = Bulll X1 = wiall

[etns1 — &l + | Bus1 — Bul

+ (1 - ,Bn){ || yf(xnﬂ) _AWnHGum—l ||

1 -d)1-Bu)
2yl I+ (1= —2-7)] 1+ 11 W1 Gty — WG|
+ Knl — Xl + - Upl — Unl| + n+ Uy — nGUy
1- B, 14 1 1-8, Y 1 1
< ﬂﬂ||x}’l+1 —an + |,3n+1 - ,Bnl ||xn+1 - Wn+1||
|an+1 - anl + |,Bn+1 - ,Bn|
1— n n _AW}’I G n
+(1-8 ){ 1-d)1-8,) ||)/f(x 1) +1GUp11 ”
- I+ (1- 227 ||
+ Xnsl — Xpll + - Xpsl — Xp
1- B, Y 1 1-8, 14 1

+M1|rn+1 _rn| + ”Wn+1Gun - WnGun”]}

< ﬂ}’l||x}’l+1 —an + |,3n+1 - ,Bnl ||xn+1 - Wn+1||

|an+1 - anl + |,Bn+1

1-d)1- B,

+(1- ﬂn){ )— il ” yf(xn+1) - AW, Gy ”

an S—
+ <1 - 1-B (y - Vl)) %41 = X |l + Myl1pn = 1| + (| Wi Gy, — WnGun”}

=< Bullxnsr = xall + 1Bus1 = Bulllxns1 = Wiall

n |an+1 _Olnl + |,Bn+1 -

1-d
+ (1 = Bn—au(y - Vl))”xwrl = x|l + My|rni1 = 1l + | Wy Gy — W, Guy ||

il ”Vf(xnﬂ) — AW, Gl H

= (1 —a,(y - ]/l)) o1 =%l + | Brsr = BulllXns1 = Wasall

[otns1 — ot + | Bus1 —
1-d

+M1|rn+l - rn| + ” WVHIGun - WnGun”

'Bn| “ Vf(xn+1) - AWn+l C:"M;ﬁl ||

=< (1 —a,(y - Vl)) %1 = %nll + 1B1s1 = BulllXns1 — Wiat |l

|an+1 - anl + |,Bn+1 - /3}’1|

1-d

n
”Vf(xnﬂ) — AW,111GUy ” + Mi|rye1 = 1al +M1_[)\i
i=1

=< (1 _an(7_ J/l))||xn+1 _xn” +M2(|an+1 _anl + |,8n+1 - ﬂn| + |rn+1 - rn| + bn);
where supnzl{ﬁnyf(x,,) - AW, Gu, || + ||x, — w, || + My + M} < M, for some M, > 0. Since

Z;il oy = 00, 221 |otys1 — 0| < 00, 2221 |Bre1 — Bul < 00 and Zzil 741 — 7| < 00, from
b €(0,1) and Lemma 2.8 we conclude that

lim ”xnﬂ - xn” =0. (38)
n—00

Step 3. We show that lim,,_, « ||#,, — Gu,, || = 0. Indeed, for simplicity, we write 7, = Pc(I -
waBo)uy,, v, = Pc(I — pyBy)it, and p = Pc(I — poBsy)p. Then v, = Gu,, and

p=Pc( - piB)p =Pc( — puB1)Pc(I — j12By)p = Gp.
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From (3.1), (3.4) and Proposition 2.1(i) and Lemma 2.2(b), we obtain that for p € €,

%01 = pII?
< [otn (v ) — AW, Gtt) + (s —p) + (1 = Bu) (W, Gty — )|
= || Bultn =) + (1 = B)(WaGut — p)||*
+ 200 ((f (¥n) = AW, Gt), Bn (% — p) + (1 = Bu) (W Gy — p))
02| yf () — AW, Guy |
< Bullxn = pII* + (A = BIW, Gty — pII* = B, (1 = Bu) %, = W, Gt |
+ || v (n) — AW, Gt ||[2]| Ba (% — ) + A = B) (W, Gty — )|
+ || vf (n) — AW, Gty | ]
< Bulln = pII* + (1= B Guty = plI> = Bu(1 = B) 26 = Wi Gt
+ || yf (@) = AW, Gty | [2(Bullen = I + (1= Bl = pll)
+ ||y f () — AW, Gy | ]
< Bullxn —pII* + A = B)IIGrty = pII* = Bu(1 = Bu)llxw — W, Gt |
+ || v () = AW, Gt || (21125 = pll + || vf () — AW, G, )
< Bulln = pII* + 1= B) [ lw = pI* + a2 = 252) | Boey — Bopl®
+ i (pa = 28) 1Bidk, = BiPIIP ] = Bu(1 = Ba)l1%n — W, Gy |1
+ || v (@) = AW, Gt || (21125 = pll + || vf () — AW, G, )
< Bulln = pII* + (1= B[ 1% = pII* + pals = 285) 1Byt — Bopl®
+ (1 = 28) [1Bidky = BiPIIP ] = Bu(1 = Bo)l1%s — W, Gy |1
+ || v () = AW, Gt || (21125 = pll + || vf () — AW, G, )
= [lxs = pI* = (1= Bu)[ 42(282 = p2) [ Boy — Bop|®
+ (260 = ) |Budty = Bipl*] = Bu(1 = B) I = Wi, Gty |

+ay, ”Vf(xn) - AW, Gu, ” (2”xn —pll+ay, ”Vf(xn) - AW, Gu,,

), (3.9)
which immediately implies that
(1 - d)[p2(282 — w2)1Batty — Bop||* + p1(2¢1 — 1) | Bt — B1plI?]
+ C(l - d)”xn - W,Gu, [I
< (1= Bu)[12(2¢2 — w2) | Botty — Bopll* + 111281 — w1 1Brity — Bip %]
+ ﬂn(l - ,Bn)”xn - WnGun”
< 1% = pI* = %pe1 - pII
+ ot ||V f () = AW,Guayy || (20160 = Pl + 0t | v f (1) — AW, G|

= ”xn —Xn+l ” (”xn —P” + ||xn+1 —P”)

+ oy “yf(xn) _AWnGun ” (ZHxn —P|| + oy, “yf(xn) _AWnGun ”)
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Since lim,,_, o ¢, = 0, lim,_, o0 [|%,41 — %] = 0 and w; € (0,2¢;), i = 1,2, we deduce from the
boundedness of {x,}, {f(x,)} and {W,Gu,} that

lim ||Byu, — Bypl| =0, lim ||Bit, — Bip|| =0 and
n—0o0 n—00
(3.10)
lim ||x, — W,,Gu,| = 0.
n—o0

Also, in terms of the firm nonexpansivity of Pc and the ¢;-inverse strong monotonicity of
B; for i =1,2, we obtain from u; € (0,2¢;), i € {1,2} and (3.4) that

1w —BI? = | Pcl — p2Bo)uy — Pe(l - paBa)p |
< (I = paBy)uy — (I = paBo)p, ity — p)
- %[H(l— 2Bty — (I = paB)p || + it — I
~ U = paBo)ty — (I = p2Bo)p — (it~ P)| ]
< [t =PI + it =PI |t = ) = 22(Braes ~ Bop) ~ (o~ D))
S [ R A O [ R
+ 22 ((thn — 1) — (p — P), Bathn — Bap) — 13 | Battn — Bop||*]
and
v = pI? = | Pcll = puBy)is, — Pell - B
< (U = 1By = (I = 11B1)D, v — p)
= 1= 1By~ 0~ 1BB] + v I
~ U = 1BVt ~ U~ 11B)p ~ (v~ )]
< S =12 + v = I = |G =) + (o D)
+ 241 (Buitn — Bip, (i — Vi) + (p — P)) — 13 | Buitn — Bip ]
S R ) (AR R
+ 2001(Brity — By, (itn — vi) + (p - P))]-
Thus, we have

~ ~ ~ ~\ (12
I, = pI* < 1% = plI* = || (= i2) = (0 - D)
+ 2M2<(un - an) - (p _i]): BZMn - BZP) - M%”BZMn - BZP||2 (311)

and

1V = plI> < 1% = plI> = | G = v) + 0= )|
+ 241 ||Brity — Bip ||| (itn — vi) + (p = D). (3.12)
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Consequently, from (3.4), (3.9) and (3.11) it follows that

%01 — pII?
< Bulln = pll + (= B Guty, = plI* = Bu (1 = B) 1%, — W, Gy |
+ || v () = AW, Gt || (21120 = pll + || vf () — AW, G, )
< Bulln = pll + @ = Bo) litn — BII*
+ oy || vf () = AW, Gty | (2116 — pll + ot | vf () — AW, Gy | )
< Ballsn = pll + (= B0 = pI> = ||t — 1) ~ (0 - P
+24s | (= i) = (p = D) || |1 Batt — Bopl]
+ oty || vf () = AW, Gty || (2116 — pll + ot | vf () — AW, Gty | )
< ot =21 = (U= ) |t — ) — (p ~ )|
+24s || (4 = 1) = (0 = D) | 1 Baa, = Bop|
+ oy || vf () = AW, Gty | (211 — pll + ot | vf () — AW, Gus,

)

which yields

(1= )| (tn — 1) - 0 - D)
< (1= Bn)| (et 1) — (0~ )
< 1% =PI = a1 — PI? + 2002 |t — i8) — (p — B) || 1Batt — Bapl
+ || v f ) = AW, Gt || (20160 — Pl + ot | v (60) — AW, Gty | )

I

< tn = 2 ll (1560 =PIl + %1 = pII) + 2102 || (s = 88) = (p = ) | 1 B2t — Bop|
+ay || Vf(xn) - AWnGun || (2”9(3,,, —P” + oy || Vf(xn) _AWnGun ”)

Since lim,,_, o @, = 0, lim,— o ||%1 — %] = 0 and lim,,_, o, ||Bou;, — Bopl| = 0, we deduce
from the boundedness of {x,}, {,}, {#,}, {f(x,)} and {W, Gu, } that

lim || (un — n) - (p - )| = 0. (3.13)

n—0o0

Furthermore, from (3.4), (3.9) and (3.12) it follows that

% - pII?
< Bullxn = pll + A = B Gua — plI®
+ || vf () = AW, Gty || (21120 — Pl + et || v (%) — AW, Gty | )
< Bullxw = pll + (1= B)llvs - pII?
+ || v (@) = AW, Gt || (21120 = pll + | vf () — AW, Gty )
< Bullw = pll + A= B0 =PI = || Gl = via) + (0 - D)

+ 2401 | Byt — Bipll || (it = vi) + (0 = D) ]
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+ oy ”Vf(xn) - AW, Gu, ” (2”xn -pll+ay ” Vf(xn) - AW, Gu, ”)

< = pI? = (L= B) | Gt = v) + 0 = D) |* + 201 |1 Bri — Bill | Gt — v2) + (0 - P)|
+ oty || VS (%) = AW, G || (211%4 — Pl + ot | vf (%) — AW, G|,

which leads to

(1= ) | @n —va) + 0 - D)|”
< (=B @ —va) + (0 - )
< 1% =PI = et =PI + 20111 Baiy — Bipll| G — va) + (0~ B
+ ||y f ) = AW Gt | (20160 — Pl + 0t | v f (60) — AW, Gt | )

I

< 160 = %nar 1 (16 =PIl + 11 = PN) + 200111 Buity = Bapll|| (it = va) + (0 = )|
+ oy || Vf(xn) - AWnGun || (2”9(3,,, —P” + oy || Vf(xn) _AWnGun ”)

Since lim,— o @, = 0, limy,—, o [|%,41 — %, || = 0 and lim,,_, o ||B12t,, — B1p|| = 0, we deduce
from the boundedness of {x,}, {v,.}, {#,}, {f(x,)} and {W,,Gu,,} that

lim || (@, — va) + (0 = p)| = 0. (3.14)
H—0Q
Note that
lety = vaull < ”(un —ihy) — (p_i))“ + ||(£ln — V) + (p_i?)”
Hence from (3.13) and (3.14) we get
lim ||u, —v,| = lim |u, — Gu,|| = 0. (3.15)

Step 4. We show that lim,,  ||#, — x,] = 0 and lim,,—,  ||#, — Wu,| = 0. Indeed, by

Proposition 2.2(c) we have

lun—pl? = | TEO, - TEOp|?
< (uy, —Ds%xn _P>

= %[nun =PI + 1% =PI = lln — 24l
That is,
ltn = pI* < %0 =PI = |2t — 4]l (3.16)
From (3.4), (3.9) and (3.16) it follows that

%1 =PI < Bullw — pll + A = B) | Guy — plI*
+ 0t |V (60) = AW, Gty | (2010 = Pl + 0t || v f (1) — AW, Gt | )
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< Bullxn = pll + (1= Bl — pI*

+ o || vf (%) = AW, Gy || (2110 = pll + || vf (%) — AW, G | )
< Bullw = pll + (1= B[l = pII* = lltn — 4]

+ oy || v () = AW, Gy | (2112, = pll + | vf (x) = AW, Gy | )
= [lxn = pII* = A = Bl — )

+ o || vf (%) = AW, Gy || (211 = pll + || vf () = AW, Gy | ).

So, we get

A=)ty — xal1* < A= B It — 21>
< %0 = pI* = %1 — pII*

+ an”Vf(xn) - AW, Gu,, H (2”xn -pll+ay ”Vf(xn) - AW, Gu,, H)

< |lxn _xn+1||(||xn =Pl + 1%un —P||)

+ oty ||V f (%) = AW, G || (211%0 = Il + ot | vf (%) — AW, G ||).

Since lim,,_, oo @, = 0 and lim,,_, o ||%,41 — %, || = 0, we deduce from the boundedness of {x,,},

{f(x,)} and {W,,Gu,,} that

lim ||u, —x,|| = 0. (3.17)
n—00

In the meantime, we observe that

1Gu, — W, Guy || < |Guy — wy |l + |ty — xull + 1%, — W, Gy

From (3.10), (3.15) and (3.17) it follows that

lim [|Gu, — WGyl = 0. (3.18)

n—00

Also, note that

et — W || < ity — G || + |Gy = Wy Guy|l + | W, Gty — Wa || + || Watsy, — Wi, ||

=< 2lu, — Guyll + [|Guy — W,Guy || + | W, — Wy ||.

From (3.15), (3.18), Remark 2.3 and the boundedness of {u,} we immediately obtain

lim ||u, — Wu,| = 0. (3.19)
n— o0

Step 5. We show that

lim sup((yf — A", %, — x*) <0,

n—00

where x* uniquely solves the minimization problem (3.3).

Page 20 of 25


http://www.fixedpointtheoryandapplications.com/content/2014/1/80

Wang et al. Fixed Point Theory and Applications 2014, 2014:80 Page 21 of 25
http://www.fixedpointtheoryandapplications.com/content/2014/1/80

Indeed, as previously, we have proven that x* is the unique fixed point of the mapping
Po(yf +(I—-A)) (i.e., x* = Po(yf +(I—A))x*). Thatis, x* is the unique solution of VIP (3.2).
Equivalently, x* is the unique solution of the minimization problem (3.3).

First, we observe that there exists a subsequence {x,,} of {x,} such that

li;irisgp((yf - A", x, — x*) = ilir&((yf — A" Xy, — x*) (3.20)
Since {x,,} is bounded, there exists a subsequence {x,, } of {x,,} which converges weakly to
some w. Without loss of generality, we may assume that x,, — w. From (3.17), we have that
u,, — w. By (3.15) and (3.19) we have that || Gu,, — u, || — 0 and || Wi, —u,|| — 0 asn — oco.
Utilizing similar arguments to those of (3.4), we know that G is nonexpansive. Hence, by
Lemma 2.5 we obtain w € Fix(G) = I" and w € Fix(W) = (2, Fix(T},) (due to Lemma 2.4).
Next, we prove that w € MEP(F, ¢). As a matter of fact, from u, = T,(WF"/))(I —r,A)x,, we
know that

1
F(uny) + o) — o(u,) + r—(un Xy —Uy) >0, VyeC.

n

From (A2) it follows that

1
o) - o(u,) + r—<un — %5y —Un) = F(y,u,), VyeC.

n

Replacing n by n;, we have

00 — 9tty,) + <” —

nj

iy~ u> > F(y,u,), VyeC. (3.21)

Putu, =ty + (1 —t)wforall £ € (0,1] and y € C. Then, from (3.21) we have

Uy, — X,
: lrut_uni>+F(u[!uni)'

T

0> —@(uy) + o(uy,) —<

So, from (A4), the weak lower semicontinuity of ¢, i = D7 0 and Uy, — w, we have
0> —¢(u) + p(w) + F(us, w) asi— oo. (3.22)
From (A1), (A4) and (3.22) we also have

0 = F(ug, ug) + o(uy) — o(uy)
< tF(u,y) + A = £)F (1, w) + to(y) + (1 = )p(w) — (uy)
= t[F(uy) + 0(y) — o(u)] + A= t)[F(ue, w) + 0(w) — ()]

St[ us,y) + o) ¢(ut]

and hence

0 < F(us,y) + () — o(ur).
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Letting ¢t — 0, we have, for each y € C,

0 <F(w,y) + ¢(») — p(w).

This implies that w € MEP(F, ¢). Therefore, w € (-, Fix(T,,) "\MEP(F,¢) N I" := Q. Con-
sequently, from (3.2) and (3.20) we have

lim sup((yf —A)x*, %, - x*) = 4lim((yf —A)x*,w —x*) <0. (3.23)

n—00

Step 6. Finally, we show that x, — x* € Q as n — oo.
Indeed, taking into account that x,,; = Pcy, and y, = o,y f(x,) + Buxn + (1L = Bu)] —
a,A)W,Gu,, we obtain from (3.4) and Proposition 2.1(i) that

[k

= (Pcyn = Yus Pcyn — 8°) + (yn — &%, X1 — 2%

< (Y — &%, %pi1 — &)

= (on (v () = Ax™) + Bu(n — %) + (1 = B — 0y A) (W, Gty — &), 11 — 7

= (any (f () = £ (%)) + Bu(®n = 2%) + (L = B = 0t A) (W Gty — &¥), %01 — &)
+ a{(vf — A", w0 — )

< oty (F@n) = £ (5%)) + Bu (30 = &) + (L= B — 0w A) (Wi Gty — &%) | |01 — 27
+ a((vf = A" 21 — ")

= [ony [fGen) =f )| + Bullon = 27| + [ = BT - s ||| Wo Gt =27 ]
X [otnar = 2| + el (rf = A)x*, 2011 = x)

< [anylln =" + Bullaw =" + (1= Bu = ) | = [ ] 001 =2
+ a{(vf = A", w1 — ")

= [onylan =7 + Bullw = "] + = B = ) | = " ] |01 = 27
+au((vf = A)x*, 001 — &%)

= (1= = yD) 0w = &*|| [ 001 — 57| + €u{(f = A)a*, 2001 — %)

< (=@ =y D) (Jn =2 + [ir = 2% |*) + 00 = A)x* 2001 — 5%,

| =

which immediately implies that

|2 1—%(7—)/1) Lk 2 Ay _ % Lk
||xn+1_x ” = 1+Oln(7—)/l) ” n ” 1+ozn(7—yl)<(J/f A)x*, X x)
_ <1— 20[;1(7_]/1) >||x _x*”Z
U ltay-yd)""
2a,(y - y1) 1

l+a,(y—yl) 2(7-vl) (00 = A0 501 = )

=1~ Vn) “xn —x" “2 + OnVn, (3.24)
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20, (Tl T
% and o, = m((yf—A)x*,xnﬂ —x*). Note that "> &, = 0o implies

YooV = % - o o, = 00 and that (3.23) leads to

where y, =

1
limsupo, = limsup ————((yf — A)x™, x,.1 —x*) < 0.
meupon =lmap oo — 510 =

Applying Lemma 2.8 to (3.24), we infer that the sequence {x,} converges strongly to x*.
This completes the proof. O

Putting T}, = I the identity mapping, and [ = « € (0,1) in Theorem 3.1, we have the fol-
lowing result.

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F be a bifunction from C x C to R satisfying conditions (Al)-(A4), and let ¢ : C — R be a
lower semicontinuous and convex function with restriction (Bl) or (B2). Let the mapping B; :
C — H be ¢;-inverse strongly monotone for i =1,2. Let A be a y-strongly positive bounded
linear operator on H and f : H — H be an a-contraction with 0 <y < g Assume that Q :=
MEP(F, ) N I" # @, where I' is the fixed point set of the mapping G = Pc(I — j11B1)Pc(I -
WaBy) with w; € (0,2¢;) for i =1,2. Let {a,,} and {B,,} be two sequences in (0,1) and {r,} be
a sequence in (0, 00) such that:
(i) limyseoa, =0, 02 0, =00 and y oo |yt — 0ty | < 00;
(i) 0 <liminf,_ oo By <limsup,_, . By <land > oo |Bus1 — Bul < o0
(i) Himinf, o7y, >0 and Y oo) |1y — 1yl < 00.

Given x1 € H arbitrarily, the sequences {x,} and {u,} generated iteratively by

Flt) + 90) = (1) + 2y~ thyy 1ty —2) 20, VyeC,

(3.25)
KXntl = PC[aan(xn) + Buxn + (a- ﬂn)I —0,A)Gu,], Vn=>1,

converge strongly to x* € Q, which is the unique solution of the VIP
(A-yf)x*,x" —x) <0, VxeQ,

or, equivalently, the unique solution of the minimization problem
min 1(Ax,x) - h(x),
xeQ 2

where h is a potential function for yf.
Putting ¢ =0 and / = « € (0,1) in Theorem 3.1, we have the following result.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying conditions (Al)-(A4). Let the mapping B;: C — H
be ¢;-inverse strongly monotone for i = 1,2. Let {T,,}32, be a sequence of nonexpansive self-
mappings on C and {1} be a sequence in (0, b] for some b € (0,1). Let A be a y-strongly
positive bounded linear operator on H and f : H — H be an a-contraction with 0 <y < g
Let W, be the W -mapping defined by (1.13). Assume that 2 := (-, F(T,) NEP(F)N T #,
where I' is the fixed point set of the mapping G = Pc(I — p1B1)Pc(I — o By) with p; € (0,2¢;)
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fori=1,2. Let {a,} and {B,} be two sequences in (0,1) and {r,} be a sequence in (0, 00) such
that:
() limyooo 0y =0, Y ooy, =00 and Y oo, |01 — @] < 00;
(i) 0 <liminf, o B, <limsup,_, . By <landy -1 |Bu1 — Bul < 00;
(i) liminf, oo 7y >0 and Y o) |Fye1 — 1yl < 00.
Given x, € H arbitrarily, the sequences {x,} and {u,} generated iteratively by

F(unﬁy)"'é(y_umun_xn) ZO: VyGC,

(3.26)
Xn+l = PC[Olnyf(xn) + Buxn + (a- ﬂn)l -0, A)W,Gu,], Vn=>1,

converge strongly to x* € Q, which is the unique solution of the VIP
((A —yf)x*, x* —x) <0, Vxeg,
or, equivalently, the unique solution of the minimization problem
in = (Ax, ) ~ h(x)
521{1212( x,%x) — h(x),
where h is a potential function for yf.

Putting B; = B, = 0 in Corollary 3.1, we have the following result.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying conditions (A1)-(A4). Let {T,}°, be a sequence of
nonexpansive self-mappings on C and {A,} be a sequence in (0, b] for some b € (0,1). Let A
be a y-strongly positive bounded linear operator on H and f : H — H be an «-contraction
with0 <y < g.Let W,, be the W -mapping defined by (1.13). Assume that Q := (o, F(T,) N
EP(F) # (. Let {,,} and {B,,} be two sequences in (0,1) and {r,} be a sequence in (0, 00) such
that:
(i) limyooay =0, Y ooy, =00 and y oo |0t — oyl < 00;
(i) 0 <liminf,_ o By <limsup,_, . By <land > oo |Bur1 — Bul < 00;
(ili) iminf, o7, >0 and Y o2) |rys1 — 1yl < 00.

Given x1 € H arbitrarily, the sequences {x,} and {u,} generated iteratively by

{F(umy) + i(_y — Up, Uy —%y) >0, Vy eC, (3.27)

X1 = Pelonyf(xn) + Buxn + (A = B — 0, A)Wony], Vn>1,
converge strongly to x* € Q, which is the unique solution of the VIP
(A-yhxsa*—2) <0, Yxeq,

or, equivalently, the unique solution of the minimization problem

1
min 2 (Ax, x) — h(x),

xeQ2

where h is a potential function for yf.
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