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1 Introduction

The study of the dynamics of five dimensional supersymmetric gauge theories with eight su-
percharges was initiated in [1]. The Coulomb branch of the theory has a rich structure and
non-trivial fixed points exist at strong coupling. The BPS spectrum of the theory contains
dyonic instantons [2] and the solitonic magnetic string [3], thereby providing interesting
non-perturbative phenomena. Although non-renormalizable by power counting, these the-
ories can be embedded into string or M-theory, either by geometric engineering [4, 5] or
by brane constructions [6]. Its maximally supersymmetric version, with sixteen super-
charges, was recently studied as a candidate for the six-dimensional (0, 2) theory for the
M5-brane [7, 8].

Upon compactifying five-dimensional gauge theories on a circle of radius R2, one ob-
tains a N = 2 D = 4 theory. A non-perturbative solution for the low-energy effective
action was proposed in [9], where also connections to integrable systems were uncovered.
Furthermore, at the perturbative level, resumming the one-loop contribution coming from
integrating out the massive Kaluza-Klein particles, one finds an interpretation in terms of
worldsheet instanton corrections in IIA string theory [10]. All in all, there is a rich interplay
between five-dimensional supersymmetric gauge theories and string theory dynamics.

In this paper, we continue the investigation of five-dimensional gauge theories with
eight supercharges, by compactifying further down to three dimensions. We formulate the
theory on R3 × T 2, for an arbitrary torus with complex structure τ and volume V. It

– 1 –



J
H
E
P
0
9
(
2
0
1
1
)
0
6
0

includes the case of a rectangular torus, i.e. the product of two circles of radii R1 and R2.
As we will show, new phenomena appear on the Coulomb branch of the resulting three-
dimensional theory. In a sense, one can view our study as a starting point to generalize
the work of [11], where four-dimensional gauge theories were formulated on R3×S1

R1
. The

resulting hyperkähler metrics on the Coulomb branch in our case are now parametrized by
the complex structure and the volume of the torus, τ and V, which in the limit of R2 → 0
should reduce to the metrics studied in [11]. For generic values of τ , however, one finds
new hyperkähler metrics which inherit modular transformation properties from the torus
T 2, as we discuss in the main body of the paper.

To present our analysis, we choose the simplest set-up, namely we choose the gauge
group to be SU(2), without any additional hypermultiplets. We do not aim in this paper
to find a complete non-perturbative solution of the theory, since this is beyond our abilities
at present. Instead, we focus on three particular aspects of the theory, each of which is
appealing in its own right:

• At the perturbative level, we integrate out the tower of massive Kaluza-Klein states
in the one-loop approximation of the five-dimensional gauge theory on R3×T 2. This
produces hyperkähler metrics on the Coulomb branch of the three-dimensional theory
which have modular properties. Moreover, this metric is a two-parameter extension
of the metric obtained in [12] (see also [13, 14]). We verify explicity that in the limit
R2 → 0 we obtain back the results of [12]. In the four-dimensional limit R1 → ∞,
our results are again in agreement with [10]. This analysis is done in section 2.

• We embed our model in string and M-theory by geometric engineering, along the
lines of [4, 5]. The relevant set-up is M-theory compactified on CY3 × T 2, which is
dual to type IIB string theory. We then rederive the one-loop hyperkähler metric on
the Coulomb branch of the field theory from the hypermultiplet moduli space metric
in type IIB [15, 16], in the limit where the quaternionic metric becomes hyperkähler.
We find that the Kaluza-Klein sum can be rewritten in terms of worldsheet and D1-
brane instantons in type IIB, thereby generalizing the result of [10] to include D-brane
instantons in a way that respects the modular SL(2,Z)-symmetry of the theory. The
results are presented in section 3.

• At the non-perturbative level, we initiate the analysis of instanton corrections. We
focus on the solitonic BPS magnetic string in five dimensions, wrapped over the T 2.
This yields instanton corrections in three dimensions which correct the hyperkähler
metric on the Coulomb branch. From the M-theory set-up, these correspond to the
euclidean M5-brane whose worldvolume is wrapped over F0× T 2, where F0 is a divi-
sor in the Calabi-Yau. We analyze the contribution from the zero-mode sector, and
argue that they can be computed from the partition function of the two-dimensional
(0, 4) CFT obtained by wrapping the M5-brane on F0. In type IIB theory, these
instantons correspond to D3 branes wrapping F0, whose dynamics is described by
four-dimensional N = 4 super Yang-Mills theory on F0 with gauge coupling constant
identified with the complex structure of the torus, τ . Invoking a 2d/4d correspon-
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dence, we conjecture that the partition function of the 4d SYM theory computes the
zero mode contribution of the instanton corrections as well. We demonstrate this
explicitly for the case when the magnetic string has magnetic charge equal to one.
The derivation can be found in section 4.

Our investigations, though concrete, do not provide a complete description of the non-
perturbative structure of the five-dimensional theory on R3 × T 2. In the final section, we
therefore outline some directions for future research.

2 Field theory description

In this section we first review five-dimensional SU(2) gauge theories and their low-energy
effective action in the broken phase of the gauge theory. Then we pass over to compactify
the theory on the two-torus yielding an N = 4 supersymmetric theory in three dimensions
whose classical bosonic action we derive. This will define a sigma-model where the target
space is endowed with a hyperkähler metric. Last but not least we will study one-loop
perturbative quantum corrections to this metric.

2.1 Five-dimensional SU(2) gauge theories

In the following we consider five-dimensional SU(2) gauge theories with N = 1 supersym-
metry. The dynamical fields are those of an on-shell five-dimensional vector-multiplet given
by a real scalar σ, a vector field Aµ̂ and a Dirac spinor λ in the adjoint of SU(2). The
signature of the metric is (+,−,−,−,−) and the five spacetime dimensions are denoted by
hatted Greek indices µ̂ = 0, 1, · · · , 4. Denoting the bare five-dimensional coupling constant
by g5,0 the on-shell Lagrangian can be written as follows

L(1,4) =
1
g2

5,0

Tr
{
−1

4
Fµ̂ν̂F

µ̂ν̂ − 1
2
Dµ̂σD

µ̂σ − 1
2
λ̄Γµ̂Dµ̂λ−

1
2
λ̄ [σ, λ]

}
. (2.1)

Here the field strength is given by

Fµ̂ν̂ = (∂µ̂Aν̂ − ∂ν̂Aµ̂)−
[
Acν̂ , A

d
µ̂

]
, (2.2)

and the covariant derivative acts as

Dµ̂X = i∂µ̂X + [Aµ̂, X] , (2.3)

where all quantities take value in the Lie algebra, i.e. X = Xaτa, where the τa, a = 1, 2, 3,
are the Pauli matrices.

Spontaneous breaking to U(1). The non-abelian theory described by (2.1) can be
spontaneously broken to U(1) by giving a vev to the scalar field

σ = φτ3 + δσ, (2.4)
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with φ > 0.1 Thus, the Coulomb branch is parameterized by φ ∈ R+. The massive particles
will now consist of W -bosons

A+
µ̂ = A1

µ̂ − iA2
µ̂ , A−µ̂ = A1

µ̂ + iA2
µ̂ , (2.5)

and their fermionic superpartners

λ+ = λ1 − iλ2, λ− = λ1 + iλ2. (2.6)

Together they form an on-shell massive five-dimensional vector multiplet of mass 2φ. The
fermionic and bosonic degrees of freedom accordingly add up to 4 + 4 = 8. Note that
the δσ± = δσ1 ∓ iδσ2 remain massless as they are the Goldstone-modes of the symmetry
breaking mechanism.

Going to the low energy effective field theory by integrating out massive multiplets
one arrives at a supersymmetric U(1) gauge theory. Such theories are controlled by a
prepotential [17, 18]

F =
a0

2
φ2 +

κ

6
φ3, (2.7)

for some real constants a0, κ ∈ R. The effective gauge coupling is given by the second
derivative of F :

a(φ) = ∂2
φF = a0 + κφ. (2.8)

Even if the constant κ in (2.7) is zero classically it can be created at one-loop in the
quantum theory [19]. For a nonzero κ supersymmetry [17, 18] requires the presence of a
Chern-Simons term

κ

24π2
A ∧ F ∧ F. (2.9)

For SU(2) gauge theories with Nf ”quarks” which are hypermultiplets in the two-
dimensional representation of the gauge group a one-loop computation yields the following
gauge coupling [1]

a(φ) =
1

g(φ)2
=

1
g2

5,0

+ 16φ−
Nf∑
i=1

|φ−mi| −
Nf∑
i=1

|φ+mi| . (2.10)

Here, 1
g25,0

is the bare coupling and the term 16φ comes from integrating out the W -bosons

each giving a contribution which is the cube of the charge and thus equals 8. The mi

correspond to the masses of the hypermultiplets. As we have no hypermultiplets in our
setup the two last terms in (2.10) fall away, hence we have

a0 =
1
g2

5,0

, κ = 16. (2.11)

Thus, the bosonic part of the Lagrangian of the effective 5-dimensional U(1) theory is

L(1,4)
bos =

(
−1

4
Fµ̂ν̂F

µ̂ν̂ − 1
2
∂µ̂σ∂

µ̂σ

)
a(σ)− κ

24π2
εµ̂ν̂λ̂ρ̂σ̂Aµ̂Fν̂λ̂Fρ̂σ̂ , (2.12)

where, as usual, the vev φ is promoted to a dynamical field, denoted by 1
2σ.

1Here we have taken into account the action of the Weyl group Z2.

– 4 –



J
H
E
P
0
9
(
2
0
1
1
)
0
6
0

BPS states. The massive spectrum of five-dimensional supersymmetric SU(2) gauge
theories in the abelian phase includes BPS saturated states [1]. First of all such states
include particles which are electrically charged and their masses and central charges are
given by

me√
2

= Ze = neφ, ne ≡
∫
S3
∞

∗F. (2.13)

Furthermore, the vector multiplet can be dualized to become a tensor multiplet including
a two-form2 gauge field Bµν and a dual scalar

φD =
∂F
∂φ

(φ) =
1
g2

5,0

φ+
κ

2
φ2. (2.14)

The theory then admits solitonic string-like objects which are magnetically charged under
Bµν . In the BPS saturated case the tension and central charge of these strings is given by

T√
2

= Zm = nmφD, nm ≡
1

4π

∫
S2
∞

εabcσ
adσb ∧ dσc, (2.15)

where σ is a monopole configuration with
∑

a (σa)2 = φ2 at S2
∞. For more details on the

field configuration of this string monopole we refer to [3]. A third class of BPS states con-
sists of four-dimensional instantons lifted to solitons in 4 + 1 dimensions. They were called
dyonic instantons in [2]. Their mass is given by mI = |nI |

g25,0
where nI is the four-dimensional

instanton number. However, due to the one-loop correction (2.9) these instantons become
electrically charged under the U(1) gauge field and their total contribution to the central
charge can be written as

ZI = κφ|nI |+
|nI |
g2

5,0

, nI =
1

8π2

∫
R4

Tr F ∧ F. (2.16)

The above states are important to determine the 3D effective action, as they have to be
integrated out when compactifying on T 2.

2.2 Dimensional reduction on T 2

In this section we compactify the low-energy effective Lagrangian on T 2 along the direc-
tions µ̂ = 3, 4. We will henceforth use Greek indices for the resulting three-dimensional
Minkowski space-time and Latin indices i = 1, 2 for the directions along the T 2. In order
to compactify the theory on T 2 we need to define the normalization of the gauge fields
along the compact directions. This is done by demanding invariance under large gauge
transformations ∮

S1
i

2Ai 7→
∮
S1
i

2Ai + 2π. (2.17)

The Wilson line variables

ϕ1 ≡ 2
∮
S1

3

A3, ϕ2 ≡ 2
∮
S1

4

A4, (2.18)

2Strictly speaking the dualization cannot be carried out at the level of the Lagrangian once the Chern-

Simons term is included. However, the solitonic string-solution will still be present which justifies the

inclusion of the two-form.
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are therefore periodic variables and parameterize a torus

(ϕ1, ϕ2) ∈ Γ⊗Z (R/2πZ), (2.19)

with Γ ' Z2. Under the SL(2,Z)-symmetry of T 2 the ϕi transform as follows(
ϕ2

ϕ1

)
7→

(
a b

c d

)(
ϕ2

ϕ1

)
, (2.20)

where

(
a b

c d

)
∈ SL(2,Z).

Now let’s look at the reduction of the first term in (2.12). As a first step introduce the
metric on R3 × T 2

gµ̂ν̂ =

(
gij 0
0 ηµν

)
, (2.21)

where

gij =
V
τ2

(
1 τ1

τ1 |τ |2

)
, (2.22)

with V being the volume of the T 2 and τ = τ1 + iτ2 the complex structure. Using that
∂iAµ̂ = 0 we obtain∫

T 2

√
gFµ̂ν̂Fδ̂λ̂g

δ̂µ̂gλ̂ν̂a(σ) = VFµνFµνa(σ) +
2
τ2
∂µz∂

µz̄ a(σ), (2.23)

where

g = detgij , z = ϕ2 − τϕ1, z̄ = ϕ2 − τ̄ϕ1. (2.24)

Under the SL(2,Z)-symmetries of the T 2, τ does not stay invariant and the orbits generated
by its transformations define distinct equivalence classes. Therefore, τ is not valued in the
upper half plane H = {x ∈ C|Im(x) > 0} but rather takes values in the fundamental
domain H/PSL(2,Z). More precisely, we have the following transformation rules

z 7→ z

cτ + d
, z̄ 7→ z̄

cτ̄ + d
, τ 7→ aτ + b

cτ + d
,

(
a b

c d

)
∈ SL(2,Z). (2.25)

The kinetic terms of the Lagrangian only stay invariant under the above transformations if
τ is understood as an element of the fundamental domain, otherwise not. Let us elaborate
on the remaining terms in the Lagrangian (2.12) to extract the full symmetry group. Under
compactification on the torus they reduce as follows:

− 1
2
∂µ̂σ∂

µ̂σ → −1
2
∂µσ∂

µσ , (2.26)

− 1
24
εµ̂ν̂λ̂ρ̂σ̂Aµ̂Fν̂λ̂Fρ̂σ̂ →

1
2
εµνλϕ1∂µϕ2Fνλ. (2.27)
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Thus altogether we arrive at the bosonic part of the Lagrangian

L =
∫
T 2

√
gL(1,4)

bos

=
(
−V

4
FµνF

µν − 1
2τ2

∂µz∂
µz̄ − V

2
∂µσ∂

µσ

)
a(σ)

+
V

2π2
κ εµνλϕ1∂µϕ2Fνλ. (2.28)

In the above expression Va(σ) starts with V
g25,0

+ · · · , so we can read off the bare coupling

constant of the three-dimensional field theory,

1
g2

3,0

=
V
g2

5,0

. (2.29)

At first glance this Lagrangian is not invariant under the interchange of ϕ1 and ϕ2 as
it should be. However, this interchange is an element of SL(2,Z) and therefore showing
invariance under SL(2,Z) will solve the issue. Indeed one can easily show that the above
Lagrangian is invariant under the transformations (2.25) up to a surface-term proportional
to

∂µε
µνλ

[
ac

2
ϕ1ϕ1Fνλ +

bd

2
ϕ2ϕ2Fνλ + bc ϕ2ϕ1Fνλ

]
. (2.30)

This is not yet the full symmetry group. There are additional continuous isometries of
the torus which after compactification to three dimensions should manifest themselves as
translations of the fields ϕi. Under such translations we pick up the following surface terms

ϕ1 7→ ϕ1 + α : L 7→ L+
V

2π2
καεµνλ∂µ (ϕ2Fνλ) , (2.31)

ϕ2 7→ ϕ2 + β : L 7→ L − V
2π2

κβεµνλ∂µ (ϕ1Fνλ) . (2.32)

The Lagrangian (2.28) describes the dynamics of a three-dimensional tensor-multiplet as
it contains the gauge field Aµ. In order to switch to the hypermultiplet picture we have to
dualize its action. For this task we introduce a Lagrange-multiplier λ which modifies the
action to the form

Lλ,F =
(
−V

4
FµνF

µν − 1
2τ2

∂µz∂
µz̄ − V

2
∂µσ∂

µσ

)
a(σ)

+
V

2π2
κ εµνδϕ1∂µϕ2Fνδ +

λ

8π
∂µFνδε

µνδ. (2.33)

Here, it is important to note, that in order for the action to be invariant under the trans-
lations (2.31), (2.32) λ has to transform as follows

λ 7→ λ+
4V
π
κ (αϕ2 − βϕ1). (2.34)

Hence the torus action acts non-trivially on the Lagrange-multiplier. Now we integrate
out the gauge field by using its equation of motion. Varying with respect to Fµν we get

δLλ,F
δFµν

= −V
2
Fµνa(σ) +

V
2π2

κ εδµνϕ1∂δϕ2 −
∂δλ

8π
εδµν , (2.35)
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and therefore

Fµν =
2
V
a(σ)−1

[
V

2π2
κ εδµνϕ1∂δϕ2 −

∂δλ

8π
εδµν

]
. (2.36)

Inserting this back into (2.33) we arrive at

Lλ =
(
− 1
τ2V

∂µz∂
µz̄ − ∂µσ∂µσ

)
V
2
a(σ)

+
2

a(σ)V

[
V

2π2
κ ϕ1∂δϕ2 −

∂δλ

8π

] [
V

2π2
κ ϕ1∂

δϕ2 −
∂δλ

8π

]
, (2.37)

where we remark that z is a function of the ϕi as stated in (2.24).

The structure of the hyperkähler metric. The Lagrangian (2.37) takes the form of
a non-linear sigma model with N = 4 supersymmetry in three dimensions. The resulting
metric must therefore be hyperkähler, and for the case of (2.37), it fits into the class of
metrics described in [20], see also [21, 23]. In general, 4n dimensional hyperkähler metrics
with n commuting isometries can be written as [20]

ds2 = UIJ(x)d~xI · d~xJ + (U−1(x))IJ(d%I + ~WIK(x) · d~xK)(d%J + ~WJL(x) · d~xL). (2.38)

Compared to our case the isometry is given by a shift in λ, which is preserved in per-
turbation theory. We find that I and J can be set to 1 or omitted as there is only one
hypermultiplet. Furthermore, we have

x1 = ϕ1, x2 = ϕ2, x3 = σ, % = − λ

8π
, (2.39)

Uclass =
V
2
a(σ), ~Wclass = (vjgji, 0), ~v =

(
0,− V

2π2
κ ϕ1

)
. (2.40)

U and W are related through the following equation

~∇U = ~∇× ~W, (2.41)

which is automatically satisfied for the classical functions (2.40) where we have used that
a(σ) = a0 + κ

2σ. Note that the dot-product is not the Euclidean one but rather given by

~a ·~b = (~a)T
(
g−1 0
0 1

)
~b , (2.42)

where g−1 is the metric gij defined in (2.22).3 This is due to the fact that there exists
an SL(2,Z)-action which leaves the Lagrangian (2.37) invariant. The isometry group of
the metric is given by constant shifts in the fields (x1, x2, %). In the quantum theory
(see section 2.3) the continuous shifts in x1, x2 become discrete. Furthermore, % becomes
periodic due to three-dimensional instantons [22]. As noted in [29] this works as follows.
The euclidean Lagrangian (2.33) induces the term

Stop = i
〈λ〉
8π

∫
d3xεµνρ∂µFνρ (2.43)

3The metric (2.42) can be diagonalized to obtain the Euclidean metric used in reference [23].
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into the three-dimensional action. As the 3D instanton topological charge is given by

k =
1

8π

∫
d3xεµνρ∂µFνρ ∈ Z , (2.44)

we see that λ is periodic with period 2π. As explained in [22] instantons in three dimensions
are magnetic monopoles in four dimensions. Uplifting this to five dimensions yields the
magnetic string. Indeed, the dual scalar λ can be directly obtained from five dimensions
via

λ =
∫
T 2

Bijdx
i ∧ dxj . (2.45)

We know that in five dimensions the objects which are charged under Bµν are the solitonic
strings. Thus we conclude that the instantons in three dimensions to which λ couples are
obtained by wrapping the world-volume of the five-dimensional string on the T 2.

Altogether we see that the resulting hyperkähler metric is a fibration Σ over R where
locally Σ ' T 2

ϕ × S1
λ and R is parameterized by the field σ. We can exhibit even more

structure. Note from (2.34) that the shift symmetry ϕ1 7→ ϕ1 + α with α constant is only
a symmetry if λ simultaneously transforms as λ 7→ λ + 4V

π καϕ2. Thus we have identified
4V
π κϕ1dϕ2 as the connection for the circle bundle S1

λ over T 2
ϕ. Let us furthermore define

T1 : ϕ1 7→ ϕ1 + α,

T2 : ϕ2 7→ ϕ2 + β, (2.46)

T3 : λ 7→ λ+ γ.

Then the Ti form a Heisenberg-algebra as can be seen by computing their commutators:

[T2, T3] = 0, [T1, T2] = T3 , [T1, T3] = 0. (2.47)

The resulting structure is similar to the quaternionic hypermultiplet moduli space of type
IIA string compactifications on CY3-manifolds [24–28], where NS5-brane instantons play
the role of our magnetic string instantons, and the RR-scalars parametrize the torus of the
intermediate Jacobian of the CY3. Topologically, the hyperkähler space can therefore be
depicted as in figure 1.

2.3 Integrating out Kaluza-Klein states

The metric derived in section 2.2 is only valid in the limit where the volume of the torus
is large. Here we will derive quantum corrections to the gauge kinetic function in three
dimensions corresponding to the function U in (2.38) which become more important when
the volume of the T 2 is decreased. Before compactifying on a torus however, we will first
review the case of compactification on a circle which was already studied in [9, 10].

In order to compute the effective action at one-loop let us have a look at terms quadratic
in λ± in the Lagrangian (2.1):

λ̄−
[
Γµ̂(i∂µ̂ + 2A3

µ̂) + 2φ+ 2δσ3
]
λ+ + λ̄+

[
Γµ̂(i∂µ̂ − 2A3

µ̂)− 2φ− 2δσ3
]
λ−. (2.48)
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ϕ1

ϕ2

λ

σ

Figure 1. Toric Hyperkähler space.

In the following we will use the above expression to extract propagators for the gauge theory
on the geometries R4×S1 and R3×T 2. The extraction of the propagators for the massive
gauge bosons requires a gauge fixing procedure which we omit here for clarity of presen-
tation. Due to supersymmetry, they yield the same final expression for the hyperkähler
function U with a different numerical constant which we fix after equation (2.69).

From 5D to 4D. The 5D field theory is in the Coulomb branch of SU(2) parametrized
by the vev of the scalar φ ≥ 0. By compactifying the 5D theory on S1 with radius R the
five-dimensional vector-field will split according to

Aµ̂ → {Aµ, A4} , (2.49)

and the component A4 will combine with the five-dimensional scalar σ to form a complex
four-dimensional scalar. To obtain the one-loop correction to the gauge coupling by taking
into account all Kaluza-Klein modes of the massive vector-multiplet along the S1, we have
to extract the propagators of the massive fields. It suffices to do this for the fermions. The
massive gauge bosons sit in the same multiplet and yield similar expressions. For that we
rewrite (2.48) for the geometry R1,3 × S1:∑

m,n

λ̄me
im
R
x4

[
Γµ̂(i∂µ̂ + 2Aµ̂) + σ

]
λne

−i n
R
x4

=
∑
m,n

λ̄me
im
R
x4

[
Γµ(i∂µ + 2Aµ) + Γ4(

n

R
+ 2A4) + σ

]
λne

−i n
R
x4 , (2.50)

where µ = 0, 1, · · · , 3. After integration with respect to x4 we obtain the propagators in
momentum space

〈λnλ̄n〉 =
1

Γµkµ + Γ4( nR + 2A4) + σ
=

Γµkµ + Γ4( nR + 2A4)− σ
k2 + 1

R2 (n+ 2RA4)2 − σ2
. (2.51)
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Now, standard quantum field theory techniques imply that the one-loop amplitude with
two external gauge bosons at polarizations α and β obtained by using the propagator (2.51)
is, at second order in the external momentum p, proportional to

(pαpβ − ηαβp2)
∑
n

∫
d4k

(2π)4

1[
k2 + 1

R2 (n+ 2RA4)2 + σ2
]2 , (2.52)

where the momentum integral is now over R4. The integrand can be rewritten using the
formula

1
X2

=
∫ ∞

0
dsse−sX , (2.53)

and the whole integral becomes∫
d4k

(2π)4

∫ ∞
0

dsse
−s

h
k2+ 1

R2 (n+2RA4)2+σ2
i

=
1

16π2

∫ ∞
0

ds

s
e
−s

h
1
R2 (n+2RA4)2+σ2

i
. (2.54)

Poisson resummation with respect to n further gives4

1
16π2

∑
n6=0

e−2πinR2A4

∫ ∞
0

ds

s3/2
e−sσ
√
πRe−π

2n2 R2

s2

=
1

16π2

∑
n6=0

1
|n|
e−2πiRn2A4−2π|n|Rσ, (2.55)

where in the last step we have used the formula∫ ∞
0

ds

s3/2
e−sA−B/s =

e−2
√
AB√π√
B

. (2.56)

Defining t = 4πiRA4 + 2πRσ as the four-dimensional scalar we therefore see that the
correction to the four-dimensional gauge-coupling is

1
g4(t)2

= K
∑
n6=0

1
|n|
e−4πinRA4−2π|n|Rσ = 2Re

[
log(1− e−t)

]
, (2.57)

with K an overall normalization constant which is not important for our discussion. As
noted in [10] this is the effective perturbative gauge-coupling of N = 2, D = 4 gauge theory
with a cutoff ΛUV = 1

R . If we take the limit R → 0, the UV-cutoff disappears, and t → 0
as well. As noted in [10, 31] we obtain the well-known result for the one-loop corrected
purely four-dimensional gauge theory:

1
g4(t)2

R→0∼ 2Re [log(t)] . (2.58)

4We have left out the mode n = 0. It yields a diverging contribution and needs to be substracted in

a proper renormalization scheme. In fact, this divergence already occurs in the decompactification limit

R→∞.
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From 5D to 3D. In going from 5D to 3D the five-dimensional vector-field splits as
follows

Aµ̂ → {Aµ, A3, A4} . (2.59)

A3 and A4 become scalars ϕ1 and ϕ2 in 3D defined in (2.18). Dualizing the three-
dimensional vector-field Aµ to the scalar λ gives, together with the ϕi and σ, the bosonic
sector of a hypermultiplet.

In the remainder of this section, we compute the quantum corrected gauge kinetic
coupling which corresponds to the quantum version of the function a(σ) in (2.37), i.e.

aclassical(σ) −→ aquantum(σ, ϕ1, ϕ2). (2.60)

This function cannot depend on λ, since in perturbation theory, the shift symmetry in
λ is preserved. Instanton effects break this isometry, which we discuss in section 4. In
perturbation theory this function gets contributions from integrating out the Kaluza-Klein
tower of the massive vector-multiplet given by (A±µ̂ , λ

±). We will compute it at one-loop
by integrating out the massive fields. Going through steps similar to what we did from 5D
to 4D we arrive at the following propagator for the massive fermions,

1
Γµkµ + Γ3

(
n1 + ϕ1

2π

)
+ Γ4

(
n2 + ϕ2

2π

)
+ σ

, (2.61)

where the ni denote the Kaluza-Klein modes of the T 2 and σ is the vev of the Coulomb
branch parameter. By using the anti-commutation relation

{Γµ̂,Γν̂} = 2gµ̂ν̂ , (2.62)

where gµ̂ν̂ is given in (2.21), we can compute the one-loop amplitude with two propagators
and two gauge boson insertions. It leads to the gauge kinetic function at one-loop, and
after dualizing the photon into a scalar, one obtains the hyperkähler metric (2.38), with
function U given by5

U1−loop = K
∑
~n∈Z2′

∫
d3k

(2π)3

1[
k2 + σ2 + gij

(
ni + ϕi

2π

)(
nj + ϕj

2π

)]2 , (2.63)

with K a normalization constant. The resultin function U1−loop in (2.63) is obtained by
integrating out massive fermions. However, one also needs to integrate out the massive
gauge bosons, to preserve supersymmetry. This can be done along the same lines as in [29].
The formula for U1−loop in (2.63) then remains the same, only the coefficient K changes.
We will fix K later on by taking a specific limit. Using the identity

1[
k2 + σ2 + gij

(
ni + ϕi

2π

)(
nj + ϕj

2π

)]2 =
∫ ∞

0
dsse

−s
h
k2+σ2+gij

(
ni+

ϕi
2π

)(
nj+

ϕj
2π

)i
, (2.64)

5We exclude the zero-mode in the sum as it corresponds to the decompactification limit. To this respect

we introduce a primed domain Z2′ which corresponds to Z2 − {0}.
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and integrating over k we obtain

U1−loop =
K

8π3/2

∑
~n∈Z2′

∫ ∞
0

ds

s1/2
e
−s

h
σ2+gij

(
ni+

ϕi
2π

)(
nj+

ϕj
2π

)i
. (2.65)

As a next step we Poisson resum in ~n:∑
~n∈Z2′

e−sg
ij
(
ni+

ϕi
2π

)(
nj+

ϕj
2π

)
=
∑
~m∈Z2′

e−2πimi
ϕi
2π e−

π2

s
gijm

imj
√

detgij
π

s
, (2.66)

yielding

U1−loop =
K

8
√
π

√
detgij

∫ ∞
0

ds

s3/2

∑
~m∈Z2′

e−im
iϕie−π

2gijm
imj/s−sσ2

=
K

8π1/2

√
detgij

∑
~m∈Z2′

1√
gijmimj

e−im
iϕi−2πσ

√
gijmimj

=
K

8π1/2
V
∑
n,m∈Z

1

|mτ + n|
( V
τ2

)1/2 e−i(mϕ1+nϕ2)−2πσ|mτ+n|
(
V
τ2

)1/2
, (2.67)

where in the second step we have again used formula (2.56). Indeed we see that the
continuous shifts in ϕ1 and ϕ2 which were isometries of the classical theory get broken to
the discrete subgroup of shifts by integer multiples of 2π.

Taking various limits of the above function U in the parameter-space specified by τ

we can establish contact with various metrics in the literature. We will discuss two specific
cases here. To this respect we go to the limit of a rectangular torus T 2, i.e. take

τ1 = 0, τ2 =
R1

R2
, V = R1R2. (2.68)

The first limit we take is R1 → 0 and R2 → 0. This is the limit in which the gauge theory
in three-dimensional. It was studied in [29, 30] where the metric on the Coulomb branch
is the Atiyah-Hitchin metric. At the perturbative level, it becomes the Taub-Nut metric
with

U(~x) =
1

2g2
3,0

− 1
4π|~x|

. (2.69)

By comparing the second term with (2.63) in the limit R1, R2 → 0, one then fixes the
normalization constant K = 2. Next, take the limit R2 → 0 and R1 arbitrary where we
note that ϕ2 → 0 as well. This is the limit of four-dimensional gauge theory on R3×S1

R1
. In

order to do this we split the double sum into the contributions m = 0 and m 6= 0, n ∈ Z.:

U1−loop ∼
∑
n6=0

1
|n|
e−2π|n|R2σ−inϕ2 +

∑
m6=0

∑
n∈Z

1
|mτ + n|

e−2π|mτ+n|R2σ−imϕ1−inϕ2 . (2.70)

The first term is familiar from the 5D to 4D story and can be summed up to give∑
n6=0

1
|n|
e−2π|n|R2σ−inϕ2

R2→0' log(tt̄), (2.71)
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where we have identified 2π(R2σ + ϕ2

2π ) with t and ignored subleading corrections. The
second term can be Poisson resummed in n and one arrives at∑

m 6=0

∑
n∈Z

1
|mτ + n|

e−2π|mτ+n|R2σ−imϕ1−inϕ2

= 2
∑
m 6=0

∑
n∈Z

K0

(
2π
R1

R2
|m|
√

(R2σ)2 +
(ϕ2

2π
+ n

)2
)
eimϕ1

' 2
∑
m 6=0

K0

(
R1

R2
|mt|

)
eimϕ1 , (2.72)

where in the last line we have used that in the limit we are taking the sum localizes on n = 0.
The sum of (2.71) and (2.72) agrees precisely with the result of Seiberg and Shenker [13]
or Ooguri and Vafa [12] (see also [11, 14]) if we identify R2 with the string coupling. This
brings us naturally to the M-theory interpretation of our results where R2 is identified with
the M-theory circle whose radius is lsgs. In the next section we will elaborate on this picture.

3 Embedding into string theory

This section starts by embedding the five-dimensional gauge theory in a M-theory com-
pactification. We then proceed to make contact with type IIA by compactifying on a circle
and to type IIB by compactifying on a torus. At each step we provide a dictionary between
field theory quantities and their string-/M-theory representations.

3.1 5D supersymmetric gauge theories from M-theory

Five-dimensional SU(2) gauge theories in 5D with N = 1 supersymmetry can be obtained
by compactifying M-theory on a Calabi-Yau manifold X which is locally the total space
of the canonical line bundle O(KP ) → P where P is a del Pezzo surface. Let us review
the basic facts of this construction where we will refer to the references [4, 5] and to the
appendix of [35] for further details.

By definition, del Pezzo surfaces have positive anti-canonical class D = −KP , i.e.
D2 > 0, which makes them rigid inside the Calabi-Yau and satisfy D · C > 0 for any
irreducible curve C inside P . Such surfaces are either Bn, which are blow-ups of P2 in
n ≤ 8 points or blow-ups of F0 = P1 × P1. In the case of Bn the anti-canonical class is
given by

−KBn = 3h−
n∑
i=1

ei, (3.1)

where h is the homology class generated by the hyperplane class h of P2 and the ei are the
exceptional divisors of the blow-ups. The non-vanishing intersections are

h2 = 1 = −e2
i . (3.2)

More intuitively, Bn can be viewed as a fiber space over P1 where the generic fiber is P1, but
over n−1 points the fiber has two P1’s intersecting at a point, i.e. the geometry of a resolved
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A2 singularity. Let us explain now how this picture reproduces the field theory description
of section 2.1. In order to do that we consider the limit in which the del Pezzo surface
has a large base parameterized by φB and a small fiber parameterized by φf . Then φf
corresponds to the Coulomb branch parameter of the field theory and φB will be identified
with the bare coupling constant of SU(2), i.e. we have

1
g2

5,0

= φB, φ = φf . (3.3)

Furthermore, for a del Pezzo surface which is Bn, there are n−1 hypermultiplets which are
doublets of SU(2), that is Nf = n− 1. Going to the Coulomb branch of SU(2) corresponds
to resolving the generic A1 singularity of the fiber (corresponding to φf = 0) and resolving
the n− 1 A2 singular fibers. The full field dependent gauge coupling is computed in terms
of the intersection theory of X:

1
g(φ)2

=
∂2F
∂φ2

= 2[Bn] · [Bn] ·
(
φBH0 +

n−1∑
i=1

miHi + φ[Bn]
)
, (3.4)

where [Bn] is the Poincare dual two-form to the surface Bn, the dot-product corresponds to
the wedge-product of two-forms, and the dot-product of three two-forms also implies inte-
gration over the Calabi-Yau. Furthermore, H0, Hi and [Bn] form a basis for the subspace
of H1,1(X) which is not orthogonal to [Bn] · [Bn] and the factor 2 is a normalization factor.
In order to see how equation (2.10) is reproduced we go to a sub-wedge of the Kähler cone
where φ > 0, mi > 0 and φ > mi. For this parameter-space (2.10) simplifies to

1
g(φ)2

=
1
g2

5,0

+ (16− 2Nf )φ. (3.5)

Assuming that [Bn] · [Bn] ·H0 = 1
2 and [Bn] · [Bn] ·Hi = 0,6 we are left with the computation

of [Bn] · [Bn] · [Bn]. But this is the self-intersection number of the del Pezzo surface and can
be computed using (3.1) and (3.2) to give

[−KBn ] · [−KBn ] = 9− n = 8−Nf , (3.6)

which reproduces exactly the quantum field theory computation. Actually, equation (2.10)
is reproduced for all values of the parameters φ and mi, i.e. it is valid on the union of all
Kähler cones, as was shown in [4].

The geometry behind the gauge theory. In this paper we are dealing with SU(2)
gauge theory with no hypermultiplets in the douplet of SU(2), i.e. we have the situation
Nf = 0. This corresponds to a Calabi-Yau containing F0 or B1 = F1, with the two choices
leading to different topological sectors of the theory [5], where our particular gauge theory
corresponds to the choice F0. One can explicitly construct a Calabi-Yau which contains
this surface and then take the local limit to obtain the gauge theory. For that, let X be

6This can be always realized for del Pezzo surfaces with the above parameter values.
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an elliptic fibration over F0 given by a generic section of the anti-canonical bundle of the
toric ambient space specified by the following vertices

D0 = (0, 0, 0, 0), D1 = (0, 0, 0, 1), D2 = (0, 0, 1, 0), (3.7)

D3 = (0, 0,−2,−3), D4 = (0,−1,−2,−3), D5 = (0, 1,−2,−3), (3.8)

D6 = (1, 0,−2,−3), D7 = (−1, 0,−2,−3). (3.9)

One finds large volume phases with the following Mori-vectors

D0 D1 D2 D3 D4 D5 D6 D7

l1 = −6 3 2 1 0 0 0 0 CE

l2 = 0 0 0 −2 1 1 0 0 Cf

l3 = 0 0 0 −2 0 0 1 1 CB.

Here, the CA with A = E, f,B correspond to a basis of H2(X,Z), where CE corresponds
to the elliptic fiber, Cf the P1-fiber of F0 and CB represents the P1-base of F0. Let
KA be a Poincaré dual basis of the Chow group of linearly independent divisors of X,
i.e.

∫
CA KB = δAB. The divisors Di = lAi KA have intersections with the cycles CA given by

Di.C
A = lAi . We then have the following non-vanishing intersections of the divisors,

KE ·Kf ·KB = 1, K2
E ·Kf = 2, K2

E ·KB = 2, K3
E = 8. (3.10)

The divisor giving the Hirzebruch surface inside the Calabi-Yau manifold corresponds to

[F0] = D3 = KE − 2Kf − 2KB. (3.11)

We parameterize the Kähler-form of this Calabi-Yau as follows

J = φEKE −
φB
4
KB + φf [F0]. (3.12)

Thus, the gauge coupling of the gauge theory becomes

∂2F
∂φ2

f

= 2[F0] · [F0] ·
(
− φB

4
KB + φf [F0]

)
= φB + 16φf . (3.13)

The Kähler cone of X is determined by the conditions

0 <
(
φEKE −

φB
4
KB + φf [F0]

)
· (−Cf ) = 2φf (3.14)

0 <
(
φEKE −

φB
4
KB + φf [F0]

)
· (−CB) =

φB
4

+ 2φf ∼
φB
4

(3.15)

0 <
(
φEKE −

φB
4
KB + φf [F0]

)
· CE = φE + φf , (3.16)

where in the second line we have used that we are in the weak coupling regime of the gauge
theory and thus φB � φf . However, we will not necessarily restrict ourselves to this limit.
The local model is now obtained by scaling φE to infinity.
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field theory M-theory

coupling 1
g25,0

φB

moduli φ φf

states
W-bosons M2/P1

f

dyonic instantons M2/P1
B

strings M5/F0

Table 1. Dictionary between five-dimensional field theory and M-theory.

BPS spectrum. BPS states are obtained by wrapping M2-branes and M5-branes on
various holomorphic subspaces of our local Calabi-Yau. Wrapping M2 branes n times
around the fiber P1

f and m times around the base P1
B we arrive at hypermultiplets in five

dimensions whose degeneracies are given by the Gopakumar-Vafa invariants n(0)
n,m. Let us

now come to the M5-branes. These can wrap the divisor F0 and give rise to BPS string
states in five dimensions. The tension of these strings is given by the volume of the divisor
F0 inside the Calabi-Yau:

Vol(F0) =
∫

F0

J ∧ J

= [F0] ·
(
− φB

4
KB + φf [F0]

)
·
(
− φB

4
KB + φf [F0]

)
= φBφf + 8φ2

f . (3.17)

Notice that under the identifications (3.3) this volume becomes identical to the tension of
the monopole string of the five-dimensional gauge theory given in (2.14)! Therefore we
can identify the two strings and the dictionary between the five-dimensional field theory
discussed in section 2.1 and the M-theory compactification is as follows:

These states are charged under the M-theory three-form C3, its dual and their reduction
to 5 dimensions7

2Afµ̂ =
∫

P1
f

C3. (3.18)

In three dimensions the reduction of C3 gives rise to ϕ1 and ϕ2 as follows:

ϕ1 =
∫

P1
f×S

1
A

C3, ϕ2 =
∫

P1
f×S

1
B

C3 (3.19)

where S1
A and S1

B form a homology-basis of T 2. Thus M2-instantons are charged under the
scalars ϕi. The M5-branes are charged under the dual of C3:

∗ dC3 = dC6, Bµ̂ν̂ =
∫

F0

C6. (3.20)

7Note that there is also a gauge field AB
µ̂ from the reduction of the trhee-form along P1

B . However, this

vectorfield together with its whole multiplet is frozen and thus disappears in the gauge theory limit.
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In three dimensions the dictionary is

λ =
∫

F0×T 2

C6. (3.21)

Thus M5-instantons are charged under λ.

3.2 Type IIA viewpoint

In the previous subsection we have realized five-dimensional gauge theories by compacti-
fying M theory on a Calabi-Yau. However, going to four dimensions, gauge theories can
be obtained by compactifying type IIA string theory on a Calabi-Yau manifold and taking
the local limit as was shown in [31]. How do the two pictures fit together? In [19], this
question was answered by noting that a four-dimensional field theory can be obtained by
compactifying the five-dimensional one on a circle S1. When sending the radius R of the S1

to infinity, one gets M-theory on R5×X. On the other hand sending R to zero gives Type
IIA on R4 × X. Furthermore, the relation between the M-theory metric gM on R4 × X
and the Type IIA metric gIIA on R4 ×X is

gM =
gIIA
T 1/3R

, (3.22)

where T is the two-brane tension. We have also encountered this relation in our computa-
tion from section 2.3 where we found that the relation between the complex modulus tf of
the four-dimensional theory and the real five-dimensional field φf is

tf = 2πiR(2A4,f + iφf ) , (3.23)

with A4,f being the fifth component of the five-dimensional vector-field. This means that
when sending R→∞ while keeping gM or equivalently φf fixed, then tf is going to infinity.
Therefore, M-theory in five dimensions only ”sees” the region at infinity in the Type IIA
moduli space.

In this picture, the BPS states are obtained by wrapping D2-branes on holomorphic
curves inside the Calabi-Yau. Moreover, for SU(2) gauge theories, W-bosons are obtained
by wrapping D2-branes on P1

f and their mass is given by

MW± =
|tf |
R
, (3.24)

where we have identified the radius of the M-theory circle with the string coupling, more
precisely we have R = lsgs. This way taking the R→ 0 limit the W-bosons will have finite
mass and the limit corresponds to the Seiberg-Witten limit taken in [10, 31]. Also as was
shown in [36] magnetically charged states are obtained by wrapping a D4-brane on the
Hirzebruch surface F0. Thus we arrive at the map between four-dimensional gauge theory
and type IIA string theory presented in table 2.
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field theory Type IIA

coupling 4π
g24,0

+ 2πiθ tB = 2πRφB + i
∫

P1
B
BNS

2

moduli t tf = 2πRφf + i
∫

P1
f
BNS

2

states/instantons
W-bosons D2/P1

f

Instantons Euclidean F -string/P1
B

Magnetic monopoles D4/F0

Table 2. Dictionary between four-dimensional field theory and Type IIA.

CY

Type IIB, 10D

CY

S1
R1S1

1
R1

T-duality

S1
R2

Type IIA, 10D

M-theory, 11D

MA
H ×M

A
VMB

H ×M
B
V

MA
H × fMA

VMB
H × fMB

V

Figure 2. The map between type IIB and M-theory compactifications. MH and MV stand for
the vector- and hypermultiplet moduli spaces that appear in the low-energy effective action. M̃V

stands for the tensor multiplet moduli space, obtained from dimensional reduction ofMV to three
dimensions.

3.3 Type IIB viewpoint and embedding into quaternion-Kähler geometry

Five-dimensional gauge theory on R3 × T 2 can be engineered from compactifications of
M-theory on CY ×T 2. The latter has a type IIB dual. To make this more explicit, we take
one of the cycles of the T 2 to correspond to the M-theory circle and the other to a space-
time circle. For the ease of explanation, we restrict ourselves to a rectangular torus with
the M-theory circle having radius R2 and the space-time circle R1. Compactifying type IIB
on CY ×S1

1
R1

we see that the resulting theory is T-dual to our M-theory compactification.

The situation is depicted in figure 2.
As shown in the picture under T-duality the tensor multiplet moduli space of the type

IIA-compactification to three-dimensions is exchanged with the type IIB hypermultiplet
moduli space in four dimensions. Therefore, we expect that the quantum corrections of
the five-dimensional gauge theory compactified on T 2 reproduce the instanton corrections
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of type IIB in the field theory limit. In particular M2-branes (corresponding to W-bosons
in the field theory) with Kaluza-Klein momentum along S1

R2
are mapped to world-sheet

instantons and M2-branes with Kaluza-Klein momentum along S1
R1

get mapped to D1-
instantons in the type IIB picture after T-duality.

This suggests that we can obtain our hyperkähler metric as a rigid limit from a
quaternion-Kähler space obtained by compactifying type IIB string theory on a Calabi-
Yau manifold. The metric on this quaternionic hypermultiplet moduli space was worked
out in [15] starting from a generic Calabi-Yau. Due to the number of commuting isometries
we have in our context, the hypermultiplets can be dualized to tensor multiplets, which
makes it easier to compare to the tensor multiplets from the type IIA picture. Such tensor
multiplet effective actions can be described by a single function L in the conformal cal-
culus approach in which one adds an additional conformal compensating tensor multiplet
(see e.g. [32] for more details within the present context). The second derivatives of this
function, denoted by Lxx, then determine the kinetic terms in the effective Lagrangian for
the tensor multiplet scalars [21], collectively denoted by x. In [16] it was shown that the
contribution from all world-sheet and D1-instanton corrections for a generic Calabi-Yau
space, leads to the result

Lxx =
1

4πr0

∑
ka

n
(0)
ka

∑
m,n

1
|mτ + n|

e−2πka(|mτ+n|ta−imca−inba) . (3.25)

In this expression, the dilaton-axion appears as

τ = τ1 + iτ2 = a+ ie−φ. (3.26)

Furthermore, the ca are RR scalars and generate the theta-angle like terms for the D1-
instantons, the ba correspond to the NS B-field reduced along a basis of holomorphic two-
cycles and the ta are reductions of the Kähler form along this basis. r0 is the conformal
compensator, which we further discuss below.

Upon dualizing the tensor multiplets back to hypermultiplets, one obtaines a hy-
perkähler metric, and not a quaternion-Kähler metric. It is called the hyperkähler cone in
the terminology of [33], and it is due to the presence of the conformal compensator r0. The
resulting metric is precisely of the form (2.38), with Lxx identified with U [21]. After per-
forming the superconformal quotient, in which the conformal compensator is eliminated,
one obtaines a quaternion-Kähler metric of one (quaternionic) dimension less. This quo-
tient can be done explicitly following the results of [33]. However, for our analysis, we
take the rigid limit instead of performing the superconformal quotient. In practice, this
amounts to freezing the conformal compensator r0 to a constant in (3.25). This breaks
the scaling symmetry and produces a hyperkähler space of the form (2.38) of one (quater-
nionic) dimension less, since the conformal compensator multiplet is frozen. It has the
same dimension as the quaternionic space, and contains the same coordinates, but it is
hyperkähler. In essence, we have taken a rigid limit.8

8Geometrically, this freezing procedure amounts to taking a hyperkähler quotient on the hyperkähler

cone [34].
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Next, we specify to the Calabi-Yau relevant for the gauge theory description given in
section 3.1. We have three geometric moduli:

t1 = Vol(CE), t2 = Vol(P1
f ), t3 = Vol(P1

B). (3.27)

Thus we see that the dimension of the quaternion-Kähler hypermultiplet moduli space is

dimMH = 3× 4 + 4 = 16, (3.28)

where the last 4 comes from the multiplet to which the dilaton-axion belongs (the universal
hypermultiplet). Taking the limit

t1 →∞, t3 →∞, τ frozen, (3.29)

we restrict to a subspace of the hypermultiplets which has real dimension 4. This re-
striction can best be done in the conformal approach described above. There, one has
an off-shell description in terms of tensor multiplets. The limit (3.29) can then be taken
at the level of the superfields for the tensor multiplets, without breaking supersymmetry.
One then ends up with two tensor multiplets, one of which is the compensator. Dual-
izing to hypermultiplets, one gets an eight-dimensional hyperkähler manifold which still
includes the compensator. Instead of performing the superconformal quotient to obtain
the quaternion-Kähler manifold, we simply freeze the compensator to a constant. The end
product is therefore a four-dimensional hyperkähler space which is the rigid limit we are
interested in.

Notice furthermore that in this limit the only Gopakumar-Vafa invariants which con-
tribute are nk1=0,k2,k3=0. As we have n(0)

0,1,0 = −2 and n
(0)
0,k,0 = 0 ∀ k > 1 [31] we see

that (3.25) simplifies to

Lxx =
−2

4πr0

∑
m,n

1
|mτ + n|

e−2π(|mτ+n|t2−imc2−inb2). (3.30)

We now find that this function becomes identical to our function U1−loop up to overall
normalization, after the following field identifications

t2 = σ

(
V
τ2

)1/2

, 2πc2 = ϕ1, 2πb2 = ϕ2 . (3.31)

We can understand the identification t2 = σ( Vτ2 )1/2 if we go to the rectangular limit of the
T 2. In this case we have ( Vτ2 )1/2 = R2 and thus t2 = R2σ which is the correct identification
between M-theory and type II moduli as discussed in 3.2. In this light the limit taken
in (2.71), (2.72) corresponds to the conifold-limit taken in [16].

The map between type IIB and the field theory on R3 × T 2 can be extended even
further. Note that the field theory contains instantons by wrapping the string on T 2.
Lifted to M-theory, these correspond to M5-branes wrapped around F0 × T 2. Under M-
theory/IIA duality these M5-branes become D4-branes which under a further T-duality get
mapped to D3-branes. Thus we see that the string-instantons correspond to D3-instantons
in type IIB.

In the following table we summarize the correspondence between type IIB string theory
on our CY and M-theory on CY ×T 2 as well as five-dimensional N = 1 SYM on R3×T 2.
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Type IIB on CY M-theory on CY × T 2 field theory

coupling a+ ie−φ τ τ

moduli

∫
P1
f
CRR2

∫
P1
f×S

1
R1

C3 ϕ1∫
P1
f
BNS

2

∫
P1
f×S

1
R2

C3 ϕ2∫
F0
CRR4

∫
F0×T 2 C6 λ

t2
( V
τ2

)−1/2 2φf σ

states/instantons

D1-instantons/P1
f M2/P1

f × S1
R1

W -boson/S1
R1

F1-instantons/P1
f M2/P1

f × S1
R2

W -boson/S1
R2

D3-instantons/F0 Euclidean M5/F0 × T 2 string/T 2

Table 3. Dictionary between type IIB and M-theory. The dyonic instanton can also be added; on
the type IIB side, it corresponds to wrapping F1- and D1-strings over the base P1

B .

4 Instanton corrections

In this section, we discuss some aspects of the instanton corrections that correct the hy-
perkähler metric describing the Coulomb branch of the five-dimensional gauge theory on
R3 × T 2. There are two kinds of instantons: the dyonic instanton, whose worldline wraps
a one-cycle in T 2, and the string instanton, whose worldsheet covers the entire T 2. We
will focus on the latter, since it will elucidate some interesting new connection between the
string instanton, the M5 brane theory compactified on the divisor F0, and four-dimensional
gauge theories on F0.

We do not aim at computing these instanton corrections in full detail, as this is beyond
the scope of this paper. The full hyperkähler metric including these corrections would be
an extension of the metric obtained in [11], which is best formulated in terms of twistor
geometry. Instead, we focus here on the structure of the instanton induced correlation
functions, in particular on the contribution from the zero-mode sector which involves the
integration over the moduli space of the instanton. The contribution from the non-zero
modes, involving the perturbation theory around the instanton, is not covered by our
analysis. As in [29, 37], the correlation functions are four-fermi correlators, which yield
corrections to the Riemann tensor of the hyperkähler metric on the Coulomb branch.

4.1 String instantons

The five-dimensional magnetic string, with tension T and central charge Zm given by equa-
tions (2.15) and (2.14), can wrap the torus T 2 to produce an instanton in three dimensions.
The real part of the instanton action for this configuration is (we take nm and φ positive
without loss of generality)

Sm = VZm = nm

(
φ

g2
3,0

+ κVφ2

)
, (4.1)
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where V is the volume of the torus, and g3,0 is the coupling constant of the three-dimensional
field theory. This coupling constant follows from the five-dimensional one by g2

5,0 = Vg2
3,0

and gets renormalized by a one-loop correction, which absorbs the second term inside the
brackets. The imaginary part of the instanton action is given by nmλ where λ is dual
to the three-dimensional field strength induced by the monopole. Any instanton induced
correlator, in our case a four-fermi correlator in the three-dimensional theory, is weighted
by the exponent of minus the instanton action

e−VZm−inmλ . (4.2)

Notice again that such instanton corrections break the shift isometry in λ. This implies
that the hyperkähler metric on the Coulomb branch is no longer of the type (2.38), and
one needs to resort to the twistor space techniques as used in [11].

To compute these instanton induced correlators, one needs to perform an integral
over the finite dimensional moduli space of collective coordinates, M. In a theory with
additional compactified dimensions, the collective coordinates become functions of the
coordinates of the extra dimensions, and the integral becomes a functional integral, as
we explain in more detail below. This path integral is weighted by the Euclidean action
describing the dynamics of the instanton, in our case the worldvolume theory on the string
worldsheet wrapped around the torus. The path integral then becomes a partition function
which appears as a factor in front of (4.2). To make this more precise, let us clarify the
situation by reminding that the BPS magnetic string is the uplift of the four-dimensional
BPS magnetic monopole to five dimensions. This monopole, in turn, is the instanton in
three-dimensions. Consider now first a four-dimensional gauge theory on R3×S1

β, where the
Euclidean time τ is compactified on a circle of radius β. At low energies (weak coupling),
the dynamics on the moduli space M is described by a quantum mechanical path integral
with an action for the collective coordinates of the form

S =
1
2

∫ β

0
dτ gij(x)ẋiẋj , (4.3)

where xi denote the set of collective coordinates of the monopole, and gij(x) is the metric
on M. For magnetic charge nm = 2, M factors into a part related to the center of mass
motion, and a part describing the relative motion, which comes with the Atiyah-Hitchin
hyperkähler metric. For a single monopole, or for the center of mass part when nm > 1,
we have thatM = R3×S1, and the collective coordinates are given by the three positions
~X in R3, and an angle ϕ ∈ [0, 2π] that is induced by large gauge transformations. The
Lagrangian is given by

L =
M

2
| ~̇X|2 +

M

2|φ|2
(ϕ̇)2 , (4.4)

where M is the mass of the monopole, and |φ| is the vev introduced in section 2. The
motion along the compact circle with coordinate ϕ is necessary to describe also the dyons,
as the momentum along the S1 is quantized and equal to the electric charge. See e.g. [37]
and references therein for more explanation. From here on, we focus on the case nm = 1.
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Now we consider again the five-dimensional theory. Since the string is the uplift of the
monopole, its wordsheet action will also be the uplift. The mass of the monopole becomes
the tension of the string, and includes the one-loop correction mentioned above. The
worldsheet action for the string can be constructed by letting the collective coordinates
of the monopole depend on both time and the coordinate of the extra dimension y on
which the monopole does not depend. Introducing coordinates σα = (τ, y), the Euclidean
worldsheet action of the magnetic string then takes the form of a Polyakov action on the
torus. For a string with one unit of magnetic charge, the action is

S =
T

2

∫
T 2

d2σ

[
(∂α ~X) · (∂α ~X) +

1
|φ|2

∂αϕ∂
αϕ

]
, (4.5)

where T is the tension of the string. This action reduces to (4.4) when the moduli are
independent of y.

The above actions need to be supplemented by fermions. Indeed, the BPS magnetic
monopole preserves half of the supersymmetry, so four fermionic zero modes will be gener-
ated by acting with the broken supercharges. They can be denoted by ξAα , where α = 1, 2
are spinor indices which descend from the two chiral spinors of the four-dimensional the-
ory, labeled by A = 1, 2. Adding these to the action (4.4), one obtains a supersymmetric
quantum mechanics on the moduli space. Uplifting these fermions to the two-dimensional
worldsheet, one gets two spinors of the same chirality. All together, the worldsheet action
of the instantonic string defines a (0, 4) conformal field theory with 3 non-compact scalars
and 1 compact scalar. Redefining ϕ̃ = ϕ/φ to get a canonically normalized scalar field,
the periodicity then depends on the vev, i.e., ϕ̃ ∈ [0, 2π/φ]. The Euclidean path integral
for the zero-modes of the instanton string then becomes equal to the partition function for
this (0, 4) conformal field theory. This statement we claim holds for any value of the mag-
netic charge. The contribution of BPS-states to the partition function is captured by the
following generalized elliptic genus, which eventually appears as a factor in front of (4.2):9

Znm(τ, T, φ) = Tr
[
(−1)FF 2qL0−

cL
24 q̄L̄0−

cR
24

]
, (4.6)

where q = e2πiτ and τ is the modulus of the torus. Furthermore, F = 2J̄3
0 and F 2 has

been inserted to soak up the fermion zero-modes and raises the anti-holomorphic modular
weight by 2 which makes the partition function a modular form of weight (0, 2) [38]. Lastly,
the eigenvalues of L0 and L̄0 do depend on modulus φ and the tension of the string. For
nm = 1, this partition function can easily be computed, and the result is

Znm=1(τ, T, φ) =
(

T

2πτ2

) 3
2

η(τ)−4
∞∑

n,m=−∞
q

1
2πT

p2L q̄
1

2πT
p2R , (4.7)

where pL and pR are given by

pL =
n

2
φ+

m

2φ
2πT, pR =

n

2
φ− m

2φ
2πT. (4.8)

9We are using here that the sigma-model has a CFT description. This is guaranteed by the fact that

the metric on the moduli space M is hyperkähler.
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This result can be understood as follows. The first factor, involving τ
−3/2
2 comes from

integrating over the momenta of the three non-compact bosons. The second factor, being
η(τ)−4, arises from summing over the oscillator modes of the three non-compact bosons
and the compact one. Here, it is important to note that we do not have factors 1

η̄(τ) as the
right-movers are kept on the ground state due to the BPS condition [38, 39]. Finally, the
last factor arises from summing over the discrete momenta of the compact boson.

Sofar, we have only discussed field theory considerations. As mentioned in section 3,
the magnetic string is realized in M -theory as the M5-brane wrapping the divisor F0 inside
the Calabi-Yau manifold. The worldvolume dynamics of the M5 brane is described by a
six-dimensional (0, 2) CFT on F0 × T 2. Compactifying this theory on F0, we obtain at
low energies a two-dimensional (0, 4) CFT on T 2 whose partition function we claim to be
the one for the magnetic string. For nm = 1, one can prove this by using recent work on
M5-branes [35]. This is consistent with the fact that the tension of the string is equal to
the volume of F0, as explained in section 3.1.

On the other hand, one can give an alternative, dual, viewpoint by using a 2d/4d
correspondence [42]. To show this, we can also compactify the worldvolume theory of the
M5-brane on T 2. Using the results of section 3, this theory is described in terms of D3-
branes in type IIB. The worldvolume theory is the maximally supersymmetric N = 4 U(r)
SYM theory on F0 where r is the number M5-branes. One of the seminal approaches to
such theories was the work of Vafa and Witten [41] in which they performed a topological
twist and turned the theories into topological field theories. Furthermore, as noted in [42],
in a reduction of the M5-brane worldvolume theory, the complex structure τ of the torus
T 2 becomes the complexified gauge coupling of the four-dimensional gauge theory:

τ =
θ

2π
+

4πi
g2
YM

. (4.9)

The SL(2,Z) symmetry of the T 2 then descends to S-duality acting on the gauge coupling
implying that the partition function of the topological theory is a modular form if the
gauge group is U(r). The partition function for U(r) topological SYM on a surface P has
the following expansion

Z(r)
P (τ) = q−

rχ(P )
24

∑
n

χ(Mn)qn, (4.10)

where for simplicity we have neglected all anti-holomorphic dependence and refer to [41]
for details. In the above expansion n is the instanton number, i.e.

n =
1

8π2

∫
P

Tr F ∧ F. (4.11)

Furthermore, Mn is the instanton moduli space and χ(Mn) its Euler number. Using the
elliptic genus representation of Z(r)

P [35, 40] which descripes the partition function as a
modular form of weight (−3

2 ,
1
2) admitting a theta-function decomposition, and restricting

to U(1) gauge theory on F0, the result reads10

Z(1)
F0

(τ) =
1

η(τ)χ(F0)
θ

Γ1,1
F0

(τ). (4.12)

10We have set the Wilson line expectation value which appears in [35] to z = 1
2
.
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The first factor is the generating function for rank 1 sheaves on F0 and was computed by
Göttsche [43]. In our case it is η(τ)−4 as χ(F0) = 4. The second factor arises from summing
over U(1) fluxes through two-cycles of F0. It is the theta function of the cohomology lattice
H2(F0,Z) equipped with the intersection form as metric:

θ
Γ1,1

F0

(τ) =
∑

k∈H2(F0,Z)

e2πiτ
k2+
2 e2πiτ̄

k2−
2 , (4.13)

where

k2
+ =

(k · J)2

J · J
, k2

− = k2 − k2
+, (4.14)

and J is the Kähler form on F0. As the lattice H2(F0,Z) is even and self-dual one sees
that this theta-function coincides with the sum over the discrete momenta of the compact
boson in (4.7), with the identifications k+ = pL/

√
πT and k− = pR/

√
πT . Thus we have

proven the following relation between the 2d and 4d partition functions:

Znm=1 =
(

T

2πτ2

) 3
2

Z(1)
F0
. (4.15)

The proportionality factor is generic, i.e. it is independent of the magnetic charge nm, as
for nm monopoles one can always factor out τ−3/2

2 coming from the integration over the
zero modes of the center of mass scalars.

5 Outlook

In this paper we have studied various aspects of the Coulomb branch of five-dimensional
N = 1 supersymmetric SU(2) gauge theories compactified on T 2. Our analysis is not
complete and much work needs to be done. We now list a few directions for future research.

First of all, the contribution of the dyonic instanton has been neglected in our analysis.
Taking these into account should lead to a consistent hyperkähler metric which in the limit
R2 → 0 and large R1 reduces to the structure described in [30], i.e. a fibration of the
Jacobian of the Seiberg-Witten curve for pure SU(2) over the u-plane. To be more precise,
the complex structure of the elliptic fiber gets corrected by four-dimensional instantons
which in our case should be reproduced by contributions of the dyonic instanton.

A further non-perturbative state of the five-dimensional field theory is the magnetic
string. As we have seen in the last section its zero-mode partition function is closely related
to the partition function of N = 4 SYM on the Hirzebruch-surface F0. It would be very
interesting to explore this correspondence for higher magnetic charge, i.e. nm > 1. Also in
this context, knowledge of the non-zero mode contributions of the string instanton might
shed some light on the connection to four-dimensional gauge theories and the analysis
performed in [37].

Another interesting direction for extending our work is the addition of flavor to the
gauge theory. Geometrically this corresponds to blowing up the Hirzebruch surfaces F0 and
F1 to del Pezzo surfaces. Here the type IIB interpretation of section 3.3 should provide
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some hints (or even concrete conjectures) as what to expect for the perturbative and non-
perturbative gauge theory computations. Furthermore, higher rank gauge groups yield
higher dimensional hyperkähler metrics on the Coulomb branch of the 5D theory, so this
is an interesting extension as well.

Last but not least we think that a twistor description of the hyperkähler metric will
provide a firmer ground for exploring the non-perturbative contributions to the metric and
to establish connection with the work done in [11].
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