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Abstract
In the past thirty years, many authors investigated some quantitative characterizations
of finite groups, especially finite simple groups, such as quantitative characterizations
by group order and element orders, by the set of lengths of conjugacy classes, by
dimensions of irreducible characters, etc. In this article the projective special linear
group L2(p) is characterized by its order and one special conjugacy class size, where p
is a prime. This work implies that Thompson’s conjecture holds for L2(p).
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1 Introduction
All groups considered in this paper are finite, and simple groups are non-Abelian. For con-
venience, we use π (n) and np to denote the set of prime divisors and p-part of the nature
number n, respectively. For any groupG, we also denote byN(G) the set of conjugacy class
sizes of G and by π (G) = π (|G|).
In s, a simple graph called prime graph of the group G was introduced: the vertex

set of this graph is π (G), two vertices p and q are joined by an edge if and only ifG contains
an element of order pq (see []). Denote the connected components of the prime graph of
the group G by T(G) = {πi(G)| ≤ i ≤ t(G)}, where t(G) is the number of the prime graph
components of G. If the order of G is even, we always assume that  ∈ π(G). Then |G|
can be expressed as a product of m,m, . . . ,mt(G), where mi’s are positive integers with
π (mi) = πi(G). These mi’s are called the order components of G. In particular, if mi is an
odd number, then we call it an odd-order component of G.
In , Thompson posed the following conjecture (ref. to [, Problem .]).

Thompson’s conjecture Let G be a group with trivial central. If L is a simple group sat-
isfying N(G) =N(L), then G ∼= L.

In , Chen proved in his Ph.D. dissertation [] that Thompson’s conjecture holds for
all simple groups with a non-connected prime graph (also ref. to [–]). In , Vasil’ev
first dealt with the simple groups with a connected prime graph and proved that Thomp-
son’s conjecture holds for A and L() (see []). Later on, Ahanjideh in [] proved that
Thompson’s conjecture is true for some projective special linear groups. Recently, Chen
and Li contributed their interests onThompson’s conjecture under aweak condition. They
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only used group order and one or two special conjugacy class sizes of simple groups and
characterized successfully sporadic simple groups (see Li’s Ph.D. dissertation []) and sim-
ple K-groups (a finite simple group is called a simple Kn-group if its order is divisible by
exactly n distinct primes), bywhich they checkedThompson’s conjecture for sporadic sim-
ple groups and simple K-groups. Hence, it is an interesting topic to characterize simple
groups with their orders and few conjugacy class sizes. In this paper, we characterize the
projective special linear group L(p) by its order and one special conjugacy class length,
where p is a prime. Thiswork partially generalizesChen andAhanjideh’s work [, ], which
proved that Thompson’s conjecture holds for all the projective special linear group Ln(q).
For convenience, we use ε to denote ±. In addition, we denote by Gp and Sylp(G) a

Sylow p-subgroup of the group G and the set of all of its Sylow p-subgroups for p ∈ π (G),
respectively.We also denote byA : B an extension of a normal subgroupA by another sub-
group B. The other notation and terminologies in this paper are standard and the reader
is referred to [] and [] if necessary.

2 Some lemmas
A group G is called a -Frobenius group if there exists a normal series  � H � K � G
such that K and G/H are Frobenius groups with kernels H and K/H , respectively. Now,
we quote some known lemmas which are useful in the sequel.

Lemma . [, Theorem ] Suppose that G is a Frobenius group of even order and H , K
are the Frobenius kernel and the Frobenius complement of G, respectively. Then t(G) = ,
T(G) = {π (H),π (K)} and G has one of the following structures:

(i)  ∈ π (H) and all Sylow subgroups of K are cyclic;
(ii)  ∈ π (K), H is an Abelian group, K is a solvable group, the Sylow subgroups of K of

odd order are cyclic groups, and the Sylow -subgroups of K are cyclic or generalized
quaternion groups;

(iii)  ∈ π (K), H is Abelian, and there exists a subgroup K of K such that

|K : K| ≤ , K = Z × SL(, ),
(|Z|, × × 

)
= ,

and the Sylow subgroups of Z are cyclic.

Lemma. [, Theorem ] Let G be a -Frobenius group of even order.Then t(G) =  and
G has a normal series �H �K �G such that π (K/H) = π(G), π (H)∪ π (G/K) = π(G),
the order of G/K divides the order of the automorphism group of K/H , and both G/K and
K/H are cyclic. Especially, |G/K | < |K/H| and G is solvable.

Lemma . Let G be a group of order s(s – )(s– – ), where s –  is a Mersenne prime
and s is a natural number. Assume that G is a -Frobenius group with a normal series
�H �K �G, where H is an elementary Abelian -group of order s and K/H is a cyclic
group of order s – . Then G ∼= (Z × Z × Z : Z) : Z.

Proof By hypothesis, |G/K | = s– – , and so (|K |, |G/K |) = . By the Zassenhaus theorem,
there exists a complement subgroupC of K inG such thatG = KC. Let B be a complement
subgroup ofH in K . ThenG =HBC, whereH andHB are normal subgroups ofG;HB and
BC are Frobenius groups with kernels H , B and complements B, C, respectively. Let F =

http://www.journalofinequalitiesandapplications.com/content/2012/1/310
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GF(s) and so H is the additive group of F . Also, |B| = s –  and so B is the multiplicative
group of F . Now,C acts by conjugation onH and similarlyC acts by conjugation on B, and
this action is faithful. Therefore,C keeps the structure of the field F and soC is isomorphic
to a subgroup of the automorphism group of F . Hence, |C| = (s– – )||Aut(F)| = s. Since
s –  is a Mersenne prime, s is a prime. It follows that s =  or . If s = , then G is a
group of order . By the structures of groups of order , we have that any group of order
 is not a -Frobenius group, a contradiction. Hence, s = , and then G is a group of
order  that contains eight subgroups of order seven. By [], we have that the total
number of groups of order  with eight subgroups of order seven is three, which are
(Z × Z × Z : Z) : Z, (Z × Z × Z : Z) × Z, and L(). Since G is a -Frobenius
group, we obtain that G ∼= (Z × Z × Z : Z) : Z. �

Lemma . [, TheoremA] Let G be a group with more than one prime graph component.
Then G is one of the following:

(i) a Frobenius or -Frobenius group;
(ii) G has a normal series  ⊆H ⊆ K ⊆G, where H is a nilpotent π-group, K/H is a

simple group and G/K is a π-group such that |G/K | divides the order of the outer
automorphism group of K/H . Besides, each odd-order component of G is also an
odd-order component of K/H .

Lemma . [, Theorem ..] Let G be a p-group with order pn, n ≥ , and d is the
number of minimal generators of G. Then |Aut(G)||pd(n–d)(pd – )(pd – p) · · · (pd – pd–).

Lemma . Let G be a simple group with a disconnected prime graph. Then its order com-
ponents are exhibited in Tables -, where p is an odd prime and q is a prime power.

Proof By [, , ] and the definition of order component, we easily get order components
of G in Tables -. Note that some mistakes and misprints in [, , ] are amended in
this paper. �

3 Characterization of L2(p) by its order and one special conjugacy class size
By Lemma ., we know that L() is some special such that we have to choose a different
way from other cases to deal with it. In fact, Chen and Li have characterized L() by its
order and the smallest conjugacy class size larger than one in their unpublished paper
which characterized simple K-groups. The following theorem is their one result.

Theorem . Let G be a group with |G| =  ·  · . Then G ∼= L() if and only if G has a
conjugacy class size of .

Proof The necessity of the theorem can be checked easily, so we only need to prove the
sufficiency.
By hypothesis, there exists an element x ofG such that |xG| = |G : CG(x)| =  ·. In view of

Z(G) ≤ CG(x), one has that Z(G) is a proper subgroup of G, and ,  /∈ π (Z(G)). We assert
that every minimal normal subgroup ofG =G/Z(G) is non-solvable. Let S be any minimal
normal subgroup ofG. Suppose that S is solvable. Then S is an elementary Abelian group,
from which we get the preimage T of S in G is a nilpotent group. If |S| = rt , then the Sylow
r-subgroup R of T is normal in G. Moreover, R cannot be contained in Z(G). Thus, there
exists an element y of R which is not contained in Z(G) such that  < |yG| ≤ |R| <  · , a
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Table 1 The order components of simple groups Gwith t(G) = 2

G Restrictions on G m1 m2

An 6 < n = p, p + 1, p + 2 and
one of n, n – 2 is not a prime

n!
2p p

Ap–1(q) (p,q) �= (3, 2), (3, 4) q
p(p–1)

2
∏p–1

i=1 (q
i – 1) qp–1

(q–1)(p,q–1)

Ap(q) (q – 1)|(p + 1) q
p(p+1)

2 (qp+1 – 1)
∏p–1

i=1 (q
i – 1) qp–1

q–1

2Ap–1(q) q
p(p–1)

2
∏p–1

i=1 (q
i – (–1)i) qp+1

(q+1)(p,q+1)

2Ap(q) (q + 1)|(p + 1) and
(p,q) �= (3, 3), (5, 2)

q
p(p+1)

2 (qp – 1)
∏p–1

i=1 (q
i – 1) qp+1

q+1

Bn(q) n = 2m ≥ 4 and q is odd qn
2
(qn – 1)

∏n–1
i=1 (q

2i – 1) qn+1
2

Bp(3) 3p
2
(3p + 1)

∏p–1
i=1 (3

2i – 1) 3p–1
2

Cn(q) n = 2m ≥ 2 qn
2
(qn – 1)

∏n–1
i=1 (q

2i – 1) qn+1
(2,q–1)

Cp(q) q = 2, 3 qp
2
(qp + 1)

∏p–1
i=1 (q

2i – 1) qp–1
(2,q–1)

Dp(q) p ≥ 5 and q = 2, 3, 5 qp(p–1)
∏p–1

i=1 (q
2i – 1) qp–1

q–1

Dp+1(q) q = 2, 3 1
(2,q–1) q

p(p+1)(qp + 1)

(qp+1 – 1)
∏p–1

i=1 (q
2i – 1)

qp–1
(2,q–1)

2Dn(q) n = 2m ≥ 4 qn(n–1)
∏n–1

i=1 (q
2i – 1) qn+1

(2,q+1)

2Dn(q) n = 2m + 1 ≥ 5 if q = 2
and n = 2m + 1≥ 9 if q = 3

1
(2,q–1) q

n(n–1)(qn + 1)

(qn – 1)
∏n–2

i=1 (q
2i – 1)

qn–1+1
(2,q–1)

2Dp(3) p �= 2m + 1 and p ≥ 5 3p(p–1)
∏p–1

i=1 (3
2i – 1) 3p+1

4

G2(q) q ≡ ε(mod3) and q > 2 q6(q3 – ε)(q2 – 1)(q + ε) q2 – εq + 1
3D4(q) q12(q6 – 1)(q2 – 1)(q4 + q2 + 1) q4 – q2 + 1
F4(q) q is odd q24(q8 – 1)(q6 – 1)2(q4 – 1) q4 – q2 + 1

E6(q) q36(q12 – 1)(q8 – 1)
(q6 – 1)(q5 – 1)(q3 – 1)(q2 – 1)

q6+q3+1
(3,q–1)

2E6(q) q > 2 q36(q12 – 1)(q8 – 1)
(q6 – 1)(q5 + 1)(q3 + 1)(q2 – 1)

q6–q3+1
(3,q–1)

2A3(2) 26 · 34 5
2F4(2)′ 211 · 33 · 52 13
M12 26 · 33 · 5 11
J2 27 · 33 · 52 7
Ru 214 · 33 · 53 · 7 · 13 29
He 210 · 33 · 52 · 73 17
McL 27 · 36 · 53 · 7 11
Co1 221 · 39 · 54 · 72 · 11 · 13 23
Co3 210 · 37 · 53 · 7 · 11 23
F22 217 · 39 · 52 · 7 · 11 13
HN 214 · 36 · 56 · 7 · 11 19

contradiction. Hence, every minimal normal subgroup of G is non-solvable, as desired.
It follows that M ≤ G ≤ Aut(M), where M = S × · · · × Sk and Si is a direct product of
isomorphic non-Abelian simple groups for i = , , . . . ,k.
It is clear that  and  must belong to π (M). Otherwise, M is solvable, a contradiction.

Hence, M is a simple K-group and π (M) = {, , }. By checking possible order of M, M
must be isomorphic to L(), which implies that G ∼= L(), as claimed. �

Theorem . Let G be a group. Then G ∼= L(p) if and only if |G| = p(p – )/(,p– ) and
G has a special conjugacy class size of (p – )/(,p – ), where p is a prime and not equal
to seven.

Proof Since the necessity of the theorem can be checked easily, we only need to prove the
sufficiency.

http://www.journalofinequalitiesandapplications.com/content/2012/1/310
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Table 2 The order components of simple groups Gwith t(G) = 3

G Restrictions on G m1 m2 m3

Ap 6 < p and p, p – 2
both are primes

(p – 3)!/2 p p – 2

A1(q) 3 < q ≡ ε(mod4) q – ε q q+ε
2

A1(q) q > 4 is even q (q – 1) q + 1
2Dp(3) p = 2m + 1≥ 5 2 · 3p(p–1)(3p–1 – 1)∏p–2

i=1 (3
2i – 1) 3p–1+1

2
3p+1
4

G2(q) q ≡ 0(mod3) q6(q2 – 1)2 q2 + q + 1 q2 – q + 1
2G2(q) p = 32m+1 > 3 q3(q2 – 1) q +

√
3q + 1 q –

√
3q + 1

F4(q) 2 < q is even q24(q6 – 1)2(q4 – 1)2 q4 + 1 q4 – q2 + 1
2F4(q) 2 < q = 22m+1 q12(q4 – 1)

(q3 + 1)(q2 + 1)(q – 1)
q2 –

√
2q3 +

q′ –
√
2q + 1

q2 +
√
2q3 +

q +
√
2q + 1

2A5(2) 215 · 36 · 5 7 11
E7(2) 263 · 311 · 52 · 73 ·

11 · 13 · 17 · 19 · 31 · 43
73 127

E7(3) 223 · 363 · 52 · 73 ·
112 · 133 · 19 · 37 · 41 · 61 · 73 · 547

757 1,093

M11 24 · 32 5 11
M23 27 · 32 · 5 · 7 11 23
M24 210 · 33 · 5 · 7 11 23
J3 27 · 35 · 5 17 19
HS 29 · 32 · 53 7 11
Sz 213 · 37 · 52 · 7 11 13
Co2 218 · 36 · 53 · 7 11 23
F23 218 · 313 · 52 · 7 · 11 · 13 17 23
F2 = B 241 · 313 · 56 · 72 ·

11 · 13 · 17 · 19 · 23
31 47

F3 = Th 215 · 310 · 53 · 72 · 13 19 31

Table 3 The order components of simple groups Gwith t(G) ≥ 4

t(G) G Restrictions on G m1 m2 m3 m4 m5 m6

4 2B2(q) 2 < q =
22m+1

q2 q – 1 q +
√
2q + 1 q –

√
2q + 1

E8(q) q ≡
2, 3(mod5)

q120(q20 – 1)
(q18 – 1)(q14 – 1)
(q12 – 1)(q8 – 1)
(q4 + 1)(q4 + q2 + 1)

q8 + q7 –
q5 – q4 –
q2 + q + 1

q8 – q7 +
q5 – q4 +
q2 – q + 1

q8 – q4 + 1

A2(4) 26 5 7 9
M22 27 · 32 5 7 11
J1 23 · 3 · 5 7 11 19
ON 29 · 34 · 5 · 73 11 19 31
Ly 28 · 37 · 56 · 7 · 11 31 37 67
F′
24 221 · 316 ·

52 · 73 · 11 · 13
17 23 29

F1 =M 246 · 320 · 59 · 76 ·
112 · 133 ·
17 · 19 · 23 ·
29 · 31 · 47

41 59 71

5 E8(q) q ≡
0, 1, 4(mod5)

q120(q18 – 1)
(q14 – 1)(q12 – 1)2

(q10 – 1)2(q8 – 1)2

(q4 + q2 + 1)

q8 + q7 –
q5 – q4 –
q2 + q+1

q8 – q7 +
q5 – q4 +
q2 – q + 1

q8 – q6 +
q4 – q2 +
1

q8 – q4 + 1

6 J4 221 · 33 · 5 · 7 · 113 23 29 31 37 43
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If p = , , then G is a group of order six or twelve and not an element of order six. By
the structures of the groups of order six and twelve, one has that G ∼= S or A, where S
is a symmetric group of degree three and A is an alternating group of degree four. Note
that L()∼= S and L() ∼= A, as desired.
Let p ≥  but not equal to seven. By hypothesis, there exists an element x of order p in

G such that CG(x) = 〈x〉 and CG(x) is a Sylow p-subgroup of G. By the Sylow theorem, we
have that CG(y) = 〈y〉 for any element y inG of order p. So, {p} is a prime graph component
of G and t(G) ≥ . Therefore, G has one of the structures in Lemma .. In addition, p is
the maximal prime divisor of |G| and an odd-order component of G.
Suppose that G is a Frobenius group with a kernel H and a complement K . Then

|K ||(|H| – ). If p ∈ π (H), then by Lemma ., |H| = p and |K | = (p – )/. It follows that
p–
 |(p – ), and thus p = , a contradiction. If p ∈ π (K), then |K | = p and |H| = (p – )/

by Lemma ., and so p| p– . Since p is odd, we have that p|(p – ), which implies p = ,
a contradiction. Hence, G is not a Frobenius group.
Assume thatG is a -Frobenius group. By Lemma ., we have thatG has a normal series

�H�K �G such that π (K/H) = {p} = π(G), π (H)∪π (G/K) = π(G), and |G/K ||(p–).
Then we have that K/H is of order p and π ((p + )/)⊆ π (H).
(a) Let p be not a Mersenne number. Then there exists an odd prime r ∈ π ((p + )/)

such that |Hr| < p. By Lemma ., (p, |Aut(Hr)|) = , which implies that an element
of order p of G can trivially act on Hr . In other words, r can be connected to p in the
prime graph of G, a contradiction.

(b) Let p be a Mersenne number, and p = s – , s ≥ . Then s is a prime and (p – )/ is
an odd number. Recall that |G/K ||(p – ).

If |G/K | = p – , then |H| = (p + )/ = s– < p such that (p, |Aut(H)|) =  by Lemma ..
It follows that  and p connect in the prime graph of G, a contradiction.
If |G/K | = (p – )/, then |H| = (p + ) = s. If H is not an elementary Abelian -group,

then (p, |Aut(H)|) =  by Lemma ., a contradiction. If H is an elementary Abelian -
group, then by Lemma ., s = , and thus p = , a contradiction.
Regarding other cases of |G/K |, we always can find an odd prime r ∈ π (H) and r| p– such

that (p, |Aut(Hr)|) = , which implies that G has an element of order pr, a contradiction.
Therefore, G is not a -Frobenius group either.
Now, G has a normal series  ⊆ H ⊆ K ⊆ G, where H is a nilpotent π-group, K/H is a

simple group, G/K is a π-group such that |G/K | divides the order of the outer automor-
phism group ofK/H and each odd-order component ofG is also an odd-order component
of K/H . It follows that p is an odd-order component of K/H , and t(K/H) ≥ t(G) ≥ , and
also K/H ≤ G/H ≤ Aut(K/H). We now proceed with the following proof in five steps by
the possible number of the prime graph component of K/H in the Tables -. Note that
t(K/H) = , , ,  or .
Step . Assume that t(K/H) = . Then K/H is isomorphic to one of simple groups in

Table . We assert that it is impossible.
.. If K/H ∼= An′ , where  < n′ = p′,p′ + ,p′ + , and one of n′, n′ –  is not a prime, then

p = p′ and n′ !
 | p(p–) . If n′ = p′, then (p – ) < p + , and thus p < , a contradiction. The

cases n′ = p′ +  or p′ +  can be ruled out similarly.
.. If K/H ∼= Ap′–(q′), where (p′,q′) �= (, ), (, ), then p = q′p′–

(q′–)(p′ ,q′–) and q′ p′(p′–) ×
∏p′–

i= (q′i – )| p– . Since p′ is an odd prime and q′ is a prime power, we have that p =
(q′p′–)

[(q′–)(p′ ,q′–)] < q′p′ and q′ p′(p′–) < p–
 < p. It follows that q′ p′(p′–) < q′p′ , and so p′(p′–)

 <

http://www.journalofinequalitiesandapplications.com/content/2012/1/310
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p′, which implies that p′ = . Hence, p = (q′–)
[(q′–)(,q′–)] and q′(q′ – )(q′ –)≤ p–

 . Since

p ≥ q′(q′ – ) and q′ = q′(q′) > q′(q′ + ) > (q′ + q′ + ) ≥ (q′–)
[(q′–)(,q′–)] = p, we

get that q′ > q′(q′–), and so q′–q′– < . Therefore, q′ =  if p′ = , a contradiction.
.. If K/H ∼= Ap′ (q′), where (q′ – )|(p′ + ), then p = q′p′–

q′– and q′ p′(p′+) (q′p′+ – )×
∏p′–

i= (q′i – )| p– . Since p ≤ q′p′ and q′ p′(p′+) < p, we have that p′(p′+)
 < p′, and thus

p′ < , a contradiction.
.. If K/H ∼= Ap′–(q′), then p = q′p′+

(q′+)(p′ ,q′+) and q′ p′(p′–)
∏p′–

i= (q′i – (–)i)| p– . Since

p < q′(p′+) and q′ p′(p′–) < p, we get that p′(p′–)
 < (p′ + ), and thus p′ – p′ –  < .

It follows that p′ =  or . If p′ = , then p = (q′+)
[(q′+)(,q′+)] and q′(q′ – )(q′ + )| p– .

Therefore p ≤ (q′ – q′ + ) ≤ q′ and q′ < q′(q′ + ) < p, a contradiction. Similarly, if
p′ = , then p ≤ q′ and q′ < p, a contradiction.
.. If K/H ∼= Ap′ (q′), where (q′ + )|(p′ + ) and (p′,q′) �= (, ), (, ), then p = q′p′+

q′+ and

q′ p′(p′+) (q′p′ –)
∏p′–

i= (q′i–)| p– . Hence, p ≤ q′(p′+) and q′ p′(p′+) < p, and thus q′ p′(p′+) <
q′(p′+). It follows that p′(p′+)

 < (p′ + ), which means that p′ = . Therefore, q′ < p =
( q

′+
q′+ )

 = (q′ – q′ + ) ≤ q′, a contradiction.

.. If K/H ∼= Bn′ (q′), where n′ = m′ ≥  and q′ is odd, then p = q′n′
+

 and q′n′ (q′n′ – )×
∏n′–

i= (q′i – )| p– . Since p < q′(n′+) and q′n′ < p, we have that n′ < (n′ + ), and thus
n′ – n′ –  < , which implies that n′ < , a contradiction.
.. If K/H ∼= Bp′ (), then p = p

′
–
 and p′ (p′ +)

∏p′–
i= (i –)| p– . Thus, p < p′ and

p′ < p, and so p′ < , a contradiction.
.. If K/H ∼= Cn′ (q′), where n′ = m′ ≥ , then p = q′n′

+
(,q′–) and q′n′ (q′n′ – )

∏n′–
i= (q′i –

)| p– . Since p < q′(n′+) and q′n′ < p, we have that n′ < (n′ +), and thus n′ – n′ – <
, which implies that n′ = . Therefore, p′ ≤ (q′ + ) < q′ and q′(q′ – ) < p′, and
thus (q′ – ) < . It follows that q′ = , a contradiction.
.. If K/H ∼= Cp′ (q′), where q′ =  or , then p = q′p′–

(,q′–) and q′p′ (q′p′ + )
∏p′–

i= (q′i –

)| p– . Hence, p < q′p′ and q′p′ < p, and so p′ < , a contradiction.

.. If K/H ∼= Dp′ (q′), where p′ ≥  and q′ = , , or , then p = q′p′–
q′– and q′p′(p′–) ×

∏p′–
i= (q′i –)| p– . Hence, p < q′p′ and q′p′(p′–) < p, and so p′(p′ –) < p′, which implies

that p′ < , a contradiction.
.. If K/H ∼= Dp′+(q′), where q′ =  or , then p = q′p′–

(,q′–) and


(,q′–)q
′p′(p′+)(q′p′ + )×

(q′p′+ – )
∏p′–

i= (q′i – )| p– . Since p < q′p′ and q′p′(p′+) < p, we get that p′(p′ + ) < p′,
and thus  < p′ < , a contradiction.
.. If K/H ∼= Dn′ (q′), where n′ = m′ ≥ , then p = q′n′

+
(,q′+) and q′n′(n′–) ∏n′–

i= (q′i –

)| p– . Therefore, p < q′(n′+) and q′n′(n′–) < p. Then we have that n′(n′ – ) < (n′ + ),
and thus n′ – n′ –  < , which implies that n′ = , a contradiction.
.. IfK/H ∼= Dn′ (q′), where n′ = m′ + ≥  if q′ =  and n′ ≥  if q′ = , then p = q′n′–+

(,q′–)
and 

(,q′–)q
′n′(n′–)(q′n′ + )(q′n′ – )

∏n′–
i= (q′i – )| p– . Because p < q′n′ and q′n′(n′–) < p,

we have that n′(n′ – ) < n′, and so  < n′ < , a contradiction.
.. IfK/H ∼= Dp′ (), where p′ �= m′ + and p′ ≥ , then p = p

′
+
 and p′(p′–) ∏p′–

i= (i–
)| p– . Hence, p < (p′+) and p′(p′–) < p. It follows that p′(p′ – ) < (p′ + ), and so
 < p′ < , a contradiction.
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.. If K/H ∼= G(q′), where q′ ≡ ε(mod) and q′ > , then p = q′ – εq′ +  and q′(q′ –
ε)(q′ – )(q′ + ε)| p– . It follows that p = (q′ – εq′ + ) < q′ and q′ < p, a contradiction.
.. If K/H ∼= D(q′), then p = q′ – q′ +  and q′(q′ – )(q′ – )(q′ + q′ + )| p– .

Therefore, p = (q′ – q′ + ) < q′ and q′ < p, a contradiction.
.. If K/H ∼= F(q′), where q′ is odd, then p = q′ – q′ +  and q′(q′ – )(q′ – )(q′ –

)| p– . Thus, p < q′ and q′ < p, a contradiction.
.. If K/H ∼= E(q′), then p = q′+q′+

(,q′–) and q′(q′ – )(q′ – )(q′ – )(q′ – )(q′ –

)(q′ – )| p– . Since p ≤ (q′ + q′ + ) < q′ and q′ < p, a contradiction can be ob-
tained.
.. IfK/H ∼= E(q′), where q′ > , then p = q′–q′+

(,q′–) and q′(q′ –)(q′–)(q′–)(q′ +

)(q′ + )(q′ – )| p– . Hence, p ≤ (q′ – q′ + ) < q′ and q′ < p, a contradiction.
.. If K/H is isomorphic to one of A(), F()′, M, J, Ru, He, McL, Co, Co,

F, and HN , then p = , , , , , , , or , and |K/H|| p– . By [], we have that
|K/H| ≥ , but ( p

–
 ) ≤ , a contradiction.

Step . Suppose that t(K/H) = . Then K/H is isomorphic to one of simple groups in
Table . We assert that it is impossible except A(p), where p≥  is an odd prime and not
equal to seven.
.. If K/H ∼= Ap′ , where p′ >  such that p′ and p′ –  are primes, then p = p′ and

p′ !
 | p(p–) . It follows that (p – ) < p + , and thus p < , a contradiction.
.. If K/H ∼= A(q′), where q′ ≡ ε(mod) and q′ > , then p = q′, q

′+ε

 .
Let p = q′. Then K/H ∼= A(p) = L(p). Recall that K/H ≤ G/H and |G| = p(p–)

 = |L(p)|,
we have that G ∼= L(p), as desired.
Let p = q′+

 . Then q′ = p–  and q′(q′ – )| p– , and thus (p– ) ≤ p+ . Hence we get
that p < , a contradiction.
Let p = q′–

 . Then q′ = p +  and q′(q′ + )| p– . It follows that (p + ) ≤ p – , and so
it is impossible.
.. If K/H ∼= A(q′), where q′ >  is even, then p = q′ + ε and q′(q′ – ε)| p– , and thus

(p – ε) ≤ p + ε. Therefore, p = , which means that q′ = , a contradiction.
.. If K/H ∼= Dp′ (), where p′ = m′ +  andm′ ≥ , then p = p

′–+
 or p

′
+
 .

Let p = p
′–+
 . Then p

′
+
 p′(p′–)((p′–) – )

∏p′–
i= (i – )| p– . Since p < p′ and

p′(p′–) < p, we have that p′(p′ – ) < p′, and so p′ < , a contradiction.
Let p = p

′
+
 . Then (p′– +)p′(p′–)((p′–) –)

∏p′–
i= (i–)| p– . Hence, p < (p′+) and

p′(p′–) < p, and thus p′(p′ – ) < (p′ + ). It follows that p′ =  and p = , contradicting
p < (p′+).
.. If K/H ∼= G(q′), where q′ ≡ (mod), then p = q′ – εq′ + and (q′ + εq′ +)q′(q′ –

)| p– . It follows that p = (q′ – εq′ + ) < q′ and q′ < p, a contradiction.
.. If K/H ∼= G(q′), where q′ = m′+ > , then p = q′ – ε

√
q′ +  and (q′ + ε

√
q′ +

)q′(q′ – )| p– . Therefore, p = (q′ – ε
√
q′ + ) < q′ and q′(q′ – ) < p, and thus

q′ –  < q′, a contradiction.
.. IfK/H ∼= F(q′), where q′ >  is even, then p = q′+ or q′–q′+. Assume p = q′+.

Then q′(q′ – )(q′ – )(q′ – q′ + )| p– . It follows that p = (q′ + ) < q′ and q′ <
p, a contradiction. Similarly, if p = q′ – q′ + , then q′(q′ – )(q′ – )(q′ + )| p– ,
and so p = (q′ – q′ + ) < q′ and q′ < p, a contradiction.
.. If K/H ∼= F(q′), where q′ = n′+ and q′ > , then p = q′ + ε

√
q′ + q′ + ε

√
q′ + 

and q′(q′ – )(q′ + )(q′ + )(q′ – )(q′ – ε
√
q′ + q′ – ε

√
q′ + )| p– . Hence, p =
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(q′ + ε
√
q′ + q′ + ε

√
q′ + ) < (q′ + q′ + ) < (q′ – ) < q′ < q′ and q′ < p, a

contradiction.
.. If K/H is isomorphic to one of M, M, and J, then p = , , or  and

|K/H|| p– . By [], we have that  ≥ |K/H| ≥ , but ( p
–
 ) ≤ , a contradiction.

.. IfK/H is isomorphic to one of A(), E(), E(),M,HS, Sz,Co, F, F, and F,
then p = , , , , , , , or ,, and |K/H|| p– . By [], we have that |K/H| >
, but ( p

–
 ) ≤ , a contradiction.

Step . Assume that t(K/H) = . Then K/H is isomorphic to one of simple groups in
Table  except E(q′), q′ ≡ , , (mod) and J. We assert that it is impossible.
.. If K/H ∼= J, then p =  and | p– , but p–

 = , a contradiction.
.. If K/H is isomorphic to one of A(), E(), M, ON , Ly, F ′

, and F, then p =
, , , , , , or  and |K/H|| p– . By [], we have that |K/H| ≥ , but ( p

–
 ) ≤

, a contradiction.
.. If K/H ∼= B(q′), where q′ = m′+ and q′ > , then p = q′ –  or q′ + ε

√
q′ + .

Let p = q′–. Then q′(q′–
√
q′+)(q′+

√
q′+)| p– . It follows that q′ < p = (q′–) <

q′, a contradiction.
Let p = q′ –

√
q′ + . Then q′(q′ – )(q′ +

√
q′ + )| p– . Therefore, p < q′ and q′ < p,

a contradiction.
Let p = q′ +

√
q′ + . Then q′(q′ – )(q′ –

√
q′ + )| p– . Therefore, p = m′+ + m′+ + 

and p–
 = m′+(m′ + )(m′ + m′ + ). Since |K/H||( p– ), we have that (m

′+)|m′+,
and thus (m′ + )≤ m′ + , a contradiction.
.. If K/H ∼= E(q′), where q′ ≡ , (mod), then p = q′ – q′ + ,q′ – q′ + q′ – q′ +

q′ – q′ +  or q′ + q′ – q′ – q′ – q′ + q′ + . Assume that p = q′ – q′ + . Then p <
q′, but q′ < p, a contradiction. Similarly, for other cases of p, we can always obtain a
contradiction.
Step . Assume that t(K/H) = . Then K/H ∼= E(q′) in Table , where q′ ≡ , , (mod),

and thus p = q′ –q′ +,q –q′ +q′ –q′ +,q′ –q′ +q′ –q′ +q′ –q′+ or q′ +q′ –q′ –
q′ – q′ + q′ + . By the way of ., for all cases of p, we can always obtain a contradiction.
Hence, we omit it.
Step . Assume that t(K/H) = . Then K/H ∼= J in Table . It follows that p =  and

| p– , but p–
 =  ·  ·  · , a contradiction.

Therefore, we have that G ∼= L(p), where p is a prime and not equal to , as desired.
�

By Theorems . and ., the following corollary holds.

Corollary . Thompson’s conjecture holds for the projective special linear group L(p),
where p is a prime.

Proof Let G be a group with trivial central and N(G) = N(L(p)). Then it is proved in []
that |G| = |L(p)|. Hence, the corollary follows from Theorems . and .. �

Remark . By . of Theorem . and Lemma ., the following conclusion is true.

Let G be a group with |G| =  ·  · . Then G has a class size of  if and only if G ∼= L()
or (Z × Z × Z : Z) : Z.
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