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Fractal methodology provides a general frame for the understanding of real-world phe-
nomena. In particular, the classical methods of real-data interpolation can be generalized
by means of fractal techniques. In this paper, we describe a procedure for the construc-
tion of smooth fractal functions, with the help of Hermite osculatory polynomials. As a
consequence of the process, we generalize any smooth interpolant by means of a fam-
ily of fractal functions. In particular, the elements of the class can be defined so that the
smoothness of the original is preserved. Under some hypotheses, bounds of the interpo-
lation error for function and derivatives are obtained. A set of interpolating mappings
associated to a cubic spline is defined and the density of fractal cubic splines in %?[a, b]
is proven.
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1. Introduction

Fractal interpolation techniques provide good deterministic representations of complex
phenomena. Barnsley [2, 3] and Hutchinson [8] were pioneers in the use of fractal func-
tions to interpolate sets of data. Fractal interpolants can be defined for any continuous
function defined on a real compact interval. This method constitutes an advance in the
techniques of approximation, since all the classical methods of real-data interpolation can
be generalized by means of fractal techniques (see, e.g., [5, 10, 12]).

Fractal interpolation functions are defined as fixed points of maps between spaces
of functions using iterated function systems. The theorem of Barnsley and Harrington
(see [4]) proves the existence of differentiable fractal interpolation functions. However,
in some cases, it is difficult to find an iterated funcion system satisfying the hypothe-
ses of the theorem, mainly whenever some specific boundary conditions are required
(see [4]). In this paper, we describe a very general way of constructing smooth fractal
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2 Smooth fractal interpolation

functions with the help of Hermite osculatory polynomials. The proposed method solves
the problem with the help of a classical interpolant. The fractal solution is unique and the
constructed interpolant preserves the prefixed boundary conditions. The procedure has
a computational cost similar to that of the classical method.

As a consequence of the process, we generalize any smooth interpolant by means of
a family of fractal functions. Each element of the class preserves the smoothness and the
boundary conditions of the original. Under some hypotheses, bounds of the interpolation
error for function and derivatives are obtained. Assuming some additional conditions on
the scaling factors, the convergence is also preserved.

In the last section, a set of interpolating mappings associated to a cubic spline is de-
fined, in the general frame of functions whose second derivative has an integrable square.
In particular, the density of fractal cubic splines in #?[a,b] is proven.

2. Construction of smooth fractal interpolants
2.1. Fractal interpolation functions. Let t) < t; < - - - < ty be real numbers, and I =
[fo,tn] C R the closed interval that contains them. Let a set of data points {(#;,x;) €
IxR:i=0,1,2,...,N} be given. Set I,, = [t,—1,t,] and let L, : I — I,, n € {1,2,...,N},
be contractive homeomorphisms such that
Ln(to) =tu-1, Ln(tN) =ty (2~1)
|Li(ci) —Li(c) | <llci—c| Ve, el (2.2)
forsome 0 << 1.
Let —-1<s,<1,n=1,2,...,N,and F = I X R, let N be continuous mappings, let F,, :
F — R be given satisfying
Fn(tOer) =Xn-1» Fn(tN,XN) = Xn» n= 132;---3N) (2~3)

|Fu(t,x) = Fu(t,y)| < |sullx—yl, t€l x,y€R. (2.4)
Now define functions
wu(t,x) = (L,(t),F,(t,x)) Vn=1,2,...,N, (2.5)

and consider the following theorem.

THEOREM 2.1 [2, 3]. The iterated function system (IFS) {F,w, :n = 1,2,...,N} defined
above admits a unique attractor G. G is the graph of a continuous function f : I — R which
obeys f(t;) = x; fori=0,1,2,...,N.

The previous function f is called a fractal interpolation function (FIF) corresponding
to {(L,(t),En(t,x))}\_;. f:1 — R is the unique function satisfying the functional equa-
tion

f(La(t)) =Fu(t, f(1)), n=12,...,N,tel, (2.6)
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or
f(t)=F,(L,"(t), f o L,' (1)), n=1,2,....N, t €I, = [tu_1,tn]. (2.7)

Let & be the set of continuous functions f : [fy,ty] — R such that f(ty) = xo, f(tn) =
xn. Define a metric on & by

d(f.g) = Ilf —glo =max{[f(t) —g(®) s t € [to,t5]} Vf.geF. — (2.8)

Then (%,d) is a complete metric space.
Define a mapping T : & — & by

(TF)(t) =Fu (L, (t), foL,'(t)) Vt€ [ty1,ta], n=1,2,...,N. (2.9)

Using (2.1)—(2.4), it can be proved that (T f)(t) is continuous on the interval [#,_1,1,]
for n =1,2,...,N and at each of the points t,,t,,...,ty-1. T is a contractive mapping on
the metric space (%,d),

ITf—Tgllo < Islwll f — glle, (2.10)

where [s|o = max{|s,|; n=1,2,...,N}. Since |s|» < 1, T possesses a unique fixed point
on %, that is to say, there is f € & such that (T f)(t) = f(¢t) for all t € [ty, tn]. This func-
tion is the FIF corresponding to w,.

The most widely studied fractal interpolation functions so far are defined by the fol-
lowing IFS:

L,(t) =a,t+b,,

(2.11)
Fu(t,x) = sux +qn(t)
with
(ty —tn-1) (tNtu1 — toty)
= i b, = “NIn-1 7 Hobn) 2.12
" v —to) (ty — to) (212)

sn is called the vertical scaling factor of the iterated function system and s = (s,
$25...,5N) is the scale vector of the transformation. If g, () are linear for t € [f,ty] then
the FIF is called affine (AFIF) (see [2, 11]). The cubic FIF (see [10, 13]) is constructed
using g,(t) as a cubic polynomial.

In many cases, the data are evenly sampled, then

h= by —th-1,
(2.13)
ity —to = Nh.
In the particular case, s, = 0 forall n = 1,2,...,N, then
Fu(t,x) = qn(t) (2.14)

and f(t) = g, o L,'(t) forall t € L.
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2.2. Differentiable fractal interpolation functions. In this section, we study the con-
struction of smooth fractal interpolation functions. The theorem of Barnsley and Har-
rington [4] proves the existence of differentiable FIFs and gives the conditions for their
existence. We look for IFS satisfying the hypotheses of this theorem.

THEOREM 2.2 (Barnsley and Harrington [4]). Let ty < t; <t < --- <ty and L,(t), n=
1,2,...,N, the affine function L, (t) = a,t + b, satisfying the expressions (2.1)-(2.2). Let a, =
L (t) = (t, — ty—1)/(tn — to) and F, (t,x) = spx +qu(t), n = 1,2,...,N, verifying (2.3)-(2.4).
Suppose for some integer p = 0, |s,| < a‘g, and g, € €P[ty,tn]; n=1,2,...,N. Let

(k)
n + n t
Fo(£,%) = ”61#, k=12...,p, (2.15)
n
(k) (k)
11 5
Xok = %k ( 0), XNk = ql,j (N), k=12,...,p. (2.16)
al _51 aN_SN

If Fyo1k(tnsxn) = Far(to,xox) withn =2,3,...,N and k = 1,2,..., p, then

{(La(6), Fu(t)) 1Y, (2.17)

determines a FIF f € 6?[ty,ty] and f® is the FIF determined by

(L), ()}, (2.18)

fork=1,2,...,p.
From here on, we consider a uniform partition in order to simplify the calculus. In this

case,

ay = N (2.19)

If we consider a generic polynomial g,,, for instance, the equality proposed in the the-
orem implies the resolution of systems of equations. Sometimes the system has no solu-
tion, mainly whenever some boundary conditions are imposed on the function (see [4]).
We will proceed in a different way. In order to define an IFS satistfying Theorem 2.2, we
consider the following mappings:

L,(t) = a,t+ b,

(2.20)
Fu(t,x) = syx +qu(t),

where
qn(t) = g © Ln(t) = snb (1), (2.21)
¢ is a continuous function satisfying

g(ti) =x;, 1=0,1,...,N, (2.22)
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and b(t) is a real continuous function, b # g, such that
b(to) = xo, b(tn) = xn. (2.23)

The IFS satisfies the hypotheses (2.1)—(2.5) of Barnsley’s theorem (see [11]). In [11], we
proved some properties of this fractal function.

Definition 2.3. Consider g € €(I) and a partition of the closed interval I = [ty,tn], A:
to <ty < ---<ty.Let bbe defined as before and let s = (s1,...sy) be the scaling vector of
the IFS defined by (2.11) and (2.21).

The corresponding FIF g3,, g;, ga or simply g° is called s-fractal function of g with
respect to the partition A and the function b.

THEOREM 2.4 (see [11]). The s-fractal function g, of g with respect to A and b satisfies the
inequality

5] e

g~ 8lles = 7y g — bl (2.24)

where |s|o = maxi<,<n1Is4|}. Besides, g interpolates to g, that is to say,
& (ty) =g(t,) VYn=0,1,...,N. (2.25)

Consequence 2.5. If s = 0, then g; = g.
Remark 2.6. By (2.7),forallt € I,,n=1,2,...,N,

g () =g(t) +sa(g) —b) o L, (1). (2.26)

The first step is to check which conditions should satisfy b(t) in order to fulfill the
hypotheses of the theorem of Barnsley and Harrington.

Let us consider p > 0, |s,| < 1/NP, and g,(t) € €?[ty,tn], n=1,2,...,N.

The prescribed conditions are

Fou 1 jc(tnsxnk) = Fak (to,xo0k)» (2.27)

where n =2,3,...,N, k=1,2,...,p.
We have from the assumptions (2.15) of the theorem,

(k)
SuX+qgn (t
Fur(t,x) = a+(). (2.28)

n

In this particular case,
%(t) :goLn(t) —s,b(1) (2.29)

as L,(t) = (I/N)t+b,and L, (t) = 1/N = a,, we have forall k = 0,1,...,p,

4(0) = 18 (La(0) — i M (1) (2.30)
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so that (2.27) becomes

g® (tn) — Nksyb® (ty)

Nksnfl I—NkSN 75n*1Nkb(k)(tN)

(1) - N, b 1) (2.31)

_ Nk g to -N S1 to _ k1.(k)

NF¥s, T NFs, saN b ().

If we consider constant scale factors s, = s; foralln =1,...,N,

g™ (i) = b0 (1) = g9 (1) — ™ (1o). (2.32)
A sufficient condition in order to satisfy this equality is
b® (1) = gV (10),

(2.33)

b (1) =g (1)

for k =0,1,2,..., p. In this case, we look for a function b which agrees with g at the ex-
tremes of the interval until the pth derivative.

The conditions (2.33) will be satisfied if a Hermite interpolating polynomial b is con-
sidered, with nodes ty, ty and p derivatives at the extremes. In this case, (see [14]),

p
z ) (to) Lok (t) + Zg(k tN) Lk (1) (2.34)

k=0 k=0

The functions £ are defined by means of intermediate ljx, for i = 0,N and 0 < k < p,

_U;mf(t—m>“1 _O—Wﬁ(t—m)ﬁl
k(1) = =, o) hui(t) = =, P— (2.35)
so that
Lop(t) = lop(t),
(2.36)
Enp(t) = Inp(2),
andfork=p—-1,p-2,...,0,
Lor(t) = lox(t) — Z lok to) Loy(1),
v=k+1 (2‘37)

Eni(t) = Ini(t) z lNk tN) L (t).

v=k+1

The mappings £ satisfy

0 otherwise.

L ifie i k—o,
555;‘3)(0)=<| nre R (2.38)
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The degree of Hy(t) is 2p + 1. The function g is an interpolant of the data such that
gEe6r.

According to the theorem of Barnsley and Harrington, the IFS associated with the kth
derivative of a FIF is expressed by

Ly(t) = %th,

(2.39)
Fu(t,x) = N¥six + N¥ g0 (1), k=0,1,2,...,p.
In our case,
qn(t) = go Ly(t) —s1b(1), (2.40)

where b(¢) is a Hermite interpolating polynomial of degree 2p + 1 of g. The derivatives of
qn(t) become

g¥ (1) = %g(k) (Lo(D) - b0 (), k=0,1,2...,p, (2.41)
so that the IFS defining the kth derivative of g is (2.15),

L () = %an,

(2.42)
Fuc(t,x) = N¥sjx+g® o L,(t) = N*s; b0 (), k=0,1,2,...,p,
that is to say, the map g« corresponding to Fy is
gui(t) =g o L, (t) = N¥s; b0 (1),  k=0,1,2,...,p, (2.43)

so that the kth derivative of the s-fractal function of g with respect to s and b, g;, agrees
with the fractal function of g'®) with respect to the scaling vector N¥s and b'®) (Definition
2.3):

kS
@)™ = @@, k=0,1,2,...,p. (2.44)

ProrposiTioN 2.7. (g3)® interpolates to g% at the nodes of A, for 0 < k < p.

Proof. The ordinates of (g;)*) at the extremes of the interval are given in the theorem of
Barnsley and Harrington. Applying (2.16), (2.33), and (2.41),

GOy g () 1 LS )
()" (0) = 0= 0 = (G (a10) — 516 (1))

(g0 (to) —siN*B®) (1)) = ¥ (1).

(2.45)
1

- l—SlNk

In the same way,

(€)™ (tn) = g® (). (2.46)
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Now, applying the fixed point equation (2.26) corresponding to kth IES at t,,,

()" (1) = Fue (L (1), (g0) " 0 1, (1))

(2.47)
= N¥s1(g5) ™ 0 Ly (1) +8® () = N¥sib® 0 L (1) = g (1)
since
L (ta) = t,
()" (1) = g% (tw) = b (1x), -

The properties of g; are as the following.
(i) (g)™® interpolates to g'¥) at the nodes of the partition A, for 0 < k < p.
(ii) g; may be close to g (choosing suitably the scale vector according to (2.24)).
(iii) g; preserves the p-smoothness of g.
(iv) gj, preserves the boundary conditions of g.
(v) If s =0, g = g, that is to say, g is a particular case of gj.

Note. Despite the similarity between g and g, in general, they do not agree. In fact, if
s#0and b # g, then g, # g.
Let us assume that g; = g. If s; # 0, applying (2.26) for L,(t) € I,,,

goLy(t)=goL,(t)+s1(g—b)(1),

2(8) = b(® (2.49)

forallt 1.

2.3. Uniform bounds. In order to bound the distance between g and gj, we consider a
theorem of Ciarlet et al. concerning Hermite interpolation.
Given a partition A: ty < t; < - - - < ty of an interval [fo,tn], I, = [ta—1,ts] for 1 <n <

N, the Hermite function space (see [14]) Hg“ (p € N) is defined by

ptl

Hy ={¢:[to,tn] — R; 9 €6P[to,tn], ¢l1, € Popir}s (2.50)

where %1 is the space consisting of all polynomials of degree at most 2p + 1.

Tueorem 2.8 (Ciarlet et al. [6]). Let g € €"[ty,tn] with r = 2p + 2, let A be any partition
of [to,tn], let Aty <t < - -+ < tn, and let ¢(t) be the unique interpolation of g(t) in HfH,

that is, g (t,) = eV (t,), forall0 <n <N, 0 <[ < p. Then

||A||2p+2—k

(k) _ k) (2p+2)

forallk =0,1,...,p+1.

In the case in study, we consider a single subinterval of length T' = b — a. To bound
the difference between the kth derivative of g and the kth derivative of g;, we can use
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Theorem 2.4,

5y (k ks S
16" -8l = g -l < ol lg ol 22

Considering that b(t) = ¢(t) is the Hermite interpolating polynomial of degree 2p +
1 of g, theorem of Ciarlet et al. can be used in order to bound ||g® — b®) ||, so that
applying (2.51), (2.52) and considering g € 62F+2),

1™ -]l = 'jl' g -8

Nk | s | T2p+2—k
<
1 — Nk|s; | 22p+272kk1(2p + 2 — 2k)!

g2, k=0,1,...,p.
(2.53)

2.4. An operator of ‘€7(I). From here on, we denote by g° the s-fractal function of g €

@ (I) with respect to a fixed partition A of the interval, a scaling vector s with constant

coordinates s, = 5| foralln = 1,2,... N and b(t) = H,(t) defined in the preceding sections.
For fixed A, let us consider the operator of ‘6#(I) which assigns g* to the function g,

P,(8)=¢" (2.54)

THEOREM 2.9. D3, is a linear, injective, and bounded operator of €7 (I)

Proof. The operator is linear as by (2.26) for all t € I,

F5) = f(®) +sa(fS—Hy) o L' (1),

. (2.55)
(1) =g(t) +su(g° = Hy) o L, (£).
Multiplying the first equation by A and the second by y and considering that
/1Hf +uHg = H) f14q, (2.56)
the function
AfS+ug (2.57)
satisfies the equation corresponding to
(Af +ug). (2.58)

By the uniqueness of the solution, the linearity is proved.
To prove the injectivity, let us consider that g°* = 0. In this case, for all t € I, by (2.26),

=g(t) —siHg o L, ' (1) (2.59)

but this equation is satisfied by g(¢) = 0 and due to the uniqueness of the solution g = 0.
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We consider 6?(I) endowed with the norm || f i) = Zﬁ:o | f®)]| . Using the defi-
nition of H,(t) (2.34),

, | |
> (89 (to) E51 () + 8 (1) (1))

k=0

=Y (8)]], = sup

>

P (2.60)
1 (0], < supliglerm 3. (|25 0] + [£h0)]).
tel k=0
Let us consider
d () (j)
A= sup Y (L 0)]+ | £ho]) (2.61)
tel k=0
0<j<p
then
[ H lego () < g llerap,
(2.62)
g - Hg”q;p(f) < (Ap + D liglerm.
On the other hand, using Theorem 2.4, (2.52), and
N s | NP|s |
. < 2.63
1-Ni|si| - 1-N?|si] (2.63)
for 0 < j < p, one has
s NP | S1 |
\lg* = gllerry < m“g—Hgme’ (2.64)
by (2.64) and (2.62),
NP s |
|18 legoqr) = g llceary < m@p + 1) lglerm,
| | (2.65)
1+/\pr S1
gy = T-NP[s| llgll<eer)-
As a consequence, QD; is bounded and
1+A,N? | S1 |
g || < —L 1 2.66
9= 520 20

2.5. Convergence in €?(I). Let x € €*(I) be an original function providing the data
and let ga, € 67(I) be an interpolant of x on the partition Ay. We consider the fractal
function ggljv of g, with respect to the partition Ay, the scale vector s¥ with constant
coordinates, and the function b defined by the equality (2.34).
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TueoreM 2.10. Ifx € €P(I) is an original function and gu, is a p-smooth interpolant of x
with respect to the partition Ay, consider a scaling vector sN with constant coordinates such
that || < 1/NP, then

SN NP |511V |

||x _gAN||<@p(1) <|lx _gANH(GP(I) + W (Ap+1) ||gAN||<@p(1)- (2.67)

Proof. One has
||x _gZIZVHw(I) <|lx _gAN||<@p(1) +1lgay _givw”wu): (2.68)

by (2.64),
NP |V

Il — g ey = 1% = gawlleor) + WH&‘AN — Hy, |lgor)- (2.69)
Using (2.62), the result is obtained. O

Consequence 2.11. If one considers a scaling vector such that |511\r| < 1/NP* for r >0
fixed, the fractal interpolant gZIL converges in ‘67 (I) towards the original x if ga, does (as
N tends to «).

Note. The constant A, does not depend on Ay but only on the extremes of the interval.

3. Fractal cubic splines
In this section, we study the particular case p = 2, considering the following IFS:

L,(t) = ayt+ by,

F(t,x) = spx + gn(t), (3-1)
where a, = 1/N, s, =s; foralln =1,2,...,N,
qn(t) = g o Ly(t) — s1b(2), (3.2)

where g is a cubic spline with respect to a uniform partition Ay (g = oa,) and b = Hy is
a Hermite interpolating polynomial satisfying the described conditions (2.33) with p = 2
(b(t) is a polynomial of degree 5).

We use a classical result of splines in order to find 6(I) bounds of the interpolation
error.

Tueorem 3.1 (Hall and Meyer [7]). Let f € 6*[a,b] and | f ¥ (¢)| < L for all t € [a,b].
Let || fllo =sup|f(t)| whent € [a,b]. Let Ay = {a=1ty <t < --- <ty = b} bea partition
of the interval [a,b], with constant distances between nodes h = t, — t,_,. Let o, be the
spline function that interpolates the values of the function f at the points ty,t1,...,tn € An,
being oa,, type I or II. Then

f" =6, < CLE*  (r=0,1,2) (3.3)

N

with Cy = 5/384, C, = 1/24, C, = 3/8. The constants Cy and C, are optimum.
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Remark 3.2. A spline is type I if its first derivatives at a and b are known. A spline is type
IT if it can be explicitly represented by its second derivatives at a and b.

THEOREM 3.3. Let x(t) be a function verifying x(t) € €*[to,tn] and |x(t)| < L for all
t € [to,tn]. Let oay(t) be a cubic spline (with respect to the uniform partition Ay) and let
b(t) be a Hermite interpolating polynomial of degree 5 of o, at the extremes of the intervall.
Choose a scaling vector with constant coordinates such that |sV| < 1/N2, then

N? st |

oy et (M @) 4
1—N2|511V|(A2+ ) (M + [ xllee2(r)) (3.4)

N
||x - O‘iNH(@z(I) =< Mh +

where My, = CoLh* + C,Lh® + C,Lh?, Cy, Cy, C;, are the constants of Hall and Meyer theo-
rem, T =ty — to = Nh, and A, is defined in (2.61).

Proof. Applying Theorem 2.10,

& N?|sy|
Ilx = ox gy = M+ TN (A2 + Dl|oay |l - (3.5)
Using now theorem of Hall and Meyer,
lloas ey = M+ Ixllear (3.6)
and the result is obtained. O

3.1. Convergence in #(*[a,b]. In this subsection, we weaken the hypotheses about the
original function x. The set

%*[a,b] = {x:[a,b] — R; x" absolutely continuous; x” € L*(a,b)} (3.7)

is a Hilbert space with respect to the inner product
2 . .
() =2 <x(1))y(])>L2(a,b)’ (3.8)
=0

where

ggnmw=(ﬁfmmﬁmfn (3.9

and the norm

2 172
lll9¢2(a,61 = (Z ||x||§> , (3.10)
j=0

where

b 1/2
||x||j:(J (x<f>(t))2dt) ][y forj = 0,1,2 (3.11)
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Cubic splines belong to #?[a,b] and these functions satisfy the following very well-
known properties with respect to the elements of #?[a,b] (see [1]).

THEOREM 3.4. Consider x € #?[a,b] and consider a sequence of partitions Ay such that
[AnIl = 0 as N — oo. If op is a spline of interpolation of x with respect to the partition Ay,

then {aéqN)} converges uniformly to xD on I =a,b) forq=0,1.

THEOREM 3.5. If x € ¥?[a,b] and oa is a spline of interpolation of x with respect to the
partition A, then

113 = lloal 3+ [x = aal[5- (3.12)
Consequence 3.6. One has
Ixl12 —||oall3 = 0. (3.13)

Consequence 3.7. If x € #?[a, b] is such that x(t;) = x; at the nodes of the partition A and
oA (1) is the cubic spline corresponding to (f;,x;), then

b b
J |a;'(t)|2dtsj PROIR (3.14)

(property of minimum || - [|,-norm).

Theorem 3.9 states the convergence of fractal cubic splines towards the original func-
tion if an additional condition is imposed on the scaling factors. We need a previous result
concerning fractal interpolation functions.

LemMa 3.8. For a uniform partition and constant scale factors s, = sy, foralln =1,...,N,

|51|

||f5 _fHLZ(a,b) = 1— |51|

Il f = bll2ap). (3.15)

Proof. According to (2.26), for all t € I,

F&) = fO)=s1(f ~b)oL,' (1),
5 N tu 5 (3.16)
1= Fllan = 258 P =B oL o)V,
n=1 t

n—1

The change of variable f = L, ! (t) provides

N b
1= Pl =5t Do | (£ - D)@V,
n=1 7@ (3.17)

||fs - fHIz}(u,h) = S%HfS - b||i2(a,b)'
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Asa consequence,

f* = flliapy = Tst HIF* = bllaapy < Tst UL = fllagae + 1 = bll2ap)s

. § |51 B (3.18)
A LA .

The next theorem states the convergence of fractal cubic splines towards any original
function x € #*[a,b] when the partition is refined. A part of the proof can be read in [1,
Theorem 3.14.1]. For reason of completeness, we include it here.

Tueorem 3.9. Consider x € #*[a,b] and let {AN} be a sequence of partitions such that
AN S Any1 and ||Ax] = 0 as N — oo. Let sN € (=1,1)N be any sequence of scaling vectors
with constant coordinates satisfying IS?’ | < 1/N?*" wherer >0, then {Gf;} converges to x in

the norm of #?*[a,b].

Proof. As Ay S An+1, the spline o, interpolates to oa,,, at the nodes of Ay. Applying
the property of minimum || - |[,-norm,

loay [, = [loay. |- (3.19)
As a consequence, {|loay |2} §—; is increasing. Besides, 0y, is bounded because of (3.13),

[loaxl, < llxll2s (3.20)

therefore, {lloa, ll2}5—; is a convergent sequence. Using the same argument, as Ay <
An+p forall p € N, by (3.12),

2 2 2
||O-AN+p - O.ANHZ = ||JAN+p||2 - ||O.AN||2 (321)

and {0y } is a Cauchy sequence in L?(a,b). As L*(a,b) is complete, there exists y €
L*(a,b) such that

b
lim J |y(5) — ol (0| dt = . (3.22)
Let us define Y () = x'(a) + faty(u)du,

t
|Y(t)— o4, ()] < J | y(u) —op, (u) |du+ |x'(a) — oy (a) |
a (3.23)

<y =0k 1)yt 1¥ @ =i, (@),

Using Schwarz’s inequality,
b 2 1/2
1Y (1) - o4 ()] = (J (1)~ o1 (1) | dt) (b—a)2+ |x(a)—op,(@)]. (324)

Considering (3.22), (3.24), and Theorem 3.4,

I}]i{l;lo op, (1) = Y (1) (3.25)

unif
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Besides,
X' (1) =Y ()| < [x'(8) = a5, ()| + | ap, (8) = Y (1) ]. (3.26)

Applying limits in this expression as N — oo, according to Theorem 3.4 and (3.25),x" =Y
and x”" = Y' = y almost everywhere. As a consequence by (3.22), as N — o,

lloay — x|, — 0 (3.27)
and by (3.25),
lloay = %[l — 0. (3.28)
According to Theorem 3.4, as [|Ay|| — 0 and x € #?(a,b),
lloay =l —o. (3.29)
The uniform convergence on I = [a,b] implies L?-convergence and
lloay — x||3(32[a,b] — 0. (3.30)

Let us consider now any sequence of scaling factors such that |s | < 1/N2*", where r > 0.
One has

[|x — 021”%2[%17] < |lx = oayllgerpap + o3y, — 0a 32 1ap- (3.31)

Considering (2.44) and Lemma 3.8, for j =0, 1,2,

NG () NS 0
H(UAN) v Lz(ab) 1-NJ |5N| H —b 2(ab)’ (3.32)
As a consequence, bearing in mind that for j = 0,1,2,
N] N N2 N
sl NP (3.33)
L-N/[s'| = 1-N2|s)|
one has
N l\f2 | SN |
lloay — oanllsepap) < WHUAN = bllse 10 (3.34)
on the other hand,
lloay = bllseap) < lloay = *llge ) + 1% = bllse(ap)- (3.35)

Due to the convergence of o, to x in #2[a,b] (3.30), lloay — bll3e2a,p) is bounded (3.35).
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Since \s?’l < 1/N?*", taking limits in (3.34) as N — oo,

||0§; = 0ayllse ) — O- (3.36)

Finally, by (3.30) and (3.31),
Ry — X (3.37)
in #*[a,b]. 0

Consequence 3.10. The fractal cubic splines with non-null scale vector are dense in

#?(a,b].

Note. For sV = 0, we retrieve the standard spline case.

3.2. Fractal cubic spline operator. Let
An:ia=ty<t)]<th<---<tny1=b (3.38)

be a given partition of the interval [a,b]. We follow here the spline definition of Laurent
(see [9]). In order to simplify the notation, we will omit the subindex and we will write
o(t) to represent a spline with respect to Ay.

Definition 3.11. Let S be the space of cubic spline functions ¢ defined in [a, b] such that
(i) o is a cubic polynomial on each subinterval (tx,tx41), k= 1,...,N — 1,
(ii) o is a polynomial of degree 1 in [a,t) and (ty,b],
(iii) '’ is continuous.

Note 1. Sis a linear subspace of #?[a,b].
Note 2. In this case, 0''(a) = 0" (b) = 0 (natural splines).

Note 3. Every o € S can be expressed as (see [9]),
1 N 3
. (t—t)
a(t) = ;)Sjt] +]<Zldk73! £, (3.39)
i= =

where

s [t=n) ift=n,
0 if t < tg, (3.40)

di =0(3)(tk+) —0(3)(tk—).

Besides, dj satisfies the condition

N
Sd(t) =0, K=0,1 (3.41)
k=1
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Let oxn be the unique cubic spline defined by
UkN(t]) 8]k Vj,k=1,2,...,N, (3.42)

where §ji is the delta of Kronecker. The family {akN}kN:I is an orthonormal system with
respect to the form

(fog) = > f(t)g(t). (3.43)
k=1

Besides,
N
S = span {oxn }j_ ;- (3.44)

Let s be a scale vector with constant coordinates such that |s;| < 1/(N +1)2. As S € €*(I),
we can consider the operator &, defined in Section 2.4 for p = 2. 93(S) = §' is the space
of s-fractal functions of S with respect to the partition

AN:a=tog<ti<ty<---<tny1 =D (3.45)
Since 93 is linear,
%B5(S) = S = span {o{y } ;. (3.46)
The family o is orthonormal respect to (3.43) because
ain () = o (1) = O (3.47)

fork,j=1,2,...,N. As a consequence, {aliN}fj:l is a basis of S°.
Let us define the fractal cubic spline operator with domain “€[a, b] or, more specifically,
#2[a,b],

F(@)(t) = Z g(tk)aiy (1) (3.48)
k=1

Note that forall k = 1,2,...,N,

N (&) (1) = g (1) (3.49)
since, for all j,k = 1,2,...,N,
ot (1) = o () = Oy (3.50)
ProposITION 3.12. S is linear.
Proof. Tt is an immediate consequence of (3.48). O

Without loss of generality, we consider I = [0,1] and # = k/N.
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LEmMA 3.13. Let f and g be defined in I such that f(tx) = g(t) fork = 1,2,...,N for some
N, then

In(f) =Fx(g). (3.51)
Proof. Forallt €I,
N
FN®) = > f(t) oy (D) = Zg te) oy (1) = F3(g)(1). (3.52)
k=1 k=1 O

Let us consider a sequence of partitions Ay such that A = [Jyey An is dense in I.

LemMA 3.14. If f and g are functions defined on I such that

I\l}i{n IN(H))=g(t) VteA, (3.53)

then
f(t)y=g() VteA (3.54)
Proof. Ift € A, then t € Ay, for some Ny, t = n/Ny and by (3.49),

N (N)(E) = f(1). (3.55)

If the sequence of partitions {A,N,} is considered t = n/Ny = mn/mNy € Apyn, and

oo ()(8) = f(8),

f(0) = lim &5, (F)(2) = g(8). (3.56)
O

ProrosITION 3.15. If, in addition to the hypotheses of Lemma 3.14, f and g € #?*[0,1],
then f = g.

Proof. Tt is a consequence of the density of A in I and the continuity of f and g. If t €
[a,b] there exists t,, € A such that £,, — t therefore, f () — f(t) and g(¢,) — g(t) as
m — oo. But f () = g(tm) (previous lemma) and therefore, f(t) = g(¢t), forallt e I. O

ProrosITION 3.16. If g € €%(I), then Fy(g°) = I (). (g° = D5(g) with respect to the
partition Ay.)

Proof. Tt is an immediate consequence of the definition of ¥3 and the properties of in-
terpolation of g* with respect to g. O

ProrositioN 3.17. Ifo € S, then $3(0°) = o°.

Proof. Let us consider o € S. By Proposition 3.16, since 0 € €*(I),

N
Iy (0%) (1) = Zo tk) o (). (3.57)

k=1
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On the other hand,
N
o(t) = > o(tx)oen(t) (3.58)

because the spline passing through o(f) is unique. By the linearity of %5,

N
o*(t) = > a(tx)opy (1), (3.59)
k=1
by (3.57) and (3.59),
95, (0°) = 0. (3.60)
O

Consequence 3.18. The fractal cubic splines with scale vector s are eigenfunctions (or fixed
points) of the operator F}.

ProposITION 3.19. &3 is a projector of #%[0,1],
Iy oIy =Ly (3.61)

Proof. Forall g € #?[0,1],

N
Iy(g) = Zg(tk)o,ﬁN es (3.62)
k=1

and, as a consequence, ¥y (g) is a fixed point of ¥3; (Proposition 3.17),

Fn(FN(©) = I (). (3.63)
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