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1 Introduction
As is well known, the Poisson-Charlier polynomials Ci(x;a) are Sheffer sequences (see
[1-4]) with g(¢) = -1 and f(2) = a(e’ — 1), which are given by the generating function

Clx,t)=e (1 +tla)* = Z Cp(x; a);—n' (a#0). (1)

n>0

They satisfy the Sheffer identity

Culx +y;a) = Z (n)ak_"ck()/; a)(X)n—t

k=0 k

where (x), is the falling factorial (see [5]). Moreover, these polynomials satisfy the recur-

rence relation

Cun(xa) =a'xCy(x — L;a) - Cu(x3a)  (see [5]).

The first few polynomials are Cy(x;a) = 1, Cy(x;a) = —@, Cox;a) = w{%
The actuarial polynomials a)(x) are given by the generating function of Sheffer se-
quence
prox(l-e) B (0L
Fxt)=e =) al@— (seel5)), (2)

n>0

and the Meixner polynomials of the first kind m,(x; 8, ) are also introduced in [5] as fol-

lows:

© 2016 Kim et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://core.ac.uk/display/81569446?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1186/s13660-016-1038-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-016-1038-8&domain=pdf
mailto:tkkim@kw.ac.kr

Kim et al. Journal of Inequalities and Applications (2016) 2016:95 Page 2 of 8

M(xt) =Y mu(; B, c);—n' = (1 -ty (1 —x) " (3)

n>0

In mathematics, Meixner polynomials of the first kind (also called discrete Laguerre
polynomials) are a family of discrete orthogonal polynomials introduced by Josef Meixner
(see [6—10]). They are given in terms of binomial coefficients and the (rising) Pochhammer
symbol by

max, B,0) = Y (~1)F (Z) (;) ki — B)uic™  (see [5]).
k=0

Some interesting identities and properties of the Poisson-Charlier, actuarial, and Meixner
polynomials can be derived from umbral calculus (see [11-13]). Kim and Kim [12] intro-
duced nonlinear Changhee differential equations for giving special functions and polyno-
mials. Many researchers have studied the Poisson-Charlier, actuarial and Meixner poly-
nomials in the mathematical physics, combinatorics, and other applied mathematics (for
example, see [14, 15]).

In this paper, we study linear differential equations arising from the Poisson-Charlier,
actuarial, and Meixner polynomials and derive new recurrence relations for those poly-
nomials from our differential equations.

2 Poisson-Charlier polynomials

Recall that the falling polynomials (x)y are defined by (x)y = (x—1)---(x—N+1)for N > 1
with (x)¢ = 1. For brevity, we denote the generating functions C(x, t) and ;—; C(x;t) by C and
CY for j=0.

Lemma 1 The generating function C™N) is given by (Zﬁ\io a;(N,x)(t + a)™)C, where
ao(N,x) = ()N, an(N,x) = (), and

a(N,x)=(x—-i+1a_1(N-1Lx)—a;(N-1,x) (1<i<N-1).

Proof Clearly, a(0,x) = 1. For N =1, by (1) we have C%) = (-1 + x(t + @)™")C, which proves
the lemma for N =1 (here ao(1,x) = -1 and a;(1,x) = x). Assume that C™) is given by
(Yo ai(N,%)(t + @))C. Then

N N
CN+D) = (— Z a;(N,x)i(t + a)_H) C+ (Z a;(N,x)(t + a)") (—1 +x(t + a)_l)C

i=0 i=0

N+1 N
i=0

i=1

This shows that the generating function CV*V is given by

N
<—ao(N, x) + Z((x —i+1Dai1(N,x) — a;(N,x)) (¢ + a)™

i=1

+ (x = N)an(N, x)(t + a)‘N‘1> C.

Comparing with CN*) = (3" N1 4,(N + 1,%)(¢ + a) ) C, we complete the proof. O
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In order to obtain an explicit formula for the generating function C™Y), we need the
following lemma.

Lemma 2 Forall 0 <i <N, the coefficient's a;(N,x) in Lemma 1 are given by
ai(N, ) = (), (7 ) (-1

Proof By Lemma 1 we have that
ai(N+1,x)=(x—i+1Da,_1(N,x) —a;(N,x), 0<i<N+1,

with ay(0,x) =1 and a;(N, x) = 0 whenever i > N or i < 0. Define A;(x; t) = ZNZl. a;(N,x)tV.
Then we have

(x+1-10)
Ailxt) = ——— A1 (%)
1+¢
with Ag(x;£) = ﬁ By induction on i we derive that A;(x,¢) = (l(fi’)'fil . Hence, by the fact that
(1+t1)i+1 = ij() (17) (—1)’t’ we obtain that di(N, x) = (x)l(l:[) (—1)N_i, as required' 0

Thus, by Lemmas 1 and 2 we can state the following result.
Theorem 3 The linear differential equations
Y (N
™ = (Z(x),»( , )(—I)N"‘(t + u)"’) C (n=0,1,..)
i=0 :
have a solution C(x,t) = e”*(1 + t/a)*, where (x); = x(x — 1) - - - (x + 1 — i) with (x)y = 1.
As an application of Theorem 3, we obtain the following corollary.
Corollary 4 Forall k,N >0,

N & AN /& ‘ ‘
Cutria) =3 5 () ) (3 )04,

i=0 m=0
Proof By (1) and Theorem 3 we have
c - <i(x),-(N ) (1) + a>-") Y Cmal.
i=0 i = 2

Since m =Y is0 (iﬁj)(—l)jtj , we obtain

N k N k . , tk
cv =33 Z(x),( ; ) <m> DN = 1 pa " Gl a)

k>0 i=0 m=0

By comparing coefficients of £ we complete the proof. d
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3 Actuarial polynomials
For brevity, we denote the generating functions F(x,t) = ePr1-¢) and %F (x;¢) by F and
F9 forj > 0.

Lemma5 The generatingfunction F™) is given by (YN bi(N, x)e")F, where bo(N,x) = SV,
bN(N’x) = (_x)Nr ﬂl’ld bt(er) = _xbi—l(N - I)x) + (ﬂ + l)bl(N - lrx) (1 =< i =< N - 1)

Proof Clearly, by(0,x) = 1. For N = 1, by (2) we have FV = (8 — xef)F, which proves
the lemma for N =1 (here by(1,%) = 8 and b;(1,x) = —x). Assume that FN) is given by
(3N, bi(N,x)e)F. Then

N N
FWN+) = (Z b,»(N,x)ie”)F + (Z bAN,x)e”) (B —xe")F

i=0 i=0

N N+l
- (Z(ﬁ +ai(N,x)e" - x Z bi1(N, x)e”) F,

i=0 i=1

N+1

which shows that the generating function FN*V is given by

i=1

N
(,Bbo(N, x)+ Y (~xaia(N,x) + (B +i)bi(N,x))e" —xby(N, x)eW*W) F.

Comparing with FN*D = (3N p,(N + 1,x)e™)C, we complete the proof. O

Lemma 6 Forall 0 <i <N, the coefficients b;,(N,x) in Lemma 5 are given by

N
bi(Nr x) = (_x)i Z (1;[) ﬂN_jS(j’ l)!

j=i
where S(n, k) are the Stirling numbers (for example, see [16]) of the second kind.

Proof By Lemma 5 we have that
bi(N +1,x) = —xb1(N,x) + (B +)bi(N,x), 0<i<N+1,

with by (0,x) =1 and b;(N,x) = 0 whenever i > N or i < 0. Define B;(x; t) = ZNzi bi(N,x)N.

Then we have

—xt
Bi(x;t) = mBi—l (%)

with By(x;¢) = %ﬁt By induction on i we derive that

i

(—xt)! () 1—[ 1
1-BOA-(B+D)---A-(B+i)) (L-pO* L 11—jt/(1- )’

Bl’(x’ t) =
j=0
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Hence, since (l—x)(l—;% =2 =k S(n,k)x" (for example, see [16]), where S(n, k) are the

Stirling numbers of the second kind, we obtain that

Biw,t) = (—x)' Y S(i) ————=

jzi

1- ﬁt)’”

_ i+j il .
Since (1+t)”1 = ijo ( ; )(~1y¥/, we obtain that

By(x, 1) = (—x)' ZZ( )ﬂ SG, e

j=i €>0
Thus, by finding the coefficients of £V we complete the proof. d
Thus, by Lemmas 5 and 6 we can state the following result.

Theorem 7 The linear differential equations

N
FN - Z(( x)e Z (];’__ll)ﬁNfso, i))F (N=0,1,..)

i=0 j=i
have a solution F(x,t) = ef+*1-¢),

Recall that F(x, t) = eft+*0-¢) = D=0 al )(x)%, which is the generating function for the
actuarial polynomials a(f )(x) (see (2)). As an application of Theorem 7, we obtain the fol-

lowing corollary.

Corollary 8 Forall k,N >0,

N &k
ap @) =" bi(N;x) ( Z ) i“al (x),

i=0 m=0
where bi(N,x) = (—x)' S, (1) BN, ).

Proof By (2) and Theorem 7 we have F™Y) = ("N b;(N, x)e't) Ze>o Thus,

N &
N)—ZZZbl (N,x) ( ) af)(x)li—lz.

k>0 i=0 m=

tN+k we complete the proof. O

By comparing the coefficients of
4 Meixner polynomials of the first kind

Recall that the rising polynomials (x)yn are defined by (x)x = x(x +1)--- (x + N — 1) with
(x)o = 1. For brevity, we denote the generating functions M(x, t) = (1 — ¢/c)*(1 — x)*# and
%M(x; t) by M and MY for j > 0, respectively.
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Theorem 9 The linear differential equations

(Z( 1)!( )(x)le+,8 Vit 1) - )W )M (N=0,1,...)

have a solution M = M(x,t) = (1 — t/c)*(1 — x)*P.
Proof We proceed the proof by induction on N. Clearly, the theorem holds for N = 0. By

(3) we have MW = (x(t — ¢)™* — (x + B)(t — 1)"')M, which proves the theorem for N = 1.
Assume that the theorem holds for N > 1. Then by the induction hypothesis we have

M(N+1)
d (&, (N | |
= % (Z( 1)l< ; )(x)Nl<x + Bt - D7t — C)(Nl)>M
i=0
N (N
{ Z( 1)l+1i<l)(x)N {x+ B) Yt =1)" i l(t C) )M

i=0

N
Y )N - z)( )(x)Nl<x+ﬂ> (=17 (¢ -0y NI )M

N (N
Z(—l)z( ; )(x)N_,»(x +B) it -1t - c)—(N—i))

i=0

x (%t =)= (v + B)E- 1)1)M}.

After rearranging the indices of the sums, we obtain

M(N+1)

N+1 ‘ N |
= ( (-1)i(i-1) (l. ) 1) (i + Bt (£ = 1) (¢ - c)<N+“>)M

i=1

N

+ (Z z+1 l)( )(x)N dx+ B)(t-1)" (t c) (N+1- )M
i=0
N

* (Z x(x)N ix+ B i(t—1)" (t-c)(N+1i)>M
i=0
N+1

+< (1) (x)N+1 (x+B)x+ Bt -1 (t—c)” N+1Z>M
i=1

This implies

NN+l
MN+1 (Z( 1 < )(x)N+l l<x+ﬂ> (t_ ) (t C) (N+1- )>M,

i=0

and the induction step is completed. d
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k .
From (3) we have M®) = Zk;o mkw(x;ﬁ,c)ﬁ(—! for all N > 0. Similarly to the previous
section, we have a recurrence relation for the coefficients of m,(x; 8, ¢).

Corollary 10 Forall k,N > 0,

N

/N k! i+0-1\ (N+m—i-1
fmmuwmheﬂNXXM(iymWW+mi§j—if%%ﬁlemﬁmy
i=0 C+m+n=k :

Proof By Theorem 9 we have

N (N . , £t
M®N = ;;(—D’( ; )(x)N_i(x +B)it =D = ) D (i B0)

>0

Thus, since (£ —c¢)™ = (-1)°Y_,-, (”ﬁ’l)c‘s“te, we obtain

N

M® = (DN Y (-1 (]:[) @®)N-i(x + B):

i=0

i+¢-1\/N+m-i-1 ¢N-miigbemen
xzzz(e)( " VMWFﬁT—

>0 m>0 n>0

Hence, by finding the coefficients of ¢X in the generating function M™) we complete the
proof. d

5 Results and discussion

In this paper, the Poisson-Charlier polynomials, actuarial, and Meixner polynomial are
introduced. We study linear differential equations arising from the Poisson-Charlier, ac-
tuarial, and Meixner polynomials and present some their recurrence relations. Linear dif-
ferential equations for various families of polynomials are derived. Furthermore, some
particular cases of the results are presented.
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