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The AdS/CFT duality [1] relates quantum gravity on AdS spacetime to a relativistic quan-
tum field theory on the boundary of AdS. While the canonical example of such duality is
between type IIB string theory on AdSs x S° and four dimensional N' = 4 SYM, there
are numerous generalizations in various dimensions with less symmetry and a richer spec-

trum. Recently, it has been proposed to apply holography to problems in non-relativistic

quantum field theory with applications to condensed matter physics. Gravitational duals



of non -relativistic field theories were first proposed [2-5] by studying Einstein theory cou-
pled to massive vectors,! however it is of some interest to embed such solutions in a UV
finite theory such as string theory or M-theory. There has been significant progress made
in this direction [6-28] and, indeed, this is the motivation for our current work. We will
however take a somewhat different approach and study non-relavistic solutions of N' = 2
gauged supergravity in four dimensions, which should be holographically dual to the vacua
of three-dimensional, non-relativistic quantum field theories. We will study gravitational
duals to two kinds of non-relativistic solution, those with Lifshitz scaling [2]

t— Nt, x'— A\’ (1.1)
combined with spatial rotations and those with Schrodinger scaling [3, 4]
T — Moy, o — XN Fe_, 2t =\t (1.2)

combined with Galilean boosts.

It has been well established that, for many internal manifolds, ten or eleven-dimensional
supergravity can be consistently truncated to an effective gauged supergravity in lower di-
mensions. The prototypical examples are the maximal gauged supergravities in four, five
and seven dimensions [29-31], which are believed to be consistent truncations of IIB or
eleven-dimensional supergravity on the appropriate dimensional sphere. For seven dimen-
sional gauged supergravity the consistency of this reduction has been proved [32]. These
truncations keep all the lightest fields of just a subset of the various Kaluza-Klein towers,
and, when further truncated to a more manageable sector, have been used to extract pre-
cise results on holographic renormalization group flows [33, 34]. It should be noted that
while the explicit lift of any given solution to these gauged supergravities to the higher
dimensional theory is theoretically possible, it can be quite technically challenging and in
some cases perhaps prohibitively so.

Another avenue by which one can construct gauged supergravity theories from
string/M-theory is to use a set of fundamental forms on the internal manifold which pos-
sess a closed set of differential and algebraic relations [12, 18, 35-38]. This results in a
truncation which is not so much a restriction to the lightest modes but instead to a singlet
sector under a certain symmetry group. The invariant sector of a coset reduction is a prime
example, but more general geometric structures such as Sasaki-Einstein spaces and nearly
Kahler manifolds also lead to such reductions. If this set of fundamental forms is chosen
judiciously, the spectrum is finite and typically these truncations include massive scalars
and vector fields. For these consistent truncations, the lift to the higher dimensional theory
is trivial since by construction the mapping is provided.

Thanks to these impressive works on consistent truncations, we have the confidence
to explore the parameter space of gauged supergravity in general and, then, to separately
address the question of which subset of parameters admits an embedding into string/M-
theory. We are not aware of a proof that any particular gauged supergravity cannot be

!The original proposal of [2] involved coupling gravity to a two-form potential and a vector field, but in
four dimensions the tensor can be dualized to a scalar.



embedded into string/M-theory, nor do we have any reason to suspect this may be true. It
should be noted that while consistent truncations are useful for computing supersymmetric
solutions, for non-supersymmetric solutions however, one must be wary of instabilities
which lie outside the consistent truncation [39] and accounting for these can re-introduce
many of the complexities which had been truncated away.

In this paper, we discuss the conditions for supersymmetry for Lifshitz and Schrodinger
vacua in a general N' = 2 gauged supergravity with vectors and hypermultiplets and we
then apply the formalism to a specific example. We will work with the canonical example
of four dimensional A' = 2 gauged supergravity, namely we will retain just a single vector
multiplet and a single hypermultiplet. The virtue of this approach is that by fixing the
field content of the gauged supergravity but allowing for a quite general gauging, we can
simultaneously scan infinite families of string/M-theory compactifications.? We find that
while the conditions for supersymmetry produce vacua which are isolated in field space,
they place extremely mild constraints on the charges and in this sense the vacua we find
are somewhat universal.

Specifically, our scalar moduli space is

SU(1,1) SU(2,1)

Mskx Mo =" 0y X su@) x U’

(1.3)
and we have two vector fields, the graviphoton and one from the vector multiplet. We
gauge two commuting isometries of the hypermultiplet moduli space allowing for both
electric and magnetic charges, in the sense discussed in section two. The type of vacua we
find in any given theory depends crucially on whether the scalars are gauged electrically
or magnetically, but depends only very mildly on the strength of the gaugings.

We can gauge both compact and non compact isometries of the hypermultiplet
scalar manifold. We have found no interesting supersymmetric non-relativistic solutions
in the case with two non-compact gaugings. We discuss in details the two cases of
a pair of compact gauging, or one compact and one non-compact. Interestingly our
results are essentially identical in both cases, indicating there is most likely a symmetry
principle at work. Specifically, when all gaugings are either electric or magnetic, we find
supersymmetric Lifshitz solutions with scaling parameter z = 2 and we find that there are
no supersymmetric Schrodinger or A/ = 2 AdS solutions. These results indicate possible
obstacles to constructing supersymmetric holographic RG-flows (along the line of [33, 34])
between AdS and Lifshitz spacetimes.?

On the other hand when the gaugings are a mixture of electric and magnetic, we find
Schrodinger solutions and A/ = 2 AdS solutions but no Lifshitz solutions. We show that
under mild conditions, we can associate a supersymmetric Schrodinger solution to each
N = 2 AdS4 vacuum. The value of z in the Schrodinger solution is related to the mass
(m) of the massive vector field in the corresponding AdS, vacuum by z(z + 1) = (mR)?,
as in the original construction in [4].

2Some previous works in gauged supergravity where the charges have been left arbitrary are [40-42]
#Such flows were found in a non-supersymmetric effective theory in [43].



For a few particular gaugings, these solutions have in fact been found before and in
those cases we find precise agreement. In particular we find the SU(3) x U(1) invariant
N =2 AdS4 vacuum of [44] and we also reproduce the Schrodinger solution found in [12].
The Lifshitz solutions with z = 2 found in [17, 23] are also probably related to our class of
solutions. Most if not all possible gaugings can be viewed as arising from a consistent trun-
cation of string/M-theory, and, in those cases, by the very nature of consistent truncations,
any solutions of our gauged supergravity can be claimed to be solutions of string/M-theory.
But we leave a detailed analysis of this issue for further work.

This paper is organized as follows. In section two, we review some standard facts about
four dimensional, N' = 2 gauged supergravity, largely to establish notation. In section
three we study Lifshitz solutions, deriving and solving the conditions for supersymmetry.
In section four we repeat this analysis for Schrodinger solutions and N' = 2 AdS solutions.

In section five we discuss the lift of these gauged supergravity theories to string/M-theory.

2 Four dimensional N = 2 gauged supergravity

In the rest of the paper we will work in the framework N = 2 gauged supergravity in four
dimensions. We refer to [45, 46] for a detailed description of the formalism.

The fields of N/ = 2 supergravity are arranged into one graviton multiplet, n, vec-
tor multiplets and n; hyper-multiplets. The graviton multiplet contains the metric, the

graviphoton, AB and an SU(2) doublet of gravitinos of opposite chirality, (wﬁl, Yy 4), where
I

) - 'u,”
of opposite chirality, transforming as an SU(2) doublet, (A4, \}), and one complex scalar

2t

A = 1,2 is an SU(2) index. The vector multiplets consist of a vector, A,,,, two spin 1/2
A = 1,2 is the SU(2) index, while I and 7 run on the number of vector multiplets
I=1,....,nv,i=1,...,nyv. The scalar fields 2’ parametrise a special Kihler manifold of
complex dimension ny, Mgk. Finally the hypermultiplets contain two spin 1/2 fermions
of opposite chirality, ((n, (%), and four real scalar fields, g, where o = 1,...2nyg and u =
1,...,4ny. The scalars g, parametrise a quaternionic manifold of real dimension 4ny, Mgq.

While in the ungauged N = 2 supergravity the vector- and the hyper-multiplets are
decoupled at the two-derivative level, in the gauged theory they have non trivial interactions
as can be seen from the bosonic Lagrangian

1 _
+gi3V“ziV“25 + huvvuquvuqv - V(Z’ z, Q) , (21)

where A, =0,1,...,nyv. The gauge field strengths are defined as

1 i
+A A A
Fu = 5 <FW + QGWWF p”), (2.2)
with Flﬁ, = 3(9,A) — OVAQ). In this notation, A° is the graviphoton and A", with
A =1,...,ny, denote the vectors in the vector multiplets. The period matrix My is a
function of the vector multiplet scalars.



gi; and hyy are the metrics on the scalar manifolds Mgk and Mg, respectively. The
covariant derivatives are defined as

V2! = 02" + KA, (2.3)
V" = 9uq" + kA%, (2.4)

where k:}\ and k} are the Killing vectors associated to the isometries of the vector and
hypermultiplet scalar manifold, respectively, that have been gauged.

In general, the gauge group can be at most a (1 + ny)-dimensional subgroup G of the
isometry group of the scalar manifold Mgk x Mgq. If the subgroup G is non-abelian, it
must necessary involve gaugings of the isometries of the vector multiplet space. In this
paper we will work with abelian gaugings, so the vector multiplets are neutral and G can
be identified with 1+ ny isometries of the quaternionic manifold. The Killing vector fields
which generate these isometries admit a prepotential called the Killing prepotential. This
is a set of real functions Py, where x = 1,2, 3 is an adjoint SU(2) index, satisfying

QbR = -V Py, (2.5)

where QF, and V, are the curvature and covariant derivative on Mq (see appendix B for
more details on the Killing prepotentials).

The scalar potential couples the hyper and vector multiplets, and is given by
V(2 2,q) = (95khkL + Aha kS KR LALE + (fAg7 £F — BLALD)PEPE,  (2.6)

where L are the symplectic sections* on Mgk and fZA = (0; + 5(%[( )LA7 where K is the
vector multiplet Kéahler potential.

The full Lagrangian is invariant under A" = 2 supersymmetry, with supersymmetry
variations for the fermionic fields given by

dthua = Dyea + iSABVHeB + 22'(III1./\/’)AELE]:;VA’YV€AB€B, (2.8)

SN = ivuzi’y“e/‘ — gi]sz (Im./\/) EA?;VAVWEABEB + WihBep (2.9)

6o = iUBPy q“w“eAeABea + Ny, 2.10
U 2 B o

where Llf B are the vielbeine on the quaternionic manifold and
i
Sap = 2(Ux)ACEBC77KLA,
WiAB = AP LLA + i(0.) o Pe“ PR F1 (2.11)
N =202,k L

In particular the covariant derivative on the spinors contains a contribution from the
gauge fields ‘
i

DﬂEA :DHEA—F 9

(0") LAl Pieg. (2.12)

“In the paper we will use both the symplectic sections (L™, M, A) and the holomorphic sections

(XY, Fa) = e 5722 My) . (2.7)



In some cases which we analyse later, the supersymmetry variations are not sufficient
to fully determine the solutions, so we also list here the equations of motions. The Einstein
equation is

1
RMV - 2guuR = Tuu ) (213)

where the energy momentum tensor is given by

Tw = —Yuw [gijvpz"vpzi + hu VPGV 50" + ImNAgF%OFZPU —V(z,z, q)]

42 [gﬁv“zivyzi + howV,ug"Vog¥ + 2Im N AZFQPFEP} . (2.14)
The equations of motion for the gauge fields are
—prN \/_g 7i 1] v u v Yv
QL(\/—gIm GA ) = — (gz_]k Ak EA + huv A ZA ) N (215)

2

with G* = NynF,

2.1 The canonical model

Having set up the general machinery, we now specialize to a particularly simple example
of N' = 2 gauged supergravity in four dimensions, namely that of one vector multiplet
(ny = 1) and one hypermultiplet (ngg = 1). In spite of its simplicity, we will see that
it exhibits a rich spectrum of supersymmetric solutions. In this case we take the scalar
manifold of the theory to be

SU(1,1) SU(2,1)

Mgk X Mq = U(1) x SU(2) x U(1)

(2.16)

The vector multiplet sector contains a single complex scalar and a natural choice of
coordinates on Mgk is z = 7, where 7 parametrizes the upper-half plane. With this choice,
the Kéhler potential and the metric are

K = =3log [i(t —7)], (2.17)
o 3 drdT
ds® = 4 (Im ) (2.18)

The four scalars of the hypermultiplet parametrise Mq. There are several alternative
way to choose coordinates on Mgq. In this paper, depending on the model we study, we
will consider the following possibilities

a) two complex coordinates

{¢"} = (G,¢). (2.19)

With this parametrisation the metric on Mg becomes

~dGid¢y +dGedCy | (G1dCy + Cady)(¢1dC + §2dC2).

ds? = .
S ek - P (1= |G ~ G2 (2.20)



b) one complex and two real coordinates®

{¢"} = (&p0). (2.21)
Then the metric on Mg is
1 1 s 1.
ds® = o (o) 4 o [do —i(6dE — L)+ dEde. (2.22)

The N = 2 theory is completely determined only after the gaugings and the sec-
tions (X, F)\) have been fixed. These may or may not be compatible with a prepotential
F(XN) [47], in that Fj = 0x,F. Typically, Kaluza-Klein reductions of string or M-theory,
lead to four dimensional effective actions with a prepotential that is a cubic function of the
XA and both electric and magnetic gaugings. Indeed it is by now well established that in-
ternal fluxes can generate magnetic gaugings in the lower dimensional theory. One can keep
both electric and magnetic gaugings by considering Lagrangians where the hypermultiplet
scalars corresponding to the symmetries that are magnetically realised are dualised into ten-
sors (see for instance [48-50]). However, it is always possible to transform a generic dyonic

gauging into a purely electric one, by a symplectic transformation on the sections (X*, Fj)

(XM EY) o~ (XM Ey) =8(XM ), (2.23)

A B
S = <C D) (2.24)

is an element of Sp(2+ 2ny, R). This transformation leaves the Kéhler potential invariant,

where the matrix

but changes the period matrix My, by a fractional transformation
Nas(X,F) — Nan(X,F) = (C+DNys(X,F))(A+ BNas(X,F))™' . (2.25)

Our strategy will then be to consider purely electric gaugings, allowing for sections
, FA) which are a general symplectic rotation of those obtained from the cubic prepo-
XA, Fy) which 1 lectic rotation of those obtained from the cubi

tential. More precisely we start by choosing a cubic prepotential

X7
F=— 2.26
X, (2.26)
with sections (A =0,1)
Xt = (1), .

Fp = (13, -37%).
5These two co-ordinate systems are related by

_ G =G =Gl (G —¢y)
Sara T L+l 0 7T eGP



The period matrix® in this case takes the form

1 (=73 =37 3r(t+7)
Mz =, ( 37(r+7) —3(31 + T)) ' (2:29)

This choice corresponds to electric gaugings for both the graviphoton and the vector A!.
A dyonic configuration where the graviphoton is electrically gauged and A' magnetically
will correspond to a symplectic rotation with

1000
0001

S; = : 2.30

! 0010 (2.30)

0-100
while the converse case, with a magnetic graviphoton and electric A!, is obtained by setting

0010
0100

Sy = . 2.31

2 1000 (2:31)

0 001

Finally, purely magnetic gaugings correspond to the rotation

0 010
0 001

Sy = . 2.32

3 1000 (2.32)
0 -100

We will see that these four different cases lead to very different patterns of solutions.
The first and fourth cases, (2.27) and (2.32), allow for families of Lif4(z) vacua, while the
second and third, (2.30) and (2.31), give families of AdS; and Schry(z) vacua.

As already mentioned, we only consider abelian gaugings of the hypermultiplet isome-
tries. From (2.16), it is easy to see that the isometry group of the quaternionic manifold is
SU(2,1). The full set of corresponding Killing vectors and prepotentials are presented in
appendix B. In fact we will just utilize the following three Killing vectors

kg — —;(—ga@ + G, — ),
b= = (G106, + G — ). (2.33)

bo = S[1+ D), + GG, — cel.

SWhen the holomorphic sections are compatible with the existence of a holomorphic prepotential F(X)
such that Fno = OxF(X), the gauge kinetic matrix Mas, can be written in terms of derivatives of the

prepotential
ImFyn Im ey XM X

=F 2i
Nas AS + 21 T Faypy XMX T

(2.28)

where Fiay = 8/2\2.7:.



The vector fields (ks3, k4) generate compact isometries while kg is a non-compact generator.
Since the theory contains two vectors, the graviphoton and the vector in the vector

multiplet, we can gauge at most two isometries. We will consider in detail the case of two

compact gaugings, and also the case of one compact and one non-compact gauging:

1. Two compact gaugings

This case is best described choosing complex coordinates, (2.19), for the hypermulti-
plet. We choose the two U(1)’s associated with the Killing vectors k3 and k4, which
correspond to rotations of the phases of the coordinates (; and (2. The two gaugings
are defined as
kn = ax (=ks +ka) bA(k?s + k) 7
2 2
where ap and by are the electric (magnetic) charges. The corresponding Killing

(2.34)

prepotentials are
PR =apnP; +bpaFy (2.35)

with

—Im (C1¢2)

Re (¢1¢2)
(1G> + [¢2f? \/1—|<1|2 1Ca]2 | —ICal G2 —[C1 2 (1+]C2[?)
2¢/1-[¢1[2 2|2

Im (¢1¢2)

P, = —Re (C1¢2) . (237)
(1G> +1¢2f?) \/1 — G2 = 1G] | —lal* a1+ %)
2¢/1-[C1[2—¢2|?

. (2.36)

a

2. One compact and one non compact gauging

For this choice, the coordinates (2.21) are more suitable. The compact isometry

corresponds to the sum of the two commuting compact generators k3 and ky

ke = i(¢0c — €0;) = — (ks + k) (2.38)
while the non compact isometry corresponds to shifts of the coordinate o
1 3
ke =0y = — ks + ky—kg. (239)
2 2
The corresponding Killing prepotentials are given by
E+E
° e
P, = 01 Pe = mé\/” ) (2.40)
2p o T 1
Then we define the generic gauging as
kpx = anks + bk, A=0,1, (2.41)
with Killing prepotential
PR = aaby + b Py . (2.42)



As already mentioned in the Introduction, one could a priori also consider gauging two
non compact isometries of the hypermultiplet manifold, (2.16). These can be chosen to be
the shift of the coordinate o as defined in (2.39) and

o = [0 + 0 — i€ — 0], (2.43)

corresponding to the sum of the Killing vectors ky and k7 in (B.1). Such gaugings appear
naturally in some dimensional reduction of type IIA theory on coset and Nearly Kéhler
manifolds and provide examples of N' = 1 AdS vacua [37, 38, 51]. However, we have
found neither interesting supersymmetric Lifshitz and Schrodinger solutions nor N = 2
AdS vacua in the case of two non compact gaugings.

3 Supersymmetric Lifshitz solutions

In this section we compute supersymmetric Lif4(z) solutions of N' = 2 gauged supergravity
with one hyper-and one vector multiplet. But before reducing to this simple case, we
consider some general features of Lifshitz solutions which hold for a generic number of
multiplets. A four-dimensional space-time with Lifshitz symmetry of degree z

(t,x,y,r) = (Nt Az, Ay, 1), (3.1)

is given by [2]
dr?

r2

ds? = R? <r22dt2 — —r2da? — T2dy2> . (3.2)

In order to preserve the scaling symmetry, all the scalar fields z° and ¢“ must be

constant
i

2= zé, q“ = q5- (3.3)

The interesting terms in the Lagrangian (2.1) (i.e. setting all fermions and scalar derivatives
to zero) are

1
— R+ TN A F, % + hy ki kS AN AY =V (2, 2,q) . (3.4)

As discussed above we will consider exclusively the case of Abelian gaugings and thus only
the scalars in the hypermultiplets are charged.
We look for solutions where the gauge fields have only temporal component [2, 10]

A} =2 AN (3.5)
so that the only non trivial component of the gauge field strength is

FA = ;AArz_l. (3.6)

Einstein’s equations are then algebraic

_1)

T A A4S = = (F =D g2 (3.7)

,10,



husk® kS AN AT = (2 — 1), (3.8)

22 4+z4+4
V=- 3.9
2R2 ) ( )
and Maxwell’s equations reduce to
z
Rk Y kLAY = ~ Im N s A¥ . (3.10)

Notice that not all these equations are independent. By contracting Maxwell’s equations
with A? we recover one component of Einstein’s equation. Finally, the equations of motion
for the scalar fields require

0, Vet =0, O Ve = 0, (3.11)
where we have defined the effective potential

2
Ven(2,7,0) = V(= 5,) = -, Tm Naw A A® 4 ;2 B kR () AN AT (3.12)

Due to the nature of our ansatz, we obtain algebraic, not differential, equations for cer-
tain real constants. The number of equations precisely matches the number of unknowns:
we have ny constants A® corresponding to the electric profile for each gauge field and ny
constraints from Maxwell’s equations. We have ngy = 2ny +4np constants zé ,q¢ from each
real scalar 2, ¢* and n, constraints coming from the derivatives of Vg = 0. We have three
constraints from the R,., Ryo, R, components of Einstein’s equation but one of these is im-
plied by tracing over the Maxwell equations. Now since there are two constants in the grav-

ity theory (z,A), in total we have ny + ng + 2 equations for the same number of constants.

3.1 Conditions for supersymmetric Lifshitz solutions
3.1.1 The gravitino equation
With the choice of frames

d
eV = Rr*dt, ¢! = Rrdz, > = Rrdy, ¢ = R : , (3.13)

the 0-,1- and 3-components of the gravitino equation (2.8) are”

12
2R?
/ :
Yoreat ,preat 2122./\/'6,43’70363 FiSape® =0, (3.15)

) Z .
’YOaOGA + 2R (Um)ABAAPK’YOEB =+ 2R’y36,4 — ./\/6,41370363 +iSape® =0, (3.14)

Vuea— oy Neapy™e? +iSape® =0, (3.16)
where we have defined
N =TImNsyLAA . (3.17)

"Recall that in our conventions the gauge field configurations entering the supersymmetry variations are
given by (3.5) and (3.6), so that %~ = ZAMF D and FAT = - AM? .

— 11 —



When z = 1 we recover AdSy-spacetime which requires a separate treatment (see
section 4), here will restrict to the Lifshitz case z > 1. We choose a radial profile for the
supersymmetry paralrneters8

ea=12€) (3.18)
where €Y is a constant spinor. Comparing equations (3.14) and (3.16) we find

2R

7

Z 3
Nl
9R v’€a, (3.19)

PEAN %) 4P = ¢
which by compatibility immediately implies z = a and the constraint
PiAN = 0. (3.20)

The remaining gravitino equations now give

4R
= Sapyie? 3.21
A= Sapre”, (3.21)
2iz 0 B
= — . 3.22
€A R(z—l)/\M €ABE (3.22)

There are also some compatibility conditions associated to these projectors. First, by
squaring (3.22) we find

(z — 1)2R? A= (z—1R .

2 _
VI = 422 2z

(3.23)

The phase € can be reabsorbed with a Kéhler transformation in the Lagrangian and we
will set it to one in the following.”
We thus have

ea = —ieapyel. (3.24)

The mutual compatibility of the v3 and 4" projections gives

ea = H,Py30p, (3.25)
with B 4R CB _ 1z B
H,” = 1—{—zSACE =h"(oz)a, (3.26)
where CoRi
h* = - ZPAL . (3.27)

8 A phase in the spinor, e4 ~ 7 5 €%, is forbidden by the simultaneous presence of et and its conjugate
€4 in the supersymmetry conditions and by the fact that the scalars have no radial profile. An r-dependent
phase in €4 and in the phase 0, that will be shortly introduced, presumably plays a role in solutions
describing renormalization group flows. We should note indeed the similarity of the Lif4(z) supersymmetry
conditions with analogous ones for black holes [52].

9Such Kihler transformation is equivalent to a redefinition of the sections L. In the search for the most
general solution the sections in (2.27) should be allowed to have an arbitrary overall phase ¢'’. However,
we have found no interesting Lifschitz solutions with 6 # 0.
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By squaring (3.21) and (3.25) we obtain

16 R2 :
SapSP¢ =69, = WP =1,
(1+2)274F 4 Z; i

3

H,BHRY =6,°, — > ()P =1. (3.28)
=1
These conditions immediately imply Zg’:l(hrnhg”)2 = 0 and thus

Im h® =0, (3.29)

requiring that h” is a real three-vector of length one. Consequently H AB is an hermitian
matrix with eigenvalues +1.

The conditions of supersymmetry are now fully compatible and can be reduced to the
canonical form

éa = (0°)i"’ep,
éy = —ieqpyé8, (3.30)

by a unitary change of basis, thus demonstrating that any solution would be i—BPS or,
in other words, preserves two real supercharges. éy"e gives the Killing vector 9/0; as
expected, in agreement with what found in ten-dimensional solutions [17].

3.1.2 The gaugino and hyperino equations

The gaugino equations give
WiABep + ];Ni’yofy?’eABeB =0, (3.31)

where

Ni = gii [FImNsa AN (3.32)

and the gamma matrices can be eliminated using the gravitino conditions to yield
(— ];N%ACHCB n WiAB>eB ~0. (3.33)
The hyperino variations give
RNAes +iUPPEY AP eapenpy’e =0, (3.34)
and, once more, by eliminating the gamma matrices we obtain
(eaﬁ UL AN + R/\ﬁf) es=0. (3.35)

Since the spinors (€1, €2) are independent in a }l—BPS solution, the matrix expressions in
brackets should vanish identically and the hyperino equation becomes

ky (A +2RLY) = 0. (3.36)
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3.1.3 Some general properties of the supersymmetry conditions

In total, the full set of conditions for supersymmetric Lifshitz solutions is

3
() =1, (3.37)

r=1
Im h* =0, (3.38)
PiAN =0, (3.39)

(z—1R
p— .4

N 9, (3.40)
WiAB - };N%ACHCB, (3.41)
ky (A*+2RLY) = 0. (3.42)

A simple way to solve equation (3.42) would be to set AN = —2RILA. Using equa-
tion (3.40), we obtain
z—1

1
— III]./\/gAAAAZ =
2 2z

R?, (3.43)
which correctly reproduces the equation of motion (3.7). However the condition
ImNsALALY = —1/2, (3.44)

which is valid for all N' = 2 supergravities, gives the unphysical value 2 = —1. We conclude
that, in order to find interesting Lif4(z) solutions, we need to find loci on the hypermultiplet
manifold where the Killing vectors k} degenerate or become aligned.

In the following we deal with cases where, on the relevant scalar locus, P} points in
a particular direction in the x space, say the # = 3 direction. Then h! = h? = 0 and we
need to require A3 = 1. The full set of gravitino conditions become

2
P3AN =0,  2RPMAN =241, glnu\/mLAAE —z—1. (3.45)
We should also impose the gaugino and hyperino conditions (3.41) and (3.42)
37 z . _
iPY N+ =2 InNeAfAAY =0, k§ (A*+2RLM) =0, (3.46)
and the Maxwell equations (3.10).

3.2 Lify(z) vacua from canonical gaugings

We now restrict our analysis to the theory with only one vector and one hypermultiplet
and show that there is a Lifs(z) solution in the case of a cubic prepotential with purely
electric gaugings or the case of the symplectic rotation (2.32), which is equivalent to purely
magnetic gaugings. These solutions exist only for z = 2 but with very mild constraints on
the gauging parameters.
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3.2.1 Compact gaugings

We first consider purely electric gaugings. Consider first the hyperino variation (3.42)
[ao(A° + 2RLC) + ay (A! + 2RLY)]¢G = 0, (3.47)
[bo(A® + 2RLO) + by (A* + 2RIV = 0. (3.48)

As mentioned above, a solution with ¢; # 0 and (5 # 0 leads to unphysical values for z.

Similarly the choice {1 = (2 = 0 does not lead to a solution since all quantities in the
previous formulae are real except for

L(r) = e57%(1,7), (3.49)
and Im 7 = 0 is a singular point of the metric (2.18). We therefore conclude that either
(Chbl) = (0,0) or (Cg,al) = (0,0). (3.50)

These two choices are clearly symmetric and we choose the latter. On the locus (o = 0 the
only non zero component of the Killing prepotentials is 73}?;.

From the gravitino conditions (3.45), the gaugino and hyperino conditions (3.46), and
Maxwell’s equation (3.10) we find (with b; < 0)

R 432
Ay = — = 3.51
0 V2(Imr)3/2  R2b}’ (3:51)

P (216 bo — 108 ap = /11664 a2 + R4 b?)

A = — 3.52
1 R2 6411 ) ( )
R?b?
7 =" o (3.53)
A
Ret = A; : (3.54)
9 —ag Ao+ by Ag + by Ay
— 3.55
G =0. (3.56)

The only constraint on the parameters comes from 0 < [(;| < 1, which can be satisfied for
a large choice of gauging parameters. We have checked that the second order equations of
motion are all satisfied. The solution found in [17, 23] falls in this class of vacua, which as
we now see exists quite generally for electric gaugings with canonical prepotential.

Similar Lif,(z) solutions also exist if we perform the simultaneous symplectic rotation
(2.32) on A° and A!, which is equivalent to a cubic prepotential with purely magnetic
gaugings. The sections are now

L(r) = e"/?(7%, —37%) (3.57)
and we still find a solution for

(Cl,bl) = (an) or (C2aa1) = (an) : (358)
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Choosing again the second option we find

Ao = leb? , (3.59)

A, = —213 , (3.60)

Im7 = V3ReT = be% , (3.61)

o= 208 02

Q=" fgzobiilebl A (3.63)

G =0, (3.64)

and in addition we have to impose an algebraic relation between the gaugings

a — 3203 — 83 R?by b} + R*bY (3.65)

32by — 43 R2 b}

With similar arguments one can check that there are no Lif4(2) solutions with a single
symplectic rotation on just A%, (2.31), or A!, (2.30). In particular, since the SU(3)-invariant
sector of N' = 8 gauged supergravity has one electric and one magnetic gauging [39] this
demonstrates that there are no Lif4(z) solutions in this theory.

3.2.2 One non-compact gauging

When one isometry is non compact we obtain almost identical results and thus we will be
brief. The non trivial constraints from the hyperino variation are now (3.42)

[ag(A° + 2RL®) + ay(A' + 2RLY)] = 0, (3.66)
[bo(A® + 2RLO) + by (A + 2RLY)]E = 0. (3.67)
In the case of electric gaugings with L(7) = e%/2(1,7) we can solve the hyperino

equations with £ = 0 and a;=0. The other equations then require

R 54
A — _ — 3.68
54by 1
A = — 3.69
TR by (369)
2 b2
Iy — 10 : (3.70)
18
Ay by R%b?
_ = — . 1
Re T 4o T (3.71)
ag Ao 270,0
_ — 3.72
P Tobg Ao+ b1 A) R (8:72)
£=0. (3.73)
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The case of a double symplectic rotation can appear when studying type IIA solutions
with Roman mass. We have L(7) = ¢X/2(73, —372), we are still forced to set a; = 0. The

solution is

2
Ay = — 3.74
0 R2 bglg ) ( )
3
4= V3 (3.75)
by
3
Im7 = V3Rer = 2 R22 (3.76)
3 Ag V3
Re7'——4A1 _2R2b%’ (3.77)
ag A(] a
_ — , 3.78
P 2(b0 Ay + by Al) RQb? ( )
£=0, (3.79)
with the constraint
3—1
bo = v R%b3. (3.80)

2
Once again we have found no Lif4(z) solutions with a single symplectic rotation. In all
cases we have checked that the second order equations of motion are satisfied.

4 Supersymmetric AdS; and Schry(z) solutions

We discuss now the case of AdSy and Schry(z) solutions. We treat them simultaneously
since in our formalism the supersymmetry conditions for N' = 2 AdS; and Schry(z) are
very similar. We will not discuss V' = 1 AdS, solutions,'® where the conditions for super-

symmetry typically require proportionality between €' and 2.
4.1 The Schr, space-time
We first recall the form of a Schry(z) solution [3, 4]

2 2(,2279,.2 2 dr? 27,2

ds® = R r*de? — 2r°deyde- — , —rida” |, (4.1)
r

which is invariant under the scaling symmetry

(xy,2_,2,7) = (Vo , X2z Az, A7), (4.2)

This is a solution of Einstein’s equation with a cosmological constant and a massive vector.
We again set all the scalar fields 2%, ¢" to be constant and we deduce the equations of
motion from the Lagrangian (3.4). The gauge fields are now

A} = AM7 (4.3)

OExamples of this class of solutions in related contexts can be found in [37-39, 51, 53].
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Einstein’s equation is

2
2okt ki AL AT — ;2 AN A ANAT = 222 — 2 — 1, (4.4)
3
V= R (4.5)
and Maxwell’s equation is
w v 2(z+1
Qhupky ks AT = — (R2 )Im/\/AZAE. (4.6)

In contrast to the Lifshitz solutions, there is no contribution from the gauge fields to the

potential since F,, F* = A, A" = 0 and thus we have the scalar equations of motion
0,V =0, OV =0. (4.7)

4.2 Conditions for supersymmetric Schr(z) solutions

It is convenient to work with the null frames

et = ;erd:mr, e =R (7“Zd:mr — 2T2_de,) , e =Rrdy, = R(ir , (4.8)
so that the metric becomes
ds? = 2eTe™ — (%)% — (&3)?. (4.9)
Chosing a spinor that satisfies
ytet =0, (4.10)

the components of the gravitino equation (2.8) reduce to

1 izN ) )
o7 Seq — R2 (v* +i9?) eape® +iSapyre® =0,

0_ex =0,

)
Dyen+ R(Jm)ABAAPXeB +

1
Oo€g — 2R’723€A —iSapyie? =0,

1—
Dzen + QRZf*eA —iSapyPe = 0. (4.11)
We can solve these conditions with
ea=r2 € (4.12)
and
iSapel’ = — ! Yea (4.13)
2R ’ '
2
(%) s AN Piep = ;N'y?’eABEB. (4.14)
Consistency of these equations leads to
(PYAM 4+ 22N PYLY) (07) JPep = 0. (4.15)
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Since y e = 0, the gauge field contribution drops out of the gaugino and hyperino equations

DABep =0, (4.16)
Niley = 0. (4.17)

When looking for /' = 2 AdS, and Schry(z) vacua we will consider the spinors (€1, €2)
as independent. The conditions for supersymmetry are then

B 1

iSape? = —2R736A, (4.18)
PEAN = —2NPELM, (4.19)
Pif =0, (4.20)
K4LA =0, (4.21)

which should be supplemented by Maxwell’s equation (4.6). The spinor bilinear ey*e
gives the Killing vector 0/0_, associated with the number operator, as also found in
ten-dimensional solutions [16].

The AdS solutions have z = 1 and A® = 0. Moreover the condition y7e4 = 0 is
superfluous and we have four independent real spinors; to these Poincaré supersymmetries
we need to add the four superconformal ones which depend explicitly on (x,y,t). The AdS
Killing spinors satisfy indeed D,e4 = v,€4. A class of ten dimensional Schrodinger back-
grounds with z = 2 admit additional Poincaré and also superconformal symmetries [16]; it
would be interesting to see if there is a similar phenomenon in N > 2 gauged supergravities.

4.2.1 Relation between AdS, and Schr, vacua

A close relation between AdS and Schry(z) vacua is expected [7, 11, 14] as has been recently
discussed in great detail [24]. Here we will analyse it at the level of gauged supergravity,
focusing on a theory with a single vector multiplet.

Suppose that we start with an N' = 2 AdS, vacuum satisfying (4.18), (4.20) and (4.21).
These conditions do not depend explicitly on the vector fields A and are identical for the
N =2 AdS, and Schr(z)4 cases. Therefore, we would expect that for every NV = 2 AdSy
solution there exists a corresponding supersymmetric Schry(z) one, with the same radius
R and the same value for the scalar fields, provided that the Maxwell’s equations (4.6),
the gravitino constraint (4.19), and the equations of motion can be satisfied for a choice of
A* . We now show that under mild conditions, this is the case.

Multiplying Maxwell’s equations (4.6) by LA and using the hyperino condition (4.21)
we find z(z + 1)V = 0. Excluding uninteresting solutions with z = 0 or z = —1 we reduce
the gravitino constraint (4.19) to

PE AN = N = 0. (4.22)
We see from equation (4.20) that the f;A have a common phase. Setting

AN = cfp (4.23)
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where ¢ is a complex constant to make A real, we solve all equations in (4.22). The first
equation becomes equivalent to the gaugino condition (4.20) and the second one follows
from the special geometry identity ImNax LA £ = 0 [45, 46].

Multiplying Maxwell’s equations (4.6) by A and using the identity ImANjx f}{\ F=
—égij [45, 46] we find a quadratic equation for z

24 2 — ARG o kSRS FA PR =0 (4.24)

)

and so we find a solution with positive z whenever k{} flA is non vanishing. This fact has a
simple interpretation. In the N’ = 2 AdS,; vacuum we have a massless graviphoton and a
massive vector with m? = 4gﬁhuvl<:j{k:§ fZA fg.E, as it can be easily checked by diagonalizing
the kinetic term in (3.4). The equation for z can be then written as

2(z+1) = (mR)*. (4.25)

We see that the exponent z is related to the mass of the vector fields in the corresponding
AdS, vacuum, as in the original construction in [4]. Finally, the Einstein’s equation (4.4)
will fix the normalization of AM (z > 1 is required for consistency).

This demonstrates that under mild conditions, we can associate a supersymmetric
Schrodinger solution to each N = 2 AdS, vacuum. These results hold for a generic number
of hypermultiplets.

4.3 AdS, and Schr, vacua in the canonical model

From the Lagrangians which arise from consistent truncations of M-theory compactifica-
tions on Sasaki-Einstein manifolds [12] one finds N' = 2 AdS, solutions at the origin of mod-
uli space. In our language, these gauged supergravities correspond to the case of a single
symplectic rotation (2.30) with a particular choices of charges. In this section we focus again
on the theory with one vector and one hypermultiplet. We show that in the case of a single
symplectic rotation, (2.30) or (2.31), there are N’ = 2 AdS, and Schry(2) vacua for a large
set of gauging parameters. We found no N' = 2 AdS, or Schry(2) vacua in the cases of purely
electric gaugings and of a double symplectic rotation, where we found Lify(z) solutions.
One also finds other interesting N' = 2 AdS, vacua in the SU(3) sector of the N' = 8 the-
ory [39, 44] and here we show that these vacua also exist for a very general set of gaugings.

We will discuss in details the case of a symplectic rotated prepotential corresponding
to an electric-magnetic duality on the vector A'. The case where the graviphoton is
rotated is completely analogous.

4.3.1 Compact gaugings

It is still useful to start with the hyperino equation which is just k}(LA = 0, or, explicitly,

[aoLO(7) + a1 L (7)]¢1 = 0, (4.26)
[boL°(7) + b1 L' (7)]¢2 = 0. (4.27)

Now we have L = e/ 2(1,—-372), corresponding to an electric-magnetic duality on A'.
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We first consider N/ = 2 AdS, solutions and find two different such vacua. One is at
the origin of the hypermultiplets (; = (» = 0 and the vector multiplet scalar 7 is fixed by
the gaugino variation to be

ap — bo

T = l\/al by (4.28)

The gravitino equation simply sets the scale of R,

};2 = ;\/(ao —bo)(ar — b1)?. (4.29)

There is another N = 2 vacuum away from the origin. If we set (; = 0 we can still
solve the hyperino conditions by choosing

bo
=4/ = . 4.
T z\/ 3, (4.30)

The gaugino condition then fixes

3apby + a1 by —4by by

2
= 4.31
‘CZ’ 3aobl+albo ( )
and the gravitino equation simply sets the scale of R
1 3v3(a1by — agbr)?
_ 3V3(arbo —aoby)*. (4.32)

R? 32/ b3 by

There is an equivalent solution with (o = 0.

An example of the model with one magnetic and one electric gauging is the SU(3)-
invariant sector of N/ = 8 gauged supergravity. The values of the gauging parameters in
the SU(3)-invariant sector can be determined by comparison with reference [39], where
the action has been written as an N' = 2 gauged supergravity. They are proportional
to (ag,a1) = (1,0) and (bg,by) = (1/2,—+/3/2).11 The vacua that we found above have
(¢1,¢2) = (0,0) and (¢1,¢2) = (0,1/4/3) and the ratio of the values of the potential in the
two vacua is equal to 3v/3 /4. These numbers precisely correspond to those for the N' = 8
vacuum with SO(8) global symmetry and the IR A = 2 solution with SU(3) x U(1) global
symmetry in the SU(3)-invariant sector of N' = 8 gauged supergravity [39]. We see that
the existence of a pair of N/ = 2 AdSy vacua is quite general and holds for almost arbitrary
values of the gaugings.

We now consider Schry(z) solutions. It is obvious from (4.24) that the solution in the
origin, with (¢1,¢2) = (0,0), can only give solutions with A% # 0 in the unphysical case
z =0,z = —1. Both vectors fields are in fact massless at the origin. On the other hand, in
the case with ¢; = 0 and (s given in (4.31), we can find a solution; from (4.23) and (4.24)

we see that
3

A
0= b,

Ay (4.33)

"To compare with the notations in reference [39] we need to perform a further (purely electric) rotation
on the vectors A” and A'.
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and that z solves the algebraic equation

2

24 4(3@0 b1 + a1 bo)(3a0 b1 + a1 by — 4bob1)

=0. 4.34
3(@1 bo — ag 61)2 ( )

The equations of motion are satisfied and one of them fixes the value of A'. For a large
choice of gauging parameters we can find physical solutions. We note that the charges
corresponding to the SU(3)-invariant sector yield solutions with z = (—2.56, 1.56).

The case of a rotation of the graviphoton is similar and there are analogous solutions.
In the case of a cubic prepotential with electric gaugings or the case of a double electric-

magnetic rotation instead we found no interesting solutions.

4.3.2 One compact and one non compact gauging

The case where one of the isometry is non compact is almost identical and we will be brief.
Again there are N' = 2 AdS, and Schry(z) solutions for one electric and one magnetic
gauging. We discuss as before the case of an electric-magnetic duality on A!.

There is an N/ = 2 AdS, vacuum for £ = 0 and

, agp 2apa1
_ _ - _ , 4.35
4 Z\/ 3a;’ p 3a1by + agby ( )

with radius
1 o 3\/3(0,1 bo — ap b1)2

R? 8v/—ad ay (4.36)
For the same values of the scalar fields there is a Schry(z) solution with
Ao = 2¥ 4, (4.37)
ap
and z determined by
24, ABabotab)® (4.38)

3(@1 bo — ag 61)2

The model with one symplectically rotated vector appears in the Lagrangian cor-
responding to the consistent truncation of M-theory compactified on a Sasaki-Einstein
manifold SE7 [12]. The reduction naturally gives a cubic prepotential and a tensor field;
the tensor field can be dualized to the scalar ¢ with a simultaneous dualization of Al
With our normalizations, the gaugings are proportional to (ag,a;) = (6v/2,—2v/2) and
(bo,b1) = (—V/2,0).12 The AdS vacuum has 7 = i and p = 4 as in [12] and it corre-
sponds to the eleven dimensional background AdS; x SE; with N' = 2 supersymmetry.
The Schry(z) solution has z = (—4, 3), where obviously only the value z = 3 is physical,
and corresponds to the eleven dimensional solution found in [11, 15], which is discussed
from the point of view of the four dimensional theory in section 4 of [12].

12Reference [12] uses a different symplectic rotation given in equation (2.38) of the same reference; the
gauging parameters reported above have been correspondingly rotated with respect to those in [12].

— 292 —



5 Embeddings into string/M-theory

Having established a wide class of supersymmetric solutions in gauged supergravity, the
natural next step is to embed them into string theory or M-theory. The Lifshitz solutions
of section 3 require purely electric or purely magnetic gaugings. One can achieve a purely
electric gauging in a simple way by first reducing IIB on a Sasaki-Einstein five-manifold
(SE5) [54-57] where one obtains N' = 4 gauged supergravity with two vector-multiplets.
Then there is a further truncation [54] to an N/ = 2 theory with just the universal hyper-
multiplet which is gauged electrically under the graviphoton. Dimensional reduction on a
circle, with a linear profile for a hyper-scalar, introduces a further electric gauging. Specif-
ically, suppose we take a hyper-scalar ¢ in five dimensions and then reduce on the circle

ds? = dsi + (do + A)? (5.1)
q=ko+q, (5.2)

where ¢ only depends on the co-ordinates of the four-dimensional space-time. It is easy to
see that in four dimensions we obtain a kinetic term for ¢ of the form

Ly~ (dEj— k?Al) A *(dzj— l{tAl) , (53)

and so ¢ has electric charge k under A;. In this way one can obtain a four dimensional
N = 2 gauged supergravity theory with cubic prepotential and electric gaugings from IIB
on SE5 x S1. The Lify(2) solutions found in [17] can probably be understood in this way.

As already discussed in section 4, certain gaugings of the form (2.30) arise from
Sasaki-Einstein reductions of M-theory [12] and also in the SU(3)-invariant sector of the
N = 8 theory [39, 44, 53]. This makes it clear that our Schry(z) solutions can be embedded
into these theories. It would be interesting to precisely establish which solutions of [9-24]
lie within our class of solutions.

From consistent truncation of type IIA on various nearly-Ké&hler manifolds and
cosets [36-38], one can obtain N' = 2 gauged supergravity with the same scalar manifold
we have considered in this work and a rich spectrum of possible electric and magnetic
non-compact gaugings. In the case of purely non compact gaugings we have found no
non-relativistic, supersymmetric solutions. It would be interesting to understand if this
result holds in general for models with non compact isometries, since these arise naturally

in string compactifications.

Acknowledgments

We wish to thank D. Cassani, G. Dall’Agata, J. Gauntlett, A. Kashani-Poor, S. Ross,
H. Samtleben, H. Triendl and A. Tomasiello for interesting discussions. N. H and A. Z would
like to acknowledge the hospitality of the Galileo Galilei Institute for Theoretical Physics
during the course of this project. The work of N. H. is supported by the grant number ANR-
07-CEXC-006 of the Agence Nationale de La Recherche. M. Petrini is partially supported
by the Institut de Physique Théorique, du CEA. A. Z. is supported in part by INFN.

,23,



A Spinor conventions

Our conventions closely follow [45, 46]. We work with in signature (+ — ——). Spinors have
the following properties

V5€A = €A, (A1)
st = —et, (A.2)
et = (en)?, (A.3)
where v5 = —iv97172773 and conjugation is defined on a general spinor A\ as
A = qoCINT, (A.4)
and
cct=1, C*=-1, C'=-C. (A.5)
The gamma matrices satisfy
% =%, (A.6)
Yi = ’VO%T 70-

B Hypermultiplet scalar manifold

Here we summarize various facts about the hypermultiplet scalar manifold Mq. The eight
Killing vectors are given by [40, 58]

1 1
k1= 0 (2202, + 2102, — c.c.) ko = 5 (= 220:, + 210., +c.c.),
1 1
ks = .(— 2105, + 220, — c.c.) ) ky = .(Zlazl + 290, — c.c.) ’
21 % (B.1)
1 ; .
ks = 5 (-1+ 21)0: + 212205, +c.c), ke = ;((1 +27)0s, + 212205, — c.c.)
1 .
k7 = 5 (= 21220;, + (1 — 22)0., + ce), ks= ;(zlzgazl + (14 23)0., — c.c.) .

All these Killing vectors are real, (ki,ko,ks,ks) generate compact isometries while
(ks, ke, k7, ks) generate non-compact isometries. With the re-definitions

k1 = —iFy ko = —iFy
)

]C :—ZF, k - F;

3 3 4 \/3 8

ki5:F4, k6:F5a

k7 = Fg, ks = Fr,

the commutation relations are [Fj, F}j| = i f;j,Fj, with

1 1 1
fi23 =1, fiar = 9 f156=—2, fo46 = o) (B.2)
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1 1 1
pr— = p— B.
fas7 o f345 o f367 o (B.3)

V3 V3
fass = fers=—"". (B.4)
2 2
Thus we see that (F, Fy, F3) generate SU(2) and Fy generates a commuting U(1).

The Killing prepotentials can be computed from
Qi ky = =V, Py, (B.5)
where
QF = Ji e™Ae, (B.6)

J* are a triplet of complex structures, e’ are frames on Mg and V, is a covariant derivative
w.r.t. the SU(2)-connection on Mq. The Killing prepotentials are only well defined up to
a local SU(2) transformation. In a particular gauge, the Killing prepotentials associated
to the compact generators are given by (using 72 = [(1]? + [(2]?)

L (mG-g)

P, = —Re ((F-G) |, (B.7)
r2V1 =12 | (22)Re (G20
V1-r2
X Re ((7 +(3)
Py = Im (GG +¢3) |, (B.8)
r2V/1 =72 | (2-9)m (&)
V1-r2
1 2Im (¢1¢2)
Py = —2Re (¢1(2) , (B.9)
r2V/1 =72 | aPe-la?) - 16l e-lel?)
2v/1—r2
. 0
P = 0 ’ (B.10)
2 -2
1—r2
and those associated to the non-compact generators are
. Re (2 1 Im (o
P = Im ¢ |, Py = —Re G|, B
’ \/1 —r2 Im (1 ’ \/1 —r? Re G1 ( )
V1—r2 Vi-r?
) Re Cl 1 —Im Cl
P = m¢ |, Py = Re gy | B.12
\/1_742 Im G \/1—7“2 Re (2 ( )
V1—r2 Vi-r2
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