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1 Introduction

Scalar field theories with non-canonical derivative interactions, often referred to as

k-essence [1, 2], have gained significant attention in the past decade as novel and phe-

nomenologically different models for the inflationary stage of the early universe [3, 4] and

of the recent universe, dominated by dark energy (“DE”), see [1, 2, 5] and dark matter

(“DM”), see e.g. refs. [6–13]. The key new observable appearing in these theories in com-

parison to canonical scalar fields is the speed of sound which can be very different from the

speed of light.

On the other hand, modifications of gravity like [14, 15] in the so-called decou-

pling limit [16–18]1 reduce to non-canonical scalar field theory structurally different from

k-essence . In particular, in Minkowski spacetime this scalar field theory by construction

possesses the galilean symmetry: ∂µφ → ∂µφ + cµ where cµ = const. A galilean-symmetric

generalisation of this scalar field theory was introduced in [21, 22].2 Further, it was found

1For more recent development, see [19, 20]
2For earlier works unrelated to the decoupling limit, see e.g. [23–25]
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that it is impossible to covariantise these models in such a way so as to maintain the galilean

symmetry for dynamical spacetimes in a self-consistent manner [26, 27]. Nonetheless, these

theories have been named galileon theories and a significant body of work has already been

carried out analysing their impact not only on cosmological solutions [28–45], but also in

other circumstances [46–55]. In [56], we introduced a class of models which extends both

k-essence and the action of the DGP [14] decoupling limit by

Sφ =

∫
d4x

√−g [K(φ, ∂φ) + G(φ, ∂φ)�φ] , (1.1)

which we have utilised as an Imperfect Dark Energy (see also ref. [57], where this class

of models was slightly later studied under the name G-inflation).3 This action does not

possess the galilean symmetry and yet it does not contain a new degree of freedom, even

in the presence of gravity. We have found a number of surprising features exhibited by

this class of models. For example, contrary to k-essence and the ghost condensate [5],

even in the limit where the scalar is an exact Goldstone boson, without direct couplings to

matter, there exist attractors in expanding cosmologies in which the scalar field monitors

and responds to the external energy density, only to eventually arrive at a final de-Sitter

state; the null energy condition is generically violated in a stable manner and the system

can evolve so as to cross the phantom divide. These features arise as a consequence of what

we have named kinetic gravity braiding, the essential mixing of the derivatives of the scalar

and of the metric, which cannot be undone by a field redefinition and which necessarily

modifies gravity. The result of this kinetic braiding is that the energy-momentum tensor

can no longer be brought to the perfect-fluid form. A number of works have followed up

the analysis, investigating structure formation and inflation in this class of models [58–62].

In this work we extend our heretofore investigation of the cosmological solutions to

generic backgrounds and analyse the models with kinetic gravity braiding as fluids. This

turns out to be a very fruitful framework in which to proceed and we demonstrate that

it results in a very significant simplification of the equations and in giving a very physical

picture to the a priori complex dynamics of the system. For the complete list of fluid

variables and notation see table 1.

We begin by recapping parts of our discussion on the equations of motion already

presented in ref. [56] in section 2. Then, in section 3, we show that a fluid description is

still possible. Just as in the case of k-essence, one identifies the time-like gradient of the

scalar field with the fluid’s velocity in this way choosing a local rest frame. This implies

that the scalar field plays the role of the internal clock for the fluid. Since the shift-

symmetric Lagrangian is necessarily asymmetric with respect to φ → −φ there is a built-in

arrow of time. Secondly one can realise that the equation of motion for the scalar takes

the form of a divergence of a current, which is conserved in the case of a shift-symmetric

Lagrangian. This allows us to identify the shift-charge density, n, in the local rest frame.

What will prove key in the discussion here, is that this frame is neither the frame in which

the charges are at rest, nor is it the frame in which there is no energy flux. However, it

3For a further generalisation of galileons and our action (1.1) see ref. [53]
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is in this particular frame that vorticity vanishes providing the hypersurface of constant

intrinsic time on which the Cauchy data can be posed.

We follow Schutz [63] and interpret the derivative of the scalar field with respect to

proper time as the chemical potential, m. The surprising new feature is that both the

charge density and the the energy density now explicitly contain the expansion of the fluid

elements. In addition to its thermodynamical part P (m), the pressure, P, contains a term

proportional to the first time derivative of the chemical potential. As we will show, these

terms are a signature of the fluid’s generically being out of thermodynamical equilibrium.

In addition, this fluid is now imperfect. Indeed, the energy flows neither along the field

gradient nor along the shift current.4 Therefore the energy-momentum tensor contains off-

diagonal energy-flow terms. This energy flow is, in fact, diffusion occurring along gradients

of the chemical potential,

q = −κ∇m , (1.2)

where ∇ is the spatial gradient and κ is the diffusivity. This is a dissipationless form of

diffusion, with no entropy production. The fluid in this picture has zero temperature, is

vorticity-free and does not have any shear viscosity, just one would expect of a system

described by a single scalar field and an action. Thus it is natural to identify this fluid

with an imperfect superfluid. The use of the fluid variables allows us to understand the

dynamics described by the highly nonlinear Ampère-Monge-like equation of motion as the

simple first law of thermodynamics

dE = −PdV + mdN , (1.3)

where V is the comoving volume and N is the number of shift charges contained in V .

In particular, the function K in the Lagrangian (1.1) provides the equation of state for

the fluid, while the function G describes the dependence of the diffusivity on the chemical

potential. Note that the usual Galileon choice for the function G = (∂φ)2 is not necessarily

one which is physically motivated in this fluid picture, as we discuss in section 5.

In section 3.7, we show that when the fluid dynamics are expanded around the perfect

fluid, with the diffusivity κ employed as the expansion parameter, one obtains a correction

to the pressure that is proportional to the expansion of the fluid elements, and therefore

behaves in the manner of bulk viscosity. However, when a proper gradient expansion is

taken, we show that this bulk viscosity disappears, confirming that there is no dissipation.

That being said, the fluid does respond to the expansion, and therefore we propose that

it is viscid in this generalised, non-dissipative sense. Secondly, in the incompressible limit,

the equation of motion for the scalar field can be re-expressed as the diffusion equation for

charge density

ṅ = −∇ (D∇n) + . . . (1.4)

with the diffusion coefficient D ≡ −κ (m∂n/∂m)−1, where we have ignored the terms

arising from the non-inertial nature of the rest frame. Yet again we reiterate: this diffusion

process is dissipationless and occurs at zero temperature.

4Note the this definition of imperfection is different from the one used in ref. [64, 65].
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Description Notation Definition

Standard Kinetic Term X 1
2gµν∇µφ∇νφ

Fluid Velocity uµ ∇µφ/
√

2X

Chemical Potential m
√

2X

Expansion θ ∇µuµ

Spatial Projector ⊥µν gµν − uµuν

Time Derivative of x ẋ uµ∇µx

Description Notation k-essence Kinetic gravity braiding

Lagrangian L K (X) K (X) + G (X) �φ

Diffusivity κ 0 2XGX

Thermal Pressure P K K

Charge Density n ∂P/∂m ∂P/∂m + κθ

Charge Current Jµ nuµ nuµ − (κ/m) ⊥ν
µ ∇νm

Total Pressure P P P − κṁ

Total Energy Density E mn − P mn − P

Energy Flow qµ 0 qµ = −κ ⊥ν
µ ∇νm

Diffusion Coefficient D 0 −κ (m∂n/∂m)−1

Force Density fµ ⊥ν
µ ∇νP ⊥λ

µ ∇λP + κθ ⊥λ
µ ∇λm

Energy Conservation uν∇µT µν = 0 dE = −PdV dE = −PdV + mdN

Table 1. Comparison of properties and notation of k-essence with the imperfect fluid of kinetic

gravity braiding in the shift-symmetric case.

Using the fluid language for k-essence, we show that what is usually considered to

be the relation between pressure and energy density (the “equation of state”) is in fact

nothing but the Euler relation for the thermodynamical representation of the fluid, relating

the energy and pressure with the particle number and chemical potential. This relation

guarantees the conservation of momentum. Surprisingly, the Euler relation is still valid for

our fluid, but one must replace the total pressure with only its thermodynamical part.

In section 4, we turn to a discussion of the conditions required for thermodynamic

equilibrium in our braided superfluid. A new result here (which also applies to k-essence,

i.e. the usual perfect superfluid) is that, assuming our fluid interpretation, thermodynamic

equilibrium implies the so-called Born-rigidity condition: the expansion and shear vanish;

it turns out that the configuration must also be static. However, the key difference between
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these configurations and those considered previously (see e.g., [8]) is that the gradient of

the scalar field remains time-like: therefore these type of equilibrium configurations only

exist in theories with shift-symmetric Lagrangians. This also directly follows from our

interpretation of φ as the intrinsic clock.

A new feature arising from kinetic gravity braiding is that the equation of motion for the

scalar field provides a new condition which must be fulfilled by equilibrium configurations.

In particular, this condition constrains the equation of state which the scalar must adopt.

In the extreme case of a constant diffusivity κ, the total equation of state for the braided

scalar together with external matter must be w = −1/3. In equilibrium, the scalar must

arrange itself in such a way so as to screen the gravitational effects of itself and any external

mass present in the system.

We close by describing the motion of degenerate relativistic fermions by a k-essence

scalar-field theory in 5. While the former is a simple physical system, the k-essence de-

scribing it appears highly technically unnatural.

In table 1, we are providing a quick dictionary defining our terms and contrasting the

hydrodynamical properties of k-essence and the fluid with kinetic gravity braiding. We

assume the shift-symmetric case where the analogy with hydrodynamics is exact.

2 Action and equations of motion

In this section, we recap the discussion presented in our work [56, §2] where we introduced

a class of scalar field theories minimally coupled to gravity, described by the action5

Sφ =

∫
d4x

√−g [K + G × B] , (2.1)

where we have denoted

X ≡ 1

2
gµν∇µφ∇νφ, and B ≡ gµν∇µ∇νφ ≡ �φ ,

and K (φ,X) and G (φ,X) are arbitrary functions of the scalar field and its standard

kinetic term X. Here and in most of the paper, we use reduced Planck units where

MPl = (8πGN)−1/2 = 1. For further discussion, it is convenient to use the standard

notation for the corresponding Lagrangian

L (φ,X,B) = K (φ,X) + G (φ,X) × B , (2.2)

which we consider as a function of three independent variables φ, X and B. One should note

that, if the system is symmetric with respect to constant shifts in field space: φ → φ + c,

then the Lagrangian is necessarily not symmetric with respect to φ → −φ.

The Lagrangian P equivalent to L can be obtained by integrating by parts the scalar-

field contribution Sφ of the action eq. (2.1):

P = K −
[(

∇λφ
)
∇λ

]
G = K − 2XGφ − GX∇λφ∇λX , (2.3)

5we use the metric signature convention (+ − −−).

– 5 –



J
H
E
P
1
1
(
2
0
1
1
)
1
5
6

where the subscripts φ and X denote partial differentiation with respect to these indepen-

dent variables. It is clear that it is the dependence of G on the field’s gradient, X, that

prevents this theory from being recast in a k-essence form, whereas the derivative of G

with respect to φ contributes as an additional k-essence term.

In ref. [56], we showed that the equation of motion for the scalar field takes the fol-

lowing form

∇µJµ = Pφ , (2.4)

where Pφ = Kφ −
[(
∇λφ

)
∇λ

]
Gφ and the current

Jµ = (LX − 2Gφ)∇µφ − GX∇µX , (2.5)

corresponds to the Noether current for Lagrangians invariant under constant shifts in

field space: φ → φ + c. Thus this current is conserved provided that Pφ = 0. The

fully expanded equation of motion is somewhat unwieldy and was presented in ref. [56],

see eq. (2.5) on page 6; it will not be necessary in the discussion here. We would like

to stress that this second-order partial differential equation in the single scalar variable

φ is the only dynamical equation besides the Einstein equations. In particular, this is

the equation which one has to solve in numerical analysis. The presence of third-order

derivatives might have been expected owing to the d’Alembertian term in the action;

however, as we have proven in [56], the equation of motion contains at most second-order

derivatives. Therefore theories with kinetic gravity braiding do not contain any additional

hidden (and ghosty) degrees of freedom which would appear by virtue of the Ostrogradsky

procedure. Further, for any coordinate xi, the second derivative ∇i∇iφ appears only

linearly in the equation of motion. This allows one to associate this equation of motion with

a particular generalisation of the Ampère-Monge equation for four-dimensional manifolds

with Lorentzian signature. In section 3.6, we present a different derivation of the expanded

equation of motion which makes use of the Raychaudhuri equation and explicitly shows

how the higher-order derivatives are eliminated.

The energy-momentum tensor (“EMT”) for the scalar field is most easily derived in

the standard way using the Lagrangian presented in eq. (2.3)

Tµν ≡ 2√−g

δSφ

δgµν
= LX∇µφ∇νφ − gµνP −∇µG∇νφ −∇νG∇µφ . (2.6)

It is key to observe that the EMT also contains second derivatives of φ appearing in

P, LX and ∇µG. Therefore as we have already discussed in ref. [56], both the Einstein’s

equations as well as the equation of motion for the scalar field (2.4) contain second deriva-

tives of both the metric gµν and the scalar field φ, so that the system is not diagonal in

the second derivatives and no field redefinition exists which would unmix the two fields.

It is this essential kinetic mixing of gravity and the scalar that we have named kinetic

gravity braiding.

3 Fluid picture

When considering scalar-field theories as applied to cosmology, one usually restricts to

the case with timelike field derivatives. It is well known that many aspects of k-essence
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in such a setup can be described in terms of relativistic hydrodynamics [3]. Below we

introduce a fluid picture for the theory given by the action (2.1). As in the case of k-

essence, this hydrodynamical/fluid language turns out to be helpful in developing intuition

and in simplifying notation. To our best knowledge the analysis presented below appears

in the literature for the first time. For earlier studies of thermodynamics of relativistic

potential flows and k-essence see e.g. refs. [66–69].

3.1 Four-velocity and kinematical decomposition

First of all, by analogy with k-essence we can introduce an effective four-velocity

uµ ≡ ∇µφ√
2X

, (3.1)

which defines the local rest frame (LRF). We will then use the notation

˙( ) =
d

dτ
( ) = uα∇α ( ) , (3.2)

for the derivative along uα (material derivative), thus making τ the proper time of an

observer comoving with the LRF. We can then introduce the transverse projector

⊥µν= gµν − uµuν , (3.3)

which will be the first fundamental form in the hypersurfaces Σφ : φ(x) = const and which

will allow us to decompose vectors (and gradients) into time-like and space-like parts as

observed in the LRF,

∇µ = uµuλ∇λ+ ⊥λ
µ ∇λ = uµ

d

dτ
+ ∇µ . (3.4)

Without loss of generality, we will assume that the time derivative of φ is positive definite,

always making uµ future directed. The field φ can thus be considered to be an internal

clock. The hypersurfaces Σφ then are Cauchy hypersurfaces for the standard-model fields

and gravity and natural candidates for being the Cauchy hypersurfaces for the equation

of motion of the field φ (see the discussion regarding this particular choice of frame in

appendix A). The equation of motion (2.4) is of the second order, therefore from the

Cauchy-Kowalewski theorem, the initial data on Σφ are φ̇0 (x) and φ0 (x), which is rep-

resented not only by its value (φ0 (x) = const on Σφ) but also by second derivatives with

respect to the spatial coordinates x on Σφ.

In the shift-symmetric case, the Lagrangian is explicitly independent of the internal

clock φ. Then, as we have already mentioned, the Lagrangian necessarily violates φ → −φ

symmetry furnishing our model with a built-in arrow of time or an asymmetry of the

motions with respect to an increasing or decreasing internal clock φ.

The corresponding four-acceleration is defined as

aµ ≡ u̇µ ≡ uλ∇λuµ . (3.5)

– 7 –
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and can also be rewritten in form of a spatial gradient,

aµ =⊥λ
µ ∇λ ln φ̇ , (3.6)

It will be convenient to make use of the notation for its magnitude,

a ≡
√
−aλaλ . (3.7)

Further, we can make the standard kinematical decomposition,

∇µuν = uµaν +
1

3
θ ⊥µν +σµν , (3.8)

where θ denotes the expansion,

θ ≡⊥λ
µ ∇λuµ = ∇µuµ , (3.9)

and σµν is the shear tensor,

σµν ≡ 1

2

(
⊥λ

µ ∇λuν+ ⊥λ
ν ∇λuµ

)
− 1

3
⊥µν θ , (3.10)

which is symmetric, traceless and purely spatial. In this decomposition, we have used the

vanishing of the rotation tensor (or twist) ⊥λ
µ ∇λuν− ⊥λ

ν ∇λuµ in accordance with the

Frobenius theorem. The four-acceleration aµ, expansion θ and the shear tensor σµν are

constructed from spatial derivatives of the scalar field and can be calculated on any Σφ

directly from the initial data without using the equation of motion. Finally, it is useful to

introduce the extrinsic curvature of the hypersurface Σφ,

Kαβ =⊥γ
α⊥λ

β ∇λuγ = σαβ +
1

3
⊥αβ θ , (3.11)

from whence it follows that K = θ.

3.2 Shift-charge or particle current

Using the formulae

∇µX = 2Xaµ + Ẋuµ , and �φ =
Ẋ√
2X

+
√

2Xθ , (3.12)

we can write the Noether current eq. (2.5), conserved only when shift symmetry is

present, as

Jµ =
(
φ̇ (KX − 2Gφ) + κθ

)
uµ − κaµ , (3.13)

where we have introduced the notation6

κ ≡ 2XGX . (3.14)

6Note that in ref. [56, Eq. (3.6)], we used a definition for κ that is smaller than this one by a factor of

2, κhere = 2κthere. This served to simplify the equations even more in the particular case of a cosmological

background, but the proper normalisation for this term which gives its physical meaning is the one presented

in this work.
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From the standard discussion of imperfect fluids (see e.g. ref. [70]), we have to identify the

space-like part of the current (3.13), −κaµ, with diffusion, while κ can be interpreted as the

diffusivity, which we will take to be the coefficient relating the energy flow to the gradient of

the chemical potential7 (see eq. (3.35)). Despite the presence of second derivatives in (2.5),

the current does not contain the second time derivative of the field φ and can be calculated

directly from initial data. The density of the shift-symmetry charge8

n ≡ uµJµ = φ̇ (KX − 2Gφ) + κθ , (3.15)

contains the expansion θ, which is highly non-standard. It is convenient to associate this

Noether current with the particle-number current. In such a way, the introduced total

particle/charge number will be conserved provided there be shift symmetry. However,

the number of particles N ≡ nV in an infinitesimal volume V moving with velocity uµ

(comoving volume) is not conserved. Indeed using the decomposition (3.13) one can write

equation of motion (2.4) in the form

ṅ + θn −∇µ (κaµ) = Pφ , (3.16)

and using the geometric meaning of the expansion

θ =
V̇

V
, (3.17)

we can obtain

Ṅ = V (Pφ + ∇µ (κaµ)) = V Pφ + Ṅdif , (3.18)

where Ṅdif denotes the number of particles transported to the volume by diffusion per unit

of proper time. Thus generically N is not conserved even in the shift-symmetric case. The

total particle current is subluminal provided

n2 − κ2a2 ≥ 0 , (3.19)

If eq. (3.19) holds, then one can chose an alternative fluid description where one takes

the Eckart frame which moves with the particles as the LRF. We will comment more on

this later.

3.3 Chemical potential and force

Using the general expression for the Energy-Momentum Tensor (“EMT”) (2.6) and the

decomposition (3.8), we define the energy density of the fluid in the standard way

E ≡ Tµνuµuν = 2X (KX − Gφ) + κθφ̇ − K . (3.20)

7Note that usually the terms diffusivity and diffusion coefficient are used interchangeably, since the same

coefficient usually appears in both the Fick’s laws. We have kept the definition of diffusivity as the one here

and use it to mean a coefficient which determines an energy flux rather than a charge flux: in our case, this

is a more natural definition. In section 3.7 we show that, in an expansion around an incompressible fluid,

the equation of motion reduces to the diffusion equation with the diffusion coefficient related to, but not

the same as, the diffusivity, see eq. (3.59).
8Note that in ref. [56, Eq. (3.2)], we denoted this number density by J : nhere = Jthere.
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Contrary to the usual descriptions of relativistic imperfect fluids, the energy density con-

tains the expansion, θ.

For the shift-symmetric case we recall the definition of the effective mass per charge

(which is also the chemical potential or injection energy) see e.g. [71, p. 562] and obtain

m ≡
(

∂E
∂n

)

τ,V =const

=

(
∂E
∂n

)

φ=const,θ=0

= φ̇ , (3.21)

this expression is identical to that of ref. [63]. Further, we will identify

m ≡ φ̇ =
√

2X > 0 , (3.22)

with an effective rest mass per particle building the fluid even in non-shift-symmetric cases.

As we will see later (see eqs.(3.37), (3.41)) the rest-mass introduced in this way plays the

role of the chemical potential.9

The effective momentum of the particle can then be defined as

pµ ≡ muµ, (3.23)

and the corresponding relativistic vorticity, ∇µpν −∇νpµ, is zero.10 Further, the fact that

pµpµ = m2 and pµ = ∇µφ, means that −φ plays the role of Hamilton’s principal function

(action as a function of final coordinates) for each shift-charge. Indeed, for the action of a

particle we have

s = −
∫

mdτ = −φ , (3.24)

where we have used eq. (3.22) and where we have omitted the constant of integration.

Exploiting the particle momentum, one can introduce a relativistic 3-force Fµ acting

on each particle,

Fµ ≡⊥λ
µ ṗλ =⊥λ

µ

d

dτ
(muλ) . (3.25)

Then, using the decomposition

∇µm = maµ + ṁuµ , (3.26)

which follows from the definition of the effective mass (3.22), and decomposition (3.8), the

force can be written as the gradient of the chemical potential:

Fµ = maµ =⊥λ
µ ∇λm . (3.27)

Here it is worth remembering that, in a system in thermodynamical equilibrium which

experiences an external potential, the chemical potential is given by this external potential

9In the literature, m is also called specific enthalpy or Gibbs energy per particle.
10Here it is worth recalling that in a stationary gravitational field with Killing vector ∂t the conserved

energy of a particle is governed by pt. Using our identification we obtain that pt = ∂tφ has to be conserved.

As it was shown for k-essence in [72], the energy pt given by (3.23) is indeed conserved for stationary

configurations. Taking into account that φ plays the role of an internal clock one can expect that stationarity

implies shift symmetry in field space. Thus we conjecture that the statement from [72] is also applicable to

the kinetic gravity braiding theories.
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plus some constant, so that the force acting on the particle is exactly the gradient of

the external potential, as expected (do not forget the signature). We discuss equilibrium

configurations in detail in section 4.

Further we can also express the current eq. (3.13) making use of the chemical potential

Jµ = nuµ − κ

m
⊥λ

µ ∇λm , (3.28)

c.f. with the formula (59.5) for the diffusive current from ref. [66, p. 231].

3.4 Energy-momentum tensor

In this fluid language the EMT eq. (2.6) can be re-expressed as

Tµν = Euµuν− ⊥µν P + uµqν + uνqµ , (3.29)

where the energy density is

E ≡ Tµνu
µuν = 2X (KX − Gφ) + θmκ− K . (3.30)

As we have already remarked, contrary to the usual descriptions of relativistic imperfect

fluids, the energy density contains the expansion, θ. Still, this expression can be calculated

purely from the initial data.

Further, we can define the effective total isotropic pressure in the usual fashion and

find that it is given by the Lagrangian eq. (2.3):

P ≡ −1

3
T µν ⊥µν= K − 2XGφ − κṁ . (3.31)

The presence of the last term containing ṁ can be associated with an additional force

transporting particles along the gradients of the chemical potential. Because of this term,

the total pressure can be calculated only after making use of the equations of motion which

is not the case in standard fluids (see section 3.6 for a further discussion). However, in

configurations in thermodynamical equilibrium this term vanishes. It will prove helpful to

also introduce the part of pressure

P ≡ K − 2XGφ , (3.32)

which can be directly calculated from the initial data and which does not vanish in equi-

librium configurations, usually called the thermodynamic pressure.11

Finally the energy flow associated with diffusion is

qµ ≡⊥µλ T λ
ν uν = −mκaµ = m ⊥µν Jν . (3.33)

Thus the energy flow qµ arises purely from diffusive part of the particle current ⊥µν Jν

and the heat flow, which is defined as12

Heat Flow ≡⊥µλ T λ
ν uν − m ⊥µν Jν = 0 , (3.34)

11This imperfection from the construction called Inhomogeneous Equation of State where pressure is

postulated to be a function of both the energy density and the Hubble parameter, see e.g. [73–75].
12See e.g. ref. [76, §1, eq. (39)]. Note that many works use the Eckart frame as the LRF from the very

beginning so that the qµ used there can only be the heat flow.
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vanishes, as it should for a system with identically zero temperature. Then we can see that

the diffusive energy flux is proportional to the spatial gradient of the chemical potential:

qµ = −κ ⊥ν
µ ∇νm , (3.35)

c.f. with the formula (59.5) for the diffusive energy flux from [66, p. 231]. We take this

relation as our definition of κ as the diffusivity. It is instructive to compare these relations

with formulae (285) and (287) from the imperfect fluid from review [70, p. 58].

In simple equilibrium thermodynamics, the chemical potential has to be equal through-

out the body. If there are gradients of the chemical potential, then the system develops

forces and transports particles to compensate for these gradients. As we discuss in sec-

tion 4, in our case it is possible to construct equilibrium configurations which do nonetheless

exhibit diffusive flow in a time-invariant fashion.

Having defined the thermodynamic quantities, we can then re-express the particle

density eq. (3.15)

n (φ,m, θ) = Pm + κθ + mκφ = Pm + ∇µ (κuµ) , (3.36)

where we have explicitly stressed that we are treating the expansion as an independent

variable. This form allows us to immediately see that n can be found using solely ini-

tial data.

Using equations (3.15), (3.22), (3.30) and (3.32) we can obtain the Euler relation:

E = mn − P . (3.37)

Observe that the diffusion contribution κṁ cancels out and only the usual equilibrium

part of the pressure, which can be calculated from the initial data, contributes. We should

stress here that all the above results hold even when shift-symmetry is broken and particle

number is not conserved.

We would like to mention that the result eq. (3.37) in the k-essence limit (GX = 0)

reduces to the formula sometimes referred to as the k-essence equation of state, E =

2XPX −P [1]. To our best knowledge, the relationship between this equation of state and

the Euler relation appears to have been missed in the literature.

3.5 Energy-momentum conservation and the first law of thermodynamics

It is instructive to analyse the equations resulting from the conservation of the EMT

∇µT µ
ν = 0. For energy conservation we obtain:

uν∇µT µν = Ė + θ (E + P) −∇λ

(
mκaλ

)
+ mκaλaλ = 0 , (3.38)

where we have used the definition of the expansion and the property of four acceleration

uµaµ = 0. Further we can express the divergence of the diffusion current through the

equation of motion (3.16)

∇µ (κaµ) = m (ṅ + θn − Pφ) , (3.39)
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so that the conservation of energy eventually reduces to

Ė + θ (E + P) − m (ṅ + θn) + mPφ = 0 . (3.40)

Let us now consider the evolution of the energy E ≡ EV in the comoving volume

V . Recalling the definition of the expansion (3.17) and the “particle conservation” equa-

tion (3.18) we obtain the first law of thermodynamics for the matter in the comoving

volume in the shift-symmetric case:

dE = −PdV + mdN , (3.41)

where N is number of particles in the volume V , while d denotes the differential along the

velocity uµ. From expression (3.41) it is obvious that m plays the role of chemical potential.

In the general case with Pφ 6= 0, one should modify eq. (3.41) by substituting dN → δNdif

— the infinitesimal number of particles transported to the volume by diffusion, but not

those produced by the source Pφ.

There is only one single scalar degree of freedom φ and one independent scalar equation

of motion (2.4). Hence ⊥µν ∇λT λν = 0, momentum conservation, cannot contain any

additional information. Indeed, one can calculate that

⊥µν ∇λT λν = (E + P − mn) aµ , (3.42)

therefore the Euler relation (3.37) guarantees momentum conservation.

For completeness, it is worth mentioning how the “Archimedes law” changes for this

fluid. The force density is given by

fµ ≡ nFµ , (3.43)

or applying the Euler relation (3.37) it can be written as

fµ = n ⊥λ
µ ∇λm = nmaµ = (E + P ) aµ . (3.44)

On the other hand, using momentum conservation ⊥µν ∇λT λν = 0, after some algebra

we obtain

fµ =⊥λ
µ ∇λP + (κφm + κθ) ⊥λ

µ ∇λm . (3.45)

Hence the force density originates from a superposition of spatial gradients of the equilib-

rium part of pressure and of the chemical potential. Using eq. (3.36), we can rewrite the

contents of the parentheses as κφm + κθ = n − Pm, which disappears in thermodynamical

equilibrium (it is one of the Maxwell relations). On the other hand, in k-essence, the last

term is not present by the simple virtue of κ = 0.

3.6 Equation of motion

Let us discuss the equation of motion (3.16) in more detail. In particular, we will be

interested in solving it with respect to highest time derivative: ṁ = φ̈. Naively it seems

that eq. (3.16) should have third derivatives. However, as we know from ref. [56] these terms
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with third derivatives cancel. Indeed, using eq. (3.26), (3.31) and the Euler integral (3.37)

we obtain for eq. (3.16)

(nm + κφ) ṁ + κ
(
θ̇ −∇µaµ

)
+ θn − mκmaλaλ + Eφ = 0 , (3.46)

while from the Raychaudhuri equation we have

θ̇ = −1

3
θ2 + ∇µaµ − σµνσµν − Rµνu

µuν , (3.47)

so that third derivatives disappear giving a second-order equation

(nm + κφ) ṁ − κ

(
σαβσαβ +

1

3
θ2 + Rµνuµuν

)
+ θn − κmmaλaλ + Eφ = 0 . (3.48)

We then use the Gauss equation

σαβσαβ − 2

3
θ2 = −(3)R − 2Gµνuµuν (3.49)

to re-express the shear in terms of the intrinsic curvature of the spatial hypersurface and

obtain for the equation of motion (3.48)

(nm + κφ) ṁ + θn + κ
(

(3)R + 2Gµνuµuν − Rµνuµuν − θ2
)
− κmmaλaλ + Eφ = 0 . (3.50)

This equation of motion is linear in the highest time derivative φ̈ = ṁ. Using Einstein

equations and the expression for the EMT (3.29), we can eliminate the curvature term

2Gµνuµuν − Rµνuµuν =
3

2
(E − P + κṁ) + Wext , (3.51)

where we have denoted any possible contribution to the above contraction of the curvature

tensors external to the scalar field as

Wext ≡
(

T µν
ext +

1

2
Textg

µν

)
uµuν . (3.52)

Thus after such an elimination of the second derivatives of the metric, the equation of

motion takes the form
(

nm + κφ +
3

2
κ2

)
ṁ+θn+κ

(
(3)R +

3

2
(E − P ) − θ2

)
−κmmaµaµ+Eφ = −κWext . (3.53)

The diffusivity κ also serves as an effective coupling constant in front of the external source

term Wext. Since the total pressure P contains ṁ (see eq. (3.31)), the above equation

implies that the pressure of the fluid depends on the acceleration and the extrinsic curvature

tensor (and therefore the expansion θ). Moreover, we should expect that the coefficient in

front of φ̈ is responsible for the presence or absence of ghosts / negative kinetic energies.

Namely, there are no ghosts provided

D ≡ nm + κφ +
3

2
κ2 > 0 . (3.54)
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We confirm this claim explicitly in our discussion of the effective acoustic metric for pertur-

bations in the follow-up work ref. [77]. As we have already mentioned, this condition is not

correlated with the Null Energy Condition. Using eq. (3.37) and eq. (3.36) this function

D can also be written in the form

D =
Em − κθ

m
+

3

2
κ2. (3.55)

which simply reduces to the well-known k-essence limit, D = EX [78]. Provided D 6= 0,

the solution of the Cauchy problem exists locally under the usual limitations. On the

other hand, from the equation of motion (3.53) it follows that the zeroes of D generically

correspond to pole-like singularities in ṁ. Given the dependence of the total pressure on

ṁ, eq. (3.31), the configurations with D = 0 are pressure singularities and they build a

barrier in phase space which is generically impenetrable. Thus a fluid evolving from some

initial data with healthy perturbations (D > 0) will never become ghosty in a smooth and

controllable way. Note that, similarly to the cases studied in ref. [78], for some Lagrangians

and some external matter Wext there may well exist trajectories penetrating this barrier.

However, these trajectories would have measure zero in the phase space of the system since

they correspond to an exact cancellation of the above singularity. Finally, we would like to

stress that the fluid variables are helpful to develop intuition but do not appear to be very

practical in actual numerical calculations. The equation of motion cannot be reduced to

system of ordinary differential equations along a world line. In particular, the system (3.53)

and (3.47) is not closed and requires quite the unwieldy Raychaudhuri equation for the shear

tensor σµν which has to be supplemented with an even more complicated equation for ȧµ.

On top of that all these equations will be subject to the constraint that the vorticity of uµ

vanish. Working with φ directly and solving the expanded (2.4) has the advantage that

there are no further constraints. Solving equations of motion for the velocity potential

(phase for superfluids) φ is of course the standard practice in vorticity-free hydrodynamics.

3.7 Diffusion and non-dissipative bulk viscosity

Let us now elaborate on the diffusive interpretation of this fluid. First of all, one quickly

notices that eq. (3.28) is a “1st Fick’s law” J ∝ ∇m, relating the diffusive flux of particles

in or out of a comoving volume to the spatial gradient of the chemical potential, which

again is consistent with our interpretation of κ as the diffusivity. Of course, the “2nd Fick’s

law”, namely a diffusion-type equation for the charge density n, can be identified with the

equation of motion. Turning the attention to the shift-symmetric case for simplicity, we

can rewrite the equation of motion (3.39) as

ṅ + θn = nmṁ + θn + κθ̇ = ∇µ

(
κ

m
⊥µν ∇νm

)
, (3.56)

which is already a time-dependent diffusion-type equation for m, with some extra terms.

As we have already mentioned, the κθ̇ term plays a crucial role to keep this equation of

second order, through the Raychaudhury equation. One could worry that at the same time

this may remove the diffusive character of eq. (3.56), but this is actually not the case. For
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instance, there are configurations in which one can have a nonzero ∇µaµ but still θ̇ = 0 (in

section 4 we discuss examples of such configurations).

It is perhaps more illuminating to write eq. (3.56) directly in terms of n. For this

purpose, it suffices to realise that since n = n(m, θ) then at least locally one can express

m = m(n, θ). Performing a gradient expansion (i.e., in the expansion in κ) one then has

∇µm = 1
nm

∇µn + O(κ) with n and nm taken at θ = 0, that is for the perfect fluid limit.

With this, the equation of motion (or charge conservation) (3.16) reduces to

ṅ + θn = ∇λ

(
κ

nmm
⊥µν ∇νn

)
+ O(κ2). (3.57)

Bar the terms involving the expansion, this equation is the standard diffusion equation

ṅ = −∇µ

(
D∇

µ
n
)

+ Daµ
∇µn , (3.58)

with the diffusion coefficient a function of the diffusivity13

D = − κ

nmm
= −κ

n
c2
s ≡ −τDc2

s , (3.59)

with τD the diffusion timescale appearing here since the diffusion coefficient has dimensions

of L2/T. In the limit of an incompressible fluid, eq. (3.58) is in fact the exact equation of

motion to all orders in κ. The last term in this diffusion equation is proportional to ac-

celeration and manifests that the equation is written in a non-inertial accelerated frame.

Note that in this discussion we have not used the Einstein equations. The whole proce-

dure is based on the presence of a higher derivative in the equation of motion, and the

corresponding ∇µaµ in the equation of motion i.e. charge conservation (3.16).

One may wonder whether the system gives enough freedom to ever realise this diffusive

behaviour. It can be seen that this can occur when the initial data are such that the

expansion θ vanishes and θ̇ is tuned to be small. This means that the timescale for the

expansion of the volume is much larger than the timescale for the diffusion,

τD ≪ θ−1 . (3.60)

This condition also happens to imply that the contribution from the expansion to the

particle number is negligible. Then we must require that, in the charge-conservation equa-

tion (3.16), the expansion term is negligible compared to divergence term, or roughly

θn ≪ κ∇µaµ ⇒ ∇µaµ ≫ τ−2
D

. (3.61)

Finally, one needs to make sure that the configuration is maintained for sufficient time, i.e.

that θ evolves slowly enough. Through the Raychaudhuri equation (3.47) we require that

κ

n
|∇µaµ| ≫ θ̇τD ≈ |∇µaµ| τD − σαβσαβτD

⇒ ∇µaµ ≫
∣∣∣∇µaµ − σαβσαβ

∣∣∣ , (3.62)

13It is useful to compare this expression for D with [66, Eq. (59.9), p. 232]. Note that our κ/m = −α

and ρc = n.
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where all the above quantities depend purely on initial data. The final condition is precisely

the tuning that we are required to perform on these initial conditions to ensure that diffu-

sion occurs for some finite time much longer than the characteristic diffusion timescale τD.

This is a rather fine-tuned situation, which is already clear from the fact that this cancella-

tion is not possible in 1+1 dimensions. However, initial conditions obeying (3.62) definitely

exist. For example, in 1+3 dimensional Minkowski spacetime, these initial conditions can

be easily realised by the following ansatz in Cartesian coordinates (t,x): ∂tφ0(x) = 1 and

φ0(x) = ǫf(x), where f(x) is a harmonic function, ∆f(x) = 0, and ǫ is a small parameter.

In that case the geometric invariants are θ = O(ǫ3), ∇µaµ = O(ǫ2) and σµνσµν = O(ǫ2),

whereas from the Raychaudhuri equation we get θ̇ = O(ǫ4).

We conclude that the interpretation of this system as a diffusive one seems appropri-

ate and robust. We emphasise that this is a non-dissipative form of diffusion present

at zero temperature. Further one can see that Daµ
∇µn = −D

(
∇n

)2
/ (mnm) where(

∇n
)2

= − ⊥µν
∇µn∇νn. So that eq. (3.58) is in fact a nonlinear diffusion equation.

Let us now turn to the identification of the imperfect part of the EMT, which can

be done by comparing with the conventional gradient expansion performed in relativistic

thermo/hydrodynamics. As we have already mentioned in our discussion of the EMT in

section 3.4, it is necessary to solve the equation of motion for the scalar field in order to

express the EMT purely through variables on the Cauchy hypersurface. In doing so, we

rewrite the EMT in the effective form of a gradient expansion with κ playing the role of

the expansion parameter. Substituting the equation of motion (3.53) and the expression

for the particle current in fluid variables (3.36) into the expression for the pressure (3.31)

gives an EMT of the form

Tµν = Euµuν −
(
P̃ − ζθ

)
⊥µν +uµqν + uνqµ + O(κ2) , (3.63)

where we now have a pressure term corrected for the first-oder terms in this expansion,

P̃ ≡ P +
κ

D
Eφ , (3.64)

and there appears a bulk viscosity-like term with a would-be viscosity coefficient

ζ ≡ −D−1κPm + O(κ2) = −κ

(
n

nm

)
+ O(κ2) , (3.65)

and we have neglected the terms second-order in the diffusivity κ. We can compare this

expression with the sound speed that we have obtained in [56, Eq. 3.20] for the cosmological

background.14 Again dropping all terms of order κ2, we can conclude that when the

correction from kinetic braiding is small, the effective bulk viscosity,

ζ = −κmc2
s + O(κ2) . (3.66)

However, it is important to bear in mind that this type of bulk viscosity differs from the

usual notion defined in terms of the conventional gradient expansion. Indeed, in this expan-

sion an important assumption is that the energy density does not receive any corrections

14As we show in our forthcoming work ref. [77], the sound speed on general backgrounds is more compli-

cated but gives the same results at the level of precision required in this discussion.
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involving gradients of potentials or velocities. In our fluid, however, we do have a contribu-

tion to E proportional to θ. Hence, the only way to appropriately compare to the language

of the gradient expansion is to perform a redefinition of what is meant by the hydrodynamic

potentials, order by order in κ. Thus, one has to introduce a new chemical potential

m̂ = m̂(m, θ) , (3.67)

in such a way as to keep the form that is the energy density unchanged between the zeroth

and first orders in the expansion,

E0(m̂) ≡ E(m, θ) = E0(m) + κmθ , (3.68)

where E0 = mPm − P is the k-essence energy density. All quantities are supposed to be

expressed now in terms of m̂. At leading order, we therefore have

m̂ ≈ m +
κmθ

E0,m
= m +

κθ

D
. (3.69)

the charge density n becomes a function of m̂ only, up to first order in κ

n(m) = n0(m) + κθ = n0(m̂) + O(κ2) . (3.70)

This allows us to identify this modified chemical potential with the definition

m̂ =
∂E
∂n

, (3.71)

which is valid to the same order up to same order without the need to specify that the

derivative is taken at constant volume. The pressure using the new potential becomes

P̃ (m̂) = P̃ (m) + κmc2
sθ . (3.72)

When combined with the bulk viscosity term we obtained in eq. (3.66), we can see that

the contributions proportional to the expansion θ cancel out, and therefore the correct

identification for the bulk viscosity of this fluid is

ζgrad exp = 0. (3.73)

This is in tune with the fact that no actual dissipation takes place, as indeed it must not

in the case of a theory arising from an action principle.15

Having said that, we must emphasise that the EMT does depend on the expansion

θ: even the energy density does (in the original variables). This corresponds to a kind

of “viscous” behaviour: a (perhaps new) type of nontrivial response to expansion that is

not dissipative. Hence, it still seems appropriate to call this a viscid fluid, even if the

conventionally defined linear bulk and shear viscosity coefficients vanish.

Taking as a measure of this type of viscosity the coefficient defined above in eq. (3.66),

we can see that there is also a relation between viscosity and diffusion in this fluid:

ζ = Dnm . (3.74)

15The same redefinitions of the chemical potential (3.67), particle number (3.70), energy density (3.68)

and pressure (3.72) were recently rederived in the work [79], c.f. equations (A9)-(A12).
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4 Equilibrium and vacuum configurations

In this section, we will discuss the conditions on the fluid that are implied by the require-

ment that it is in equilibrium. As we will show here, the coupling of the braided fluid to

gravity imposes an additional condition on the braided fluid compared to k-essence.

Let us assume a non-vanishing number of particles in the fluid, n 6= 0. In equilibrium

in a stationary gravitational field with a timelike Killing vector ξµ, the quantity which is

constant throughout a system (in our case — on the spacelike hypersurfaces Σφ) is not the

locally measured chemical potential m but

m
√

gµνξµξν = const . (4.1)

This is sometimes called Tolman-Klein condition, see ref. [80] and ref. [81, §27, p. 77].

In the discussion here we will concentrate on the shift-symmetric case. Firstly, since φ is

an intrinsic clock and in equilibrium no physical observables should depend on this intrinsic

clock explicitly. Secondly, comoving observables like E , m, etc. should be independent

of comoving time, e.g. Ė = uλ∇λE = 0. Since we are building our description on the

assumption that m = φ̇ 6= 0, it better be the case that φ is not an observable, at least

in equilibrium.

The requirement that observables be independent of comoving time implies that the

Killing vector ξµ ∝ uµ. Since uµ is hypersurface orthogonal by definition, this implies in

fact that the equilibrium configuration is not just stationary, but also static. To satisfy

eq. (4.1) in an arbitrary curved spacetime automatically — without new conditions — we

have to assume that the coefficient of proportionality is m−1 so that

in equilibrium ξµ =
uµ

m
is a Killing vector. (4.2)

Therefore

∇νξµ + ∇µξν =
2Kµν

m
− 2uµuν

m2
ṁ = 0 , (4.3)

a projection of which gives

ṁ = 0 and Kµν = 0 . (4.4)

In particular, the expansion must vanish, θ = Kµ
µ = 0. Thus we have shown that, in

equilibrium, the motion of the fluid should be rigid in the Born sense: Kµν = 0. This is

the standard requirement, see e.g. ref. [82].

We can also consider situations where more than one type of matter is present. Since

ξµ is the only time-like Killing vector, the velocity of the external fluid must lie along ξµ,

and since the velocities are normalised — uµ
ext = uµ. The Tolman-Klein condition eq. (4.1)

then implies chemical potentials of all the constituents must be equal, mext = m.

As we have already mentioned, the chemical potential m for the system in an external

field can be space dependent even in equilibrium. Thus the acceleration does not necessarily

vanish. However, this is a result of the fact that a non-zero acceleration implies that uµ

is not tangent to a geodesic: the energy flux in equilibrium appears since the LRF is non-

inertial. One should stress, however, that the time dependence of the acceleration does
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vanish. The appropriate measure of the time dependence of a vector in the Lie derivative,

and in this, case

£ξaµ = aλ∇µ

(
uλ

m

)
+

uλ

m
∇λaµ = 0 .

In general, to find the equilibrium configuration as a function on space, one would need

to apply the equilibrium conditions eq. (4.4) to the Raychaudhuri equations and Einstein

equations and solve this system. This is potentially a rich problem and lies outside of

the scope of this work. Nonetheless, let us elucidate one significant difference between

k-essence and the braided fluid. Under the equilibrium conditions, the equation of motion

for k-essence is trivial and does not supply any new information. However, in the case of

the braided fluid, the equation of motion (3.46) reduces to a new constraint

κRµνuµuν = −κmma2 , (4.5)

which, using the Einstein equations, becomes

E + 3P + Eext + 3Pext = −2(ln κ)′a2 , (4.6)

where the prime denotes differentiation with respect to ln m and the quantities with the

subscript external are any potential contributions to the EMT coming from matter external

to the braided scalar. Let us just say that this constraint imposes a condition on the

equation of state of the braided scalar in equilibrium. In the extreme case of a constant

diffusivity κ, this constraint implies that the equation of state is such that the scalar

arranges itself in a configuration which screens the gravitational effect of the mass of

the total EMT. In particular, when there is no external matter, the equation of state in

equilibrium is w = −1/3. This is another facet of the monitoring behaviour present in the

cosmological solutions which we discussed in detail in ref. [56].

Let us now briefly mention vacuum configurations where the charge density vanishes,

n = 0. In ref. [56] we showed that for the shift-symmetric theories with kinetic gravity

braiding there exist such non-trivial vacuum solutions and that they are dynamical at-

tractors in an expanding universe. As one can see from eq. (3.15), the vanishing of the

shift-charge implies that the motion is restricted to obey

θ (m) = −Pm

κ
. (4.7)

The structure of these configurations is potentially even richer than that of equilibrium

configurations and this issue deserves a further detailed analysis going far beyond of the

scope of this paper.

5 How unnaturally complicated could it be?

One really interesting example of how unexpectedly complicated and unnatural the function

K (X) can be is provided by the noninteracting relativistic degenerate fermions with mass
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me and chemical potential m, see e.g. [81, §61, p. 180]. In equilibrium, we have

n =
m3

e

3π2
sinh3 ξ

4
, (5.1)

P =
m4

e

32π2

(
1

3
sinh ξ − 8

3
sinh

ξ

2
+ ξ

)
,

E =
m4

e

32π2
(sinh ξ − ξ) ,

m = me cosh
ξ

4
,

where ξ is related to Fermi momentum pF as

ξ = 4arcsinh
pF

me
. (5.2)

First of all, one can check that the Euler relation, eq. (3.37), indeed holds. Further, we can

re-express the pressure through the chemical potential m so that we obtain

P (m) =
m4

e

12π2


3

2
ln


 m

me
+

√(
m

me

)2

− 1


 +

√(
m

me

)4

−
(

m

me

)2
[(

m

me

)2

− 5

2

]
 .

(5.3)

If we restrict our attention to the simplest motion — vorticity-free — we have to follow

Schutz [63] and the identification used in this work, eq. (3.22), and substitute m =
√

2X =√
(∂φ)2 into this formula for the pressure to obtain the Lagrangian. As the result of this

procedure, we get a rather unusual scalar field theory of the k-essence type:

P (∂φ) =
m4

e

12π2


3

2
ln



√

(∂φ)2

m2
e

+

√
(∂φ)2

m2
e

− 1


 +

√
(∂φ)4

m4
e

− (∂φ)2

m2
e

[
(∂φ)2

m2
e

− 5

2

]
 .

(5.4)

Note that this Lagrangian describes a simple physical system and the incorporation of

any interaction would only serve to make the structure more complicated. Moreover,

this Lagrangian does not have a well defined vacuum limit at (∂φ)2 → 0. This is the

manifestation of the simple physical fact that the fermion chemical potential can never be

smaller than the mass of the fermion me. Even in the limit (∂φ)2 → m2
e the asymptotic is

not analytic:

P (∂φ) ≃ 4
√

2

15π2
m4

e




√
(∂φ)2

me
− 1




5/2

. (5.5)

Observe that the fundamental degrees of freedom in this system are fermions which have

nothing to do with the effective bosonic field φ. Moreover, the Lagrangian does not appear

to be technically natural and the only free parameter me does not correspond to the actual

strong-coupling scale. One could expect that the latter is governed by the scale of particle

separation, n1/3, which can be exponentially larger than me.

It is important to stress here that the Lagrangian eq. (5.5) does not model all the

degrees of freedom which exist in an ideal Fermi gas. In particular, it does not contain
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the zero sound, which is a non-equilibrium propagating mode.16 In ideal Fermi gases this

mode dominates at low temperature, while the adiabatic hydrodynamic mode modeled by

eq. (5.5) is actually suppressed. However, the addition of even a small attractive interaction

allows the adiabatic mode to propagate [83, p. 163]. Adding such a small attractive interac-

tion should have only a small effect on the equation of state of the fluid, since it only affects

those modes lying close to the Fermi surface. On the other hand, we do not know whether

there exist real examples of fluids where the hydrodynamic description we are using above

would dominate over the non-equilibrium zero-sound modes. However, e.g. the modeling

of ultra-high-density neutron stars is usually performed this hydrodynamic approximation.

Having seen the level of complexity allowed even for the simplest systems one can

ask what are the natural structures of the function G (X)? The simplest option for the

diffusivity κ is just to be constant. This corresponds to

G (X) =
κ

2
ln X , for κ = const .

Another option would be to declare the diffusion coefficient D to be constant. This would

correspond to G’s and K’s being connected as

G (X) = −D
√

2XKX , for D = const ,

where we have omitted a constant of integration. In this case, G is just proportional to

the charge density in equilibrium. However, as the simple physical example with fermions

teaches us, Nature may not enjoy such structural simplicity at all.

6 Discussion and future directions

In this paper, we used a hydrodynamical language to describe the dynamics of theories with

kinetic gravity braiding. This fluid picture turns out to be extremely useful: it provides

an intuitively clear physical meaning to otherwise obscure combinations of derivatives of

the field and the Lagrangian. This drastically simplifies notation allowing a much better

understanding of the system. As is well known, finding the correct variables in many cases

provides an easy path to the solution. Moreover, this notation clarifies the information

encoded in the free functions K (φ,X) and G (φ,X), making it possible to construct these

theories based on physical principles and not solely from a naive naturalness.

The key feature of our fluid, is the dependence of the charge density and, correspond-

ingly, the energy density on the expansion θ. This allows for the presence of bulk viscosity-

like effects and diffusion without any dissipation. This novel property, to our best knowl-

edge, had not been considered in the literature of hydrodynamics hitherto.

We would like to mention that our identification of shift charges with particles and,

therefore, of the proper-time gradient of the scalar field with the chemical potential is

not actually unique. In fact, we could also have assumed that these charges correspond to

entropy. From the first law of thermodynamics, it follows that this alternative identification

could be obtained by the exchange n → s and m → T , where T is the temperature. We

16We thank Gregory Gabadadze, Massimo Porrati and Alberto Nicolis for discussing this with us.
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find that the identification presented in the paper is more satisfactory. In the case with

entropy, even for a perfect fluid EMT, a non-shift symmetric Lagrangian would imply that

entropy is not conserved. Moreover, even in the shift-symmetric case, our diffusion flux

would correspond to a heat flux, but one which would nonetheless conserve entropy.

The equation of motion for the scalar is a highly nonlinear partial differential equation

of the Ampère-Monge type. This class of equations belongs to the frontiers of current

research in mathematics. In fact, contrary to the quasilinear case, it is not even clear

under which conditions the Cauchy problem is well posed. It may happen that this fluid

picture could aid in developing the understanding of this problem. In the forthcoming

paper, ref. [77] we make a first step in this direction by discussing the high-frequency

stability and acoustic geometry in these theories.

As we have alluded to already, our hydrodynamical picture owes a lot to ref. [63],

where perfect fluids with vorticity and thermal effects are described through a Lagrangian.

It would be interesting to investigate whether a non-pathological and meaningful gener-

alisation of perfect fluids with vorticity and thermal properties is possible along the lines

discussed in our paper. We believe that for this purpose the Lagrangian P̃ (φ,m, θ) from

eq. (B.10) could be rather suitable. In ref. [63] the author had already conjectured: “It

may also be possible to extend this work to viscous fluids. . . ”. In fact, the current paper

can be considered as a first step in this direction. Moreover, one could consider similar

generalisations in the framework of ref. [84]; for a recent development in this direction see

e.g. refs. [85, 86].

In a rather natural extension, one could employ the formalism developed in this paper

to consider the hydrodynamical properties of the more general galileons and theories such

as those of ref. [53]. There is, however, a potential difficulty in interpretation which is

related to a necessary appearance of curvature terms in the action, see ref. [26, 27].

Further, one should not forget that boundary terms are in fact unavoidable for the

proper formulation of the action principle in theories with higher derivatives, see e.g. [87,

88]. It would be very interesting and important to find these terms and their possible fluid

interpretation in theories with kinetic gravity braiding.

Having in mind the higher-derivative structure of the theory, it is interesting to specu-

late how one could change the fluid picture using constraints as in ref. [89]. It seems that,

in particular, one could obtain a kinetically braided dust — a braided fluid moving along

geodesics. Another option would be to constrain the expansion in the action and obtain in

that way a braided incompressible fluid with diffusion.

Finally, the fluid presented here appears to naturally act so as to screen the grav-

itational effects of matter when it is in an equilibrium configuration. This is another

manifestation of the monitoring effect that we discussed for the cosmological solutions of

these models in ref. [56]. Such phenomenology would clearly be important in cosmology

during non-linear structure formation. Could the equilibrium configurations which we have

described here provide a model for dark-matter haloes which significantly deviates from

the standard CDM paradigm?

To conclude, we are in these days witnessing a revival of interest and a rather exciting

series of developments in our understanding of non-canonical field theories and hydrody-
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namics. The bestiary of models used in cosmological models has grown and we are in the

process of trying to understand the implications. Eventually, these models will need to

stand up to observational tests, whether in cosmology or possibly even in some condensed-

matter systems, and we are in the process of trying to understand whether they could have

any completely new signatures for which to hunt.
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A Choice of frames

The choice of uµ defined in eq. (3.1) as a velocity for the frame is special in that it is

explicitly vorticity free as a result of this velocity’s being parallel to the gradient of φ. This

means that we are permitted to perform a foliation of the space-time using φ as an internal

clock and the surfaces Σφ: φ = const as our spatial hypersurfaces. This particular foliation

is then a natural candidate for being a Cauchy surface. In the follow-up work ref. [77],

we discuss the requirements on the possible general fluid configurations which ensure that

this particular choice of spatial hypersurfaces indeed provides a surface on which initial

values can be supplied in the usual unconstrained fashion and one can honestly describe

the scalar field as a fluid.

Using a general frame moving with some other velocity Uµ we could have defined the

pressure, energy density and energy flow using equations (3.30), (3.32) and (3.33) with the

substitution uµ → Uµ. In these variables the EMT would be

Tµν = ǫUUµUν− ⊥U
µν PU + qU

µ Uν + qU
ν Uµ + πµν , (A.1)
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where

πµν =

(
⊥U

µα⊥U
νβ −1

3
⊥U

µν⊥U
αβ

)
Tαβ , (A.2)

is the shear-stress tensor. Note that in principle we could perform this decomposition for

an arbitrary EMT. Generically, none of the shear, rotation or vorticity will vanish in such

a frame and the shear-stress tensor will contain terms with P and, correspondingly, ṁ.

Hence, for general initial data, πµν will not vanish. In particular, this is the case for the

two most popular frames used in the analysis of standard theories of imperfect fluids: the

Eckart frame, where the frame moves with the particle flow (so that Uµ
E = Jµ/

√
JλJλ),

and the Landau-Lifshitz frame, which moves together with the energy so that T µ
ν Uν

LL =

ǫLLUµ
LL. It could well be that these frames may not even exist for some otherwise reasonable

initial data.

One should note, however, that up to (and including) the first order in κ, these two

frames coincide, since the actual heat flux is absent, see [82, Eq. (2), p. 312]. Moreover,

up to this order, the energy-momentum tensor in this Landau-Lifshitz frame takes the

perfect-fluid form. And indeed, up to and including the first order in κ we are then dealing

with a perfect fluid. However, once higher-order corrections are included, we see that the

price paid for this frame change is that the fluid flow is now no longer vorticity free, with

corrections also coming at second order in κ. We show this explicitly below.

Let us for simplicity concentrate on the shift-symmetric case. In the Eckart frame

(suppose it exists so that (3.19) holds), the shift-charge density is

nE =
√

JµJµ = n + O
(
κ2

)
= Pm + κθ + O

(
κ2

)
. (A.3)

The 4-velocity of this frame is

Uµ
E = Jµ/nE = uµ + O (κ) . (A.4)

Now let us calculate the kinematical rotation vector for the Eckart frame, see e.g. [90]:

ωµ (UE) ≡ εαβγµ (∇αUEβ)UEγ = ωµ (J) /n2
E . (A.5)

This kinematical rotation vector is related to the previously mentioned rotation tensor or

twist in this frame wE
µν = 1/2

(
⊥U

µα∇αUEν −⊥U
να∇αUEµ

)
in the following way:

ωµ (UE) = εαβγµ
(
⊥U

αλ∇λUEβ

)
UEγ = εαβγµwE

αβUEγ . (A.6)

Further for ωµ (J) we have

ωµ (J) = εαβγµ∇αJβJγ . (A.7)

Some tedious but straightforward algebra yields the result that the vorticity in the Eckhart

frame, in terms of the variables in our chosen local rest frame defined by the gradient of φ,

ωµ(UE) =
κ2

n2
E

ǫαβγµSαuβaγ , (A.8)
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with

Sα ≡ ∇αṁ

m
− ∇αθ . (A.9)

Thus the kinematical rotation vector ωµ (UE) is O
(
κ2

)
and vanishes on equilibrium con-

figurations. In order to calculate it, one must solve the equation of motion (3.53).

Nonetheless, for general initial data, neither ∇αṁ nor ∇αθ are parallel to aµ, therefore

ωµ (UE) does not vanish. Nonvanishing vorticity implies (see Frobenius theorem) that the

Eckart frame is not suitable for the formulation of the Cauchy problem, because Uµ
E is

not hypersurface-orthogonal.

Using the variables we defined in section 3.7, we can also rewrite the full EMT

Tµν = (E0 + P̃ )uµuν − gµν P̃ − κm̂(uµaν + uνaµ) + O(κ2) . (A.10)

We can now perform a diagonalization into the Landau-Lifshitz frame by boosting the

velocity uµ along aµ,

ULLµ = uµ − αaµ + O(κ2) (A.11)

ãµ = −αuµ + aµ + O(κ2) ,

with α ≡ κm̂/(E0 + P̃ ). Rewriting eq. (A.10) using the new velocity, we obtain an EMT

of perfect-fluid form,

Tµν = (E0 + P̃ )ULLµULLν − gµν P̃ + O(κ2) . (A.12)

However, at second order in κ, deviations away from a perfect fluid reappear in this frame

in the form of a non-vanishing anisotropic stress proportional to ãµãν .

The formulation of the theory in terms of the field φ provides a natural reference frame

which is neither the Landau-Lifshitz frame nor the Eckart frame: the bulk velocity uµ is

neither the velocity of energy nor the velocity of particles. Contrary to the usual imperfect

fluids, in this frame, the energy density and particle density contain first derivatives of this

four-velocity. Moreover, the pressure contains the second time derivative of the scalar field.

It is also in this reference frame where the theory has a cosmological solution and reduces

to perfect-fluid configurations. Finally, the shift-charge/particle-number current depends

on initial data only and it seems that there are no general restrictions on the functions

G (φ,X) and K (φ,X) such that the current Jµ is timelike for all admissible initial data.

B Action without second time derivatives

Let us start from classical mechanics and consider the following one-dimensional version of

the system represented by our action (2.1),

S =

∫
dt (K (q, q̇) + G (q, q̇) q̈) . (B.1)

Now we can add a total derivative to this action without changing the equation of motion

so that:

q̈G (q, q̇) +
d

dt
f (q, q̇) = q̈ (G + f,q̇) + f,qq̇ . (B.2)
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We can eliminate the second derivative q̈ if we take

f = −
∫ q̇

dvG (q, v) , (B.3)

in which case the new, equivalent, Lagrange function without higher derivatives is

L1 (q, q̇) = K (q, q̇) − q̇

∫ q̇

dvG,q (q, v) . (B.4)

Now let us see how one can eliminate the second time derivative for our kinetically

braided scalar field φ. Let us use the Lagrangian (2.3) and write the action in the comoving

frame in the form

Sφ =

∫
d3x

∫
dτ

√−g (P − κṁ) , (B.5)

where now g = gττ ⊥ with ⊥≡ det ⊥µν and

gττ = gµν∂µτ∂ντ . (B.6)

Recalling the definition of the effective mass m eq. (3.22) we have

dτ =
dφ

m
, so that gττ =

gµν∂µφ∂νφ

m2
= 1 .

Now we can add an arbitrary total derivative d
(
f
√
− ⊥

)
/dτ without changing physics

so that

Sφ1 =

∫
d3x

∫
dτ

√
− ⊥

(
P − κṁ + fφm + f

d

dτ
ln

√
− ⊥ + fmṁ

)
. (B.7)

Therefore for

f (φ,m) =

∫ m

dm′κ
(
m′, φ

)
, (B.8)

we eliminate ṁ = φ̈ from the action. Further, we notice that the expansion can be ex-

pressed as

θ =
d

dτ
ln

√
− ⊥ . (B.9)

Thus we obtain an equivalent new Lagrangian P̃ without second time derivatives in co-

moving coordinates

Sφ1 =

∫
d4x

√−g (P + mfφ + fθ) =

∫
d4x

√−gP̃ (φ,m, θ) . (B.10)

Finally one can check that the difference between Lagrangians is indeed a total derivative:

P̃ − P = κṁ + m

∫ m

dm′κφ + θ

∫ m

dm′κ = ∇µ

(∫ m

dm′κ
(
m′, φ

)
uµ

)
. (B.11)

Of course if we were to change the coordinates away from this natural LRF frame, P̃ would

again contain second time derivatives.
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