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1 Introduction

There is increasing interest in locally supersymmetric actions with higher-derivative cou-
plings, whose rigorous study is possible in the context of a consistent off-shell formulation.
Such formulations are available when the number of supersymmetries is less than or equal
to eight. An off-shell analysis of partially or fully supersymmetric backgrounds is then
feasible and the results thereof are relevant for various applications. A first step towards
this was made some time ago in [1] in the context of evaluating the corrections to BPS
black hole entropy from a specific higher-derivative coupling. More recent results concern
the discovery of so-called non-renormalization theorems according to which certain classes
of actions as well as their first derivatives with respect to fields or coupling constants must
vanish in a fully supersymmetric background [2, 3]. This implies that those actions will not
contribute to BPS black hole entropy and neither do they contribute to the field equations
when studying supersymmetric field configurations.

In flat space-time the analysis of fully supersymmetric backgrounds is rather straight-
forward. In that case the supersymmetry algebra generically implies that all component
fields are space-time independent, so that all derivative terms in the supersymmetry trans-
formations can be ignored. It then follows that all fields that are in the image of the
supercharges must vanish. Therefore only the lowest-dimensional field, which cannot be
generated by applying a supersymmetry transformation on yet another field, can take a
finite, but constant value. In terms of superfields, this means that full supersymmetry re-
quires any superfield to be constant, i.e. independent of both the bosonic and the fermionic
coordinates. In the context of non-trivial space-times, similar results can be derived as
long as one is dealing with rigid supersymmetry.



The first part of this paper deals with a systematic analysis of the supersymmetric
values that certain supermultiplets can take, but now in the context of local supersymme-
try which is somewhat more subtle. When considering a large variety of supersymmetric
invariants, we prefer to make use of the (off-shell) superconformal multiplet calculus, where
one encounters an extended set of local gauge invariances associated with the supercon-
formal algebra. Proper attention should be paid to all these invariances. This last aspect
does not form an impediment for analyzing supersymmetric backgrounds and in fact the
presence of the extra conformal (super)symmetries greatly improves the systematics of the
analysis. But it is important to appreciate that we are now dealing with local gauge invari-
ances which imply a reduction of the physical degrees of freedom. Therefore it does not
make sense to just impose gauge invariance on a field configuration and it is natural that
a gauge invariant orbit of solutions will remain at the end. In principle this implies that a
fully supersymmetric background is only determined up to (small) gauge transformations.
In practice this means that we will obtain (conformally) covariant conditions on the field
configuration.

This is perhaps the point to briefly introduce the various gauge invariances belong-
ing to the superconformal group. There are two types of supersymmetries, called Q-
and S-supersymmetry. Furthermore there are space-time diffeomorphisms, local Lorentz
transformations (M), dilatations (D), special conformal boosts (K), and finally the local R-
symmetry transformations that constitute the group SU(2) x U(1). In the superconformal
setting a (conformal primary) superfield is characterized by its behaviour under dilatations
and the local R-symmetry. The behaviour under dilatations and U(1) transformations is
generally characterized by the so-called Weyl and chiral weights, w and ¢, respectively.

To explain the strategy that we will follow in this paper for establishing supersymmet-
ric backgrounds and to further elucidate some of the conceptual issues, we start in section 2
by discussing a single N = 2 vector supermultiplet coupled to a conformal supergravity
background (whose covariant quantities comprise the so-called Weyl multiplet). When de-
riving the consequences of supersymmetry for the resulting field configuration we naturally
discover that the conformal supergravity background itself is also subject to constraints.
These constraints are identical to the ones that apply to the Weyl multiplet without the
presence of the vector multiplet.

In section 3, we briefly present three other short supermultiplets coupled to a conformal
supergravity background, namely the tensor multiplet, the non-linear multiplet, and the
hypermultiplet. These three multiplets are all characterized by the fact that their lowest-
weight scalars transform under the SU(2) R-symmetry group. Requiring supersymmetry
in the presence of any of these multiplets turns out to impose a stronger restriction on
the Weyl multiplet than when only vector multiplets are present. With this additional
restriction the allowed field configurations are equivalent to the ones derived in [1].

Having determined the conditions imposed by supersymmetry we turn to a large class
of supersymmetric actions with higher-derivative couplings. We first concentrate on the
kinetic multiplet of the logarithm of a conformal primary anti-chiral superfield of Weyl
weight w, T(In ®,,). This multiplet has been extensively discussed in [3]. The superfield

®,, is usually not an elementary multiplet but a composite one, and the kinetic multiplet



plays a role in constructing a class of higher-derivative supersymmetric actions that extend
the class studied in [2] which corresponds to the case of w = 0. One such action seems to
emerge upon dimensional reduction from the higher-derivative coupling constructed in five
dimensions in [4]. This was first noted in [5] but at that time only the w = 0 version of
T(In ®,,) was known. In [3] the construction of T(In ®,,) was presented for arbitrary values
of w, and it was concluded that the actual invariant arising from dimensional reduction
corresponds to the case with w = 1. To exhibit some characteristic features of these
couplings one may consider the purely bosonic case, where the relevant expression that
appears in the action equals

OcOclng = (D?)*Ing — 2D"[(2 fu"€ya — [ Guv) D In )
+w[D?f +2 % —2(f,")?]. (1.1)

The scalar field ¢ can be either an elementary or a composite field, and it scales under local
dilatations according to ¢ — exp[w Ap| @, where w denotes the (arbitrary) scaling weight
of the field. The derivatives are standard gravitational derivatives and f,* is a composite
gauge field associated with special conformal boosts, which, in the simple theory introduced
above with a gravitational background, can be expressed in terms of the Riemann tensor.
In that case one has the identity

D2f+2f2 —2(f,")? = L1D*R — JR® Ry + L R?, (1.2)

where R4, and R denote the Ricci tensor and scalar. The crucial property of the expres-
sion (1.1) is that it is conformally invariant irrespective of the value of the Weyl weight
and furthermore that it can be easily extended to N = 2 supergravity on the basis of chiral
supermultiplets. Hence this expression defines a class of actions upon multiplying with any
(composite or elementary) scalar of weight w = 0.

In section 4 we summarize the salient features of the chiral multiplet T(In ®,,) and
derive the conditions imposed by full supersymmetry. This then facilitates our task, un-
dertaken in section 5, to establish the existence of the non-renormalization theorem of the
type discussed before for this class of couplings. This result thus establishes an extension
of the non-renormalization theorem that was initially proven for the more restricted class
of higher-derivative couplings with w = 0 [2]. Some early indications of this extended
non-renormalization theorem were already noted in [3], where some applications were also
pointed out.

In section 6, we return to the issue of the dimensional reduction of the supersymmetric
5D mixed gauge-gravitational Chern-Simons invariant given in [4]. The resulting 4D action
has two contributions: one is a holomorphic term involving the square of the Weyl multiplet,
and the other involves the new higher-derivative coupling discussed above. Its existence
confirmed the observation made in a study of 5D BPS black holes and black rings in
the context of a Lagrangian with the same 5D higher-derivative couplings, that the 5D
equations of motion do not reduce to the expected 4D equations, thus indicating the
presence of new 4D higher-derivative couplings [6]. In [5] these new 4D couplings were
identified with those constructed in [2], which involve the w = 0 version of T(In ®,,). The



more general class based on w # 0 was considered later in [3], and at that point it was
noted that actually the new higher-derivative coupling should correspond to the case w = 1.
However, a comprehensive proof of this correspondence was missing until now, and this is
the reason why this topic is addressed in this last section.

For further definitions and notational details, we refer the reader to the literature, and
in particular to [2, 3].

2 Vector supermultiplets in a superconformal background

In this section we derive the conditions that follow from imposing full supersymmetry on a
field configuration consisting of a single vector supermultiplet in a conformal supergravity
background. We first focus on the conditions imposed by supersymmetry on the vector
multiplet. This eventually leads to conditions on the Weyl multiplet, the supermultiplet
that characterizes the conformal supergravity background. The same analysis for the Weyl
supermultiplet without any vector multiplet present turns out to lead to identical condi-
tions. This situation will change in the case that other supermultiplets than the vector
one are present, as will be shown in section 3. There we will deal with the remaining short
supermultiplets, namely the tensor multiplet, the so-called non-linear multiplet and the
hypermultiplet. As it turns out, in the presence of either one of these multiplets, the Weyl
multiplet is subject to additional restrictions.

The vector multiplet consists of a complex scalar X, transforming with weights w = 1
and ¢ = —1 under local dilatations and chiral U(1) transformations, a Majorana spinor
doublet decomposed into chiral and anti-chiral components, €; and Q¢ which are each
other’s conjugates, an abelian gauge field W, and a triplet of auxiliary fields Y%. The
indices 4,j,... = 1,2 refer to the components of the doublet representation of the R-
symmetry group SU(2). For further definitions we refer the reader to, for instance, [2, 3],
where explicit definitions and further details are given in the same notation as employed in
this paper. Under Q- and S-supersymmetry the transformation rules of the vector multiplet
take the following form:

56X =&,
00 =2PXe; + %aijﬁb;’ybcej + Yijej +2Xn;,
W, =& (7, + 210, X) + i€ (7,07 + 29,7 X)),
Y =20 + 2epe €FPQY . (2.1)

The derivatives D, are fully covariant with respect to superconformal transformations
and thus contain the various connection fields associated with the superconformal gauge
symmetries. The parameters of Q- and S-supersymmetry are the chiral spinors € and 7;,
respectively, and their conjugate (anti-chiral) spinors, ¢; and 7°. We should point out that
F/f/ are the (anti-)selfdual components of the modified field strength tensor associated with
the gauge field W,

Eu=0W, —0,W, — [ X Tyije + X T,,7 5] , (2.2)



up to additional contributions quadratic in fermion fields. The fields T};;; and T are the
self-dual and anti-selfdual covariant tensor fields that belong to the Weyl multiplet. Note
that we will generally suppress terms that are of higher order in the fermions, because
eventually the supersymmetric field configurations will be presented with all fermion fields
set to zero.

Before beginning the actual analysis of supersymmetric field configurations, let us recall
that the superconformal symmetries are realized as local gauge invariances, which makes
the analysis conceptually rather different as compared to the rigid case. For instance,
imposing rigid supersymmetry requires the scalar field X to be constant. In the present
context such a result is not meaningful, because X is subject to local scale and phase
transformations, so that any two non-zero values of the field X will be gauge equivalent.
A similar comment applies also to the fermions, where one might expect that the fields €;
will be required to vanish. But here again one realizes that two different values of 2; can
be gauge equivalent by S-supersymmetry. Obviously a gauge invariant orbit of solutions
must remain, but it is often convenient to choose a particular representative of the gauge
orbit, which is equivalent to adopting a gauge condition. However, we prefer to restrict this
option to the fermionic symmetries and leave the bosonic superconformal gauge invariances
unaffected to keep the structure of our results as transparent as possible.

Let us now point out that in certain cases the analysis of supersymmetric configurations
can be more direct, which is an important result that will be relevant throughout this paper.
Rather than considering a single vector multiplet, let us briefly consider two such multiplets
with fields (X1, X?2), (Q;%,Q;2), etcetera. Then we may consider a (conformal primary)
chiral multiplet with the components

Xl X2 Qil o Xl Qi2
X2 @)y

etcetera. (2.3)

Now the analysis of full supersymmetry becomes straightforward, because the first (scalar)
component is invariant under dilatations and U(1) transformations (it has weights w = ¢ =
0), whereas the second fermionic component is invariant under S-supersymmetry. Therefore
it is now straightforward to conclude that the scalar must be a constant, while the fermionic
component must vanish. Continuing this analysis will show that this multiplet is restricted
to a constant, or, equivalently, that in the supersymmetric limit the two multiplets must
be proportional to one another. This is an example of a more generic result: if the lowest-
weight (scalar) component of a multiplet does not transform under dilatations and U(1)
transformations, then the supersymmetry algebra implies that the lowest-weight fermion
into which it transforms must be invariant under S-supersymmetry. In the supersymmetric
limit, this multiplet is then restricted to a constant. For a general chiral multiplet this result
was proven in [2].

From the above result it is therefore clear that nothing will be learned by considering
several vector multiplets at once, so we return to the original problem using a single vector
multiplet. Given the fact that the local superconformal gauge invariances will naturally
lead to a certain degeneracy, we will define a specific approach based on two guiding prin-
ciples. First of all, we insist that the bosonic superconformal invariances are preserved so



that the final result can be expressed in terms of equations that are manifestly covariant
with respect to all these gauge invariances. Secondly we assume that all (supercovariant)
fermionic quantities will vanish in the bosonic background. This leaves the bosonic invari-
ance intact. The only equations that are relevant thus follow from the requirement that the
supersymmetry variations of the (supercovariant) fermionic quantities should vanish un-
der a particular set of supersymmetry transformations parametrized by eight independent
spinorial parameters €' and ¢;. The resulting bosonic covariant equations then characterize
all the supersymmetric configurations. As we shall see, this strategy amounts to choosing
a certain representative of the fermionic gauge orbit. In principle one can still apply the
fermionic gauge transformations, but this will then lead to a different representative for
which the fermion fields do not vanish.

Hence, in order that X is invariant under full supersymmetry one naturally assumes
that €; = 0. To ensure that the transformation of the fermions will vanish as well, one
requires that a linear combination of Q- and S-supersymmetry will vanish on the spinor
fields €2;, which can be found by expressing the parameter n; of the S-supersymmetry

transformation in terms of the parameters of the Q-supersymmetry transformations, i.e.,
i =X PXe; + %siijZWbcej + 1Y€]. (2.4)

Here we have replaced the supercovariant derivative D, by a derivative D,, which is co-
variant with respect to only the linearly realized bosonic symmetries. We should stress
here that special conformal boosts are not realized linearly. Usually this does not lead to
additional terms when considering derivatives on quantities that themselves are invariant
under these boosts. To avoid confusion we will usually write the conformal gauge connec-
tion f,* explicitly in the purely bosonic expressions and not keep it implicit as we do when
dealing with supercovariant derivatives.

In this strategy the initial vector multiplet plays a key role, but in due course we will
demonstrate that the results will be independent of the choice of the particular supermulti-
plet from where one starts this procedure. We should also mention that all the constraints
can alternatively be obtained by exploiting the observation given below (2.3). Namely, one
can start from bosonic expressions constructed from various supermultiplet components
that are invariant under dilatations and chiral transformations, and explore the fact that
they must vanish under repeated supersymmetry transformations. We shall comment on
this aspect when considering the specific results of our calculations.

As explained earlier we subsequently require that all supercovariant fermionic quan-
tities vanish under supersymmetry and so must their supersymmetry variations. Hence
the superconformal derivative D,(); is assumed to vanish identically. What remains is to
ensure that also its variation will vanish under the particular combination of Q- and S-
supersymmetry defined by (2.4). To investigate the invariance of D,$;, let us first define
the superconformal derivative,

D% = Do — DX Wi — reij Fpe e’ — 3Yijtha? — X bai s (2.5)

where w,f and v,; denote the chiral and anti-chiral components of the gravitino field that is
the gauge field associated with Q-supersymmetry. The gauge fields of S-supersymmetry are



not elementary but composite fields denoted by ¢,; and gb,f. Their explicit definitions can
be found in e.g. [2, 3]. The derivative D,, is covariant under all the linearly acting bosonic
transformations, namely dilatations, local Lorentz transformations and local R-symmetry
transformations. Since we assumed that the fermionic gauge field must also vanish in the
supersymmetric limit we indeed have D,{); = 0.

Now consider the supersymmetry variation of D,€);, restricting ourselves to the
purely bosonic terms, using that the generic supersymmetry variations of the Q- and S-
supersymmetry gauge fields are given (up to terms proportional to fermionic bilinears) by

&bui =2 Dufi - %Tabij'Yab’Yuﬁj - ’Y,uni ,

50u" = — 2 fu"Ya€ + TRV)ap 7™ € + HR(A) by vue’ — ST yapyuej + 2D’
(2.6)

where f,% is the gauge field of special conformal boosts, which is a composite field whose
bosonic terms take the form

fu" = 3R, )" = §(D + jR@, 0))en® — §IR(A)" + T T . (27)

Here R(w,e),* and R(w, e) are the contractions of the curvature tensor associated with the
spin connection field wuab, defined by R(w) Wab = 29wy ab _ 2w[uacwy}cb . Furthermore y*
and D are a spinor doublet and a real scalar field belonging to the Weyl multiplet, while
R(A),, and R(V),,"; denote the curvature tensors associated with the connections of the
U(1) and SU(2) R-symmetry, respectively.

Of course, for consistency one must also determine the constraints from full supersym-
metry on the conformal supergravity background. As a first step in that direction we will
therefore also include the consequences of the supersymmetry invariance of the spinor x°,
which belongs to the Weyl multiplet. An independent analysis of the supersymmetry con-
ditions based only on the Weyl multiplet fields will be discussed at the end of this section.
Under supersymmetry x* transforms as follows,

o' = —1—127ab JDTabij € + %R(V)Wijfy’“’ej — %iR(A)M,/yWei + Dé' + %fyabT“bijnj . (2.8)

In evaluating the consequences of the above results one may assume that both X and 7},
are non-vanishing. The reason is that they are the lowest-weight fields of the two multiplets,
so that their vanishing would imply that the corresponding multiplets will vanish.

Upon substituting (2.4) it turns out that 6(Dy2;) = 0 and §x* = 0 give rise to the
following conditions,

R(V)w/ij = R(A)MV = R(D),uu = Yij =0,
D= é [X_l 6ijTabij F—ab + X_l EijTabij F—i—ab] N
szc cbij :Tacij Ficb 5

X €ij Tabij F—ab =X Eij Tabij F—I—ab . (2.9)



The third equation implies that Fabig proportional to X Eij To, with a proportionality
factor that is invariant under local dilatations and U(1) R-symmetry transformations. Us-
ing also the second and fourth equation in (2.9), one can determine this factor and obtain
the relation -
e 24DXTab” €ij
ab ™ T (Tedkl g )2

(2.10)

Here we have assumed that T,;% is not null, that is, (Tap ]8”) # 0. We will continue
making this assumption from now on.!

Furthermore we also derive the following conditions involving derivatives,

Do (X T™7) =0,
Do(X T%;j) =2e;; D 7,
D ™% = — D, In(X/X) F~%

[be]—

)

D% - DyIn X F7t¢ = — 2[DPIn(XX) F~9, — DyIn(X/X) F~459,]

X D(,DpyX — 2D, X DX = % FoeFh — %Uab [(DCX)Q + %GX Fed Tcdifgij} . (2.11)
where, in the last equation, D Dy X = (D(a Dy + fuaen) )X. This equation thus leads
to a condition on the field f,* and therefore on R(w,e),*. The imaginary part of the second
equation is consistent with the Bianchi identity on the field strength associated with the
vector gauge field W,,. The last term in the fourth equation (2.11) involves an anti-selfdual
projection on the indices [bc]. When this is taken into account, the result takes the form

D% — Dy In(XX) P 42D X P9, — 2D, m X B~ 5d =0,  (212)

which is conformally invariant in agreement with our original assumption.

We note one more equation that follows from the first three equations of (2.11), namely
(F~ab 4+ Lx 7%,e9) A, =0, (2.13)

where
A, = —3iD, In[X/X] = A, — 310, In[X/X] . (2.14)

Obviously A, is invariant under chiral U(1) and dilatations. Because R(A),, = 0 it follows
that 9),A,) = 0. Substituting (2.10) into (2.13), one derives, after multiplication with the
selfdual tensor T,;; and making use of the standard identities for products of (anti-)selfdual
tensors,

(€7 Tapij T*Mer + 24D 6,°] A = 0. (2.15)

!The case where (T ¢;;)? vanishes (in spite of the fact that T,," # 0) is rather special but can still
be dealt with by using the same method. Since the results are not substantially different, we ignore this
case here.



The first term in this equation contains the product of a selfdual and an anti-selfdual tensor
which is symmetric and traceless, and whose square must be proportional to the identity
matrix. In this way one can obtain the following equation,

D? 1
<|(Tabij5ij)2‘2 a (96)2> Au=0. (2.16)

At this point we have not yet evaluated all the constraints of full supersymmetry on

the Weyl multiplet. Besides the spinor field x* that we have already considered, there
exists a supercovariant tensor-spinor, R(Q)q’, which is the superconformal field strength
of the gravitini fields. It emerges as the supersymmetry variation of the tensor field 7720
so that it must vanish. Under Q- and S-supersymmetry R(Q)q’ transforms as

SR(Q)a' = —3DTwe; + RV) ' 5 € — 3R(M)ap™ Yeae' + 1 Tea v vapmj » (2.17)

where R(M) 4 is a modification of the curvature associated with the spin connection field
w, .
“w

Requiring R(Q)q' = 0, and using again (2.4), leads to two more equations,
DT — D, In X T + 2Dl X TC] W _2DyIn X T 5, = 0

_ N bl—
R(M)abcd 2 ‘)q2 (EZJXTG[C ) d]bl[a } =0. (218)
From the first equation we derive
eI DT e;j = — 1Dy (T ey)?, (2.19)

by making use of the identities that hold for contractions of (anti-)selfdual tensors. Fur-
thermore one derives, upon combining (2.10), (2.12) and the first equation of (2.18), that
certain ratios of fields must be constant,

X2 D

—_— = tant —_—
(Teieg)? ~ O i )]

= constant . (2.20)
These expressions can be regarded as the lowest-weight components of a chiral or real
supermultiplet, respectively, with w = ¢ = 0. According to the theorem discussed earlier
in this section, such multiplets must indeed be equal to a constant in the supersymmetric
limit. This observation enables an alternative derivation of the same results that we are
deriving in this section.

The second equation (2.18) involves an anti-selfdual projection over the the index pair
[ab] (because of the symmetry of this term, it is also anti-selfdual in [cd]), while R(M)_, .,
is anti-selfdual in both index pairs [ab] and [ed]. Using (2.10) the equation then takes the

form

_ 12D _
R(M)abcd - (Tabijgij)Q Pab,cd = 07 (221)



where?
B bl— . .
ab,ed = Ta[c Td}b‘ a2 = %(&z[c 5d]b - %Eabcd) (Tefmgij)2 - %Eij Teq” Tabkl €kl - (222)

By now we have obtained a number of conditions that do not explicitly involve the vec-
tor multiplet fields. A relevant question is therefore whether the Weyl multiplet alone (i.e.
without being coupled to a vector multiplet) requires the same conditions when imposing
supersymmetry. Therefore we repeat the same procedure but now without coupling to a
vector multiplet. Hence we start with the supersymmetry variation of the field x* shown
in (2.8), and choose 7; such that its supersymmetry variation vanishes.

At this point the reader may wonder whether a different choice for 7); would not affect
the results of the previous analysis, so that they would become incompatible with the new
ones that we are about to derive. This is actually not the case, as one can simply see
by considering the supersymmetry variation of the S-supersymmetric linear combination,
T“bij%ij — 24 X x*, whose vanishing under Q-supersymmetry is obviously independent
of whether #; is chosen such that 6€; or §x* will vanish. To base the analysis on S-
supersymmetric combinations of spinors was precisely the approach followed in [1]. Hence
it follows that the choice of 7); is irrelevant, and it is again obvious that the fermionic
gauge orbit associated with S-supersymmetry is not affected, as was emphasized earlier.
Our approach of adopting a specific 7; associated with a specific supermultiplet is thus a
matter of convenience when considering separate configurations of supermultiplets.

Using the expression for 7); that is found by solving §x* = 0 directly, one can evaluate
the variations of D,x* and R(Q)flb, requiring them to vanish also. This calculation is
completely similar to the approach followed before. A careful evaluation then shows that
all the constraints of the Weyl multiplet imposed by requiring supersymmetry coincide
fully with the constraints that we have evaluated before, starting from the vector multiplet
(possibly exploiting the first equation of (2.20)).

Let us now return the last equation of (2.11), which involves terms quadratic in deriva-
tives and yields an expression for the composite connection f,* associated with the con-
formal boosts,

fud = =DyD’In X +Dyln X D’ In X — 16,° (D, In X)* - 36,°D
288 D2 £;;Toc T et

} (Tdemn&—mn)Q ‘ 2

(2.23)

Whereas the left-hand side is manifestly real, the right-hand side is not. To analyze this we
note that D, X = D, |X|+1iA,, where A, has been defined in (2.14). The reality of (2.23)
then implies

DoAy — 2 At Dy In | X| — 10y Ae D In | X | = 0, (2.24)

2Note that we are using Pauli-K&llén conventions so that the Levi-Civita symbol is effectively pseudo-
real.

~10 -



where we note that (2.16) implies that A, = 0 for |D| # 4= [(T*7¢;;)?|. Hence we obtain
the following form for the real part of (2.23)
fo! = =DyD’In|X| 4+ DyIn |X|DPIn | X| — A, A
288 D2 EijTacij Tbcklé‘kl
} (Tdemngmn)Q |2

This completes the derivation of a consistent set of covariant equations that character-

— 15, (Do |X|)? — A°A. + 3D] — (2.25)

ize the fully supersymmetric configurations consisting of a vector and the Weyl supermul-
tiplet. What remains is to present the results for the components of the Riemann tensor.
Up to this point we have fully preserved the covariance with respect to the bosonic sym-
metries of the superconformal group, so that the spin-connection field wuab depends both
on the vierbein e,* and on the dilatational gauge field b,. Hence the associated curvature
R(w),»® is only identical to the Riemann tensor when b, vanishes. For a conformally
invariant action b, will be absent, while otherwise one still has the option to impose b, =0
as a gauge condition. Comparing (2.25) to (2.7), one derives the following expression for
the Ricci tensor and scalar,

R(w, €)ap = — 2D Dy In | X| + 2Dy In | X| DyIn | X| — 2 Ay A,
- [p@clnm +2(D.In|X|)? +2A°A. + 3D
1 576 D?
_ [7 n
16 ‘ (Tdemngmn)Q |
R(w,e) = — 6D*DyIn|X|— 6D In|X|Dyln|X|+6A42—12D. (2.26)

ij ckl
2} ijTac” Ty e

Note that the Ricci tensor is in general not symmetric in the presence of the field b,,.
Finally we note that

R(M) oy = Cle,w)ap™ + D™ + -+, (2.27)
where the suppressed terms are proportional to R(A),, and to fermion bilinears, which
all vanish in the supersymmetric background. Making use of (2.21) one then derives the
expression for the Weyl tensor,
6 SijT(g TCdeEkl 6 EijTabij TCdkﬁkl

(Smanemn)Z (5manemn)2

Cle,w)ap™ =D |26 — (2.28)

3 Three other short multiplets

In this section, we consider the remaining N = 2 short multiplets commonly encountered.
They are the tensor multiplet, the non-linear multiplet, and the (on-shell) hypermultiplet.
Their distinctive feature is that their lowest-weight components are scalar fields transform-
ing under the SU(2) R-symmetry. For the tensor multiplet these fields are the pseudo-real
SU(2) vector L;j, for the non-linear multiplet it is given by a space-time dependent SU(2)
element ®°,, and for the hypermultiplet they are represented by certain sections A(¢);®
of a hyperkihler cone.> These quantities will be introduced shortly. We assume that their

3The indices « for the non-linear multiplet and the hypermultiplet sections are unrelated. For example,
the former take the values o = 1,2 while the latter take the values o =1,--- ,2r.

- 11 -



SU(2) invariant norms are non-vanishing. For the non-linear multiplet, the norm equals
det[®’,] = 1; for the tensor and the hypermultiplet, these norms are the length L of
the vector L;; and the so-called hyperkahler potential x(¢), respectively, which both have
w = 2. Their precise definitions will be given shortly.

Requiring that the scalars are invariant under supersymmetry leads to the condition
that the fermion fields must vanish. We discover that the presence of SU(2) indices on the
lowest-dimension scalars generically leads to stronger conditions on the Weyl multiplet than
the ones found for the vector multiplet in the previous section. Since all the underlying
principles of the analysis have already been exhibited in the previous section, we keep the
presentation rather concise. Obviously the conditions on the Weyl multiplet alone may
be assumed. In particular, taking R(V),.'; = R(A) = R(D),, = 0 from the start will
simplify the analysis. An important condition, which will play a key role in many of the
formulae, is

DyIn L, tensor multiplet
D, 1n ‘(Tbcijaij)Q‘ =D, In(XX) =< -V,, non-linear multiplet (3.1)
Dylnyx, hypermultiplet

where V, is a vector component of the non-linear multiplet, and L and y are the two
composite real w = 2 scalar fields introduced above. These conditions are consistent with
the (now familiar) observation that any w = ¢ = 0 scalar field must be constant, and so
|(Tup¥e;5)?| must be proportional to X X, L and x for a vector multiplet, tensor multiplet
and hypermultiplet, respectively. Note that the vector V, is not invariant under special
conformal boosts.

In contrast with the previous section, we will find that for the three multiplets discussed
here, the w = 2 scalar field D of the Weyl multiplet will be required to vanish. This turns
out to have major consequences for both the Weyl multiplet and for any vector multiplet.
Invoking (2.10) and (2.21), one derives the following constraints on the Weyl multiplet and
any vector multiplet:

D=0 - R(M)abcd =0, Fu,=0. (3.2)

The second equation implies that the Weyl tensor must vanish as a result of (2.28). The
third equation of (3.2) leads to a constraint on the vector multiplet field strength,

Fu =20,W, = 1[X Tywij ¥ + X T) Y €55] . (3.3)
Another consequence of D = 0 is given by (2.16), which implies that
A, = —4iD, In(X/X) = = 3D, In [(ThVei)? /(T we)?] =0 . (3.4)

This determines the U(1) gauge connection in terms of the phase of T,/ (or X). The final
two conditions we will encounter are the analogues of (2.18) and (2.25), found by making
the replacement (3.1) with the additional constraints (3.2) and (3.4).
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3.1 The tensor multiplet

The tensor multiplet consists of a pseudo-real SU(2) triplet of scalar fields L;;, which
has Weyl weight w = 2 and satisfies the pseudo-reality constraint (L¥)* = 5Z~k5lekl , a
doublet of spinors ¢?, a two-form gauge field E,,, and a complex scalar G. Their Q- and
S-supersymmetry transformations are

(kb

L2
St = jDLij € + gl EI € — Gé +2LY 7,
0G = — 261D cpi —&(6 LY X;j + ivabTabjk gpl 5ij5kl) + Qﬁigoi ,
0B, = iEinygoj €ij — 1€V Pj e 4 2 L;; ik Ei’y[ul/J,,]k —2iLY Ejk Ei’}/[uw,,]k , (3.5)

5Lij =2 €qp5) T 2¢eiEj €

where D, are the superconformally covariant derivatives, and Eo equals the dual of a
supercovariant three-form field strength,

E“ = %16_1 ghvpe auEpa' - %iﬁyijq/po@jgij + %ilﬁuf)’pa(ﬂjgzj - iLijEijEVi'Ypdjak} . (3-6)

A supersymmetric field configuration for this multiplet can be found by following the same
steps as for the vector multiplet. We note the convenient identity, L% Lj, = 8%, L?, where
the modulus L of the SU(2) triplet is given by L? = L% L;;. We will assume that L is
non-vanishing and impose 6’ = 0 by choosing

i = —3Lij L [PL e+ E ey — G (3.7)

where all terms containing fermionic bilinears can be dropped. Next, we impose the con-
ditions 6(Dgp’) = 0 and §x* = 6R(Q)w’ = 0 and analyze their consequences. Although
the latter two conditions have already been investigated separately, it turns out that when
combining these with the condition §(D,¢?) = 0, while using the expression (3.7), one
more readily obtains the results (3.2), strongly restricting the Weyl multiplet. Assuming
as before that T, does not vanish leads to the conditions

A~ nd ki
G=FE,=0, Ly D, L™ =0, (3.8)
which force the two-form E,, to be pure gauge and restrict D,L;; = L;; DgIn L, or
Du(Li; L) =0. (3.9)

We find that the derivative of T,;,% is given by (2.18) with the replacement Dy ln X —
1D, In L, implying both (3.4) and (3.1). Similarly, the analogue of (2.25) is reproduced.

3.2 The non-linear multiplet

Next we consider the case of the ‘non-linear multiplet’ in a conformal supergravity back-
ground [7, 8]. This multiplet consists of a scalar SU(2) matrix ®¢,, with a = 1,2, a fermion
doublet with negative (positive) chirality components A* ();), a complex anti-symmetric
tensor M% and a real vector field V. Because ®, is an element of SU(2), it must have
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vanishing Weyl weight and its inverse matrix is given by its hermitian conjugate denoted
by ®%;. Under Q- and S-supersymmetry, the fields transform as

60y = (2€N; — 6N\ —hoc) B,
SN = f%y/ei — %Mijej + @iaﬂ)q)ajej + 1,
SM™ =128l 4 Lekaabn, Ty — 4y AT — 28N MY + 8l (P + @91, o aF) |
SV = 3&9"x; — g€ "N Theij — €9V N + E7°N My + 287 Dy
+ 267D, DB N — A\y*n' + hec. (3.10)
where we have suppressed terms explicitly quadratic in the fermion fields. In order for the

supersymmetry algebra to close, the vector V* must obey the non-linear constraint (up to
terms quadratic in the fermion fields)

DV = 5V? = 3D — MY M;j + Dy @', D% = 0, (3.11)

which can be interpreted as a condition on the field D of the Weyl multiplet. An unusual
feature is that V¢ transforms under conformal boosts, dxV® = 2Ak® Therefore the
bosonic terms in the covariant derivative of D,V take the form

DV = (0, — b)) V* —w, Vs — 2 £, (3.12)

Since V® has Weyl weight w = 1, it follows that dx(D,V®) = 2Ak*V,, so that the
combination D, V¢ — %VQ is conformally invariant.

As before, the condition §A* = 0 can be implemented by making a special choice for
the S-supersymmetry parameter,

i = Y+ B - 0P e 3.1

Requiring §(D,A\%) = 0 and §x* = 6R(Q)a’ = 0 leads to a number of conditions. The Weyl
multiplet constraints are obviously implied, and one again finds that (3.2) should hold,
along with

M7 =0, ®,D,9*=0. (3.14)

The latter equation determines the SU(2) connection in terms of ®/,9,9%;. In addition,
one finds
Vo, = —DoIn(T*¥e;;)? = —Dy In(TPpeM)?, (3.15)

implying (3.4) and (3.1). The equations (2.21) and (2.25), upon replacing D, In X — —3V/,
are also found.
3.3 The hypermultiplet sector

Unlike the previous supermultiplets, hypermultiplets are realized as an on-shell supermul-
tiplet. Since the multiplet consists only of scalar fields and fermions, without any gauge
fields, there does not exist a preferred basis for the fields, which are subject to non-linear
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redefinitions that take the form of target-space diffeomorphisms and frame transformations
of the fermions. For this reason, the hypermultiplets tend to mix under supersymmetry
and so it is necessary to consider the entire hypermultiplet sector at once.

For a system of r hypermultiplets, one is dealing with a 4r-dimensional hyperkahler
target space with local coordinates ¢ and a target-space metric gag, 2r positive-chirality
spinors (¢ and 2r negative-chirality spinors (¢. The chiral and anti-chiral spinors are
related by complex conjugation as they are Majorana spinors. They are subject to field-
dependent reparametrizations of the form (* — S%z(¢) ¢P: the fields ¢* are then redefined
with the complex conjugate of S%g. The target space is subject to arbitrary diffeomor-
phisms and has the standard Christoffel connection I'4 5C. Likewise there exist connections
4% and T’ 2% 3 associated with the field-dependent redefinitions noted above. Further-
more supersymmetry implies the existence of an hermitian and a skew-symmetric covari-
antly constant tensor, G8 and Q8 , respectively. The hermitian one appears in the kinetic
term for the fermions, and the skew-symmetric one is related to the canonical invariant
antisymmetric tensor of Sp(r).

In order to couple the r hypermultiplets to conformal supergravity, their target-space
geometry must be a 4r-dimensional hyperkahler cone [9].4 The hypermultiplet scalars
transform under dilatations associated with a homothetic Killing vector, and under the
SU(2) R-symmetry, associated with the SU(2) Killing vectors of the hyperkéhler cone.
The fermions transform under dilatations and the U(1) factor of the R-symmetry by scale
transformations and chiral rotations, respectively.

A systematic treatment of hypermultiplets makes use of local sections A;%(¢) of an
Sp(r) x Sp(1) bundle, where Sp(1) = SU(2) refers to the corresponding R-symmetry group.
These sections transform covariantly under R-symmetry and scale under dilatations with
w = 1. We refer to [9] for further details. The Q- and S-supersymmetry transformations
on the sections and the fermions take the following form,

A =26,C° + 261 GP Q5.8 (7 — 8qdP T A7,
5C* =PAE + At — 5qpP Tp®s(¢?, (3.16)

where 5Q¢A denotes the transformation rule for the target-space scalars whose form is not
relevant for what follows. The covariant tensors Gap and (1,5 can be expressed as bilinears
in the covariant derivatives of the sections,

9P DAA® DA’ = 67 GP | gAP DoAY DAL = £, 00 (3.17)

A supersymmetric configuration requires that both the fermions and their supersym-
metry variations vanish. For r > 1, one cannot find a choice for 7 which immediately
solves 6¢* = 0 for all a, so it will help to first single out one specific fermion to solve for
7*. We will follow a similar procedure as in [1] and first single out the w = 2 hyperkihler
potential x, defined by

X = %8ij Qaﬁ Aia A]ﬂ, (318)

4Upon fixing the dilatational and SU(2) gauges, conformal supergravity is converted to Poincaré super-
gravity, and correspondingly the hyperkahler cone is converted into a quaternion-Kéahler target space [9, 10],
in accordance with [11].
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and focus on the composite fermion (; into which it varies,
§x = 269€;¢; + h.c., Gi=Qap A CP . (3.19)
Solving 6¢; = 0 leads to
it =T AP Qp DALY " (3.20)

Subsequently one imposes the conditions dx! = JR(Q)e’ = 0 and 6(Dy(;) = 0. One
confirms again the standard conditions on the Weyl multiplet, including the additional
conditions (3.2) and (3.4). The first equation of (2.21) and (2.25) follow with Dyln X —
%Da In x. In addition to these constraints, one finds

Ai*QapDaAj’ =0 (3.21)

For r > 1, one must still satisfy ¢ = 0. Using (3.21), one finds the additional condition
(trivially satisfied for r = 1)

D A — %Da Iny A, = XI/QDQ(X_I/QAia) =0. (3.22)

This implies that the w = 0 section y~1/24; is covariantly constant.

We should draw attention to the fact that the hypermultiplet sector is on-shell and so
is associated with a specific Lagrangian. The hyperkahler potential, for instance, captures
all the details of a locally supersymmetric two-derivative Lagrangian of hypermultiplets.
In closing this section we should also mention that many of the equations obtained here
can also be found in [1] where the results were derived in a slightly different context. In
the next section we will be discussing a supermultiplet that has never been subjected to
this analysis.

4 The chiral T(In ®,,) multiplet

In a previous paper [3] a new class of higher-derivative invariants was constructed from
the so-called kinetic multiplet. This multiplet, denoted by T(In ®,,), is a composite chiral
multiplet of weight w = 2 constructed from the highest component of the logarithm of an
anti-chiral multiplet ®,, of arbitrary weight w. In this section, we will briefly review that
construction and then analyze the conditions for a supersymmetric configuration.

Let us start by recalling that the components of a general (conformal primary) chiral
multiplet ®,, consist of a complex scalar A, a chiral fermion ¥;, a complex symmetric SU(2)
tensor B;j, an anti-selfdual tensor I, a second chiral fermion A;, and a complex scalar C,
whose Weyl weights range from w to w + 2.°> Their supersymmetry transformation rules

®The tensor F,, and likewise ﬁ';b, used in this section should not be confused with the (modified) field

strength (2.2) of the vector multiplet. The latter multiplet is related to a reduced chiral field, which implies
that it is subject to a Bianchi identity.

~16 —



are [2, 8]

A =&V, ,
0V, =21DAe; + Byj e+ %’yabFa_b €¢jej +2wAn;,
0Bij =2€:PV;) — 28 A ey +2(1 — w) 7P,
SF,, =367 &DYap Vs + 58 vaphi — 3(1 + w) eV ivan ¥y,
0N = — 37 DFei — DBije’ e + Ceij € + (DAY Tupig + w A Py Tupig) ey,
— 37ae" er Xy ) — (14 w) Bie?* m + (1 = w) " Fymi
0C = — 25ijEilDAj —6&X; e*eil By,
— LM ((w = 1) &y DT o V1 + &7 Taji DT1) + 2we"m; A . (4.1)

From these formulae, it is easy to see that if a chiral multiplet has weight w = 0, then
requiring 6¥; = 0 amounts to choosing A to be constant and B;; = F,, = A; = C =0, as
was argued in [2]. For chiral multiplets of non-zero weight, the situation is more subtle, as
we will soon see.

To construct T(In ®,,), it is more convenient to deal with the components of d=Ind,
rather than with ®,, itself. These are related in a non-linear way: A =1n A, \ilz =
A1, etc. Because A does not transform homogeneously under local dilatations and
U(1) transformations, the superconformal transformations of the higher components will
be slightly modified. The Q- and S-supersymmetry transformations of the components /l,
W;,--- are

SA =&,
0W; =2 PAe; + Bij e + 1y F o eiiel + 2w,
0Bij =263V, — 2" A g5 + 27,85,
0F,, =3 @DV V) + $€vahi — 5 eV nva Y,
6N = — Iy DE e — DBijei*er + Ceij el + L (DAY Topij + w Py T ) ey,
— 3748 e, Xy "Wy — BijeF i+ 54 Eymi,
0C = — 26 PA; — 6Ex; e/ By + e (e PTupj V1 — @ Tupju D) . (4.2)

Note in particular the transformation rule of \ilz-, which transforms inhomogeneously under
S-supersymmetry into a w-dependent constant. For the special case of w = 0, these
components transform in the same way as those in (4.1).

Taking the complex conjugate gives the components and transformation rules of the
anti-chiral multiplet In ®,,. To construct the multiplet T(In ®,,), one begins by identifying
its lowest component with the highest component of In®,,. Subsequent components are
defined using supersymmetry. Here we concern ourselves only with the bosonic components
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and their bosonic constituents. These are given by
Alpangy =C,
Bijlranay = —2€ikgji(Cc + 3 D) BM — 2 X R(V)™ ki ey,

Folrand) = —(%a el — L)
x [4 D.DFY + (DA DT + DoA D°Toy)ei; — wDD Tog e
+ ch Tabijgij - R(V)_abik Ejk €ij + %Tabij Tcdz F+Cd

Clrn#) = 4(0e + 3D)0cA + 6(DyD) D*A — 16 D*(R(D)}, D' A)

- Da(TabijTCbijD A) Da(Ta z]TCbU)D A + ( abzgg ])2é
+ 1D, D (Thei; F*T)e¥ + 4 Do (D Tyeij FF + DbF,:gT“Cij)sij
—w[RW)LR(V)™H,; + 8R(D) ], R(D)*""]
— W [D " Topi; DT + DTy DT )] (4.3)

Following the same strategy as before, let us analyze the conditions for a supersym-
metric configuration. Requiring §U; = 0 leads to

A 1p s L
=~ [Ddei+ 1Byl + 1y Egeiel| . (4.4)

Next we sequentially impose dA; = 0, 6y’ = SR(Q)w' = 0 and finally 5(Da\i’¢) = 0 using
this choice for 7;. We find several algebraic conditions,

~

N — > kl 1 b— 1 A kn 1
BijF b= BijTab = 0, C = QwFab Fa mBlemng e m

[b Tq “ =0, D=5 L Fb=T, ey, (4.5)
in addition to the first-order differential equations
D,Bij — 1D,AB;; =0,
DT — LD, AT+ 2plb A i — 2D, ATilbiisd, =0,
D, — 1p, At 4 2pPAFd,~ — 2p A F-dlbsd, — 0, (4.6)
and the second-order differential equation

DuDyA + weg! fup — LD ADYA + D AD Ay + 2w D gy — = Frn FT6% =0 (4.7)

One additional condition is also found:

DY(A—A)Fy = —LwD(A— A) Tyij e . (4.8)
From (4.5), we deduce that

288 w D?

~ ~ 24wDTabij6ij
(Ted¥er)? (Tawpeij)?

Bij=0, F,=
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Multiplying the second equation of (4.6) by Ty leads to D, M — swn(T%e;5)?] = 0.
Because A — swIn(T%e;;)? is inert under dilatations and U(1) rotations, one recovers
D [A —tw ln(TbCijaij)Q] =0 = A= 2win(T,p"e;;)? + const . (4.10)

With these choices, the equations (4.5)—(4.8) are identically satisfied, once we use the
conditions established for the Weyl multiplet in section 2. At this point we should remark
that we could have immediately derived these results by noting that

is the lowest component of a w = 0 chiral multiplet and therefore must be a constant.
The higher components of this new w = 0 multiplet must vanish, which leads after some
algebra to the relations (4.9).

Now we are in a position to evaluate the supersymmetric configuration of T(In ®,,).
From (4.9) one finds that the lowest component of the kinetic multiplet is completely
determined to be

288 w D?

A|’]T(ln<f)w) = - (Tabijgij)Q . (412)

The remainder of the components of T(In ®,,) can be found by explicit use of the formu-
lae (4.3), but it is much simpler to note that since T(In®,,) is a w = 2 chiral multiplet,
it must be proportional to the square of the Weyl multiplet, schematically denoted W2,
whose lowest component is (7, abijeij)Q. For example, we can relate the component B;; of
T(In ®,,) to the same component of W2,

Alr(ina,,
Bijlrn#,) = Bijlw2 x W =0. (4.13)
C

The reason this quantity vanishes is because in the supersymmetric configuration Bjj|y 2
is proportional to aikR(V)abkj, which vanishes. In a similar way, one finds

A"]I'(ln @)
(Ted¥er)?

Alr(in 3.,

Folrans,) = 48D Tw" ey (TogMer)?’

Clr(ns,) = 576D? (4.14)

Note that these higher components are completely determined by the lowest component
Alr(in3,,)- given in (4.12). Two special cases are worthy of note. If @, is actually a weight
w = 0 multiplet, then T(In ®,,) vanishes completely, as was noted in [2]. Similarly, if we
apply the conditions of section 3 (equivalently, the conditions of [1]), then D = 0 causes the
entire kinetic multiplet to vanish for any value of the Weyl weight. This will be a crucial
point for the non-renormalization theorem presented in the next section.

5 A new non-renormalization theorem

The preceding sections have mainly been concerned with deriving the conditions of off-shell
N = 2 supersymmetry for various multiplets independently of any action. We devoted par-
ticular attention to the chiral multiplet T(In ®,,), which has been constructed only recently.
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This multiplet leads to a new class of 4D higher-derivative invariants. Our goal in this
section is to establish a non-renormalization theorem: in a fully supersymmetric config-
uration, these higher-derivative invariants always vanish, as do their first derivative with
respect to any field or coupling constant. To accomplish this, we will make one assumption.
In addition to the apparent field content — a non-vanishing chiral multiplet ®,, coupled
to conformal supergravity — we require at least one multiplet of the set discussed in sec-
tion 3. The motivation for this last requirement is physical. A Poincaré supergravity action
requires both a vector multiplet and at least one other short multiplet. So even if such a
multiplet is not present in the specific higher-derivative terms under discussion, it must be
present in the sector of the action responsible for generating Poincaré supergravity. This
means that it too must take its supersymmetric value. Making this assumption means that
the restrictive conditions discussed in section 3 apply. In particular, we will require that
D =0.

It will be convenient to exploit superfield and superspace terminology as discussed
in [3]. Superspace actions generically fall into two classes: they can be integrals over
chiral superspace or integrals over the full superspace. Schematically, we can write a chiral
superspace action up to a normalization factor as

/d41: d"9EF (5.1)

where F' is some quantity built out of chiral multiplets (fundamental or composite) and £
is the chiral superspace measure. The other option is a full superspace integral

/ d*zd*0dOEH, (5.2)

where H is real and F is the full superspace measure. In order to satisfy the requirements
of superconformal invariance, F' must have Weyl weight w = 2 and H must have Weyl
weight w = 0. In addition, both F' and H must be annihilated by S-supersymmetry.

The distinction between these two types of invariants is not a sharp one. Any full
superspace integral can be recast as a chiral one by making use of the so-called N = 2
kinetic operator T, normalized here so that®

/d4xd49d40E’H = —;/d‘lxd‘lﬁé”ﬂ‘(?{) : (5.3)

Therefore, when we discuss chiral superspace invariants, we usually mean ones which cannot
be converted back into full superspace invariants by removing a kinetic operator. It will
be convenient to call such chiral multiplets intrinsically chiral.

A common example of intrinsically chiral integrands are of the form F(X, A|y2) where
X1 are vector multiplets and Aly2 = (Tupe;;)? is the lowest component of the square of
the Weyl multiplet. This class F(X, A|y2) is actually quite important: it was shown

®The kinetic operator defined in [2] acts on an anti-chiral multiplet of weight w = 0. Tt can be extended
to act on any conformal primary (chiral or not) with w = —c to yield a new chiral multiplet of weight w+ 2.
This is equivalent to the chiral projection operator defined in superspace [12, 13].
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in [14, 15] to accurately describe the subleading corrections to the Wald entropy in the
limit of large charges required for matching the degeneracy of the microscopic string and
brane states. This precise matching was in retrospect quite surprising since there are in
principle a number of higher-derivative actions that do not fall into this class. In fact, this
was the motivation in [2] where a non-renormalization theorem established that a large
class of full superspace integrals (5.2) do not contribute to the Wald entropy.

It is now important to address what other intrinsically chiral invariants might exist and
whether they might possess non-renormalization theorems as well. As discussed in [3], the
kinetic multiplet T(In ®,,) is actually a new contribution to intrinsically chiral functions F'.
To see why, we note that the naive equality

1 _ _ _
—2/d4xd495<1>"]l‘(1n‘1>w) Z /d4:ud49d40E‘I>’ In @, (5.4)

(where @’ is some w = 0 chiral multiplet) does not hold since the integrand on the right-
hand side is not actually weight zero due to the inhomogeneous dilatation transformation
of In ®,,. This means that the left-hand side is actually an intrinsically chiral quantity.

It would seem that this observation might open the door for many new intrinsically
chiral contributions, but it turns out this is not the case. The reason is that any two
such multiplets are actually related to each other by the kinetic operator of a weight-zero
multiplet. Taking ®/, and ®,, to be chiral multiplets of the same nonzero weight (for
simplicity), the difference

T(In®,) — T(In &) = T(In(&, /®.,)) (5.5)

is actually the kinetic multiplet of a weight-zero multiplet. This permits, for example,
manipulations like

/ d'zd0 €& ' T(Ind.) = / d'zd0 & & T(Ind,,) — 2 / d'zd0d9F @ In(®),/d,),
(5.6)

where ® is a w = 0 chiral multiplet. This allows any operators T(In®/)) to be traded
for one universal choice T(In ®,,) and the rest lifted to full superspace integrals, where the
non-renormalization theorem of [2] applies.

We will now establish a new non-renormalization theorem: the contribution of T(In ®,,)
to any chiral integral (5.1) always vanishes as does the first derivative with respect to any
field or coupling constant. Using the condition D = 0 found in section 3, we find that the
entire kinetic multiplet T(In ®,,) vanishes in a supersymmetric vacuum. In other words, in
a supersymmetric vacuum, we can replace

F(®,T(nd,)) — F(2,0) (5.7)

in any chiral superspace integral (5.1). We still must be careful to analyze what happens
under variations of the fields in a supersymmetric configuration. For simplicity, we consider
first the case

-2 / d'zd'0 & & T(Ind,,) (5.8)

- 21 —



with a weight-zero chiral multiplet ® whose component action was constructed in [3]. (An
overall factor of —2 is necessary to match the component action normalization of [3].) In
principle, there are three ways in which this quantity could be varied: we may vary either
of the two multiplets ® and ®,, explicit in the expression, or we may vary the supergravity
fields which are implicit. Variations of ® clearly give zero since T(In ®,,) vanishes in the
supersymmetric background. Variations of ®,, within the kinetic multiplet also give zero.
This can be seen by parametrizing the variation as d®,, = ®,A where A is a w = 0
anti-chiral multiplet. This leads to T(dIn®,,) = T(A) and so we can write

o, /d% d*9 € &' T(In®@,,) = /d4xd405 ' T(A) = /d4xd49<5_’ T(®)A, (5.9

where we “integrate by parts” the kinetic operator as in [2]. Since ®' has zero Weyl weight,
its supersymmetric value is a constant and so T(®’) = 0. The last possibility is to vary the
components of the Weyl multiplet itself, with ®’ fixed at its supersymmetric value. Taking
the result for the component action of (5.8) given in [3] and imposing the supersymmetry
conditions on the components of ®', one finds

e IL =w Al (%RQ — 2RMR,, — 6 D% + 2 R(A)™R(A)q, — R(V) T, ROV)H,

+ s T TN T Toapa + T DD iy = T [, i), (5.10)

where A’ must be a constant. Note already that the terms D?, (R(A)q)? and (R(V)];)?

are quadratic in quantities which vanish in the supersymmetric background, and so any

variation of these quantities must vanish. It turns out that the same holds for the remaining
terms. The Lagrangian (5.10) can be written as

UL =w A (2 Zan™)? — 227 Zay ~ $237% ~ 6 D?
+ 2 R(A)™PR(A) — R(V)T™ ROV + D“Oa> (5.11)

where the three complex quantities

A

Zap = Rap — %nabR + %TaciijCij + 2w_1DanA - 210_21)a141)bf21 + w_gnab(DcA)Q )

Z; = 'DbTbaij gl + wil'Db/i Tbaij gl ,

Zg = 'DbTbaij €ij + w_lpbj Tbaij €ij » (512)
vanish in a supersymmetric configuration, using the supersymmetry condiAtions (4.5) - (4.8),

along with the additional condition D = 0 (which implies DA = D,A). The last term
of (5.11), which involves D,O® for

O = Tue " DyT 1 + w e i TP DyA — 4w "R D, A + 8w~ 'Ry, DV A
— 8w 2D, AD2A + 8w 2DPADyD, A — Sw 3D, A (D.A)?, (5.13)

gives a total derivative because A’ is constant. The remaining pieces are each quadratic in
terms that vanish in the supersymmetric vacuum, so their variation with respect to any of
the supergravity fields must vanish.

- 29 —



We have now established a non-renormalization theorem for the expression (5.8). This
is straightforwardly extended to the more general class of functions

/ d*zd*0 & F(®!, T(In ®,)) . (5.14)

Here the superfields ® are a set of chiral superfields which may possess any weight. For
instance, they may consist of vector multiplets X’ and the chiral supergravity invariant
W, 5. We have already observed that in a supersymmetric vacuum T(In ®,,) vanishes.
In this context, the functions F should be analytic at T(In ®,) = 0. Therefore, we may
construct a series expansion, a characteristic term of which would be

/ d'zd0 & oy, [T(InDy)]" . (5.15)

But any such term can always be written as (5.8) for the choice ® o< ®3_2, [T(In @w)]n_l.
Since our treatment of (5.8) holds for arbitrary @', the non-renormalization theorem applies
to this term and therefore to the broad class (5.14).

6 Dimensional reduction of the 5D mixed gauge-gravitational CS
invariant

The kinetic multiplet T(In ®,,) discussed in the preceding sections plays a natural role in
extending the known classes of chiral superspace higher-derivative invariants. As alluded
to in the introduction and discussed briefly in [3], evidence for the existence of a new
class of higher-derivative invariants was actually seen in [5] where the dimensional reduc-
tion of the supersymmetric version of the 50D Chern-Simons action Tr(W A R A R) was
considered. The authors of [5] identified three distinct types of terms in the dimensional
reduction: one corresponded to a usual chiral superspace integral of a holomorphic pre-
potential F(X, A|y2), another was identified as a full superspace integral H(X, X), and
a third remained a mystery. As discussed in [3], this identification was actually incorrect:
the second and third invariants described in [5] are actually part of a single irreducible
chiral invariant constructed from a kinetic multiplet T(In ®,,). Our goal in this section is
to back up this claim by keeping a much wider range of terms in the dimensional reduction

and checking against the proposed 4D action.

The supersymmetric version of the 5D Chern-Simons action Tr(WARAR), constructed
originally in [4], is given in the conventions of [16] by (it suffices to consider the bosonic
terms only)

E7' Loww = LerVi ! TAP Rypy? (V) ¥
+ crof [6*14RABCD(M) Rep™B(M) + w5 Ran; (V) RABij(V)}
— LA B eMNPRE ¢y T Ry pAB(M) Ropap(M) + LRyp (V) Rori (V)] }
+ 3¢;(100" Tap — Fap") R(M)cp™P TP

+ 10! [3T4PDODATho — §(PaTse)” + §DoTan DT
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+eso! [§D? 4 8T D — B(T%)? 4 SH(T4Tpe)? + Rap(TA9T ¢ — in*PT?)|
+ %i&ABCDE {C[FABI(TCF'DFTDE + %TCF’DDTEF) — 3C[CTITABTCD DFTFE:|
. T [TAB D+ 3TABT2 - %TACTCDTDB} , (6.1)

with £ = det(Ey*), the determinant of the 5D vielbein. The fields o, Wy, !, and Y;;! are
the bosonic components of a 5D vector multiplet, with field strength Fp;n! = 20 MWN}I .
The index I enumerates a number of such multiplets. The fields Ty and D are the
covariant bosonic fields of the 5D Weyl multiplet. The 5D Lorentz and SU(2) curvature
tensors are given respectively by R(M)MNAB and R(V)yni.
We will show that the full 4D invariant that matches the reduction of (6.1) is given by
S = - [ iz di0E e S (WPW,y — LT(n X0
vw = 7 | d's c1 Xo( s — IT(In X )) +he. (6.2)
This corresponds to a chiral superspace action where the holomorphic function F' is, in the
usual normalization convention, given by

1 C[XI ..
64 XO (é(TabngjV - %A|'J1‘(1n5(0)) : (6.3)

This expression involves three types of fields: the “matter” vector multiplets X!, the
Kaluza-Klein vector multiplet X°, and the 4D Weyl multiplet superfield W whose lowest
component is T, €ij. The expression within parentheses in (6.2) is composed of two chiral
invariants. The first involves the square of the Weyl multiplet, and the second involves the
kinetic multiplet T(In XY).

Before proceeding to details of the actual computation, some elucidating comments
are necessary about how to organize the Lagrangian. While (6.1) is fairly complicated,
we draw attention to one important feature: every term is linear in a component of the
5D vector multiplet. Upon dimensional reduction we must retain this feature, so the 4D
Lagrangian should take the form

671£|4D = —%C[Yijl Lij — %iC]F,WI E"W + C[XI G+ C[XI G (64)
for some composite functions L;;, EW = %eSWWEP", G and G. It is natural to write the
coeflicient of FWI as the dual of a two-form E,, since the Bianchi identity on FWI implies
that E,,, can be defined only up to a gauge transformation, £, — Ey, + 20),A,).

We have chosen the normalizations of the composite functions in (6.4) in a very partic-
ular way. Supersymmetry dictates that the functions L;;, E,,,, G, and G, must correspond
to the bosonic components of a (composite) tensor multiplet. This has some deep impli-
cations when one compares two expressions of the form (6.4), such as those we plan to
derive from (6.1) and (6.2). In particular, to show full equivalence between them, we must
only prove that the two expressions for L;; are the same: as these are the lowest compo-
nents of some (composite) tensor multiplet, the equality of the remaining pieces follows by
supersymmetry.
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Unfortunately, we cannot fully exploit this observation. A strict proof along these lines
requires that the fermionic bilinears of L;; be compared as well, and in the calculation of
the Lagrangian (6.1) these would need to be restored. We will instead demonstrate a proof
of equivalence between all bosonic terms of L;;, as well as some characteristic bosonic terms
of E,, and G. This establishes beyond any doubt the equivalence between (6.2) and the
reduction of (6.1).

We begin by reviewing some key results of the off-shell dimensional reduction formu-
lated in [5]. In order to avoid confusion between 4D and 5D fields, we henceforth will place
a diacritic on all 5D quantities (e.g. Ep? — E'MA). All bosonic components of the 5D
Weyl multiplet, (E' A, b M VMij, T4 B, and D), must reduce to expressions involving the
4D Weyl multiplet and a Kaluza-Klein vector multiplet X%. Below we provide a dictionary
relating the 5D and 4D components. To avoid potential confusion the index 5 will refer
only to the fifth component of the tangent space index A and never to the fifth coordinate.

The fundamental bosonic fields of the Weyl multiplet are given by

T en® 3W,0 X0 o bm
EM = ) bM = )
0 ixo! 0

. R
0( x0[—1
Vaid = Vali,  Vail = —geaYVPIXT,

N

wb = gl (&jTabinO - FJ,()) X0 +he., Tos = 5iDaln(X°/X7),

l\j_lD_7|X0| 1(DQD +1R)‘XO|—512|X0| 2F OFabO
+ | X072y 0 - ST, — 3Ty (6.5)

Some derived quantities are also useful. The 5D spin connection and Riemann tensor can
be found in [5], while the 5D SU(2) curvature tensor is given by

R(V)abz = R(V)abji - %QkijOFabo |AXV0|_2
R(V)as i = =32l X°| D (Y990/1X°P2) . (6.6)

The decomposition of the 5D vector multiplet is given by

xI xI - xI xIN_ ..
o ==X (- 5m) =y (e e Y
5 y xr  xf
WaI:WCLIa W ’Xo|( +X0)
3 X7 XT N x' X!
Ful = Ful =38 (G4 5o) o ool = —IX1D (55 + ) 67

It is important to note that all of these equations are invariant under the 4D U(1) R-
symmetry group. This is because there is no U(1) factor in the 5D R-symmetry group; it
emerges from the dimensional reduction.
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Let us now analyze the first term L;; of the 4D Lagrangian (6.4). This arises only
from the first term in (6.1), which decomposes as

64 Lij = —%EikR(V)abk (1X0 R h.c.) | X072
+15Y5" (iXOTabkl%zFJbO —1(F0% + h.c.) | X0~
3D In(X°/X°) Do (Vi0/1X) . (6.8)

This expression includes all the bosonic contributions to L;;. Now let us calculate the same
contribution from the 4D superspace action (6.2). It helps to rewrite the action as

X
drzdige CI o, B=WW,s - 1T(In X°) (6.9)

64

and express the component action in terms of the components of ®. For example, the
contribution to L;; is given by

641, = L Vi S Al —iiB-w +he (6.10)
i — 2(X0) P 2 X0 ij | P -C. .

The components of ® can then be calculated as

Ale = ;%(Tab 51]) - %A’T(ln)_(o)
35 (Twn2ij)? + (X0) 7 (30:X0 + {70 ey P
+ (XO)_Q(%(F;éO — 1 X Tapije")? — le(YijO)Q) :
Bijlo = e R(V)ap ]{ TM ey + 2(FH0 — LXOT,, 00ek) (XO)*}

+2(0. +3D)<Y 0> . (6.11)

X0

A straightforward calculation leads to L;; as in (6.8). As already mentioned, this nearly
guarantees equivalence of the final expressions, but we will check some additional terms to
marshal further evidence.

Let us now analyze the second term E,,,, of the 4D Lagrangian (6.4). We will check only
a subset of contributions. One obvious source is terms involving F 5! whose decomposition
in 4D tangent space indices yields Fj;’. These give contributions to the 4D Lagrangian of
the form

CI Fab [16R(M)CDab j‘vCD + j‘vab(b + %(TCD)Z) o %TaCTCDTDb |X0‘_1

_l’_

oolw

iEabCDEC[FabI (TCFéFTDE + %TCFﬁDTEF> ‘X0’_1 : (612)

We will discuss how to simplify this expression shortly. The other contributions come from
the Chern-Simons term, which gives

—&ia“decfWal(R(M)bcEFR(M)d5EF+ 3R(V)bm'é( )d5j)\X0| ! (6.13)
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This can be rearranged to
- é isadeCIFabI(%RcdefFef0|X0|2 + ﬁ(Fefochdo + éFefOFceoFdfO) |X0‘_4
+ 1h 16 P (67 ROV)ed's Vi IXOP + 35 Fed(¥5")?) X017 (6.14)

up to terms involving derivatives of |X°|, which from now on we will neglect to keep
our expressions simpler. It will be useful to neglect other terms in (6.12). For example,
expressions involving T.5 appear in nearly every term, often in multiple ways (e.g. from
the 5D spin connection), so it will be convenient to set T, w5 to zero, which amounts to
discarding D, In(X?/X?). We will also ignore all terms involving F,;? that also contain a
factor of T,q%, Ttqij or another F.;°. These conditions together allow us to focus on only
the first line of (6.12). Proceeding, we find that the first line reduces to

—Ser ! | S5 ROM)oa™ T 4 T (D 4 §(Tea)?) = §T°ToaT®| [X°70 . (6.15)

Now we combine this with (6.14) and find the coefficient of c;F'®! to be
641 Egp ~ 21 Capeg Te;5 (XO) 7! + diey R(V),,F; Y0 | X072
31 (Ra® — 20.R)F3 P |X0 72 + HR(F,” + 1X T ey;) [ X072
— 2D (F," — X ei5) | XO 7% — 51 (Y5°)? (F° — X T ei) |X°) 71
151 T e (Tod™en)? XO(X0) 72 — HiTwei; (Teame™)? (X°) ™' + hec.
(6.16)

up to the terms we neglected. Keep in mind that E, is imaginary so the above expression
is actually real. To extract the corresponding terms from the 4D Lagrangian (6.2), we
return to (6.9), where

641 By = (iFa_bO — L X0 ey 4 L XOT, e ) Als + hec. (6.17)

i 1
~solwle + (X0)2
The result for A|¢ was given in (6.11). The expression for F|¢ is

Folo = —%R(M)Cdab Tedesj — %Ez‘jTaij OeIn X0 + éR(V);biijkoeij (X9t

= aszTcdij (chJrO . %XOTCdeEkl)(XO)fl
Fe—i(_io — %XOTabijEij
X0
+ D°In X DTy e;; + D.ln XODeTedU@-j} . (6.18)

+ 1(8ae0, 1 — Le ) [4DCD6 ) — DD T, ey

A careful calculation, keeping only the terms discussed, reproduces (6.16).

Let us now analyze the last term G of the 4D Lagrangian (6.4). Because of the
complexity of the full expression, we will only look at a small number of characteristic
terms. We begin with all terms involving the 4D SU(2) curvature tensor, which arise only
from the second and third lines of (6.1). These are

128 X°G ~ —2iR(V)LGROV)H; —iR(V),, 5 R(V)™ 7,
+ AR(V) o k™ mj‘)(% i X0Tabmng,,, + §iFe =0 4 h.c.) X172, (6.19)
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Next, we collect all terms involving the 4D auxiliary field D that do not involve derivatives
of X% or X°. These arise only from 5D terms involving D and are given by
(X0 X0
%0 (TupPeij)* + %F(Tabwa )2 — 2 Orabii (x0)!
+ (02| X° 72+ 5 (F2X0 72 4+ SR — (V)21 X072 . (6.20)

128X°G ~ —-%2iD?+iD|}

Finally, we include all expressions quadratic in the 4D Riemann tensor as well as the terms
(V;;9)* and R(Y;;%)2. These are easily deduced from the 5D Lagrangian because they arise
only from the second and third lines as well as the term involving D2. The result is

128 X0 G ~ —21C,"C,"" — 2i (Rap)® + 51 R? — oi(Vi;0) X0~ + &iR (¥3,°)2) X072 .
(6.21)

These three sets of terms, (6.19)—(6.21), constitute a useful characteristic set. They can be
found within the 4D Lagrangian (6.9), for which G is given by

i ! i50 ! i b—0 _ 1 50abij -

128G:_FC|¢_WY] B”|q>_mT UEJFb‘cI)JF (XO) (Fa _ZX Ta ]Eij) Fab|q>
i 0 +0 1 0 ij ab kl 170
(XO) 7 20X + 3(FA° = 1 X0 Tapije) T e QXOYZJ g
1 o
+ F(Fabo — 3 X T J%‘)z} Ale
(A i _
— 21 DC(%) + 4(X0)2 T 138 (F+O _ 7X0 Tabkﬁ’”) A|q> ] (622)

The expressions for all of the bosonic components of ® have been given except for C|g. It
is rather lengthy, so we refer to [3] where it was evaluated in detail.
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