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1 Introduction

The thermodynamic properties of black holes provide important clues to the behaviour of
quantum gravity. The physics of asymptotically AdS black holes has been of considerable
interest for quite some time [1] because of the AdS/CFT correspondence, which led to an
effort to understand strongly coupled thermal field theories living on the AdS boundary.
Recently the thermodynamic properties of these kinds of black holes have been a subject
of intense interest because of their qualitatively similar behaviour to a Van der Waals
fluid once rotation and/or charge are added [2-4]. However the analogy is complete [5, 6]

only when the the cosmological constant A < 0 is interpreted as thermodynamic pressure
P =Py, [7, 8]

A 3
P\=——=— 1.1
AT T8 smiE (1)
and is allowed to vary in the first law of black hole thermodynamics,
OM =T6S+VOP+ ..., (1.2)



where the quantity V'

is the thermodynamic volume and is conjugate to P [9, 10]. From this, an equation of state
P = P(V,T) can be written down for a given black hole. By identifying the black hole
and fluid temperatures T' ~ T, volumes V ~ Vy, and pressures P ~ Py a proper mapping
to the corresponding fluid equation of state can be made [5, 6]. Charged and/or rotating
AdS black hole thermodynamics has been shown to qualitatively mimic the behaviour of a
standard Van der Waals (VAW) fluid. The VAW liquid/gas phase transition corresponds
to a small/large black hole first-order phase transition, which terminates at a critical point
characterized by the standard mean field theory critical exponents. The Gibbs free energy
exhibits a swallowtail catastrophe in both cases [5, 6]. This analogy extends to a broad
class of black holes in higher dimensions [11].
A VAW fluid is described by the VAW equation of state (EOS)

T = (P+%)(v—b) (1.4)

which is a closed form 2-parameter equation of state, valid in any spatial dimension [6]. Here
v = V/N denotes the specific volume of the fluid, with N counting the degrees of freedom
of the fluid. The parameter a > 0 is a measure of the intermolecular attraction between
the fluid constituents and the parameter b is a measures of their volume. However the
corresponding equations of state for the black hole and the VAW fluid, though qualitatively
mathematically similar, are not identical. Consequently neither charge @) nor rotation J
(or other parameters for more complicated black holes [11]) can be directly identified with
the fluid parameters a and b. In the following, we will denote the pressure associated with
the cosmological constant Py to avoid confusion with the pressure of the fluid sourcing the
Einstein equations.

Recently a proposal was put forward to construct an exact black hole analog of the
VAW fluid in 4 space-time dimensions [12], inspired by this qualitative analogy. There
is a fluid yielding a metric from the Einstein equations that can indeed give rise to the
equation of state (1.4). However it can only obey the standard energy conditions for
sufficiently small pressures and in a region sufficiently close to the event horizon. Here we
extend this result to arbitrary number of dimension and arbitrary horizon topologies. The
higher-dimensional cases may be of some physical relevance; in particular, in 5 dimensions
AdS black holes have a well understood 4 dimensional CFT counterpart. We further
examine in more detail properties of these black holes such as their domain of existence,
and interpret the free constants appearing in the solutions. We also discuss the limiting
cases of non interacting gas with finite size, interacting points and perfect gas, and map
them to the corresponding black hole solutions.

This paper is organized as follows: In section 2, we review the basic thermodynamic
properties of AdS black holes in d dimensions and extend them to a parametrized metric
suited for our construction [12]. In section 3, we derive the d-dimensional solution describ-
ing a VAW black hole, and discuss the domain of existence of the latter. Next, we analyze



the source of the Einstein equation yielding the VAW black hole and discuss their energy
conditions. In section 4 we provide an explicit realization of a VAW black hole satisfying
the energy conditions in a range close to the horizon. In section 5, we discuss the limiting
cases where a = 0 or b = 0. Finally, section 6 is devoted to providing an explicit compari-
son of the Reissner-Nordstrom black hole with the VAW black hole, in order to understand
the qualitative similarities from a metric point of view. We summarize our finding in the
concluding section 7.

2 AdS Black Hole in d dimensions

2.1 Metric ansatz and matter source

Let us first review the basic properties of the AdS vacuum black hole solution in d dimen-
sions, described by the AdS-Tangherlini black hole [13]:

d 2
ds® = —f(r)dt2 + —— +r2d02 , . (2.1)
f(r) ’
where d{)j, 4o is the line element on the unit d — 2 constant curvature surface, with k the
sign of the curvature. The vacuum solution is given by

r? L
fr) =5 +k= 5, (22)
(d-1)(d—2)

52 and y is related to the ADM

where ¢ is the cosmological radius defined by A = —

mass M of the black hole:
(d—2)Qq—2

167w
This solution satisfies the AdS vacuum equation Gg + Agepy = 0. In the following, we

M= (2.3)

will follow the construction of [12] and build f(r) such that a desired equation of state on the
black hole thermodynamics is obtained. Generically, the solution of this procedure will no
longer be a vacuum solution but will contain sources. A satisfying solution will be obtained
if some basic properties remain valid, such as e.g. preservation of energy conditions.

Generically, given a function f, the stress tensor is obtained using the field equations.
Here, we assume the stress tensor to be given by an anisotropic fluid of the form

= pedel + Z Pielel = G + Ag™, (2.4)

where e, are the components of the vielbein and : =1,...,d and where
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where a labels the coordinates in the angular sector. Note that we use the convention
G = 1/(8m), while [12] uses G = 1, G being Newton’s constant.



2.2 Thermodynamic properties

In d space-time dimensions the cosmological constant will be interpreted as thermodynamic
pressure, given by [7-10, 14]

and without loss of generality, we write the function f as

2
[= 672 - rd—3 - h("f’, PA)? (27)

where h is a function to be determined and p is related to the mass of the black hole as
in (2.3).

The temperature T of a black hole in this class of solutions is obtained by requiring
regularity of the Euclidean section, yielding

= L) (2.8)

where 7, is the location of the horizon radius. The entropy is given by the Bekenstein-

Hawking law

A Qa2 49
S = Z = 4 Th

where €2, is the surface of the n-dimensional unit sphere and the mass is given by M

: (2.9)

provided h doesn’t contain terms linear in 1/ r4=3_ and can be expressed in terms of other
quantities by solving f(ry) = 0 for M.
The first law of thermodynamics then reads

dM =TdS + VAdPy, (2.10)

where the momentum V) conjugated to P, is interpreted as a volume, given by

oM

VA == 67P S, (211)
and M is the enthalpy,
(d—2) 43 167 Pyr3
M = Qpa_ —————" — — h(rp, Pa) | - 2.12
tor a2\ G ya—g MmNy (2.12)
The specific volume is then given by

v

up = mjA, (2.13)

where xk = 4%. We are assuming one degree of freedom per Planck horizon area [12].



3 Van der Waals Black Holes

3.1 Construction of the solution

Using (2.7), the thermodynamic quantities defined in the previous sections reduce to

_(d=3)h(rn, PA) PO (rp, Py) N APyrp

T— 1
Arry, 4 d—2 (3 )
M= Qd_Q Ard_l . Qd—2 (d . 2)7’d_3h(rh PA) (32)
d—1 Mn 16 h C
ey (d—1)ROY(ry, Py)
oy = S o (3.3)

and the entropy S is given by (2.9). Specifying an equation of state yields a set of partial
differential equations for the function h. Here we impose the equation of state (1.4)

T= (PA + ‘;) (v —b), (3.4)
YA
where we set v = vy, P = Pp and will regard T as being given by (3.1). To solve the
resultant partial differential equations that emerge from (3.4) requires an ansatz. Here
we employ h = A(r) — PpB(r); inclusion of higher powers of Py does not yield solutions
consistent with the asymptotic AdS structure [12]. Note that strictly speaking, the equation
of state provides a boundary condition on the event horizon. However, if this condition is
satisfied everywhere, obviously it is also satisfied on the horizon. We shall first follow this
strategy and then comment on the limitations of this approach.
Our ansatz for h yields two ordinary differential equations for A and B. The equation
for B is independent of the number of the number of dimensions and is given by

rB' — 2B + 47rb = 0, (3.5)

which is solved by
B = 4xr(Cyr + b), (3.6)

where Cy is an integration constant whose meaning will be discussed later.
The equation for A is

16m2a(d—2)r? ((d—2)(d—1)B(ry)+ 1677 —4mrpb(d—2))

A () +(d = 3)A(ru)+ (d—2)(d— 1) B(ra) + 16772)?

=0

(3.7)
Using (3.6), the general solution of this equation is given by (see appendix)
arz*(d — 2)
(14 Cp)(d? — 1)

ra(d —2)x ((d — 4)(d — 1)2® — (d — 3)dx + (d — 1)d) N Cur
(Ce+1)(d - 1)2d rd=3

A(r;d) = ((d—4)oFy (1,d+ 1;d 4+ 2; —x) — oF (2,d+ 1;d + 2; —x))

(3.8)



where = = %, Cy = (d—1)(d—2)Cy/(167), Cps is a constant of integration and

oF1 is the hypergeometric function.
For d a positive integer, the solution (3.8) reduces to a finite number of terms. For
particular values of d = 4,5,6,7 and arbitrary values of Cy we obtain

FEEU S . Y (S AR T BT (4 (3(Cor + b)
AT )2 3Cr +3b+2r ¢ & ¢
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2 2 3 Cum
+1056°r(5C, + 1) — 9b(5Cr 4+ r)* + (5Cer +71)° | + 3
151875006°
d=T:A= oma (15( DISTOOD" 10125006 log(4m(15(Cyr + b) + 2r)

6ri(15C; + 2)° Cor +b) + 2r

—60750b>r(15C; + 2) + 1800b%r2(15C, + 2)% + 3r*(15C, + 2)* — 7063 (150, + 2)3)
(3.9)

where we have retained the constants of integration in the solutions, and Cjy is related to
Cy by d-dependent transformations that can be computed straightforwardly.
The resultant space-time metric is given by
dr?
2
(7 -5 — A )+ PAB(r))

2 _ r? H ) 2
ds ——< - — A(r;d) + PAB(’I’)> dt* +

2 702
672 T.d_g +7“ ko‘,d*Q

(3.10)
Results from [12] are recovered in the d = 4 case by setting Cy = 0, Cj; = 3abr.

3.2 Interpretation of the constants and domain of existence

The choice of integration constants is governed by physical criteria [12]. If the cosmological
pressure (2.6) is required to be generated entirely by the fluid, then Cp, = 0. However if
this criterion is relaxed, then the effective AdS length is 6;2 = 07214+ (d—1)(d—2)Cy/4).
Physically this means that the thermodynamic pressure is given entirely by the cosmological
constant, but the fluid has an additional density and pressure that is similar to the cosmic
vacuum. The constant Cjy, however, simply yields a shift in the parameter p; we can
therefore set it to zero without loss of generality.



The constant a can be set so that the constant term in r in the asymptotic form of f is
k, similar to the d = 4 case. This leads to a = %k. This means that the intermolecular
attraction of the fluid is governed by the curvature of event horizon. A VAW black hole with
a flat horizon section has a = 0, and one with constant negative curvature (corresponding
to topological black holes [15-17] ) has an effective intermolecular repulsion.

We note that the Van der Waals black holes (3.10) do not possess horizons for all
generic values of the parameters. Indeed, for some values of the parameters, the horizon
radius crosses 0 and becomes negative. Such solutions correspond to solitons (or bubbles);
we shall not consider them here.

The allowed region in parameter space for black holes is given by r; > 0. The boundary
of this region can be obtained by solving for the mass in terms of other parameters upon

imposing 1, = 0. This leads to

16w M S _4mab(1 + 4log(127D))

for d =4 3.11
20 © 2+3c)z 0 reTh (3:.11)
2
160 M > 27mab*(1 -|—610g(1271'b))7 for d = 5,
303 4(3Cy +1)3
167 M 100mab3(1 + 8log(207b))
> for d =6
10, - (5C, + 1) Ty
4
167M _ 84375mab' (1 + 1010g(607rb)), ford =7,
5y (15Cy + 2)°

and other numbers of dimensions are straightforwardly computed.
Note that the specific volume (3.3) becomes

V= (de + (d — 1)0@) rn+ (d—1)b (3.12)

yielding

(S (5) - (R e )

for the isoperimetric ratio R. This will obey the reverse isoperimetric inequality [18]
provided Cyry, + b > 0, or in other words if Cy is not too negative.

Finally, we stress that, for a given set of parameters (and horizon radius), the so-
lution (3.10) derived here need only hold in a neighbourhood of the horizon, since the
relation (3.4) involves quantities defined at the horizon. The highest derivative order ap-
pearing in this relation is 1. Therefore, the same thermodynamic properties are satisfied
in a neighborhood of the horizon by black holes with

Fr) = %2 - TdL_g — h(r, PA)H(r, Py), (3.14)

where H is an arbitrary function with the following properties at the horizon

H(T‘h,PA) =1, &.H(rh,PA) =0= 8PA'H(7“h,PA). (3.15)



Indeed, in this case,

Or(H(r, Pa)h(r, Px))lr=r, = Oph(r, Pp)lr=r,,
Opy (H(r, PA)(r, Px))lr=r,, = Opy (h(r, Pa)lr=r,, (3.16)
H(?“, PA)h(T‘, PA)‘r:rh = h, (317)

leading to the exact same equation for h as the one obtained with H = 1.

The function H can serve as a modulating function for the fluid. If it falls off sufficiently
fast for large radii, g remains unambiguously related to the mass (or enthalpy). This also
ameliorates the consequences of the linear and logarithmic terms in [12]. If the falloff rate
of H is sufficiently rapid, the conditions on the constant of integration Cy, Cj; can be
relaxed (as noted above), and the near horizon spacetime has an ‘effective cosmological
radius’ different from the one given by A.

However, this remark is true only in the case where we assume a given horizon radius, or
alternatively a given mass. If the purpose is to build a family of black holes (parametrized,
say, by horizon radius) where all solutions satisfy the VAW EOS, then H = 1. Furthermore,
if H # 1 it is no longer clear that M be regarded as enthalpy, and that the volume v will
remain the same. This is because in v is not a near horizon property but is instead a global
property of the spacetime.

3.3 Source fluid and energy conditions

Recall that the metric (2.7) with the solution (3.9) does not satisfy the AdS vacuum
Einstein equations. Instead the VAW black hole is sourced by a non isotropic fluid along
with (2.5). The source stress tensor is conserved by construction, since it is identically the
Einstein tensor, which satisfies the Bianchi identities.

A crucial remark is that close to the horizon, while p, P, do not depend on H, P, does,
since the f” term yields a term of the form —3H"h.

The energy conditions for a non isotropic fluid are given by
o Weak: p>0,p+ P, > 0,

e Strong: p+ >, P >0,p+ P >0,

e Dominant: p — |P;| > 0.

In the case of van der Waals black holes, the density and pressures are given by (2.5)
together with the solution for h.

In the rest of this subsection, we will consider the VAW black hole generalizing the 4
dimensional solution of [12] by setting H = 1.

We first emphasize that since we have a vacuum solution when h 4+ k£ = 0, and since
eq. (2.5) is linear in f (and its derivatives), the density and pressure depend solely on h+k.
As an important consequence, the properties of the sourcing fluid do not depend on the
black hole mass, nor on the parameter C); since it accounts for a mass term.



We also note that since Cj; can always be reabsorbed in the definition of the mass,
we set it to 0 for definiteness. Let us analyze whether it is possible to build a VAW black
hole that satisfies the energy conditions close to the horizon.

First, it is instructive to inspect the small and large r behaviour of the fluid density
and pressure. For large r, p, P, behave as

Amad3
2rbd3 Py dzdek — mg gt
p = —QWngldQPA - il 27 A + 2r§£d2d1+4 (318)
Aradyds
2rbdsdaPy  Cdyd 1 — dadsk
Py = 2nCydydy Py + 2228 4 T (3.19)
where d; = (d — j). For small radii, it can easily be checked that
dad _ dsd -
p="oz T O Pa= =T+ O() (3.20)

As a consequence, the VAW BH with Cy = 0 always violates the weak and strong
energy conditions at large radii, and are satisfied at small radii. Although the physical
relevance of the small-r is dubious, mathematically it follows that there always exists a
region where these energy conditions are satisfied. This is illustrated on figure 1, where
we show the weak and strong energy conditions for b = rp, a = 1/(27) and d = 4. Other
values of d leads to the same pattern.

Since the source of the stress tensor does not depend on the mass of the black hole,
we conclude that there always exists a parameter set for which the energy conditions can
be satisfied close to the horizon. However not all horizon radii lead to positive M, see
section 3.2. The question then reduces to finding parameter sets so that the region where
the energy conditions are satisfied is outside the horizon.

Note that for negative values of Cy it is always possible to satisfy p > 0 everywhere.
However the second part of the weak energy condition, namely p + P,, always yields a
negative falloff for sufficiently large r

2 P
p+P:—m+(’)(r)_2, as r — 0o (3.21)
T

contrary to what was originally reported [12] for the d = 4 case.

This further supports the idea that the VAW black hole metric should be thought as
a near horizon solution. In the next section, we will provide evidence that it is possible to
build a VAW black hole that satisfies the energy conditions at least in a region close to the
horizon by explicitly constructing it in some number of dimensions.

4 Consistent VAW black hole

In this section, we propose a systematic prescription for constructing VAW black holes
that satisfy the energy conditions close to the horizon. For definiteness, we set H = 1 and
Cy = 0 in the rest of this section.

One possible way of investigating the question of consistent VAW black holes, in the
sense that they satisfy the energy conditions, is to look at the near horizon solution for
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Figure 1. The weak (p, p+ P, > 0) and strong (p+ P,, P, > 0) energy conditions for b =, a =
2/(3m), Cy =0, Cpy =0, P =0.0009 and d = 5. There exists a region where the three functions
are positive outside the horizon (located at r, = 5). This choice of parameters leads to a positive
mass.

these. However this doesn’t teach us much because the way we built the solution is such
that we express the mass in terms of the horizon radius quantities. In fact, in a near horizon
expansion, the free parameters are A(ry), B(rp,), which in turn are related to Cps, Cy. The
procedure is then to use the equations provided by the EOS, and derive them iteratively,
since they are the only equations from which we’ve built the solution.

Instead we present an algorithm in order to build a consistent solution near the horizon.
We require that mass remain positive, while the energy conditions (EC) are satisfied near
the horizon for some r > 7. Due to equations (2.5), (2.12) and the fact that h(r, Py) is
linear in Py, all these quantities can be written in the form X = Xg+ PrXp:

EC: 50(7‘) — PAEP(’F) >0 Mass : Mo(’l“h) + PAMP(Th) >0, (4.1)

where & (r), Ep(r) are both positive and increasing with decreasing r provided a = %,

Cy =0, and k = 1. Since the energy conditions are linear in density and pressure, (4.1) is
generic and the form of &, £p depends on which particular energy condition is considered.
This leads to a maximum pressure that saturates the energy condition just outside the

horizon:

Prraz(rr) = Eo(rn)/Ep(Th) (4.2)

and so for a given a set of parameters (a, b, Cy), it is possible to choose Py < Ppjq:(ry) such
that M > 0 for some finite range of r > rj,. This guarantees that all requisite conditions are
satisfied at least in a neighbourhood of the horizon. We expect this procedure to be valid
over a wide range of the parameter space and we leave a more systematic investigation for
future considerations.

Setting the pressure a little bit below the maximal value, say Py = ¢Pnrqaz, ¢ < 1, we
can write M as a q independent term and a term linear in ¢, M = mg + gm1. The critical
value ¢* = —mg/mq is a function of 7, and corresponds to the fraction of the maximal
pressure where the mass changes sign. In particular, when ¢* < 1 the mass is positive
and the energy condition considered can be satisfied in a neighborhood of the horizon.

,10,



Th

Figure 2. The value of ¢* where the mass crosses 0, and where Py = ¢* Pprrq. When ¢* < 1, the
weak energy conditions are satisfied in a neighbourhood of the horizon. If ¢* < 0, then the mass is
positive for any choice of 5, and ¢* < ¢ < 1. We chose b =11, a = (d—3)/((d—2)7), Cp = Cpr = 0.
The black parts of the curve are ¢* while the gray are —¢* and d ranges from 5 to 9, from bottom
to top.

0.007
0006 "N
0.005
0.004
0.003
0.002

0.001

Figure 3. The maximal pressure allowing to satisfy the WEC as a function of the horizon radius,
forb=rp, a=(d—3)/((d—2)7), C,=Cp =0andd=05,6,7,8,9 from bottom to top.

We summarize the behaviour of ¢* for a number of dimensions and parameter values in
figure 2.

We computed Py, as the maximal pressure allowing the weak energy conditions to
be fulfilled, as a function of the horizon radius and systematically found possible to build
consistent VAW black holes for the case we considered. We expect that this is possible for
all dimensions.

Note that b is a dimensionful parameter, so we defined b = b/rn. We plot the maximum
pressure as a function of 7, for a fixed value of b, and the value ¢* such that the mass just
vanishes in figures 2 and 3 for b = 1.

Focusing on the WEC (and fixing k = 1 for definiteness), we find that Pyjqs = a/r2,
where o depends on d and b. We found (for d =5,6,7,8,9) that the ratio 0 < rp/lprin < 1,
where £y, is the value of the cosmological length corresponding to Ppsq.. For the case we
considered, this means that the intermediate or small black hole phase leads to consistent
VdW black holes.

— 11 —



5 Limiting cases: perfect gas and interating point gas, non interacting
ball gas

It is instructive to consider the 3 limits of the VAW equation of state, namely, a = 0,b =
0,a = b = 0. These correspond respectively to a gas of free particles with finite size (the
ball gas), a gas of interacting point particles, and a perfect gas.

The solutions are given by

167(ce + 1)Pr? 167 (cpy + M)r3—4

fperfect = (d—2)<d—1) (d—2>Qd,2 (51)

fpoint = 4dmbr + fperfectv (52)
~ (d—2)arm

Joatl = m + fperfects (5.3)

where fper fect, fpoints foall are the solution for the perfect gas, the interacting point particle
and the free ball gas respectively, and cp;, ¢y are constants of integration, rescaled from
Cu, Ch.

We note in passing that the Lemos string [19] has the thermodynamic properties
of a perfect gas, and the Schwarzschild AdS solution has the thermodynamics of a non
interacting ball with size parameter a = (1+¢;)(d—3)/(w(d—2)). The interaction between
the gas particles is accommodated by a linear term in the metric function.

The mass M corresponds to the enthalpy in extended phase space and can be arbitrarily
shifted, which was manifest from the Cjs term, commensurate with the fact that we can
set Cpy = 0 without loss of generality.

Interestingly, the perfect gas black hole satisfies the Weak energy conditions everywhere
as long as ¢y <0 and k # —1:

Pperfect = (d22)r(2d3) — 8mey P, (54)
d—3

(p+ P)perfect = 7 (55)

In the other cases, there is no generic structure where the WEC are satisfied everywhere.

6 Case study: why do Reissner-Nordstrom black holes approximatively
follow the VdW EOS?

In this section, we will try to understand the qualitative VAW behaviour of the Reissner
Nordstrom black hole, by comparing its near horizon metric with that of the VAW black
hole.
The AdS Reissner-Nordstréom black hole solution is given by
2 2
f(r):%+1—¥+%, (6.1)
where @ is the charge and M the mass of the black hole. In terms of A, B in (2.7), it is

given by
Q2

A="5 -1, B=0. (6.2)

— 12 —



It was shown in [5] that the combination P%” at the critical point, defined as Py (v;) =

0 = P} (v.) is the same for the VAW equation of state and the Reissner-Nordstrom black
hole with the following identification:

3 2
GZE’bZQ gQ. (6.3)
For a given black hole to follow a VAW EOS, its metric components and first derivatives
of the metric components should be comparable to (3.10). Let us compare explicitly the
VAW metric to the Reissner-Nordstrom one. First, we fix the constant of integration Cy
by demanding that the horizon radii are the same, or equivalently that the volume of the
black hole is the same:
Ve =vyW S ¢ = 1 (6.4)
Th

where 7, is the horizon radius of the Reissner-Nordstrom black hole.

Next, we compare the first derivative of the metric coefficient close to the horizon. In

the static case, this is equivalent to comparing the temperature of the black holes. We find

(b — QT‘h) (a + 4PA7‘;2L)

_ 87rPA7“;1L —Q?
47‘% ’

2
+ 7, T _
P y Lvdw =
oy,

Tq

(6.5)

where Tg, Ty qw are the temperature of the Reissner-Nordstrom and Van der Waals black
holes respectively. For large horizon radius, the ratio of the temperatures is given by

TQ b —92
=1+4—+0 6.6

while for small horizons,

T,  Q* | 207 N

b
Tyaqw  abmry, — ab?m O(rn) =1+ o— + O(rn) (6.7)

2ry,

where the latter expression follows upon using (6.3).

Matching the two expansions in the intermediate rj, region suggests that the ratio goes
like 1 + % over a wide range of r,. As a consequence, the derivatives are qualitatively
similar everywhere, except in the limit 7, — 0 (more precisely they deviate in 1/r}), for
the particular choice of a,b (6.3).

In figure 4, we show this comparison, and see that it qualitatively agrees for different
values of Py with a deviation typically for some small horizon radii.

7 Discussion and conclusion

In this paper, we constructed d-dimensional AdS black hole metrics whose thermodynamic
quantities satisfy the Van der Waals equation of state. These black holes are the exact dual
of a Van der Waals fluid in the conformal boundary of the AdS space. Our construction
generalizes the solutions presented in [12] and is valid for arbitrary numbers of dimensions
and spherical, planar and hyperbolic horizons. We discussed in some detail the properties

,13,



20T

TQ/ TVDW
3
T

0.0

'n

Figure 4. Comparison of the temperature of the Reissner-Nordstrom and VAW black holes for
different values of Py.

of these black holes and found that they are of positive mass for a certain portion of the
parameter space, which we described as a domain of existence.

These black holes are non vacuum solutions. The source to the Einstein equations
yielding the Van der Waals black hole has the form of an anisoptropic fluid. The energy
associated with the sourcing fluid respects the energy conditions for a certain range of
parameters and in a region sufficiently close to the horizon. We found systematic deviation
and violation of the energy conditions far from the horizon.

However, this situation can be improved by using a modulating function H that is such
that H(rp) = 1, H'(rp) = 0 and that falls off sufficiently fast. This modulating function
can be chosen such that its defining property is valid over a range of r;, where the energy
conditions remains satisfied. This leads in principle to a non vacuum black hole solution
that is an exact Van der Waals black hole in some portion of the phase space but otherwise
deviates from it outside this portion, yet satisfies the energy conditions everywhere. Indeed,
it is impossible in Einstein gravity to devise an exact Van der Waals black hole valid over
the whole (extended) phase space that satisfies the energy conditions everywhere. Note
however that a small deviation from the weak energy condition can be physically acceptable
in AdS spacetime — for instance the case of negative mass-squared scalars still leads to
a positive ADM mass in AdS [20]. Despite the systematic violation of the Weak Energy
Condition reported here, a stability analysis would be desirable to assess the potential use
of the exact VAW black holes in the AdS/CFT picture.

We also analyzed the perfect fluid, interacting point-particle, and non-interacting ball
limits of Van der Waals black holes. In particular, we noted that planar black holes are
perfect gas black holes and Tangherlini black holes are non-interacting ball gas black holes.
The effect of interaction in the equation of state on the metric is to add a term linear in
r. These observations may provide useful motivations for a phenomenological description
of CFT with the corresponding properties.

Finally, we analyzed the qualitative agreement between the thermodynamics of the

— 14 —



Reissner-Nordstrom black hole and the Van der Waals black hole by explicitly comparing
both metrics in the same coordinate system and horizon location. We found that, as
expected, both metrics lead to the same thermodynamic properties for large enough values
of the horizon radius.
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A Deriving the d-dimensional solution

In this appendix, we give the details of the derivation of the analytic d-dimensional VdW
black hole solution. First, as already pointed out in the text, the solution for the function
B is given by

B = 4nr(Cor + b). (A.1)

Plugging this equation in the equation for A leads to an equation of the form

Non_3(N1 + D17’)
(Do + Dﬂ’)

(r*34) = — (A.2)
where N1 = (d—2)bNy/(4an), Dy = (d—1)bNy/(4ar), D1 = (4+Ce(d—2)(d—1))No/(4a(d—
2)m).

Denoting dy = Dg/Ny, di = D1/Ny, n1 = N1/Ny, the formal solution to this equation
is given by

d 2
a3, _c_ " (Hiq, 1 (dona | di(do — 2n1)r
r“"A=C dé(d(?ml 2d0)+r2<d—2+ -

di{»rd—i-l

d1 dl
——— | (2dy—3 Fi|l,d+1,d+2;—- do— Fil2,d+1,d+2;—-
dg(d+1) <( 0 n1)2 l< ) + 5 + ) d T>+( 0 ’I’ll)Q 1< ) + ) + 5 d T)) )

0 0
(A.3)

where 9F(a,b,c;x) is the hypergeometric function. For integer values of d, the solution
reduces to a finite polynomial with logarithmic terms, and C is an integration constant.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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