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1 Introduction

Principal bundles and Riemannian manifolds provide the right geometrical frameworks
for describing the interactions between gauge fields with respective spin one and two.
However, despite remarkable results on the interactions between higher spin gauge fields
their underlying geometrical and physical first principles remain elusive. Although a higher-
spin generalization of gravity is available through the frame-like formulation of Vasiliev (see
e.g. [1-3] for some reviews) extending the Cartan-Weyl formulation of general relativity,
the first principles analogous to the parallel transport and to the local affine covariance on
the geometrical side, or to the gauge and equivalence principles on the physical side, still
remain mysterious. The latter physical principles, underlying the low-spin interactions, are
best displayed in the minimal couplings between matter and gauge fields, so higher-spin
generalizations thereof might be a proper place to look for inspiration. Specifically, one
will concentrate here on a toy model where matter is represented by a complex scalar field.
This simplest example already proved to highlight most of the key features of the more
intricate general couplings between fields of non-vanishing spins.



The Noether (i.e. minimal) cubic couplings between a complex scalar matter field and
a collection of higher-spin tensor gauge fields have already been investigated in the metric-
like formulation on Minkowski [4-7] and anti de Sitter [7-10] spacetimes (see also the recent
work [11] in the frame-like formulation). The Noether cubic interaction between a complex
scalar field and a tensor gauge field takes place through a symmetric current, quadratic
in the scalar field and conserved at linearized level. By construction, such models are
consistent from quadratic order in the gauge and matter fields up to cubic couplings of two
scalar and the gauge fields. The present paper may be thought as a first step towards a
complete generalization to any constant curvature spacetime of the results obtained in [6]
on Minkowski spacetime. Our strategy is to derive the non-zero curvature formulas from
the flat spacetime results by performing a so-called “radial dimensional reduction” [12] also
called “ambient space formulation”, i.e. by making use of the usual isometric embedding of
(anti) de Sitter spacetime as a codimension one hyperboloid inside a flat auxilliary space.
The basic idea goes back to an early work of Dirac [13]. In the late seventies, the ambient
formulation had already been used by Fronsdal [14] in the context of higher-spin gauge
theories and, by now, this technique has become standard and has found a large number
of applications in this area (see e.g. [15-24]).

The plan of the paper is as follows: In order to be self contained, the framework
presented in [6] (i.e. the various generating functions relevant for the Noether method in
the case of gauge/matter couplings) is reviewed in section 2, but from a slightly more general
viewpoint (allowing for curved background) suited to the present analysis. In the section 3,
a dictionary between two formulations (the intrinsic and the ambient ones) of fields on non-
zero constant-curvature spacetimes is provided. The treatment is uniform with respect
to the signature and to the sign of the scalar curvature, in order to incorporate both
(anti) de Sitter spacetimes and their Euclidean counterpart, i.e. hyperspheres (hyperbolic
spaces). The infinite set of conserved currents bilinear in a free complex scalar field are
presented in section 4. The corresponding Noether cubic vertex is given in section 5 and is
written in a compact form by making use of Weyl/Wigner symbol calculus, which enables
the explicit computation of the non-Abelian gauge symmetry deformation. In the last
section 6, our main results are summarized. Some possible extensions thereof are also
suggested and motivated. Eventually, the paper ends with an appendix where a technical

proof is presented in details.

2 Noether method

Let Mg be a (pseudo) Riemannian manifold of dimension d endowed with a metric g,
(Minuscule Greek indices p, v, ... will take d values and they will be lowered or raised via
the metric or its inverse) and its associated Levi-Civita connection V.

A symmetric conserved current of rank r > 1 is a real contravariant symmetric tensor
field j#1-#r(z) on My obeying to the conservation law

Vg (@) 0. (2.1)



where the “weak equality” symbol &~ stands for “equal on-mass-shell,” i.e. modulo terms
proportional to the Euler-Lagrange equations. A generating function of conserved currents
is a real function j(z, p) on the phase space T* M, which is (i) a formal power series in the
momenta and (ii) such that

<v“ 6;) j(z,p) ~ 0. (2.2)

This terminology follows from the fact that all the coefficients of order r > 1 in the power
expansion of the generating function

) 1 .
Ja.p) =D () P - P (2.3)
r>0

are all symmetric conserved currents by means of (2.2).
A symmetric tensor gauge field of rank r > 1 is a real covariant symmetric tensor field
Py .., () on Mg whose gauge transformations are of the form [14]

Ochyy.p () = 7V Epy. (@) + O(R), (2.4)

where the gauge parameter €,,.,,_, () is a covariant symmetric tensor field of rank r —
1, the round bracket denotes complete symmetrization with weight one, i.e. h(,,. ) =
hy, ..., (remark: the tensor is symmetric by hypothesis) and O(h) stands for terms of
order one or more in the gauge fields. For lower ranks r = 1 or 2, the transformation (2.4)
either corresponds to the U(1) gauge transformation of the vector (r = 1) gauge field
or to the linearized diffeomorphisms of the metric (r = 2). By comparison with the
spin-two case, this formulation of higher-spin gauge fields is often called “metric-like” (in
order to draw the distinction with the “frame-like” version where the gauge field is not
completely symmetric). A generating function of gauge fields is a real function h(x,v) on
the configuration space T M, (i) which is a formal power series in the velocities and (ii)
whose gauge transformations are

deh(z,v) = (W'V,) e(z,v) + O(h), (2.5)

where e(z, v) is also a formal power series in the velocities. The nomenclature follows from
the fact that all the coefficients of order r > 1 in the power expansion of the generating
function

1
h(z,v) = o Py ...y () 0P 0P (2.6)
r>0 "

are all symmetric tensor gauge fields due to (2.5) with
1 M1 1243
g(x,v) = Ztl € e (T) VI UM (2.7)
t>0

In the context of Noether couplings, the “velocities” v# and “momenta” p, are in-
terpreted as mere auxiliary variables and can be assumed to be dimensionless. Let us



introduce a non-degenerate bilinear pairing < || > between smooth functions h(x,v) and
j(x,p) on the configuration and phase spaces respectively,

<nlliz= [ daigl exp( ? a)h(w)j(x,p) (2.8)

, ovk Op,,

v=p=0

If j and h are (formal) power series of the form (2.3) and (2.6) then the pairing (2.8) can
be interpreted as the series

. 1 )
<hli»=3 /M 42/ gl oy (@) 110 (). (2.9)
: d

r=>0

Let us denote by I the adjoint operation for the pairing (2.8) in the sense that
< Oh||j>=<h|0>, (2.10)

where O is an operator acting on the vector space of functions on configuration space (the
double hat stands for “second quantization” in the sense that the operator acts on symbols
of “first quantized” observables). Notice that (v*)} = 9/9p, and Vi = —V,, imply the
useful relation

(W V)t = — (VM 31(1)' (2.11)

The matter action is a functional Sy[¢] of some matter fields collectively denoted by ¢ .
The Euler-Lagrange equations of these matter fields is such that there exists some conserved
current j#1Fr[¢(xz)]. The Noether method for introducing interactions is essentially the
“minimal” coupling between a gauge field hy,, .., () and a conserved current j*#r[¢(x)]
of the same rank. Accordingly, the Noether interaction between gauge fields and conserved
currents is the functional defined as the pairing between their generating functions

Sil¢.h] =< hlj>=> :! /M A"z /| gl Py, () 314 (2) (2.12)

r=0

where (2.9) has been used. Let us assume that there exists a gauge invariant action S[¢, h]
whose power expansion in the gauge fields starts as follows

S[p,h] = Sol¢] + Silg,h] + Sa[p,h] + O(h?). (2.13)
The gauge variation of the Noether interaction (2.12) under (2.5),
5.50[6.H] = < 8.1 5> +O(h). (2.14)

is at least of order one in the gauge fields when the equations of motion for the matter

sector are obeyed,

0:S1[p,h] =~ O(h), (2.15)
because the properties (2.2) and (2.11) imply that
0
“ | >= — > = 0. .
< <v VM> ellj> <L e (v“(?pu) j>=~0 (2.16)



Actually, the crucial property (2.15) works term by term since

/ A2 /1 9 Vi ep. iy () 14 ()

d

= —/M d%z \/|g| Epgopiy (T) Vg Hr () = 0. (2.17)
d

The equation (2.15) implies that the action (2.13) might indeed be gauge-invariant at
lowest order in the gauge fields because the terms in 0.51[¢p, h] that are proportional to
the Euler-Lagrange equations §Sy/d¢ of the matter sector could be compensated by the
variation d.Sp[¢] of the matter action under a gauge transformation d.¢ of the matter fields,
independent of the gauge fields h and linear in the matter fields ¢, such that

55(50[@ + S1[0, h]) — O(h). (2.18)

This possibility will be assumed from now on.
A Killing tensor field of rank r — 1 > 0 on My, is a real covariant symmetric tensor
field €, .. u,_, (x) solution of the generalized Killing equation

V(MEMWHT)(JU) =0. (2.19)

A generating function of Killing fields is a function £(x, v) on the configuration space T My
which is (i) a formal power series in the velocities and (ii) such that (v*V,)e(z,v) = 0.
Then the coefficients in the power series

1
e(x,v) = Z " Eppope () VH UM (2.20)
>0

are all Killing tensor fields on My. The variation (2.4) of the gauge field vanishes at
lowest order if the gauge parameter is a Killing tensor field. Therefore the corresponding
transformation d.¢ of the matter fields is a rigid symmetry of the matter action Sy[¢) :

5:So[¢] = — 0:-51[p,h]| =0, (2.21)

h=0

due to (2.18) and the fact that 0.¢ is independent of the gauge fields. In turn, this
shows that the conserved current j#1-#r[¢(x)] must be equal, on-shell and modulo a
trivial conserved current (sometimes called an “improvement”), to the Noether current
associated with the latter rigid symmetry d.¢ of the matter action Sp[¢]. Killing tensor
fields on constant curvature spacetimes and their link with higher-spin gauge theories were
discussed in more details in [25, 26] and references therein.

3 Ambient versus intrinsic formulations

3.1 Constant curvature manifolds

Let RP be the flat space of dimension D > 4 parametrized by Cartesian coordinates X4
(Capital Latin indices A, B, ... will span D values) and endowed with a non-degenerate



diagonal metric n4p that will be used to raise and lower Capital Latin indices. It will be
called the ambient space. The inner product will be denoted as X -Y := nap X4 Y? (and
X2 = nap XA XPB). Let My be the non-degenerate quadric of dimension d := D — 1
defined by the equation X? = + R?, where R # 0 is its curvature radius. The sign is fixed
in the previous expression, but the £+ has been included to deal with both cases at once.
From now on, the + and F symbols in the subsequent formulae will always correspond to
this respective choice of sign. For instance, the (pseudo) Riemannian manifold M, has
constant scalar curvature equal to R = +d(d — 1)/R?.

Let us denote by z# a set of coordinates on My with length dimension (in the sense
that they scale in the same way as the Cartesian coordinates X4). They will be called
intrinsic coordinates. One considers an isometric smooth embedding

i Mg — RE ot — XA(aH) (3.1)
of the codimension-one quadric M inside the open submanifold ]ROD C RP defined by
RY = {X?eRP: £X?>0}. (3.2)

The (pseudo) “spherical” coordinates (p,y*) collect the “radial” coordinate p := v/4X?2
together with the dimensionless “angular” coordinates y*(:= x*/R) of the radial projection
of the given point of ]ROD on X? = £1. This coordinate system covers the manifold ]ROD .
The submanifold M, C RE is simply the locus such that p = R.

3.2 Tensor fields

Let X, (M) denote the space of smooth rank-r covariant tensor fields t,, ,, () on My
and X,(RE) the space of smooth rank-r covariant tensor fields T4, 4, (X) on RY, both
with values in R (or C in general). The pull-back

i X (REP) — X,.(My)

Ay T Ar T
Thyan(X) — b ) = 25O D g @) 3

is surjective but not injective. However, there exists a nice isomorphism between the space
X,-(My) of rank-r tensor fields on My and the subspace of rank-r tensor on R} that are:

(i) homogeneous of fixed non-zero homogeneity degree (say k € Cyp),

TAl...Ar()\X) = )\k TAI---AT (X), V€ (Co . (3.4)

(ii) tangent to the constant p submanifolds, i.e.

XA T, a,,(X) =0 (3.5)

This isomorphism was explained in details by Fronsdal in [14] but one may review the

construction as follows:



The condition (i) is best understood for scalar fields (r = 0) since the condition (ii)
is absent. On the one hand, the restriction to My maps any function ®(X) on Réj to the
function on My given by!

") = (o, y")|p—r = (R, y") = O(X?)|x2_p2 . (3.6)

On the other hand, to any function ¢(x) on My one may associate a homogeneous function
®(X) of degree k on RY given by

Ay By — P k By — P k i
o(xY) = @(p.y") = (1) @Ry = (1) oW, (3.7)
whose restriction on Mg reproduces ¢(y) as in (3.6). This function ®(X) is indeed of

homogeneity degree k in X (or in p),
d(AX) = N o(X), (3.8)

since X4 = AX4 is equivalent to p/ = \p and y* = y* (because the dimensionless
angular coordinates do not scale with respect to the Cartesian coordinates X4). The
fancy terminology “radial dimenional reduction” [12] comes from the analogy of (3.7) with
a usual dimensional reduction ansatz along the direction parametrized by z := log(p/R)
since then ®(X4) = exp(kz) p(y*) looks like a Fourier mode ansatz (when k is pure
imaginary). More comments on this point will be made further below.

The condition (ii) takes into account the projection of the components of the ambient
tensor T4, 4,(X) on the coordinate basis 9/0x* on each tangent space through the pull-
back formula (3.3). The standard condition

0X

o X =0 (3.9)

implies that the kernel of the pull-back (3.3) for ambient vector fields V4(X) is spanned by
the radial vector fields, i.e. such that V4(X) = XA®(X). Therefore, the space of tangent
tensors t,,. ., (z) € Ty My at a point ¢ € My of Cartesian coordinates X 4 is isomorphic
to the space of ambient tensors T4, 4, (X) € T;Ré) that are tangent to M, at the same
point ¢ € My C Ré) or, equivalently, that are are normal to the radial direction, i.e. they
satisfy to (3.5).

The operator of orthogonal projection of ambient vectors on the tangent bundle T'" M

is equal to
XaXP
PR = 68 — P (3.10)
where 51]2 is the Kronecker delta. Indeed,
XV
(P4 = vA - x4 X-(PV)=0. (3.11)

X2 '

!With a slight abuse of notation, we denote by ®(p,z") the pull-back ® (XA(p7 x“)) Moreover, in the
sequel we will also frequently denote by ¢(z#) the function ¢ (y*(z)).



More generally,
(PT)a,..a, = Py ... Py Tp.5,,  XY(PT)a,.a,.4, =0 (3.12)

From now, all tensors will always be completely symmetric under the permutations of
indices. The leitmotiv of the present paper is to realize the space of symmetric tensor fields
on M, as a (sub)space of homogeneous symmetric tensor fields on Réj . However, three
distinct but equivalent realizations prove to be useful: either the ambient tensors are

1. required to fulfill the condition X4 Ta,..4.(X) =0,o0r
2. projected by hand via the projector P, or
3. seen as equivalence classes of the relation

Tay..a, ~ Tay.a, + Xa,Usyoa,- (3.13)

Obviously, the first and second realization are equivalent to each other. The third realiza-
tion is equivalent to the previous ones because the latter merely correspond to a particular
choice of representative.

An important example is the induced metric, i.e. the pull-back of the flat metric nap

which reads in intrinsic coordinates as

oxX4 0xB 0X 0X
Juv = oxk Oz NnAB = Okt : oxv’ (3.14)
which will be used to raise and lower the minuscule Greek indices. The induced metric can
be represented by the ambient tensor
XaXpg
X2

which is in the image of the projection operator P and obeys to the transversality condition

Gap = PSPEnecp = nap — (3.15)

XAG4p = 0. Notice that the ambient tensor Gap representing the induced metric g, is

in the same equivalence class as the ambient metric, Gap ~ map, as it should. Moreover,
B _ pB
G3 = P3.

3.3 Covariant derivatives

The main technical difficulty in the ambient formulation is the translation of ambient partial
derivatives 04 in terms of intrinsic covariant derivatives. In order to overcome this obstacle,
a generating function performing the translation rule is provided in this subsection.

Let V,, be the covariant derivative corresponding to the Levi-Civita connection on the
(pseudo) Riemannian manifold M. Its representative D in the ambient space Réj is the
operator

D=PodoP. (3.16)

A similar formulation of the covariant derivative in terms of the ambient partial derivative
has been used in [15, 16]. For instance, the covariant derivative V, v, of a vector field v,
on My C Ré) is represented in ambient space as

DaVp := PSP 0c(PE Vi) (3.17)



Geometrically, the definition (3.17) means that the infinitesimal parallel transportation of
a vector field v, on My can be performed in ambient space in three steps as follows: firstly,
project on the tangent bundle 7'M, its ambient representative Vy; secondly, infinitesimal
parallel transport the resulting vector with respect to the ambient space metric; finally,
project again the result on T M. Algebraically, the first step is the projection (3.11), the
second step is the mere partial derivation d¢, so that the third step indeed gives (3.17). One
may prove algebraically that the definition (3.16) indeed implements the unique Levi-Civita
connection V on My by checking that D verifies the following three axioms:

- Leibnitz rule:
Dp(P1 @) = (Da®1)Po + P1DAPy = Viu(d102) = (Vud1)p2+01V,uo2,  (3.18)

- Metricity: DaGpe = 0 < V,g,, =0,
- Torsionlessness: [D4,Dp|® = 0 < [V,,V,]p=0.
More concretely, the definition (3.16) reads in components as
DuTp,.5, = PSPL ... P 0c(Ph! ... Py Ti,..E,) (3.19)

where the definition (3.12) of the projector P was used. Although this formula provides
a nice way to compute covariant derivatives via mere partial derivations in ambient space,
the intermediate projections quickly become cumbersome when the rank of the tensor or
the number of derivatives becomes large. Fortunately, it is possible to obtain an explicit
formula relating the usual partial derivatives in ambient space to the symmetrized covari-
ant derivatives.

In order to express general formulae in compact terms, a standard trick is to contract
every index with an auxiliary vector, say P4 :

T(X,P) = PM ... PA Ty a4 (X),
(P-0)" = PY .. P 0y, ...04,,
(P-D)" = P ... PADy, ... Dy,
P2 = PAPB 5. (3.20)

One may express recursively the powers of ambient partial derivatives 0 like polynomials
of the covariant derivatives D and the flat metric:

/2] P2
(P-O"T(X,P)=> cr <X2

m=0

)m (P-D)"*"T(X,P) (3.21)

where [¢] is the integer part of the rational number ¢ and the coefficients ¢ should be
determined. The dependence of these coefficients ¢]' on the homogeneity degree k in X
and 7 in P will be left implicit for not overloading the formulae. Notice that, by hypothesis,
™ = 0 whenm > (n+1)/2 and ¢ = 1 for all n € N. The equation (3.21) amounts

n



to the following dictionary between ambient partial derivatives and intrinsic symmetrized
covariant derivatives

Oay -+ 04, Ta

n+1-- A'r+n)

[n/2] +1 m
— Z R2 ) Gnps e Gpamipam Vimir - Vi et o) - (3:22)

In appendix, one shows that the function (analytic near the origin)

oo [n/2]
Mo 2m , m __ k—r T
o(z,ys k Z Z n' Cn y"=1+y) 2 exp (\/y arctan \/y> (3.23)
n=0 m=0
is a generating function for the ¢]' coefficients. The non-vanishing coefficients for m <
(n 4+ 1)/2 can be written explicitly by identifying the relevant coefficients in the power
expansion (given for r = 0):

in —2m
o= Z > Z S Qm'@) <§—1>...<§—m+in2m+1>x

in —2m=0 ip _2m —1=0 11=0
n! (_1)in—2m

“n—2m)! 20 + 1) (2(in —i1) £ 1) . (2(in—2m —in—2m_1) + 1)

For instance, the first coefficients are

)

o
<
Il

1

1,

=1, ¢ =k,
1, ¢ =3k-2,
1, ¢ =203k —4), ¢ =3k(k - 2),

Therefore (3.22) provides, for instance, the following translation rules:

0A® «— V, 0

k
040P V V)¢ + R2 guu¢

3k —2
R Vo

2 (3k — 4)
Rz I

04 00D —— V(M VVVP) ¢ +

04 0B0cOpP «—— VuViV,Va o £

3k (k — 2)
T opa o 9w 9po) ¢ (3.24)

Vo Voyd

Notice that a most compact and useful way to summarize (3.21) is as

T(X +tP,P)=c(tP -D,t*P*/X?, k—r)T(X,P), Vi, (3.25)

,10,



as can be seen from the Taylor expansion of

T(X +tP,P)=exp(tP-0)T(X,P) = i

n=0

tn
n!

(P-9)"T(X, P) (3.26)

in power series of ¢.

3.4 Laplace-Beltrami operators

Combining the definitions (3.15) and (3.16) of the last two subsections, one finds that
the Laplace-Beltrami operator V2 = ¢* V.V, is represented in ambient space by
GAB D4 Dg. On rank-r symmetric tensor fields, it acts as follows

V2 (@) e GPC D DeTa, 4 (X) ~

1
~ [82 ~ 2 (X-0)(X-0+D -2 — r)] Ta, ... (X) (3.27)
as can be checked explicitly. Therefore, the action of the ambient Laplace-Beltrami operator
9? = 89,05 on ambient symmetric tensor fields of homogeneity degree k is translated

in intrinsic components as follows
1
52 TA1..-Ar(X) — |:V2 + 2 k(/{? +d-—-1-— 7“):| tul___ur(m') . (3.28)

For scalar fields (r = 0), one recovers the standard formulae for the eigenvalues of the
Laplace-Beltrami operator for the “spherical” harmonics in any dimension. In particular,
when the number of timelike directions in the signature of the ambient metric 7 is equal

to:

e Zero (Euclidean), the quadric X% = R? is a hypersphere, My = S¢, which can be seen
as the Wick rotation of the de Sitter spacetime space dS;. A textbook material on

group theory is the fact that the genuine spherical harmonics with fixed homogeneity,
k?sd - E S N, (329)

span unitary irreducible representations of 0 (d+1). These spherical harmonics are the
evaluation ¢(z) on S? of homogeneous harmonic polynomials ®(X) such that (3.7),

}; (+d—1)] éz) = 0. (3.30)

PP(X) =0« |Aga +
e One (Lorentzian), the one-sheeted hyperboloid X? = +R? is the de Sitter spacetime,
My = dS;, while the two-sheeted hyperboloid X? = —R? is (two copies of) the
hyperbolic space, My = H?. The unitary irreducible representations of o (1,d) cor-
responding to massive scalar fields have been studied a while ago in [27] and belong
to the principal continuous series. They can be realized as the evaluation ¢(x) on dSy
of homogeneous harmonic functions ®(X) of complex homogeneity degree k;s, € C
such that
D 1—d

Re(kis,) =1 -, =, Im(ks,) = p, (3.31)

— 11 —



where p is a parameter with mass dimension. This implies that the wave equation

1 d—1)\2
vzsd - RQ << 9 > + :U’2>

e Two (Conformal), the one-sheeted hyperboloid X? = —R? is the anti de Sitter space-

reads as

(X)) =0 — o(z) = 0. (3.32)

time, My = AdS,, whose Wick rotation is the previous (two copies of the) hyperbolic
space H?. The lowest weight unitary irreducible representations of o (2,d — 1) cor-
responding to massive scalar fields on (the universal covering of) AdS; with energy
bounded from below are well known (see e.g. [28] for a nice review). They can be
realized as the evaluation ¢(z) on AdSy of homogeneous harmonic functions ®(X) of
real homogeneity degree kqs, € R such that

D 1—-d

kags, =1— 5 +u= o, +u (3.33)

In any case, the corresponding wave equation is

2
Vaas, + o <(d;1) - ﬁ)] ba) = 0. (331)

To summarize, the wave equation for a unitary massive scalar field on (A)dSy is

PO(X) =0

2
V%A)dsd¢(x) = ];2 (i <d ; 1> + ,U2> o(z) = m2 é(x), (3.35)

where, as mentioned before the 4+ symbol refers to the corresponding equation X? = +R?.
Thus the unitary bound on the “mass square” (or, better, the eigenvalue of the quadratic
Casimir operator of the isometry algebra) of a scalar field on (A)dS, is determined by the

(mR)? = + (d g 1>2 + >+ (d ; 1>2 , (3.36)

which reproduces the Breitenlohner-Freedman bound [29] in the AdS; case where (naive)

inequality

“tachyonic” fields may be unitary and stable. As one can see, the massive scalar field on
AdSy may be obtained as the analytic continuation of the massive scalar fields on dSy
where 1 (and R) is replaced by —ip (and —iR).

For later purpose, let us denote the ambient scalar field ®f(X) as being the function
on Ré) whose homogeneity degree kg A)dS, is equal to k(4)4s, up to the substitution of u by
—u in (3.31) or (3.33) respectively, and whose evaluation on (A)dSy is equal to ¢*(y), i.e.

kT

of(x4) = @l(o,y) = (V) ¢ (3.37)

This homogenecous function ®f(X) is also harmonic and the complex conjugate ¢*(x) sat-

isfies to the same wave equation (3.35). A compact way to summarize the respective

- 12 —



Object Ambient space Réj Constant-curvature spacetime My

Coordinates x4 xh
Scalar P(X) o(x)
Conjugate dT(X) o*(x)
Vector Ta(X) tu(x)
Tensor Ta, .4, (X) oo (T)
Metric Gap ~ NAB I
Covariant derivative Dy Vu
Spacetime Laplacian D? = GAB D, Dp V2 = g V.V,
Ambient Laplacian 0% = n*B 9, 0p V2 + 1%2 k(k+d—1)

Table 1. Dictionary Ambient space/Constant-curvature spacetime.

homogeneity degrees on (A)dSy is as follows:

D 1—-d
kayas, =1 — 9 +VFLp = 9 + V¥ p,

1—-d

D
T _ _
k(A)de—l— 5 — VTl p = 5 — VT, (3.38)

where, once again, the 4 symbol refers to the corresponding equation X? = +R2. Notice
also the useful identities

+ (mR)2 = —k(ayas, (kayas, +d — 1)
=~ klayas, (Klapas, T4 = 1) (3.39)
_ g
= k(ayas,F(aasa -

In the AdS/CFT litterature, the opposite of ka4s, and k:i1 ds, are usually denoted by AL
and A_.

Various ambient /spacetime notations that have been introduced so far are summarized
in the table 1.

3.5 Klein-Gordon action

The quadratic action of a complex massive scalar field on (A)dSy reads, modulo a boundary

term, as
1

Soldl = = [t /lgl (70,6 @00la) + mPo@P).  (340)
2 J(ayas,

It can be rewritten in the ambient formulation where the covariance under all isometries
is manifest,

Sifel = = [ 4PX| X705 60X ¥ R x
0

(mR)®

X <GABaA<1>T(X) op®(X) £ 1,

O (X)P(X) > . (3.41)
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In (pseudo) spherical coordinates, the volume form reads as

d
"X = dp (1) d'z/|g(@)]. (3.42)
In order to check the equality (3.41), one should rewrite the integral over RY in (pseudo)
spherical coordinates, insert the homogeneity conditions (3.7) and (3.37) as well as the
following relation on the Dirac delta function,

XA R = bt R = b~ )= e~ B (349
and, finally, integrate over the radial coordinate p from zero to infinity.

There is also an alternative way to obtain the spacetime integral (3.40) in a form where
the covariance under all isometries is manifest: along the lines of the radial dimensional
reduction from massless to massive fields and from flat to curved spacetimes [12], one may
instead remove the Dirac delta d(p — R) in the integral over the ambient space. With the

help of (3.39) and
GABo 0T (X)0pd(X) = ntPo,01(X) dpd(X) — ;2 (X -0)®T(X) (X -9)D(X), (3.44)

together with (3.42), one can show that

So[®] = —; /RD dP X *Bo,®t(X) 0p®(X)
= _;/ dPx <GABaA<I>T(X)8B<I>(X) + (Tr)bg)? @T(X)cb(X)) (3.45)

RD
_ R/O dz x Sold]

where the integral over z on the right-hand-side is simply a constant factor (albeit infinite)
Remember that z = log(p/R) and (p/R)* = exp(k z). The analogy of (3.45) with a dimen-
sional reduction along a (non-compact) direction further justified the choice of terminology
“radial dimensional reduction” in [12]. This interpretation is somewhat more natural in
dS, where the radial direction is spacelike (though non-compact) as it should and where
®T is simply the complex conjugate of ®. In this analogy, the parameter u plays the usual
role of the mass for the Fourier factor exp(i i z). The basis of the radial dimensional reduc-
tion technique is the observation that, since the kinetic operator for massless fields on flat
spacetime is scale invariant, the homogeneity condition on the fields is a consistent ansatz.
Moreover, the homogeneity degree must be chosen such that the action on the flat ambient
space is also scale invariant.

3.6 Noether method

The ambient formalism developed above should also be applied to the whole content of the
section 2. In this subsequent, one introduces various definitions dedicated to an ambient
reformulation of section 2, preparing the ground for the next two sections.
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The ambient representative of a symmetric conserved current of rank r > 1, say jHt—Hr,
is an equivalence class J A1 Ar ~ JA-Ar 4 x(Ai7A2-Ar) of real contravariant homoge-
neous symmetric tensor fields on Réj of homogeneity degree equal to 2 — D — r where one

of the representative obeys to the strict conservation law
D, JAAr(X) = 0. (3.46)
The homogeneity degree,
(X494 + D — 2 + r)Jh-A(X) =0, (3.47)

is chosen such that the equation (3.46) is preserved by the equivalence relation, as can
be checked directly and as will be shown later in a more economical way. This property

implies the covariant conservation law
Dy, JA4 A (X) = 0. (3.48)

corresponding to (2.1), even though the representative JA41+4r(X) satisfying (3.46) may
not be tangent. An ambient generating function of conserved currents is an equivalence
class

J(X,P) ~ J(X,P) 4+ (X-P)U(X,P) < JA-Ar ~ jhiAr g x(Aiggde-An) (3 49)

of real functions on the phase space T*RY which are (i) formal power series in the momenta,
(ii) such that

0 0
x4 1% D —2)J(X,P)=0 3.50
(X" s * Pagp, + D = 2) JX.P) =0, (3.50)
xr 9 vp? 4p U(X,P) =0 (3.51)
ox4 " T 1opy . '
and (iii) where one of the representatives obeys to
o 0
X,P)=0. .52
The commutation relation
o 0 0 0
XPpg| = x4 P D :
[6XA oP,’ B} oxa T Mop, T (3:53)

implies that, provided the homogeneity condition (3.50) is satisfied (which is consistent
with the radial reduction ansatz), the ambient divergence is well defined on equivalence
classes of currents, i.e.

o 0 o 0
Jl ~ J2 — (aXA aPA> Jl ~ <8XA aPA> J2, (354)

because [0x - Op, X - PJU = 0 due to (3.51). Therefore, the current is covariantly diver-

genceless

(DA ai) J(X,P) ~ 0 (3.55)
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when (3.50) holds since (3.52) and (3.54) imply (3.55). Thus all the coefficients of order
r > 1 in the power expansion of the generating function

1
J(X,P)=>" N JAAr (XY Py, . Py
r>0

(3.56)

T

are all ambient representative of conserved currents by means of (3.55).

The ambient representative of a symmetric tensor gauge field of rank r > 1, say
Py, (), is a real covariant homogeneous symmetric tangent tensor field Hya, . 4,(X) on
RY of homogeneity degree equal to 7 — 2 whose gauge transformations are of the form

0eHay. .4, (X) = 10,€4,..4,)(X) + O(H) = rDia,€a,..4,)(X) + OH),  (3.57)

where the gauge parameter €4, 4, ,(X) is a covariant homogeneous symmetric tangent
tensor field on RY of rank r — 1 and of homogeneity degree r — 1. The homogeneity
degrees are such that the symmetrized gradient of € is tangent, as can be checked by direct
computation, so that 94, €4,..4,)(X) = D(4,€4,..4,)(X). An ambient generating function
of gauge fields is a real function H(X,V') on the configuration space TRé) (i) which is a
formal power series in the velocities, (ii) such that

0 0 0
x4 - v4 2)H(X,V) = x4 H(X,V) = :
(3% s = VAgra +2) HEY) =00 (x40 )0y =0, (359)
and (iii) whose gauge transformations are
S H(X,V) = (VA04) (X, V) + O(H) = (VADa4) e(X,V) + O(H), (3.59)

where €(X, V) is a formal power series in the velocities such that

<XA8)8( _ VA8§A>6(X,V) =0, <XA83A> e(X,V) = 0. (3.60)

The commutation relation

0 ) ) )
A ‘rB _ A VA
[X ovA’ 8XB] = oxa ovA’ (3.61)

implies that, provided (3.60) is satisfied, then (X -0y ). H (X, V) = O(H). The coefficients
of order r > 1 in the power expansion of the generating function

1
HX, V) =Y L Haa, (@) vAL A (3.62)
r>0

are all ambient representatives of symmetric tensor gauge fields due to (2.5) with

Z' xX)va . yA (3.63)
t=0
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The non-degenerate bilinear pairing (2.8) between smooth functions h(z,v) and j(z,p)
on the configuration and phase spaces respectively, can be written in terms of the ambient
representatives in a similar fashion to (3.41):

8 9
hilj>:=2/[ dPX|X?>6(X%F R H(X,V)J(X,P
“nllis =2 PR TR 0w (g gp, JHOEVIEP|
1
=2)" dPX | X2|2 6(X2F R?) Ha, 4 (X)J 44 (X). (3.64)
>0 rt Jrp

Another option is to follow the philosophy of the radial dimensional reduction, as in (3.45),

< H|J> = / (3.65)

P x exp< o 9 >H(X, V) J(X,P)
RP 9

VA OP,y

V=P=0

1
= Z Al /RD d°x HAl"-AT(X)JAl"'AT(X)
TR

r=>0

:R/ dz < h|j>
0

where the integrand of the integral over Ré) on the second line is of homogeneity degree
equal to —D as it should. This shows that if the conserved currents of the matter fields
on a flat spacetime define ambient representatives with the right properties (such as their
degree of homogeneity) then the radial dimensional reduction of the Noether interaction
can be applied:

S0 H] = < H|J >
~ R / dz x S[6, 1] (3.66)
0

The ambient representative of a Killing tensor field of rank r — 1 > 0 on My is a
covariant homogeneous symmetric tangent tensor field €4, 4, ,(X) on ]ROD of degree r — 1
solution of the generalized Killing equation

a(Al EAQ...AT)(X) = 0 ° (367)

An ambient generating function of Killing fields is a function €(X, V') on the configuration
space TRé) which is a formal power series in XMAV5Bl .= XAyB _ XByA Then the
coefficients in the power series

e(X,V) = e (X[AVB]> -y 1

g1 €A1 (X) | T (3.68)
t>0

provide the most general ambient representatives of Killing tensor fields on M (see e.g. [25,
26, 30] for reviews and refs therein).

In the next two sections, these general facts will be applied to the case of a free complex
scalar field.
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4 Conserved currents

The generating function of conserved currents on the flat ambient space [6] is equal to
J(X,P) = ®"(X —iP) ®(X + iP) (4.1)

so that the corresponding ambient conserved currents take the explicit form

-7 a S r
Tay.a,(X) =" (1) <S> Oay - 04, PT(X) O,y .- Oy ®(X)
s=0

= i" N (X) D4, ... 00 B(X) (4.2)

where the usual double arrow ? is defined by

IV = DT — (94D . (4.3)
These flat space currents (4.2) are proportional to the ones introduced by Berends, Burgers
and van Dam a long time ago [4]. Various explicit sets of (conformal) conserved currents
on Minkowski spacetime were provided in [31-34]. The symmetric conserved current (4.2)
of rank r is bilinear in the scalar field and contains exactly r derivatives. The currents
of any rank are real thus, if the scalar field is real then the odd rank currents are absent
due to the factor in front of (4.2). The generating function (4.1) verifies (3.52) when
the ambient scalar field ® obeys to the Klein-Gordon equation. Although the ambient
currents (4.2) are not tangent in general, they obey to (3.50) for homogeneous ambient
scalar fields corresponding to massive scalar fields on (A)dSy, since (3.38) implies

T _
kayas, + Kiayas, = 2D, (4.4)

and therefore the previous equation (3.52) is equivalent to the covariant conservation
law (2.1). In other words, the radial dimensional reduction of the cubic Noether inter-
action is valid precisely for the mass-square domain of unitarity in (A)dSy.

The main drawback of the explicit expressions (4.2) for the conserved currents is that
it is written in terms of ambient partial derivatives instead of covariant derivatives, but
the ambient generating function (4.1) of (A)dS; conserved currents can be written very
explicitly in terms of (3.23) with the help of (3.25)

. P? . pP?
J(X,P) = c(—zP-D,—X2 ; kgA)de> dT(X) c(zP-D,—X2 ; k(A)de> d(X)

- P2 N P2
_ : Al : .
= ®T(X)c <—2P- D=\ k(A)de> c (zP- D=\ k:(A)de> d(X)
12— D) d(X) (4.5)
where the property c(x1,y;ki)c(xa,y;ke) = c(xy + z2,y; k1 + ko) and (3.38) were used.

The ambient generating function (4.5) translates into the following generating function of
conserved currents

J (@) = 6'(a) ¢ (ipﬂ%,:Fg“”p“p”; | —d) o(2) (4.6)
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The flat limit is recovered for R? — oo since c(z,y) ~ expx when y — 0. Due to (3.23),
the development (2.3) of this generating function gives the following conserved current of
rank r,

r/2]
. ir « — —
.],ul... = Z ( > g(ulug cte gﬂQm—lll«Qm ¢ (ﬂf) v H2m+1 * ° v Mr)gb(x) I (47)

=0

where the coefficients ¢]* correspond to kK = 1 — d. It is possible to compute numerically
these coefficients ¢, the covariant derivatives (3.25) and these currents from (4.7) whatever
the rank. For example, we therefore find the first currents, which are all preserved by
construction and which was also verified explicitly, calculated classically:

. . *H

Ju=10¢ vu(b

J;w:_¢ p Voo R2 G @ @

) R . 1 — 3d R
Jwwp = =10V (W Vu Vo £i R2 I 9" V) @
) D R 1+ 3d R
Jpvpo :¢ \Y pvuvpvo ¢+ 2 R2 ,ul/¢ vp o)(b

-1 .
+3 R4 g(uugpa)gb ¢

Similar conserved currents on constant-curvature spaces were described in [7-9, 35, 36]
but the present results are somewhat more general: firstly, the currents (4.2) are conserved
for any free massive scalar field in any dimension, while only the conformal scalar (i.e. the
singleton) was considered in [8, 9] and AdS3; was the background spacetime in [35, 36];
secondly, the explicit expression of the currents is known at all orders in the scalar
curvature, while only the first order correction to the flat expression was provided in [8, 9];
thirdly, the currents (4.2) are conserved on-shell in the usual sense of (2.1) while the
ones of [7] obey to the weaker conservation law introduced by Fronsdal [14]. Of course,
strictly speaking the third comment should not be understood as a loss of generality in
the previous results of [7, 10]. We simply want to stress that usual conservation laws for
the currents is a desirable property because it allows a uniform treatment of (ir)reducible
gauge fields, e.g. of triplet and Fronsdal fields, and it might also simplify the analysis of
current exchange amplitudes.

5 Noether interactions

As explained in the previous section, the function (4.1) obeys to all properties for an am-
bient generating function of conserved currents, as defined in subsection 3.6. Therefore,
the radial dimensional reduction of the corresponding ambient Noether interaction (3.65)
is consistent and provides the Noether interaction (2.9) on (A)dSy where the conserved
currents are given by (4.7). An important consequence of this fact is that one can import
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from flat spacetime all relationships (observed in [6]) between the Noether interactions
of a complex scalar field with a collection of symmetric tensor gauge fields. In other
words, the consistency of the radial dimensional reduction implies that one can induce the
Weyl/Wigner technology used in [6] from the flat ambient space Ré) onto the spacetime
(A)dSy. In this way, one reproduces the ambient approach to the Weyl/Wigner quanti-
zation of the cotangent bundle T* M, of a constant-curvature manifold, which was first
introduced in the seminal papers on deformation quantisation with humor under the name
“a star product is born” [37, 38]. The relevance of the latter approach to higher-spin gauge
theory on (anti) de Sitter spacetime was argued in [30].

5.1 Symbol calculus

Let us become more explicit. To start with, since Ry and (A)dS, are endowed with a
metric, their respective tangent and cotangent spaces may be identified and thus one can
identify “momenta” with “velocities”, e.g.

Py = nag VB and Py = Guv” . (5.1)

The ambient generating function of gauge fields H (X, P) is now a real function on T*RY
such that

0 0 0
A _ - . =
<X HxA PA@PA + 2> H(X,P) =0, <X 8P> H(X,P) =0, (5.2)
and whose gauge transformations are
0
0H(X,P) = (P- 6X> e(X,P) + O(H), (5.3)
where (X, P) is such that
0 0 0
A _ - . =
(X HxA PAaPA>e(X,P) 0, <X 6P> e(X,P) =0. (5.4)

The cotangent bundle 7% M, can be seen as the sub-bundle of Ré) defined by the quadric
definition X2 = +R? together with the transversality condition X4 P4 = 0. As symplectic
manifolds, this embedding corresponds to a reduction with respect to the previous two
constraints.
The ambient Moyal product of two smooth functions on T*]ROD is defined by
1 0 0
€1(X, P) x e2(X, P) = e1(X, P) exp (2 OP, A BXA> ea(X, P) (5.5)

where A stands for the antisymmetric product. The conditions (5.4) on €(X, P) are equiv-
alent to

[X-P * ¢(X,P)] =0, (X2 * ¢(X,P)] = 0. (5.6)
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where

[€1(X, P) ¥ eo(X, P)] := e1(X, P) xe2(X, P) — e2(X, P) x e1(X, P)
— (X, P)2sinh (; aiA A ach) &(X,P)  (57)

denotes the ambient Moyal commutator. The conditions (5.6) expressed in terms of the
Hermitian operator € the Weyl symbol of which is €(X, P) state that this operator preserves
the homogeneity degree and commutes with X 2. The evaluation e(z, p) of the ambient rep-
resentatives €(X, P) provides an isomorphism between the space of smooth functions on
T* My and the (sub)space of smooth functions on T*R{ which are subject to (5.6). More-
over, the space of symbols obeying to (5.6) is a subalgebra of the ambient Weyl algebra.
Therefore the pull-back of the Moyal product on T *Ré) induces a star product * on the
cotangent bundle T* M, such that the former isomorphism becomes an isomorphism of
associative algebras, as pointed out by Bayen, Flato, Fronsdal, Lichnerowicz and Stern-
heimer in [37, 38]. Notice that the Lie algebra of smooth functions on 7*M, endowed
with the corresponding star commutator | ¥ | is isomorphic to the Lie algebra of Hermitian
(pseudo)differential operators on M. The adjoint action of this Lie algebra preserves the
space of Weyl symbols such that (5.2) and the gauge transformations (5.3) can be written
as

S H(X,P) = ;[zﬂ * ¢(X,P)] + O(H). (5.8)

The ambient generating functions of Killing fields e(X, P) are Weyl symbols commuting
with the three constraints X2, X - P and P? which generate an sp(2) algebra. The Lie
(sub)algebra of such symbols is the off-shell higher-spin algebra of Vasiliev (see e.g. [1-3]

for reviews).

5.2 Cubic vertex

Using the bra-ket notation for the scalar field ®(X) = (X | ®) and ®T(X) = (® | X ), the
ambient generating function J(X, P) of currents (4.1) is the (analytic continuation of the)
Fourier transform over momentum space of the Wigner function associated to the density
operator | ® )(® | and the ambient Noether interaction (3.65) can be rewritten in a compact
form as [6]

S1[®,H) =< H||J>=(®|H|P) (5.9)

where H(X, P) is the Weyl symbol of the operator H.
The ambient Klein-Gordon action (3.45) can be rewritten along the same lines as

Sol®] = (@ Ho| @) (5.10)

where the operator Hy is defined by

~

1 1 2
HO = 9 82 - (mR)

XX+ D-2)F T, (5.11)
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and is the ambient representative of the kinetic operator ;(V?Adsd — m?). It has Weyl
symbol equal to

Ho(X,P) = ; (GABPAPB ¥ (”;(}2)2> = ; <P2 - (X)'(f)Q ¥ (”;(}2)2> (5.12)

where the transverse inverse metric GA% := n48 — XA X B / X? is the ambient representative
of the inverse metric g"” on (A)dS,; . Remark that the function Hy(X, P) also obeys to (5.2).
Therefore the sum

So[®] + S1[®,H] = (®|Hy+ H|®) (5.13)

is manifestly invariant under the following action of the group of unitary operators on
(A)dSy:
|®) — U|®), Hy+H — U (Hy+H) U, (5.14)

where the unitary operator U is generated by the Hermitian operator ¢ and where the scalar
and gauge fields respectively transform in the fundamental and adjoint representation of
the group of unitary operators. Notice that the action of the operator U on ®(X) is indeed
consistent with the radial dimensional reduction because this unitary operator preserves
the homogeneity degree as € does. Notice that as long as higher-derivative transformations
are allowed then the infinite tower of higher-spin fields should be included for consistency
of the gauge transformations (5.14) beyond the lowest order. The infinitesimal adjoint
action (5.14) of the Lie algebra of Hermitian operators on (A)dSy, written in terms of the
Weyl symbol H (X, P), leads to the following deformation of (5.8)

§H(X,P) = [Ho(X,P)+ H(X,P) * ¢«(X,P)] + O(H?). (5.15)

The ambient generating functions of Killing fields ¢(X, P) are Weyl symbols that are prod-
uct of X4 Pp], whose corresponding operators are products of the isometry generators
X(40p) of (A)dSy, i.e. generators of the Vasiliev off-shell higher-spin algebra. When the
latter algebra acts on the singleton module of o(d — 1,2), the three sp(2)-constraints men-
tioned at the end of subsection 5.1 act trivially. The quotient of the Vasiliev off-shell algebra
by the corresponding two-sided ideal (spanned by elements that are sum of elements pro-
portional to a sp(2)-constraint) is the Vasiliev on-shell higher-spin algebra (see e.g. [1-3]
for more details). The situation is somewhat different for the massive scalar field module
spanned by the harmonic homogeneous functions on the ambient space of subsection 3.4,
because this module is not annihilated by the operators corresponding to X2 and X - P (see
e.g. the section 3 of [30] for some discussion on the algebra of symmetries of the massive
scalar field).

It is very tempting to conjecture that the full action (2.13) should be interpreted
as arising from the gauging of the rigid symmetries of the free scalar matter field, which
generalize the U(1) and isometries of (A)dSy, so that the local symmetries (5.14) generalize
the local U(1) and diffeomorphisms (see [5-7, 30] and refs therein for more comments on
this point of view). In any case, the unfolded equations (on-shell [1-3] and off-shell [39, 40])
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precisely arise from the gauging of the same rigid algebra of (on/off shell) symmetries but
the scalar field is included in the gauge field multiplet.

To end up with a side remark, we would like to point out the possibility to have
a uniform treatment of the gauge fields and parameters where both generating functions
have equal homogeneity degree in X and in P. This possibility might prove to be useful for
further works because this treatment allows to make use of the star commutator induced
on M, [37, 38] in order to write down the intrinsic form of the gauge transformation (5.8).
Moreover a uniform treatment of fields and parameters is appealing in the metric-like
approach since their generating functions can both be interpreted as Weyl symbols of
Hermitian (pseudo)differential operators on the spacetime manifold. Concretely, notice

that H(X, P) := X2H (X, P) obeys to

d 0 0
<XA6XA — PAaPA>H(X,P) =0, (X-8P> H(X,P) =0, (5.16)

as follows from (5.2). The same holds for

(mR)?

1
Ho(X, P) =, X* (GABPAPB:F po

)= (P - (PR @mR?) (517

which corresponds to the Weyl symbol ifg 9" pupy, . One can check that

10 0

[HolX,F) ¥ <X, B) | = <X2 T 4op 0P

> (PA04) (X, P) (5.18)
by making use of the identity
2[X2P? —(X-P)?> * ¢(X,P) ] = X?%[P?2 X ¢(X,P)] + [P? * ¢(X,P) |xX?. (5.19)

Therefore the star commutator between the (A)dS; background field ¢"“p,p, and any
function e(x,p) on the cotangent bundle 7*(A)dS,, above is equal to

1 1 o 0
"o upy ¥ =1+ v H ,D) - 2
o [t )] = (15 oo o) 0 )@ V0elen). (520
Therefore, modulo the field redefinition,
1 o 0
n =(1=+ y h(z,p), 5.21
@) = (1% g 5y o ) Ho) (5:21)

the lowest order of the gauge transformation (2.5) can be expressed directly via the star

product on (A)dSy

6N (z,p) = ; (9" pupy 5 €(z,p)] + O(R) (5.22)

in analogy with (5.8).
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6 Conclusion and outlook

The present paper may be thought as a first step towards a generalization to any constant-
curvature spacetime of the results obtained in [6] for a complex scalar field around
Minkowski spacetime, such as the generating functions of conserved currents, of inter-
action vertices, of gauge symmetry deformations and of four-point exchange amplitudes.
Besides the exchange amplitudes, all these results have been generalized here to the case
of non-vanishing curvature. Recently, the results of [6] were considerably extended via
string-based computations by Sagnotti and Taronna [41, 42] and it would be interesting to
investigate the possibility of a radial dimensional reduction of their elegant results, looking
for the analogue of their generating functions to (anti) de Sitter spacetimes. We plan to
return to these issues in the future.

The generating function of the infinite set of conserved currents for a free complex
scalar field on (A)dS; have been obtained from the flat one [6] through a radial dimensional
reduction. For this purpose, an efficient translation rule between ambient partial deriva-
tives and intrinsic (i.e. spacetime) covariant derivatives was developed. The form of the
current generating function on ambient space is identical to the bilocal function introduced
by Fronsdal [14] in order to provide a manifestly covariant realization of the theorem [43]
asserting that the tensor product of two scalar singleton on the conformal boundary decom-
poses as an infinite tower of bulk gauge fields. This similarity is by no mean accidental since
the Flato-Fronsdal theorem is known to be instrumental in the holographic correspondence
between free conformal field theories on the boundary and higher-spin gauge field theories
in the bulk but it might deserve to be investigated further in the ambient formulation.

Through the Noether method, the current generating function allows to write a gener-
ating function of cubic minimal couplings and to determine the corresponding gauge sym-
metry deformations. Our results confirm some previous expectations on the non-Abelian
deformation of the metric-like gauge symmetry as being the group of unitary operators
on the spacetime manifold, thereby generalizing the group of diffeomorphisms. It was
extremely convenient to remove trace constraints on the gauge parameters when reflect-
ing on the non-Abelian symmetries in the metric-like formulation of higher-spin gauge
fields (see e.g. [30] for an extended discussion of this point). As far as the non-Abelian
frame-like formulation is concerned, the analogue of Vasiliev’s unfolded equations in the
unconstrained case are also of interest for studying the off-shell gauge symmetry struc-
ture [39, 40]. Moreover, a slight refinement of the on-shell unfolded equations has been
proposed in [44] following the spirit of the unconstrained approach. The recent frame-like
formalism with weaker trace constraints [45] might also shed some light in these directions.

Notice that, at the order where we worked (at most quadratic dependence in the gauge
fields), it is perfectly consistent to make use of traceful currents in the “minimal” coupling
between gauge fields and currents. However, the quadratic action for the gauge fields will
determine the genuine physical interactions between the matter and gauge fields. Indeed,
the gauge fields may also couple to other fields, dynamical or not (e.g. auxilliary and pure
gauge fields), and these couplings will affect the on-shell structure of the interactions. For
instance, if the quadratic gauge field action is the Fronsdal action [14] then the double-
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trace of the current is automatically extracted out off-shell and the single-trace further
decouples on-shell. It is known since the seminal works of Francia and Sagnotti that the
trace constraints may consistently be removed off-shell from the metric-like quadratic action
in several ways for irreducible gauge fields (see e.g. [46, 47] for some reviews and [24, 48|
for some recent developments). Nevertheless, the trace of the current still decouples on-
shell as it should [24]. For the so-called “triplet” arising from the open string leading
Regge trajectory [46, 47, 49-53] (see also [10, 23]), the situation is more subtle: although
traceful conserved currents can indeed source the symmetric tensor field, only the traceless
component of the currents studied here leads to genuine minimal interactions.? The kth
trace of the current of rank r is a current of rank r — 2k (lower than r) and contains r
derivatives. However, any non-trivial rank-s conserved current built from a scalar field is
known to contain up to s derivatives. Therefore, any trace component of the current is equal
on-shell either to zero or to an “improvement”, i.e. a trivially conserved (or, equivalently,
co-exact) current. Such on-shell trivial currents give rise to non-minimal interactions,
quadratic in the scalar fields and linear in the gauge-invariant higher-spin fieldstrengths.

Finally, the toy model [6] has been used to calculate tree level exchange amplitudes for
the elastic scattering of two scalar particles mediated by an infinite tower of tensor gauge
fields. The AdS; counterparts of Feynman diagrams with four external scalar particles
should be Witten diagrams associated with the four-point correlation function of a singlet
(“single trace”) scalar operator, bilinear in some large component massless scalar field liv-
ing on the conformal boundary, as in [54, 55]. The exact summation of the corresponding
exchange amplitudes for an infinite tower of intermediate tensor gauge fields is possible in
flat spacetime [6] and one might hope to reproduce the analogue of this result in AdSy since
all ingredients are now available in the unconstrained formalism for irreducible gauge fields:
the bulk-to-bulk propagators of symmetric tensor fields can be extracted from [24] and the
relevant cubic vertices have been presented here.®> Moreover, the CFT,;_; dual results
are known in closed form, even for the interacting O(N) model in the large N limit [56].
Computing explicitly the AdS; exchange Witten diagram could therefore provide a first
quantitative test of the AdS,/CFTs conjecture of Klebanov and Polyakov [55] at quartic
level, i.e. for four-point correlation functions. Indeed, while impressive quantitative checks
of the correspondence have been performed at the interacting level [57-60], to our knowl-
edge all of them were restricted yet to three-point correlation functions where symmetries
are known to highly constrain the set of possibilities.
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A Technical appendix

Let us consider a homogeneous symmetric tensor of rank r such that (XPop —
k)T, . 4,(X) = 0and X4 Ty, 4 (X) = 0. These last two properties together with
the definitions of the projector (3.10) and the equivalence relation (3.13) imply that

oa(PE: ... PRPE . PEOD, ... 00, Tr, 1) ~

1
~ 3A831 . aBnTcl___cr — Y2 n (XDBD) NA(B; 832 . 8Bn)TCl...CT —
1 E
~ x2 r X% 0p, ...0B,TE(C,..coM01H)A
1
= aAaBl e aBnTcl___Cr - X2 n (k‘ — (TL - 1)) nA(Bl 832 e aBn)Tcl___Cr +

1
+ X2 T”I’L(?(B2 ce aBnTBl)(CQ...CrT]01)A

Contracting all indices with an auxiliary vector P and making use of the notations (3.19)
and (3.20), one gets that
2

)]; (k—r—(n-1)@P-0)"'T (A1)

The left-hand-side of (A.1) can be expressed by

(P-D)(P-O)"T = (P-9)""'T —n

[n/2] 2N\ T
(P-D)(P-B)"T:(P-D)Zcm< >(P-D)"—27‘T

n X2
m=0
[n/2] 2\ M
=P -D)" 4 Z cm <X2> (P.D) 2,

m=1
where (3.21) has been inserted in order to compute (P - 9)". The right-hand-side of (A.1)
can also be reexpressed as follows
2

(P-0)"™'T —n X2

(k—r—(n-1)FP-o)" T

[(n+1)/2] (PQ

m
L D S ) R e AL =LY
m=1

by making use twice of (3.21) in order to calculate (P - 3)"*! and (P - 9)" !. These
equations imply that the coefficients ¢* are given by the recurrence formula:

A= +nk—r—n+1)c" (A.2)
and for n odd, there is an additional relation:

n—1

cgﬁﬂl)ﬂ =nk—-r—n+1) /2 (A.3)

If one considers the ¢]* as the coefficients of a power (a priori formal) series

Py =305 L amanym, (A1)

n=0 m=0
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one can rewrite the recursion formula (A.2) as an ordinary differential equation
(parametrized by the “constant” y) for the unkown function f(x,y) depending on the
single variable x

(14 a%y) | fa) — (1 (k= r)a) fay) = 0 (4.5)

d
with the initial condition f(0,y) = 1. The solution of this Cauchy problem is:

flzyy) = (1 + ny)k2T exp <\jy arctan(\/yx)> . (A.6)

The generating function c(z,y; k) is equal to f(z,y/z?).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.

References
[1] M.A. Vasiliev, Higher spin gauge theories in various dimensions,
Fortsch. Phys. 52 (2004) 702 [hep-th/0401177] [SPIRES].

[2] M.A. Vasiliev, Higher spin gauge theories in any dimension,
Comptes Rendus Physique 5 (2004) 1101 [hep-th/0409260] [SPIRES].

[3] X. Bekaert, S. Cnockaert, C. Tazeolla and M.A. Vasiliev, Nonlinear higher spin theories in
various dimensions, hep~th/0503128 [SPIRES].

[4] F.A. Berends, G.J.H. Burgers and H. van Dam, Explicit construction of conserved currents
for massless fields of arbitrary spin, Nucl. Phys. B 271 (1986) 42 [SPIRES].

[5] X. Bekaert, Higher spin algebras as higher symmetries, arXiv:0704.0898 [SPIRES].

[6] X. Bekaert, E. Joung and J. Mourad, On higher spin interactions with matter,
JHEP 05 (2009) 126 [arXiv:0903.3338] [SPIRES].

[7] A. Fotopoulos, N. Irges, A.C. Petkou and M. Tsulaia, Higher-Spin Gauge Fields Interacting
with Scalars: The Lagrangian Cubic Vertex, JHEP 10 (2007) 021 [arXiv:0708.1399]
[SPIRES].

[8] R. Manvelyan and W. Riihl, Conformal coupling of higher spin gauge fields to a scalar field
in AdSy and generalized Weyl invariance, Phys. Lett. B 593 (2004) 253 [hep-th/0403241]
[SPIRES].

[9] R. Manvelyan and K. Mkrtchyan, Conformal invariant interaction of a scalar field with the
higher spin field in AdSq, Mod. Phys. Lett. A 25 (2010) 1333 [arXiv:0903.0058] [SPIRES].

[10] A. Fotopoulos and M. Tsulaia, Current Exchanges for Reducible Higher Spin Modes on AdS,
arXiv:1007.0747 [SPIRES].

[11] Y.M. Zinoviev, Spin 3 cubic vertices in a frame-like formalism, JHEP 08 (2010) 084
[arXiv:1007.0158] [SPIRES].

[12] T. Biswas and W. Siegel, Radial dimensional reduction: (Anti) de Sitter theories from flat,
JHEP 07 (2002) 005 [hep-th/0203115] [SPIRES].

,27,


http://dx.doi.org/10.1002/prop.200410167
http://arxiv.org/abs/hep-th/0401177
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0401177
http://dx.doi.org/10.1016/j.crhy.2004.10.005
http://arxiv.org/abs/hep-th/0409260
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0409260
http://arxiv.org/abs/hep-th/0503128
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0503128
http://dx.doi.org/10.1016/0550-3213(86)90325-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B271,429
http://arxiv.org/abs/0704.0898
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0704.0898
http://dx.doi.org/10.1088/1126-6708/2009/05/126
http://arxiv.org/abs/0903.3338
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.3338
http://dx.doi.org/10.1088/1126-6708/2007/10/021
http://arxiv.org/abs/0708.1399
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0708.1399
http://dx.doi.org/10.1016/j.physletb.2004.04.052
http://arxiv.org/abs/hep-th/0403241
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0403241
http://dx.doi.org/10.1142/S0217732310033116
http://arxiv.org/abs/0903.0058
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.0058
http://arxiv.org/abs/1007.0747
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.0747
http://dx.doi.org/10.1007/JHEP08(2010)084
http://arxiv.org/abs/1007.0158
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.0158
http://dx.doi.org/10.1088/1126-6708/2002/07/005
http://arxiv.org/abs/hep-th/0203115
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0203115

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

P.A.M. Dirac, The Electron Wave Equation in De-Sitter Space, Annals Math. 36 (1935) 657
[SPIRES].

C. Fronsdal, Singletons and Massless, Integral Spin Fields on de Sitter Space (Elementary
Particles in a Curved Space. 7, Phys. Rev. D 20 (1979) 848 [SPIRES].

R.R. Metsaev, Massless mized symmetry bosonic free fields in d-dimensional anti-de Sitter
space-time, Phys. Lett. B 354 (1995) 78 [SPIRES].

R.R. Metsaev, Arbitrary spin massless bosonic fields in d-dimensional anti-de Sitter space,
hep-th/9810231 [SPIRES].

X. Bekaert, I.L. Buchbinder, A. Pashnev and M. Tsulaia, On higher spin theory: Strings,
BRST, dimensional reductions, Class. Quant. Grav. 21 (2004) S1457 [hep-th/0312252]
[SPIRES].

K. Hallowell and A. Waldron, Constant curvature algebras and higher spin action generating
functions, Nucl. Phys. B 724 (2005) 453 [hep-th/0505255] [SPTRES].

G. Barnich and M. Grigoriev, Parent form for higher spin fields on anti-de Sitter space,
JHEP 08 (2006) 013 [hep-th/0602166] [SPTRES].

N. Boulanger, C. Tazeolla and P. Sundell, Unfolding Mixed-Symmetry Fields in AdS and the
BMYV Conjecture: I. General Formalism, JHEP 07 (2009) 013 [arXiv:0812.3615] [SPIRES].

N. Boulanger, C. Iazeolla and P. Sundell, Unfolding Mized-Symmetry Fields in AdS and the
BMYV Conjecture: II. Oscillator Realization, JHEP 07 (2009) 014 [arXiv:0812.4438]
[SPIRES].

K.B. Alkalaev and M. Grigoriev, Unified BRST description of AdS gauge fields,
Nucl. Phys. B 835 (2010) 197 [arXiv:0910.2690] [SPIRES].

A. Fotopoulos, K.L. Panigrahi and M. Tsulaia, Lagrangian formulation of higher spin
theories on AdS space, Phys. Rev. D 74 (2006) 085029 [hep-th/0607248] [SPIRES].

D. Francia, J. Mourad and A. Sagnotti, (4)dS exchanges and partially-massless higher spins,
Nucl. Phys. B 804 (2008) 383 [arXiv:0803.3832] [SPIRES].

X. Bekaert and N. Boulanger, Gauge invariants and Killing tensors in higher-spin gauge
theories, Nucl. Phys. B 722 (2005) 225 [hep-th/0505068] [SPIRES].

G. Barnich, N. Bouatta and M. Grigoriev, Surface charges and dynamical Killing tensors for
higher spin gauge fields in constant curvature spaces, JHEP 10 (2005) 010 [hep-th/0507138]
[SPIRES].

J. Mickelsson and J. Niederle, Contractions of representations of de Sitter groups,
Commun. Math. Phys. 27 (1972) 167 [SPIRES].

B. de Wit and I. Herger, Anti-de Sitter supersymmetry, Lect. Notes Phys. 541 (2000) 79
[hep-th/9908005] [SPIRES)].

P. Breitenlohner and D.Z. Freedman, Stability in Gauged Ezxtended Supergravity,
Ann. Phys. 144 (1982) 249 [SPIRES].

X. Bekaert, Comments on higher-spin symmetries,
Int. J. Geom. Meth. Mod. Phys. 6 (2009) 285 [arXiv:0807.4223] [SPIRES].

D. Anselmi, Higher-spin current multiplets in operator-product expansions,
Class. Quant. Grav. 17 (2000) 1383 [hep-th/9906167] [SPIRES].

,28,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ANMAA,36,657
http://dx.doi.org/10.1103/PhysRevD.20.848
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D20,848
http://dx.doi.org/10.1016/0370-2693(95)00563-Z
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B354,78
http://arxiv.org/abs/hep-th/9810231
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9810231
http://arxiv.org/abs/hep-th/0312252
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0312252
http://dx.doi.org/10.1016/j.nuclphysb.2005.06.021
http://arxiv.org/abs/hep-th/0505255
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0505255
http://dx.doi.org/10.1088/1126-6708/2006/08/013
http://arxiv.org/abs/hep-th/0602166
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0602166
http://dx.doi.org/10.1088/1126-6708/2009/07/013
http://arxiv.org/abs/0812.3615
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0812.3615
http://dx.doi.org/10.1088/1126-6708/2009/07/014
http://arxiv.org/abs/0812.4438
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0812.4438
http://dx.doi.org/10.1016/j.nuclphysb.2010.04.004
http://arxiv.org/abs/0910.2690
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0910.2690
http://dx.doi.org/10.1103/PhysRevD.74.085029
http://arxiv.org/abs/hep-th/0607248
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0607248
http://dx.doi.org/10.1016/j.nuclphysb.2008.04.023
http://arxiv.org/abs/0803.3832
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0803.3832
http://dx.doi.org/10.1016/j.nuclphysb.2005.06.009
http://arxiv.org/abs/hep-th/0505068
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0505068
http://dx.doi.org/10.1088/1126-6708/2005/10/010
http://arxiv.org/abs/hep-th/0507138
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0507138
http://dx.doi.org/10.1007/BF01645690
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA,27,167
http://arxiv.org/abs/hep-th/9908005
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9908005
http://dx.doi.org/10.1016/0003-4916(82)90116-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,144,249
http://dx.doi.org/10.1142/S0219887809003527
http://arxiv.org/abs/0807.4223
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.4223
http://dx.doi.org/10.1088/0264-9381/17/6/305
http://arxiv.org/abs/hep-th/9906167
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9906167

[32] ML.A. Vasiliev, Higher spin gauge theories: Star-product and AdS space, hep-th/9910096
[SPIRES].

[33] S.E. Konstein, M.A. Vasiliev and V.N. Zaikin, Conformal higher spin currents in any
dimension and AdS/CFT correspondence, JHEP 12 (2000) 018 [hep-th/0010239)
[SPIRES].

[34] O.A. Gelfond, E.D. Skvortsov and M.A. Vasiliev, Higher spin conformal currents in
Minkowski space, Theor. Math. Phys. 154 (2008) 294 [hep-th/0601106] [SPIRES].

[35] S.F. Prokushkin and M.A. Vasiliev, Currents of arbitrary spin in AdSs,
Phys. Lett. B 464 (1999) 53 [hep-th/9906149] [SPIRES].

[36] S.F. Prokushkin and M.A. Vasiliev, Cohomology of arbitrary spin currents in AdSs,
Theor. Math. Phys. 123 (2000) 415 [hep-th/9907020] [SPIRES].

[37] F. Bayen, M. Flato, C. Frgnsdal, A. Lichnerowicz and D. Sternheimer, Deformation Theory
and Quantization. 1. Deformations of Symplectic Structures, Ann. Phys. 111 (1978) 61
[SPIRES] [SPIRES].

[38] F. Bayen, M. Flato, C. Frgnsdal, A. Lichnerowicz and D. Sternheimer, Deformation Theory
and Quantization. 2. Physical Applications, Ann. Phys. 111 (1978) 111 [SPIRES].

[39] ML.A. Vasiliev, Actions, charges and off-shell fields in the unfolded dynamics approach,
Int. J. Geom. Meth. Mod. Phys. 3 (2006) 37 [hep-th/0504090] [SPIRES].

[40] M. Grigoriev, Off-shell gauge fields from BRST quantization, hep-th/0605089 [SPIRES].

[41] M. Taronna, Higher Spins and String Interactions, MSc Thesis, University of Pisa, Pisa Italy

(2009) arXiv:1005.3061 [SPIRES].

[42] A. Sagnotti and M. Taronna, String Lessons for Higher-Spin Interactions,
Nucl. Phys. B 842 (2011) 299 [arXiv:1006.5242] [SPIRES].

[43] M. Flato and C. Fronsdal, One Massless Particle Equals Two Dirac Singletons: Elementary

Particles in a Curved Space. 6, Lett. Math. Phys. 2 (1978) 421 [SPIRES].

[44] A. Sagnotti, E. Sezgin and P. Sundell, On higher spins with a strong Sp(2,R) condition, in
the proceedings of the First Solvay Workshop on Higher-Spin Gauge Theories, Brussels
Belgium (2004) hep-th/0501156 [SPIRES].

[45] D.P. Sorokin and M.A. Vasiliev, Reducible higher-spin multiplets in flat and AdS spaces and

their geometric frame-like formulation, Nucl. Phys. B 809 (2009) 110 [arXiv:0807.0206]
[SPIRES].

[46] D. Francia and A. Sagnotti, On the geometry of higher-spin gauge fields, Class. Quant. Grav.

20 (2003) S473 [hep-th/0212185] [SPIRES].

[47] D. Francia and A. Sagnotti, Higher-spin geometry and string theory,
J. Phys. Conf. Ser. 33 (2006) 57 [hep-th/0601199] [SPIRES].

[48] I.L. Buchbinder, A.V. Galajinsky and V.A. Krykhtin, Quartet unconstrained formulation for

massless higher spin fields, Nucl. Phys. B 779 (2007) 155 [hep-th/0702161] [SPIRES].

[49] A. Sagnotti and M. Tsulaia, On higher spins and the tensionless limit of string theory,
Nucl. Phys. B 682 (2004) 83 [hep-th/0311257] [SPIRES].

[50] I.L. Buchbinder, A. Fotopoulos, A.C. Petkou and M. Tsulaia, Constructing the cubic
interaction vertex of higher spin gauge fields, Phys. Rev. D 74 (2006) 105018
[hep-th/0609082] [SPIRES].

,29,


http://arxiv.org/abs/hep-th/9910096
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9910096
http://dx.doi.org/10.1088/1126-6708/2000/12/018
http://arxiv.org/abs/hep-th/0010239
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0010239
http://dx.doi.org/10.1007/s11232-008-0027-6
http://arxiv.org/abs/hep-th/0601106
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0601106
http://dx.doi.org/10.1016/S0370-2693(99)01029-1
http://arxiv.org/abs/hep-th/9906149
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9906149
http://dx.doi.org/10.1007/BF02551048
http://arxiv.org/abs/hep-th/9907020
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9907020
http://dx.doi.org/10.1016/0003-4916(78)90224-5
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,111,61
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,111,111
http://dx.doi.org/10.1016/0003-4916(78)90225-7
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,111,111
http://dx.doi.org/10.1142/S0219887806001016
http://arxiv.org/abs/hep-th/0504090
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0504090
http://arxiv.org/abs/hep-th/0605089
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0605089
http://arxiv.org/abs/1005.3061
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.3061
http://dx.doi.org/10.1016/j.nuclphysb.2010.08.019
http://arxiv.org/abs/1006.5242
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1006.5242
http://dx.doi.org/10.1007/BF00400170
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD,2,421
http://arxiv.org/abs/hep-th/0501156
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0501156
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.042
http://arxiv.org/abs/0807.0206
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.0206
http://arxiv.org/abs/hep-th/0212185
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0212185
http://dx.doi.org/10.1088/1742-6596/33/1/006
http://arxiv.org/abs/hep-th/0601199
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0601199
http://dx.doi.org/10.1016/j.nuclphysb.2007.03.032
http://arxiv.org/abs/hep-th/0702161
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0702161
http://dx.doi.org/10.1016/j.nuclphysb.2004.01.024
http://arxiv.org/abs/hep-th/0311257
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0311257
http://dx.doi.org/10.1103/PhysRevD.74.105018
http://arxiv.org/abs/hep-th/0609082
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0609082

[51]

[52]

[53]

[54]

A. Fotopoulos and M. Tsulaia, Interacting Higher Spins and the High Energy Limit of the
Bosonic String, Phys. Rev. D 76 (2007) 025014 [arXiv:0705.2939] [SPIRES].

A. Fotopoulos and M. Tsulaia, Current Ezchanges for Reducible Higher Spin Multiplets and
Gauge Fizing, JHEP 10 (2009) 050 [arXiv:0907.4061] [SPIRES].

D. Francia, String theory triplets and higher-spin curvatures, Phys. Lett. B 690 (2010) 90
[arXiv:1001.5003] [SPIRES].

E. Sezgin and P. Sundell, Massless higher spins and holography,
Nucl. Phys. B 644 (2002) 303 [Erratum ibid. B 660 (2003) 403] [hep-th/0205131]
[SPIRES].

LR. Klebanov and A.M. Polyakov, AdS dual of the critical O(N) wvector model,
Phys. Lett. B 550 (2002) 213 [hep-th/0210114] [SPIRES].

T. Leonhardt, A. Meziane and W. Riihl, On the proposed AdS dual of the critical O(N)
o-model for any dimension 2 < d < 4, Phys. Lett. B 555 (2003) 271 [hep-th/0211092]
[SPIRES].

A.C. Petkou, Evaluating the AdS dual of the critical O(N) vector model,
JHEP 03 (2003) 049 [hep-th/0302063] [SPIRES].

E. Sezgin and P. Sundell, Holography in 4D (super) higher spin theories and a test via cubic
scalar couplings, JHEP 07 (2005) 044 [hep-th/0305040] [SPIRES].

S. Giombi and X. Yin, Higher Spin Gauge Theory and Holography: The Three-Point
Functions, JHEP 09 (2010) 115 [arXiv:0912.3462] [SPIRES].

S. Giombi and X. Yin, Higher Spins in AdS and Twistorial Holography, arXiv:1004.3736
[SPIRES].

,30,


http://dx.doi.org/10.1103/PhysRevD.76.025014
http://arxiv.org/abs/0705.2939
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0705.2939
http://dx.doi.org/10.1088/1126-6708/2009/10/050
http://arxiv.org/abs/0907.4061
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0907.4061
http://dx.doi.org/10.1016/j.physletb.2010.05.006
http://arxiv.org/abs/1001.5003
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1001.5003
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://arxiv.org/abs/hep-th/0205131
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205131
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://arxiv.org/abs/hep-th/0210114
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0210114
http://dx.doi.org/10.1016/S0370-2693(03)00058-3
http://arxiv.org/abs/hep-th/0211092
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0211092
http://dx.doi.org/10.1088/1126-6708/2003/03/049
http://arxiv.org/abs/hep-th/0302063
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0302063
http://dx.doi.org/10.1088/1126-6708/2005/07/044
http://arxiv.org/abs/hep-th/0305040
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0305040
http://dx.doi.org/10.1007/JHEP09(2010)115
http://arxiv.org/abs/0912.3462
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0912.3462
http://arxiv.org/abs/1004.3736
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1004.3736

	Introduction
	Noether method
	Ambient versus intrinsic formulations
	Constant curvature manifolds
	Tensor fields
	Covariant derivatives
	Laplace-Beltrami operators
	Klein-Gordon action
	Noether method

	Conserved currents
	Noether interactions
	Symbol calculus
	Cubic vertex

	Conclusion and outlook
	Technical appendix

