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1 Introduction and preliminaries

Let E be a real Banach space, E” be the dual space of E. In the sequel we assume that C
is a nonempty closed convex subset of E, i* is the set of nonnegative real numbers and
J:E— 2F is the normalized duality mapping defined by

J@) ={f €E": (e f) = llxll - IF 1L Ixll = IFN}, x€E. 1.1)

Let T : C — C be a mapping, we denote by F(T) the set of fixed points of 7. We also use
‘—’ to stand for strong convergence and ‘—’ for weak convergence.

We first recall some definitions.

A one-parameter family 3 := {T'(¢) : £ > 0} of self-mappings of C is said to be a nonex-
pansive semigroup if the following conditions are satisfied:

(i) Tt +tr)x=T(t)T(t2)x, for any 1,2, € R* and x € C;
(if) T(0)x = x for each x € C;
(iii) for each x € C, t +— T(f)x is continuous;

(iv) for any ¢t > 0, T'(¢) is a nonexpansive mapping on C, that is, for any x,y € C,
| Tt - T(0)y] < e~ yl. (12)

If the family J := {T'(¢) : ¢ > 0} satisfies conditions (i)-(iii), then it is:
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(a) Pseudocontractive semigroup if for any x,y € C, there exists j(x — y) € J(x — y) such
that

(T(®)x - T@)y,j(x - ) < o —yl*. (1.3)

(b) Uniformly Lipschitzian semigroup if there exists a bounded measurable function L :
[0,00) = (0, 00) such that, for any x,y € C and £ > 0,

|T"(0)x = T"@O)y| <L@Olx-yl, ¥Yn>1. (14)

In this case, we also say that J is a uniformly L(£)-Lipschitzian semigroup.
(c) Strictly pseudocontractive semigroup if there exists a bounded function 2 : [0, 00) —
(0,00) and for any given x,y € C, there exists j(x — y) € J(x — y) such that

(T(6)x = Ty, j(x - ) < lx = yI* = 20| (I - T@)x - (I - T®)y|” (1.5)

for any ¢ > 0.

It is easy to see that such a semigroup is ((1 + A(¢))/A(£))-Lipschitzian and pseudocon-
tractive semigroup.

(d) Demicontractive semigroup if ﬂ:zo F(T(t)) # 9, and there exists a bounded function
A :[0,00) = (0,00) forany t > 0,x € Cand y € ﬂ:zo F(T(t)), there exists j(x —y) € J(x —y)
such that

(T(®x-y,jx =) < Il = yI* = 2@ (1 - T(@®)x]". (1.6)
In this paper, we introduce the following semigroups.

Definition 1.1 A one-parameter family I := {T'(¢) : £ > 0} of self-mappings of C satisfies
conditions (i)-(iii), then it is:

(€) Total asymptotically strictly pseudocontractive semigroup if there exist a bounded
function A : [0,00) — (0, c0) and sequences {u,} C [0,00) and {§,} C [0, 00) with u,, — 0
and &, — 0 as n — oo. For any given x,y € C, there exists j(x — y) € J(x — y) such that

(T"(6)x = T" @)y, j(x - 9)) < llx=yII> = 2(@) | (I - T"(®)x - (I - T" @)y’

+wnd(Ilx=yll) + & Vn>=1Vt>0, (1.7)

where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0.
In this case, we also say that J is a (A(2), { .}, {4}, ¢)-total asymptotically strict pseudo-
contractive semigroup.
(f) Asymptotically strictly pseudocontractive semigroup if there exist a bounded function
A :[0,00) = (0,00) and a sequence {k,} C [1,00) with k, — 1 as n — oo; for any given
%,y € C, there exists j(x — y) € J(x — y) such that

(T"(Ox = T"(t)y,j(x ~ y))

< kylle =y = 2@ (I - T"())x - (- T"®)y|

. Vn>1, (1.8)

for any ¢ > 0.
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In this case, we also say that 3 is a ({k,}, A(t))-asymptotically strict pseudocontractive
semigroup.

(g) Asymptotically demicontractive semigroup if ﬂtzo F(T(t)) # ¥ and there exist a
bounded function 1 : [0, 00) — (0, o0) and a sequence {k,,} C [1,00) with k,, = 1lasn — 00;
foranyt>0,x € Cand y € (., F(T(2)), there exists j(x — y) € J(x — y) such that

2

(T"(0)x = 3,j(x = 9)) < kallx =y 1> = 2(O) | (I = T"(0))x]|", Vm=1, (L.9)

for any £ > 0.
In this case, we also say that Y is a ({k, }, A(£))-asymptotically demicontractive semigroup.

Remark 1.2 If ¢(1) = A2 and &, = 0, then a total asymptotically strict pseudocontractive
semigroup is an asymptotically strict pseudocontractive semigroup. Every asymptotically
strict pseudocontractive semigroup with (1),., F(T'(t)) # ¢ is an asymptotically demicon-
tractive semigroup. If k,, = 1, Vu > 1, an asymptotically strict pseudocontractive semigroup
is a strict pseudocontractive semigroup, an asymptotically demicontractive semigroup is

a demicontractive semigroup.

It is easy to see that condition (1.7) is equivalent to the following condition: for any ¢ > 0,
x € C and y € F(T(2)), there exists j(x — y) € J(x — y) such that

(x = T"(0)x,j(x - 3)) = 20 |x = T" ()% = padd (Ix = y1)) &0 (1.10)

The convergence problem of implicit and explicit iterative sequences for nonexpansive
semigroups to a common fixed point has been considered by some authors in various
spaces; see, for example, [1-11].

In 1998, Shioji-Takahashi [1] introduced and studied a Halpern-type scheme for a com-
mon fixed point of a family of asymptotically nonexpansive semigroups in the framework
of a real Hilbert space.

In 2003, Suzuki [2] proved that the implicit scheme defined by u,x; € C

Xp=ouu+ (1 —a,)T(t,)(x,), n=>1, (1.11)

converges strongly to a common fixed point of the family of nonexpansive semigroups in
areal Hilbert space. Xu [3] extended the result of Suzuki to a more general real uniformly
convex Banach space having a weakly sequentially continuous duality mapping.

In 2005, Aleyner and Reich [4] proved the strong convergence of an explicit Halpern-
type scheme defined by u,x; € C

K1 = Qb + (1= a,))T(ty)x,, n>0, (1.12)

to a common fixed point of the family {7'(¢) : £ > 0} of nonexpansive semigroups in a
reflexive Banach space with a uniformly Géteaux differentiable norm.
Recently, Chang et al. [11] introduced the following explicit iteration process:
X1 € C,

Xnsl = (1 - an)xn + oy T(tn)xm n>1, (113)
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for the Lipschitzian and demicontractive semigroup 3 := {T'(¢) : £ > 0} in general Banach
spaces. Under appropriate assumptions imposed upon the parameter sequences {,} and
{t.}, they proved that the sequence {x,} defined by (1.13) converges strongly to some point
in F =: (0 F(T(2)).

Inspired and motivated by the above works of Shioji-Takahashi [1], Suzuki [2], Xu [3],
Aleyner-Reich [4] and Chang [11], in this paper we aim to study the strong convergence
to a common fixed point for a finite family of uniformly Lipschitzian and total asymptot-
ically strict pseudocontractive semigroups <; := {T;(¢) : t > 0}, Vi € {1,2,...,N} in general
Banach spaces. The results presented in the paper extend and improve some recent results
given in [4, 5,7, 9].

The following lemmas will be needed in proving our main results.

Lemma 1.3 Let {a,}, {b,} and {3,} be sequences of nonnegative real numbers satisfying
ans1 < (L+8,)a, + by,  Vn>ny, (1.14)

where ng is some nonnegative integer. If > -1 8, < 00 and Y .- b, < 00, then the limit

lim,,_, o @, exists.

Lemma 1.4 [12] Let E be any real Banach space, let E* be the dual space of E and let
] :E — 2F be the normalized duality mapping. Then, for any x,y € E, we have

o+ y1% < el +2{y,j(x + ), Vilx +) € J(x + ). (1.15)

2 Main results

Let E be a real Banach space, and let C be a nonempty, closed convex subset of E. For some
fixed i € N, let J; := {Ti(¢) : £ > 0} be a uniformly L;(¢)-Lipschitzian with a bounded mea-
surable function L; : [0, 00) — (0, 00) and (A;(2), {ftin}, {§in}, @:)-total asymptotically strictly
pseudocontractive semigroup with a bounded function 2, : [0,00) — (0, 00), sequences
{tin}, (&) C [0, 00) with u;,;, — 0 and &;, — 0 as # — 00, such that

L':=supLi(t)<oco,  A:= infxi(6) >0, F'o= [ F(T«r) #9. 2.1)

t>0 >0

Then, for x,y € C, p € F'and ¢ > 0,
(T (%~ p,jx—p) < lx - pI* - 27 - TP (x|

+ windi(lx = pll) +E&m V=1, (2.2)

where ¢; : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢;(0) = 0,
and

|7 e)x - TH@)y| <Lillx-yl, VYn=>1. (2.3)

Consider a family {3;}¥, of uniformly L;(f)-Lipschitzian and (A;(¢), {14in}, {Ein}, ¢:)-total
asymptotically strict pseudocontractive semigroups of C and let

Li=max L'<oo,  A:=min A'>0,  F:= (1) [E(T) #9,

1<i<N 1<i<N
1<i<N t>0
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= max u; = max §&; = max ¢;. 2.4
Mn 1§i<NMm, & lgistm, ¢ 1§i§N¢l (2.4)

Forx,ye C,peF,t>0andanyic({l,2,...,N},

(TH6)x - p,jx—p)) < lx—pl* = A||x - To)x|”

+unp(lx—pll) + &, VYn=1 (2.5)
and
| 77 @)% - T @] < Llilx-yl, ¥n=1 (2.6)
Now, we are ready to give our main results.

Theorem 2.1 Let E be a real Banach space, and let C be a nonempty, closed convex subset
of E. Let {Si}ﬁl be a finite family of uniformly L;(t)-Lipschitzian and (1;(t), {itin}, {Ein}, i)-
total asymptotically strictly pseudocontractive semigroups of C, Li(t), Ai(2), {itin}> {Ein}> @i
Li, M F LA F, ¢, {,) and (£, be the same as above. In addition, there exist positive con-
stants M and M such that ¢(L) < M A2 for all .. > M. Let {x,} be the sequence generated

by

X1 € C,

Xl = (1 - an)xn + anTnn(tn)xm n>1, (27)
where T)/(t,) = T:(modN)(t")’ Vn > 1, {a,} is a sequence in (0,1) and {t,} is an increasing

sequence in [0, 00). If the following conditions are satisfied:

(1) Donir ey <00, 3202 0 = 00, 3102 Gl < 00, D% by < 0O
(2) Assume foranyie€{1,2,...,N} and for any bounded subset D C C,

lim sup || T/ (s + ty)x — T[’(tn)x” =0. (2.8)

=00 yeD,seR*

(3) There exists a compact subset G of E such that (-, Ti(t)(C) C G for some
le{l,2,...,N}.
Then the sequence {x,} converges strongly to some element in F.

Proof The proof of Theorem 2.1 is divided into four steps.
Step 1. First we prove that lim,,_, , ||x, — p|| exists for all p € F.
For any p € F, by (1.4) we have

| T2 t)xn = p| = || T E)xn = T E)p|| < Lllxs - plI. (2.9)
It follows from (2.7) and (2.9) that

1601 — pll = ” (L= an)xy + 0, Ty (E0) %, — (1 — aty)p — O‘npn
<A -an)llx,—pll +ay ” T, (tn)%n _p”
<@ -au)llx, = pll + auLllx, - pll

=@+ L)% —pll (2.10)
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and

%041 = %ull = ot ” TZ(tn)xn —Xn ”
< o, (| T} (t)xn = p|| + %0 = pll)
< an(l+ L)%, - pll. (2.11)

By (1.10), for the point x,,,1 and p, there exists j(x,,1 — p) € J(x,:1 — p) such that

<T:(tn)xn+1 - xn+1:j(xn+1 —P)> = —A || T:(tn)xnﬂ — Xn+l “2

+ Un® (161 = pll) + & Yn =1 (2.12)

Since ¢ is an increasing function, it results that ¢(1) < ¢(M) if L <M and (1) < M A2

if A > M. In either case, we can obtain that
P(A) < pM) + M 2>, (2.13)

Thus, by Lemma 1.4, (2.10)-(2.13), we have

ll%241 —17||2 = ”xn —-pt an(T:,l(tn)xn _xn) “2

< Nlwn — I + 200 T} (60) %0 — % j (X1 — P))

= lloen = pI* + 20u( T} t)%n — T}y ()15 j (st — P))
+ 205;’1(Ty7(tn)xn+l — X1, J(Xne1 —P))
+ 200 (%1 = %, j (X1 — P))

< 10 = pI* + 20, L1161 = % |1 — Pl
= 20, M| T2 ()1 = %t | + 200120 (2001 = )
+ 20,8y + 200 (| %41 — Xull %041 = P

< (L4202 +L)* + 20, ,M (1 + L)) ||, — plI*
= 20, | T30t = H |
+ 20,y (M) + 20,8,

< (142021 +L)* + 20 puuM (1 + L)?) |15, — >

+ 20, (M) + 2,,&,. (2.14)

By condition (1), it follows from Lemma 1.3 that the limit lim,,_, » ||, — p|| exists and so
the sequence {x,} is bounded in C.

Step 2. Now we prove that

liminf||x, — T}/ (¢)x,] = 0. (2.15)


http://www.fixedpointtheoryandapplications.com/content/2013/1/178

Yang et al. Fixed Point Theory and Applications 2013, 2013:178
http://www.fixedpointtheoryandapplications.com/content/2013/1/178

In fact, it follows from (2.14) that

2
2“;«1)\” T:(tn)xnﬂ — Xn+l H = ”xn —P||2 - ”xn+1 —P||2 + 2“3(1 + L)31<2

+ (2M (1 + L)*K? + 2¢(M) )t + 208,

where K = sup,,> llx, — pl|. Hence, for some m > 1,
m
2
2A Z Ay || Tnn(tn)xnﬂ —Xn+l H
n=1

m m
<> (1% = pI” = w1 - pII?) + 20 + LPK> D e
n=1 n=1
m m
+ (2M L+ LK +2¢(M)) Y " tuptn +2 ) by
n=1 n=1

m
< lx —pl* +2( + L)’K? Zaﬁ

n=1

+ (2M (L+ LK +2¢(M)) Y ctuptn +2 ) tubn.

n=1 n=1
Letting m — 00, we have

oo
2A Z Ay || T:(tn)xnﬂ — Xn+l || 2

n=1

oo
<l - plI> + 20 + L*K> ) "o

n=1

+ (2M L+ LK +2¢(M)) Y ctuptn +2 ) k.

n=1 n=1

By condition (1), we obtain

- 2
Z oy || T:(tn)xnﬂ — Xn+l || < 00,

n=1

which implies

lim inf|| %41 — Ty, (£,)%:1 || = 0.
n—0o0

Page 7 of 10

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Since lim,,_,  ||%, — p|| exists for all p € F and lim,,_, c &, = 0, using (2.11), we have

lim (%41 — x4l = 0.
n— 00
This implies that

lim [|[%,, — %]l =0, VYie{l,2,...,N}.
n—0o0

(2.21)

(2.22)
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It follows from (2.20) and (2.21) that
liminf | %, — T (6:)%y |
n—00
=< hnrggolf{ ”xn — Xn+l ” + ||xn+1 - T:(tn)xnﬂ || + || T:(tn)xnﬂ - T:(tn)xn || }
= hnrgg.}f{(]- + L)”xn - xn+l|| + Hxn+1 - T:(tn)xnﬂ ”} =0. (223)

For any ¢ > 0, we have

Hx,, = T7(t)x, ”

< ||x,, =T (tw)x, || + || T) (tn)xn — T (Ey + £)x “ + || T (ty + t)x, — T;’(t)x,,”

<@+L)|wn = TP E)xu| +  sup | TU(E+ )z - T)(t)z])s (2.24)
z€{xy ) teRt
from (2.8) and (2.23), conclusion (2.15) is proved.
Step 3. Now we prove that
liminf|x, — T,u(t)xs| =0, Vme({L,2,...,N}. (2.25)
n— 00

Foreachj=1,2,...,N, let
Nbi
NiN+j *= ||xiN+i - le H(t)xiNﬂ'”'
Since T; is uniformly L;(¢)-Lipschitzian continuous, it follows from (2.1) and (2.4) that

||xiN+j — Ti(t)xin+ ||
< ||xiN+/’ - Z%Nﬁ(t)xﬂ\m H + || J;%NJrj(t)xiNﬁ - Tj(t)xiN+1||
<niny +L| I;?N+j_l(t)xiN+j — i |

iN+j-1 iN+j—-1

< mivey + LT iy = T O |

iN+j—1
T

+| (O)%in4j-1 — Finajor || + 1%inajo1 — xivag )

S Nine + LA+ L) xinej = %ivejo1 | + Lninejo1

from (2.15) and (2.21), we have

liminf||xiN+, - T,»(t)xiNﬂ»” =0. (226)
n—00
This implies that
liminf]||x, — T, ()%, = 0, (2.27)
n— 00

where T),(¢) = Tymodn)(t), Vi > 1.

Page 8 of 10
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Forle{1,2,...,N}, we have

”xn - Tn+l(t)xn H
< %0 = xputll + “xml - Tn+l(t)xn+l” + ” Tt %041 = Trai(£)xn “

’

<@+ L) lxn = xuutll + Hanrl = Tyri(E)%n41
from (2.22) and (2.27), we obtain
liminf|x, — Tysi(£)x4 | = 0. (2.28)
n— 00

It follows from (2.28) that liminf,,_, o ||%, — T, (£), || = 0, Vm € {1,2,...,N}. This completes
the proof.
Step 4. Finally, we prove the sequence {x,} converges strongly to some element in F.
By (2.25), we have liminf,,_, o ||%, — Ty (t)x,|| =0, Vm € {1,2,...,N}. If ﬂtio T,(t)(C)cC G
for some compact subset G of E and some [ € {1,2,..., N}, then there exists a subsequence
{#n; } of {x,,} and g € C such that

Jim 0%y =g, lim %, = Tu(&)x, | = O. (2.29)
Hence, it follows from (2.29) that
klim Xy = 4. (2.30)

Now, for any m € {1,2,...,N}, since liminfy_, ¢ |4, — T, ()%, || = 0, there exists a subse-
quence {x,,k/_} of {x,, } such that lim;_, ||xnk]_ - Tm(t)xnk/_ || = 0. Using (2.30) and the fact that
T, is Lipschitzian, we get g € ﬂtZO F(T,,(2)). Since m € {1,2,...,N} is arbitrarily chosen,
we have g € F.

Since x,, — g as k — oo and the limit lim,,_, . ||, — g|| exists, this implies that x,, — g €
F as n — o0. This completes the proof. g

The following theorem can be obtained from Theorem 2.1 immediately.

Theorem 2.2 Let E be a real Banach space, and let C be a nonempty, closed convex subset
of E. Let {?si}fil be a finite family of uniformly L;(t)-Lipschitzian and ({k;,}, Ai(¢))-asymp-
totically strictly pseudocontractive semigroups of C, Li(t), Ai(t), L, A', F', L, A, F be as in
Theorem 2.1. k,, = maxi<j<n{kin}. Let {x,} be the sequence defined by (2.7), {a,} is a se-
quence in (0,1) and let {t,} be an increasing sequence in [0, 00). If the following conditions
are satisfied:

1) Y ay=00, 3 00 k<00, > 07 aylk, —1) < 0.

(2) Assume foranyi€{1,2,...,N} and for any bounded subset D C C,

lim sup | T7(s+tu)x— T} (tn)x| = O.

=00 yeD,seR*

(3) There exists a compact subset G of E such that (-, Ti(t)(C) C G for some
le{1,2,...,N}.


http://www.fixedpointtheoryandapplications.com/content/2013/1/178

Yang et al. Fixed Point Theory and Applications 2013, 2013:178 Page 10 of 10
http://www.fixedpointtheoryandapplications.com/content/2013/1/178

Then the sequence {x,} converges strongly to some element in F.

Proof Taking ¢(A) = A2, £, =0, i, = k, — 1 in Theorem 2.1, since all conditions in The-
orem 2.1 are satisfied. It follows from Theorem 2.1 that the sequence x, — g € F :=
M=o F(T(2)) as n — oo.

This completes the proof of Theorem 2.2. d

Remark 2.3 Theorems 2.1 and 2.2 extend and improve the corresponding results of
Chang et al. [11], Shioji and Takahashi [1], Suzuki [2], Xu [3], Aleyner and Reich [4] and
others.

Open problem It may be interesting to post the following open problem: Can Theo-
rem 2.1 be generalized to a finite family of semigroups of mappings S which are represen-
tation, so commutative or left reversible (see Liu and Zhang [13] and related references
there), which is not necessarily the positive real number with addition?
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