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1 Introduction

One of the ultimate goals of the research on flux compactifications is the construction of
flux vacua that break supersymmetry in a solution with a small positive cosmological con-
stant. Despite many interesting ideas and proposals, it is still debatable whether there exist
fully explicit and controllable solutions to this problem. A possible strategy is to break
up the problem in parts and solve each part separately. In this paper we therefore settle
with studying SUSY AdS vacua and set aside the issue of SUSY breaking and positive
cosmological constant. Despite the fact that SUSY AdS vacua are the best known and
most constructed solutions in string theory, there are still some obvious and interesting
problems as we point out below.

Before the original KKLT proposal [1] (and [2]), none of the AdS vacua in string theory
were truly lower-dimensional in the sense that the AdS scale was not parametrically larger
than the length scale of the extra dimensions. This is the most straightforward constraint
that observations put on flux vacua. The AdS solutions that are used for holography typi-
cally do not have scale separation and it is important to understand how holography works
for AdS vacua with scale separation [3]. The KKLT construction and its descendants are
not entirely explicit from a 10-dimensional point of view, which complicates a possible
holographic understanding. For that reason, and for reasons of elegance and simplicity,
it would be desirable to have solutions of classical supergravity in ten dimensions. This
was first claimed in a series of papers constructing such vacua in massive IIA supergravity
with intersecting O6 planes [4-6] (see also [7, 8] for later work on these solutions). In mas-
sive ITA many solutions without sources are also known [9, 10], but they cannot achieve
scale separation [11]. Only for solutions with O6 planes is this possible, although no no-go
theorem excluding other possibilities has been found.

It is unfortunate that the orientifold and D-brane sources in these compactifications
are not fully understood. Most prominent is the fact that in most cases the supergravity
solutions are constructed in the limit where the sources are smeared over the transverse
space (see for instance the discussion in [12]). The way the solution is supposed to change
for fully localised sources is still an open question, even if some interesting progress was
made in [13]. For compactifications with sources that are parallel (or have an F-theory
interpretation), such as for the no-scale orientifold compactifications of [14, 15] and their
T-duals [16-18], it is known how to treat fully localised sources. For these cases the
backreaction does not invalidate the existence of the solutions, but it is expected to be
very relevant when computing fluctuations around the vacuum (see for instance [19-23]).
However the AdS compactifications in ITA with scale separation involve intersecting O6
planes and, apart from the partial results in [13], not much is known. Another issue that
troubles these vacua is more stringy and concerns the proper definition of string theory with
O6 planes when there is non-zero Romans mass [12, 24]. Since there is no conventional lift
of massive ITA supergravity to 11 dimensions' it is not clear how the orientifold singularities

can be resolved and whether the background makes sense.?

!See however the intriguing proposal of [25], or the alternative suggestion that a lift is unnecessary since
massive ITA cannot be strongly coupled at weak curvature [26].
2See reference [27] for more radical doubts about the use of orientifold planes.



For the reasons just named it is relevant to find other classical AdS solutions with scale
separation in a different context. In this paper we consider type IIB supergravity (string
theory). It is commonly claimed that this theory cannot achieve moduli stabilisation at
the classical level, but this statement can readily be violated by considering non-geometric
fluxes or by moving beyond the usual O3/07 compactifications and instead relying on
O5/0T7 orientifolds. A first attempt at finding such vacua has been done in [28], where the
authors considered four dimensional effective theories obtained by consistent truncations on
specific SU(2) structure manifolds (built from coset space coverings) with smeared O5/07
intersections. While some of the models considered allow for full moduli stabilisation, it is
not clear whether they admit a limit in which the solution is at large volume, weak coupling
and with scale separation.

The aim of this paper is to further study O5/07 compactifications of IIB supergrav-
ity to four-dimensional, unwarped AdS space, the absence of warping being a necessary
outcome of the approximation of smeared sources. Our results have partial overlap with
an earlier investigation on SUSY AdS vacua in ITA/IIB SUGRA [29]. We construct the
solutions directly in ten dimensions using the pure spinors approach proposed in [16, 30, 31].

For compactifications to four dimensions, this formalism allows to reduce the study of
ten-dimensional supersymmetric backgrounds to the analysis of a set of equations involving
only the components of the fields on the internal manifold. In this case, it is easy to show
that the O-plane projections and supersymmetry require the internal manifold to admit
a rigid SU(2) structure. It is then possible to write down a general solution for the fields
on the compactification manifold. By general solution we mean a set of constraints on the
six-dimensional fields that are applicable to a whole class of manifolds instead of a specific
example. This is typically achieved through writing the solution in terms of the SU(2)
invariant forms on the manifolds. To go from this general form to a concrete example one
only has to compute the canonical forms for a given manifold. This is clearly beneficial
and more insightful than minimizing F' and D terms for a given manifold. When the com-
pactification manifolds allow for consistent truncations, which is the case for homogeneous
manifolds with smeared sources, then the minima of the scalar potential must lift consis-
tently to solutions of the equations of motion in ten dimensions, such as derived in this
paper. Reference [32] explicitly analysed how the ITA vacua in 4D lift to 10 IIA SUGRA
solutions with smeared sources.

Our analysis parallels the derivation given in [16] of the conditions for NV =1 AdS,
vacua of [7]. However the IIB case seems to have a much richer spectrum of solutions than
the ITA case. For this reason, in looking for explicit examples, we will restrict to homoge-
neous spaces. We perform a systematic scan of the coset manifolds of [33] and nilmanifolds.
Although we have not been able to find solutions fulfilling the criteria of weak coupling
and scale separation on the cosets, we have found such solutions on nilmanifolds thereby
extending the single solution that was known so far [8], which was obtained by T-dualising
the O6 solution on the six-torus. Although these new solutions are also incomplete in the
sense that the sources are smeared, they constitute an important step since they change
the existing paradigm that tree-level scale separation is only possible in massive IIA. Be-
sides providing more examples of tree-level scale separation, the examples in IIB could be



relevant for improving our understanding of the subtleties in such backgrounds, such as the
orientifold singularities. The usual criticism of using O6 planes in the presence of Romans
mass is clearly evaded here.

The paper is organised as follows. In section 2 we give the general conditions that the
fields on the internal manifold have to satisfy in order to have N’ = 1 AdS, with O5/07
planes. Since the derivation is quite lengthy we put it in appendix A. In section 3 we
specify the general system to a class of SU(2) structures that are for instance allowed on
homogeneous spaces. The orientifold projections and the restriction to left-invariant forms
make it possible to solve explicitly for most of the constraints. In section 4 we discuss
possible criteria to check whether a given vacuum admit separation of scales. Finally in
section 5 we present an exhaustive list of N' =1 AdS, with O5/07 planes that can be found
on cosets and nilmanifolds and we discuss their properties as good 4-dimensional vacua.

Appendix A contains the definitions of SU(3) and SU(2) structures and pure spinors
we need in the rest of the paper, and the derivation of the general conditions for NV = 1
AdS, susy vacua. For completeness in appendix B we give the form of the generic N’ =1
AdS, vacuum in type ITA and discuss an example of separation of scale in this context.
Finally, in appendix C we detail the form of the Ricci scalar for the class of SU(2) solutions
we consider in this paper.

2 Type IIB AdS, vacua with A/ = 1 supersymmetry

A standard technique to study supersymmetric vacua is to look for solutions to the super-
symmetry variations plus the Bianchi identities for the fluxes. In presence of non-trivial
backgrounds fluxes, instead of working directly with spinorial equations, it is more con-
venient to rewrite the susy equations as a set of differential conditions on forms. This is
the idea behind the application of G-structures and more generally Generalised Complex
Geometry [34, 35]. We begin this section with a brief overview of the formalism we need
to determine our solutions. Details can be found in appendix A.

In the Generalised Complex Geometry approach the main ingredients are a pair of
polyforms, ®., which are constructed as bilinears in the supersymmetry parameters on
the internal manifold Y

By =n} @0l (2.1)
where ni are six-dimensional Weyl spinors, and n* = (nﬁr)* Then, the ten-dimensional

supersymmetry variations can be rewritten as a set of differential conditions on such forms.
For Type IIB compactifications to AdSy, the susy conditions are [30]

(d— HA)(2472D_) = —2ue”"%Red .,
(d— HA) (e "PRe® ) = 0,

(d—HA) (4 PIm ® ) = —3e*4A%Im (ad_) — %e“ * \(F), (2.4)

where ¢ is the dilaton, A the warp factor

ds® = e*ds(, + dsl) (2.5)



and F' is the sum of the RR field strength on Y, F' = F; + F3 + F5. X\ acts on a form as
the transposition of all indices
A(Fy) = (=) Fy. (2:6)

The ten-dimensional fluxes are defined in terms of F' by
Fgy = voly ANA(xF) + F'. (2.7)
Finally, the complex number p determines the size of the AdS, cosmological constant
—E (2.8)

The form of the pure spinors @ depends on the relation between the internal spinors

71 and 72. In the most general case we have
ab

b= -2z (kre™™ +ikjw), (2.9)

b, = — ezz/2(/{7H€_ij — ik iw), (2.10)
where z, j and w are a one-form, a real two-form and a holomorphic two-form, respectively,

which are globally defined on the internal manifold and define a SU(2) structure.® The
complex functions a and b are related to the norms of the spinors n’

I 1I* = laf?, I 117 = 16, (2.11)
and to the norm of the pure spinors
(B, B4) = —i]| D 2volg = —é]a\lelzvolﬁ, (2.12)
where volg is the volume of the internal manifold and the product
(A4, B) = (AAXB))ltop (2.13)

is the Mukai pairing among forms.
When k) =1 and k; = 0 the spinors 17_1~_ and n_%_ are parallel and the internal manifold
is said to be of SU(3) structure. The pure spinors reduce to

d_ = —i—Q, (2.14)

b, = %be_“, (2.15)

where 2 and J are the SU(3) invariant forms defining the SU(3) structure, (A.4). In the
opposite case, k| =0 and k; = 1, the spinors 77—1F and 77—2F are orthogonal and the structure
is SU(2) with

b g

o = —%z Ae (2.16)
‘aj) 2Z/2

o, = —ig e W (2.17)

3The definition of SU(2) and SU(3) structures can be found in appendix A.



The general case, where the relative orientation of 7741_ an 173_ can vary on the manifold is
often referred to as dynamical SU(2) structure.

For AdS vacua, supersymmetry constraints the norms of the two six-dimensional
spinors to be equal [16]

la)? = [b]? = €. (2.18)

Only the relative scale between the spinor being relevant, we can always rescale 74 in such
a way that

b=a, — =, (2.19)

Equation (2.4) can be seen as a definition of the RR fluxes that are compatible with
N = 1 supersymmetry. In order to have a full solution of the ten-dimensional equations
of motion, one must also check that the RR fluxes determined this way satisfy the Bianchi
identities

dH =0, (2.20)
dF — H AN F = (sources) , (2.21)

where d(sources) denotes the charge density of the space-filling sources. In this paper we
will mostly consider space-filling O5 and O7-planes intersecting on the internal manifold.
Since we do not know how to find exact solutions that describe generic intersecting branes
or O-planes, we smear them over the internal manifold, and we write the source terms as
invariant smooth forms on the internal manifold*

dF —HAF = Z cial = Z Qi(source)vol; (2.22)

where ¢; are constants and Q; is the charge density of the source. The symbol o denote a
decomposable form dual to the cycle wrapped by the brane, while vol; is the volume form
dual to the cycle.

2.1 General constraints

Plugging the expression (2.14) of the pure spinors in the SUSY equations, it is easy to see
that, for SU(3) structure manifolds, (2.2) has no solutions. We recover the known result
that there are no N'=1 AdS, vacua with SU(3) structure in type IIB supergravity [37].
We are left with the possibility of rigid or dynamical SU(2) structure. By expanding
the supersymmetry equations in forms of definite degree we can package the conditions for
AdS, vacua with AV = 1 supersymmetry as a set of differential constraints on the SU(2)
structure forms, the fluxes and the functions k) and k). Let us consider again (2.2). The
zero-form component
phkycos =0, (2.23)

4We refer to appendix C of [8] for an explanation on smeared source terms and the corresponding
microscopic interpretation in terms of orientifolds and their involutions, whereas appendix D of [36]
contains some first attempts for charge and flux quantisation.



gives a constraint on the parameters k| and 6_, since for AdS vacua p # 0. Choosing
cosf =0, (2.24)
fixes the relative phase of the spinors ' and n?
T .
0:0(1—01,:5 = a=1b. (2.25)

Such phase is related to the choice of orientifold planes that one can add as sources, see
for instance [16, 38]. On can show that a = ib is compatible with O7-planes only. Since
we want to be free to have also O5-planes, we are forced to choose the first option and set

k=0 k=1, (2.26)

which means that we will only consider backgrounds of rigid SU(2)-structure. For this case
the supersymmetry conditions reduce to a set of equations for the SU(2) structure forms
(see again appendix A for the derivation)

and the following equations for the RR fluxes

«F5 = —3e 7% Im(z), (2.31)

xFy = —e 4 d(e*PRew) — 3¢ 4 PRe(iz) A J, (2.32)

«F) = id(2A — ¢)z A Z ATm& 4 e ?H A Rew

1
—Ee_A_qSIm(ﬂz) ANjNG. (2.33)

To simplify the notation, we defined the form & = e”w. As mentioned before, in order to
find solutions, we have to add to this set of constraints the Bianchi identities for the fluxes.
2.2 Supersymmetry and SU(2) torsion classes

To make contact with previous literature, we can express the equations above in terms
of SU(2) torsion classes. The idea here is to decompose all fields in the supersymmetry
variations into irreducible representations of the SU(2) structure group. In general the
forms z, 7 and w are not closed. Their deviation from closure can be expressed in terms of
different SU(2) representations, called the torsion classes® [41]

dz = Siw+ Soj+SszAz+Sso+2AVi+Va)+2A (Va4 Vo) +Th
1 _
dj:552/\w+562/\w+§(S7+Sg)z/\j+j/\\/:5—i—z/\é/\Ve—l-z/\Tg—i—c.c.

®See [39, 40] for a detailed discussion of intrinsic torsion.



dw = S7z2 Aw+ Sz Aw —2S52Nj —2S62ANj+iz Az A (Verw) + 5 A (Ve + k)
+2ANT35+ZNTy. (2.34)

The coefficients S;, V; and T; denote the 20 different SU(2) torsion classes: 8 complex
singlet S;, 8 complex doublets® V; and 4 complex triplets T}.
The NS and RR fluxes can also be decomposed according to SU(2) representations

H=hzAo+hzAd+hszAj+2AZARY + B2 Aj+2A0® +ce.  (2.35)

F=fz+f? +ec (2.36)

Fs=for Ao+ f22Ao+ fazAj+2AEAFD + fD Nj4 20 @ 4o (237)

Fs=fsznNjAhj+znzninfP +ee. (2.38)
where h; and f; are complex scalars in the singlet representation of SU(2), hgz) and fi(Q)
are holomorphic vectors in the 2 and A®) and f®) are complex two forms in the triplet
representation, which are (1,1) and primitive with respect to j.

Using the above decompositions, the supersymmetry variations can be written as a set
of conditions on the torsions classes and the fluxes. The singlets in the torsions must satisfy

Sy =0, Sy =Sy = —ipe™ ",
S3 = %32(314 —¢), S5==S86=ihi— %67’4#7 (2.39)
Sy = Ss = _%82'(2‘4 —9),
while the vectors are
Va=Vi=Vs=0, Vi = i1 A+ B w,
Vs = ih{? Vs = i[04(34 — ¢) + B )Lw (2.40)
Vi=Va=043A~-9),
and the two-forms read
Ty=0, Ty=—ik®, Ty3=T,. (2.41)
For the fluxes, we find for the NS flux singlets
hi = hs, hs = —%@(&4 —¢), (2.42)
and for the RR fluxes

fi=e?® 1,&e*A — 4ihy |, f(z) = ie W [04(24 — ¢) + A ,
9 1 1

I @ _ % ¢ 15 7(2)
fo=f3=—-e%9,A, oo = e PwL[04(44 — ¢) — ],
2 13 B 2 9 '—[ 4( ) 1] (2.43)
fi= et wipe ™), Y= 1Y =0,

3 . o
fszieAqu, f® =ie Ty,

On the fluxes given above we still have to impose the Bianchi identities.

®We added two vector representations in dz that were missing in [41].



3 A simple class of SU(2) structure geometries

A general analysis of the SU(2) structure constraints derived in the previous section is very
involved, due to the large number of torsion classes. In this section we restrict to a subset of
all possible SU(2) structure geometries for which some of the torsion classes are set to zero.
Our motivation is to make contact with explicit examples, which are most easily constructed
on homogeneous manifolds (groups and cosets) by restricting to left-invariant forms. More-
over we expect to have O-planes in our solutions as they are required to achieve a hierarchy
of scales. The possible SU(2) structures one can define out of left-invariant forms, consis-
tent with the orientifold involutions, is restricted. It is this restriction that we consider
in this section. Even if we use homogeneous spaces to justify the specific choice of SU(2)
torsions, the general solutions we derive could be applicable to more general manifolds.

Following [28], we introduce O5 and O7 planes filling the AdS4 directions and mutu-
ally intersecting on the internal manifold. Since they are intersecting, we take the O-planes
to be smeared on the internal manifold. The orientifold directions are fixed by requiring
N =1 supersymmetry’ and compatibility with the SU(2) structure.

The orientifold action on the pure spinors is given by [16, 42]

o(®1) = £A(B4) o(®) = FAD_) (3.1)

where o is the orientifold involution, A is the transposition operator (2.6) and the upper and
lower signs correspond to O5 and O7 planes, respectively. From this we can deduce how
the orientifold involution acts on the SU(2) structure forms. A dynamical SU(2) structure
is not compatible with both O5 and O7 projections, since, when k| # 0 the phases of the
spinors have to be different for O5 and O7 planes [42]

05 :a==b O7 : a=+ib. (3.2)

Therefore, all we need is the orientifold action on the rigid SU(2) structure forms

o(2) = ¥z,
o(j) =—J,
o(@) = +0. (3.3)

From the equations above we see that the one-form z must be orthogonal to the O5-planes
and parallel to the O7’s. It is also useful to remind how the NS and RR fluxes transform
under the orientifold involutions

o(H) = —H,
o(F) = FF1,
o(F3) = £F3,
o(F5) = TFy, (3.4)

where, as before, upper and lower signs correspond to O5 and O7-planes.

"For two O-planes or D-branes to be mutually supersymmetric the number of mixed Neumann and
Dirichelet direction must be divisible by four.



plane | 1|23 [4|5]|6
05 X | x
05 X | x
o7 |x|x|x X
o7 |x|x X X

Table 1. O5- and O7-planes.

If we imagine to have a group manifold geometry, we can choose a basis of globally
defined one-forms adapted to the product structure defined by the SU(2) structure (see

I an e? with the real and imaginary part of z.

appendix A) and we identify the directions e
Then the most general choice of O-planes is
Notice that these orientifold projections can also be regarded as an asymmetric orbifold
of TS /(Zy x (—1)¥1 Z3) with one single O-plane. As pointed out in [28], asymmetric orbifolds
of this type can be argued to have a valid supergravity description.
The choice of orientifold also constrains the complex structure on T4M. One can show

that the most general ansatz compatible with the orientifolds of table 1 is

z = zlel + 2262,

j = ]1636 +j2€45 y

. 172
WR = ]7] 634 +W1656,
w1
. 172
wr = _II2 s woelf (3.5)
w2

where z1 and zo are complex number and 71, jo, wy and wo are real.

The orientifold projections considerably simplify the SU(2) torsion classes (A.18) and,
consequently, the supersymmetry conditions. It is easy to see that all vector representations
(doublets) in (2.34) are projected out. The triplet j; of anti self-dual two-forms have the
same transformation properties as j, wr and wr®

o(ji)=—j, o(2)==j  o(js)=TFjs. (3.7)

As a result the supersymmetry conditions (A.65)—(A.69) reduce to

~

dz = 2ue “wy,
dj = (2ihy — pe~ Mz Aog —iz AR® 4 cc.,

8The most general choice for the j; compatible with the orientifold projection is

<~ . 3 . 45
Jir=71€  —J2€e

~  J1J2 34 56
J2=—r e Fwe, (3.6)
33 __J12 €35 _ woelt .

wo

,10,



dor = (2ihy + ﬂe_A)z ANj+zANTs+c.c.,

dor =0, (3.8)
while the fluxes become

H = 2h1z/\cZ)R+z/\h(3)+c.c.,

1
F = e~ ? <4ih1 — 2ueA> z 4+ c.c.,

1 :
3 = —ie_d’(iﬁe_A +4h1)zNj+ %e_‘bz ANT3 +c.c.,

Fs=e®fs2ANjAj+cec.. (3.9)

Comparing (3.7) and (3.4) we can see that only one of the three components survive for
each T; and K3
Ts = ts)1, h3) = hyjs . (3.10)

In all previous equations, since we have smeared O-planes, we assume that all scalars,
including the warp factor and the dilaton, are constant.

What remains to be solved are the Bianchi identities (2.20) and (2.22). To do so we
need the derivatives of T3 and h(®), which can be easily determined from (3.10) and

djl = tgz/\(JJR—azz/\jg—l-C.C,

djo = —ihaz Aj +agz A j1 +c.c, (3.11)
where the equations above can obtained expanding the dj; as in (2.34) and imposing the
orientifold projections.

Let us start with the BI identities for NS three-form. Using (3.8), (3.9) and (3.11) we
obtain

|ha|?> = 4|h1 |2 4 2Im(e A phy) = 0, Im(2ht3 + hyds) = 0. (3.12)

The equation for the five-form flux is trivially satisfied. We are left with the BI involv-
ing sources (by abuse of notation we also denote by a ¢ the contribution of smeared sources)

dF, = 6(D7/0T), (3.13)
dFy = H A Fy + 6(D5/05) . (3.14)

Using again (3.8) and (3.9), they give

5(D7/07) = —2e~?(|le A p|? + 8Tm(e A phy))dy (3.15)
§(D5/05) = —2ie?(Re(aats) — Im(e A phy) — 6 Re(hihy))z A Z A Jo
+ie=?(2|t3)? + 24|h1 |2 — e D)z AZ A QR

Notice that the parameters in the previous equations have to satisfy further consis-
tency conditions, namely d%j = d?0r = 0 and d?j; = 0. More precisely, taking the exterior

— 11 —



derivative of (3.8) and (3.11) we obtain (the consistency conditions on j; and j» give the
same equations)

Re(hady + 2h1t3) — Im(e A put3) =0, (3.16)
Re(e A phy) + Im(2h hy + asts) = 0. (3.17)

In summary, in order to find a generic N' =1 AdS, vacua with the choice of O-plane
of table 1, one has to solve (3.12), (3.16) and (3.17). The fluxes and the geometry are then
given by (3.5) and (3.9). The general solutions to these equations are easy to obtain but,
since the expressions are not very illuminating, we do not give them in the paper.

4 Scale separation

A question relevant for both compactifications and holography is whether genuine 4-
dimensional vacua exist within 10d supergravity. To this extent some conditions have
to be fulfilled: the string coupling constant e? needs to be tunable small in order to sup-
press string loop corrections, for o’ corrections to be small the internal volume needs to be
tunable large (in string units) and the AdS scale Aaqg needs to be tunable small. Moreover
to be able to decouple the massive KK modes and to reduce to a fully 4-dimensional theory,
all of these three conditions must combine in such a way that the AdS length scale, Lags,
is parametrically larger than the length scale set by the compact dimensions Lkk

Lxk
Laqgs

<1. (4.1)

Let us first discuss how to define Lxk and Laqs. The four dimensional length scale is set
by the inverse of the AdSy cosmological constant in the four-dimensional Einstein frame.
We follow the notation of [43]. Since all solutions we will consider have constant warp
factor, we will set e = 1. Then we rewrite the 10-dimensional string frame metric (2.5) as

ds?y = 187 72ds + pda2, (4.2)
where ds7 is the 4-dimensional Einstein frame metric. We have rescaled the internal metric

ds? = pdaZ, (4.3)

1/6

in such a way that the modulus p = (det gg)'/® measures the string frame volume of the

/Gﬁz O(1). (4.4)

The variable 7 is the 4-dimensional dilaton and is given by

internal manifold and

% =e2p3. (4.5)

With 79 we denote the VEV of 7, such that in equation (4.2) only the dynamical part of 7
is used to obtain 4d Einstein frame.
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Then direct dimensional reduction of the 10-dimensional string frame action gives the
4d Planck mass in terms of the string mass scale M2

m =T M? . (4.6)

We define the dimensionally reduced action as

S = / VImR—V), (4.7)

such that the scalar potential is a dimension four operator. The AdS cosmological constant
is then defined as v
Apas = —5 - (4.8)
m
P
The number |u|? that appears in the supersymmetry equations of the previous section is
related to the cosmological constant in the following way

|u? = —6Aaas - (4.9)

We define the AdS length scale as L?AdS = —Agclis, such that it determines the 4d curvature
as follows

2R() = L %ql . (4.10)

The size of the internal manifold is less straightforward to define. A natural guess for
the KK scale, which we will adopt in this paper, is

Lk =p. (4.11)

The proper way to check the condition (4.1) would be to compute the Kaluza-Klein
spectrum and see that the masses are indeed much larger than the AdS scale. Since this
is often not easy to perform, one has to rely on some simpler estimates this ratio.

A way to determine under which conditions scale separation can be achieved is to
study the dependence of the effective four-dimensional potential on two moduli, namely
the volume of the compact manifold, p, and the dilaton, ¢. As an example we briefly recall
how the this can be applied to the model of [6], which is one of the first constructions of a
type ITA vacuum admitting full moduli stabilisation and scale separation. The model of [6]
corresponds to a compactification on an orbifold of T with non-zero Fy, Fy, H-fluxes and
06 sources. The scalar potential depends on the moduli 7 and p schematically as

Vip,7)/ms = |H[p377% + Toer > + |Fo|*r~4p® + | FuPr4p7 ", (4.12)

where Tpg is the O6 tension and is the only negative term in the potential. The coefficients
in the potential are a priori functions of the other moduli. In the particular example of [6],
it can be shown that, while the H and Fj flux are constrained by the tadpole condition
to be order one, the Fj flux is an unbounded flux quantum. In what follows we assume
2

that |H|?, Toe, | Fo|? are all order one in proper units and |Fy|? scales as N2, where N is
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unbounded. From the detailed balance condition (all terms are of the same order in the
potential) we can derive the N-dependence for p and 7 at a critical point

p~N?, 7 ~N3 (e¢~N*%>, (4.13)

from which we see that large N implies large volume and weak coupling. Secondly, we
find that the AdS scale becomes tunably small in the same limit. Using the scaling of the
potential and the 4d Planck mass we find

Vimi~ N7 m2~ M2~ NP L3~ N2, (4.14)
Since p = L%y we indeed find scale separation

Lxk
Laqgs

—0. (4.15)

A similar argument can be also given for IIB solutions. On the type IIB side, an ex-
plicit example with the right properties of tunably large volume, small coupling and small
AdS scale was found in [8] by T-dualising the type ITA torus example. A systematic study,
from a 4d point of view, of IIB solutions was initiated in [28]. Typically we have models
with F1, I3, F5 flux, O5, O7 sources on some curved internal manifold. The scalar potential
can be written as

_ _ _ 1 _1 _9 _
V(p,T)/m;L):T 4<|F5|2p 2+‘F3|2+|F1‘2,02)+7' 3(To7,02+T05p 2>+R67' 2p L (4.16)

where, as in the type IIA case, the coefficients are functions of all other moduli. The
models of [8, 28] are characterised by two unbounded flux quanta: F5 and a component of
F, whereas another component is determined by the O7 planes and not tunable. So let
us scale both fluxes

|F5)2 ~ N2 |F> ~ N©, (4.17)

where C' is some positive number. If we then balance F? against F? and To7 we find the
following N-dependence
p~N"T, P~ NTT. (4.18)

If 0 < C' < 2 the solution is indeed at large volume and weak coupling for large V. The
F5, F1, Tor contributions, which set the size of the AdS solution, scale as

V/my ~ N7272¢ (4.19)

and go to zero at large N. If we compute L?&ds we again find a separation of scales. This
argument relied on a detailed balance condition for the Fy, Fy and To7 contributions. We
have not discussed the other contributions to the scalar potential. In the explicit solutions
we derive in this paper all terms in the potential will be of the same order of magnitude.
The Ricci scalar of the internal space scales as the inverse metric/ p~!. Therefore one
would be tempted to conclude that in the large volume limit the two definitions of scale
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separation

L2
scale separation (1) : éds — 00, (4.20)
Lk
R
scale separation (2) : R—6 — 00, (4.21)
4

are equivalent. However, these two definitions do not need to coincide if the normalised
curvature R

Rs = p 'R(¢r), (4.22)

is not kept constant when the limit of large p is taken. The other moduli ¢; that appear
inside the normalised curvature could also introduce an extra scaling. Below we find an
explicit examples for which there is scale separation according to the first definition, but
not according to the second definition. Nonetheless notice that, as we will show in the next
sections, the ratio of the Ricci scalars can be very useful in setting general conditions on
the torsion classes of the internal manifold in order to achieve separation of scales.

4.1 Separation of scales without sources?

The most trustworthy solutions are those without any orientifold or D-brane sources since
there is no reason to worry about the smearing approximation or charge quantisation. Even
in the case one knows the localised solutions one could have rightful worries about the use of
supergravity in the presence of singular sources. A priori, sourceless AdS SUSY vacua can
exist both for SU(3) structure manifolds ITA and SU(2) structure ones in IIB. When SUSY
is broken many more solutions can exist, see for instance reference [10] for the ITA case. It
is not clear whether solutions without sources allow for separation of scales [11]. The above
scaling arguments do not obviously use the presence of a source term. We did include it in
the analysis, but we could have equally discarded it. It turns out that it depends on the de-
tails of the manifold whether there exists the specific large flux limits that achieve scale sep-
aration. While no no-go theorem has been found so far, there is no example known of a solu-
tion in 10d SUGRA, whether SUSY or not, that achieves scale separation without sources.

In the following we give a simple argument that seems to suggest that AdS without
sources do not allow for scale separation. The argument below holds under two assump-
tions: 1) there is no warping and 2) the size of the internal manifold cannot be decoupled
from its curvature radius.

Consider a general compactification with RR fluxes Fj,, H flux and no sources. The
scalar potential can be written as

V(p,7)/mpy = —Rer2p~ " + [HPp~ 3772 + Y " |F,[Pp*Pr . (4.23)
p

The vacua of the theory must be extrema of the scalar potential. One can easily verify
that the equations
0,V =0, 0.V =0 (4.24)

are specific linear combinations of the dilaton equation of motion in 10 dimensions, the
trace over the internal indices of the (trace reversed) Einstein equation, and the external
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Einstein equation [44]. Upon eliminating |H|? in terms of the RR field strength densities,
these are equivalent to

Ry=2V=-2) |F|*<0, (4.25)
p
9—p
R¢ = zp: T|F,,y2 >0, (4.26)

where we did not write down the explicit p, 7 dependence anymore. The first condition is
an alternative derivation of the Maldacena-Nunez no-go theorem [45] in the simple case of
no warping. The second condition was found before [46]. With the above equations we can
compute the ratio

: (4.27)

and define scale separation as the possibility to have r > 1 (4.21). However, our equations

imply that r is bounded from above by a number rp,x, since p < 9. We compute rp.x by

9 —
Z < 92 P 2rmax> |F‘p|2 <0. (428)

p

rewriting the inequality:

From this one deduces that

9— X
T'max = fma > (429)

where pmax 18 the highest rank field strength that is turned on in the vacuum solution. We
then conclude that, under the assumptions we discussed above, AdS vacua not supported
by sources cannot achieve scale separation. Note that indeed Freund-Rubin vacua [47] have
r of order one. It would be most interesting to see whether the same argument holds when
allowing for warping.

5 Explicit examples

Natural candidates for our search for vacua are manifolds for which we can compute the
SU(2) structure explicitly. These are typically coset and group manifolds, although re-
cently progress has been made for non-homogeneous manifolds [48, 49]. In this paper we
study in details the class of coset manifolds discussed in [28] and nilmanifolds. Our aim is
to compute the 10d solutions when they exist and to demonstrate when solutions cannot
exist. This was an open issue in [28] and with the pure spinor technology this is quite
straightforward to settle.

Group manifolds are particularly simple to analyse because of the existence of left-
invariant forms, which can be used as an expansion basis for the various fields on the
manifold. In particular, one can also take the forms defining the SU(2) structure to be
left-invariant. Let us recall, for simplicity, that the most general ansatz for the SU(2)
structure forms and the anti-self dual triplet j1, jo and j3 compatible with the orientifold
projections of table 1 is

z = zlel + 2262,

j = j1e® + joe®®,
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172
wg = J1J 34 4w e
w1
172
wy = —Qe?":’ + woel (5.1)
w2

with z1 = z1r + i217, 220 = 29r + 1207 and

J1 = j1e” — jae®,

Gy = _J1J2 34 +we®
w1

j3 = _JJ2 35 woeds (5.2)
w2

The NS and RR fluxes are given by (3.9)

H = 2h12/\(113+h42/\32+€.c.,

1
N = e ? (41'/11 — 2ueA> z +c.c.,

1 ] ~
F3 = —§€_¢(iﬂ€_A +4h1)z ANj+ %e_¢t3z AJ1+c.c.,
Fs=e®fs2NjAj+ecec. (5.3)

For left-invariant forms, all the exterior derivatives are given in terms of the structure
constants and the supersymmetry constraints (3.8) reduce to algebraic equations. The
computation then proceeds by enforcing all the algebraic conditions, those coming from
supersymmetry, the Bianchi identities (3.12) and the consistency conditions (3.16), (3.17).
Finally (3.15) is used to determine the source terms.

We can use (2.12) to derive the volume of the internal manifold

i o o _
volg = 17 NZNGA Jleop = Jij2 Im(2122), (5.4)
and its metric (see [16])
2+ 2 2r12r2 T Zi1Zi2 0 0 0 0
2122 + Zi12i2 22 + 2% 0 0 0 0
o

0 0 — 212 0 0 0
9ij = w12 . (5.5)

0 0 0 -2 g 0

L .
0 0 0 0 g
0 0 0 0 0 — L

For this class of models, the Ricci scalar takes a very simple form when expressed in
terms of the SU(2) torsion classes

Rg = —4(|S1]* + 4|S5[* + Im(S551) + | To|* + |T5]%) - (5.6)
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We are also interested in the total charges associated with the sources. These can be
obtained form (3.15) writing the Bianchi identities (2.22) as®

dFy = ZN2)7/D7773
i

dFs — HAFy =Y Nbs/pstli» (5.7)

where 1} and 7} are decomposable two- and four-forms Poincaré dual to the cycles wrapped
by the sources.

(@) ()
The numbers, N05/D5 and NO?/D?

typically be of order one on a solution since they are directly related to the number of D-

are related to the total charges and these should

branes or orientifolds. From the Bianchi identity one can not say whether the sources corre-
spond to orientifolds, D-branes, or a certain mixture. This can be read of from the tension
terms in the Einstein equation, combined with charge quantisation. Determining whether
D-branes are present is clearly relevant for moduli stabilisation, since they introduce extra
open string moduli, but it is beyond the scope of this paper. It is worth mentioning that
in ITA it is possible to have solutions where only O-planes are present: this is is the case,
for instance, of the prime example of [6] where the sources are purely smeared O6 planes.
Deriving (5.3), it is straightforward to check that the O7/D7-plane charges are

1 _gJ1]2
NGy = 27 P2 (]2 4 8 1m(unn)].
2 _
NG b = —2¢~%ws[|uf* + 8 Tm(juhn )] (5.8)

while for the O5/D5 we obtain

Nél5)/D5 :267¢ % Im(zlig) [2“3‘2 — ‘/1,‘2 + 24’h1|2 — QIm(uh4) — 2Re(6h4711 — agt_g,)] ,

Ngg/m:ze—%l Tm(z1 29) [2[t3]2 — | po|? +24] b1 [>+2 Im(puhy) +2 Re(6hahy —asfs)] . (5.9)

Before moving to the discussion of the explicit examples we summarise in table 2
whether our solutions admit weak coupling, large volume and scale separation. More
precisely we look at possible scalings where, taking the limit of small cosmological constant

ul* =0, (5.10)

we can have small coupling and large volume. As can be seen from table 2 we have
also checked whether separation of scales according to the two definitions (4.20), (4.21) is
possible. Only the solutions on Nil 4.1 and 5.1 can be tuned into a trustworthy regime.
The solution on Nil 3.14 cannot be achieved for large volume and furthermore suffers from
having a singular limit (vanishing volume) if scale separation is required. We also notice
that for several examples there is no match between the two criteria for scale separation.
In finding the appropriate limits we have taken a conservative and safe viewpoint where
each source term was taken to have finite prefactors as a consequence of charge quantisation

9A derivation of this expression can be found in appendix C.
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Manifold | weak coupling | Large volume | scale separation (1) | scale separation (2)
28% xU(1) X v v X
Sgggz xU(1) X v v X
Nil 3.14 v X v v
Nil 4.1 v v v v
Nil 5.1 v v v X

Table 2. The scaling regimes for the various manifolds with SUSY AdS vacua.

(see footnote below equation (2.22)). Since not all source terms are represented by forms in
the cohomology of the internal space, it is possible that charge quantisation is less restrictive
on such forms and that certain numbers do not need to take fixed values. In that case it
is possible that certain solutions do allow weak coupling and scale separation although the
above table indicates otherwise. We leave such subtle issues for further investigation.

5.1 Coset manifolds
We refer to [33] for a thorough discussion of coset manifolds and G-structures. Here we
simply recall some simple facts that help making our derivation clearer.

A coset manifold M = G/H where G is a Lie group and H is a closed subgroup of G, is
completely determined by the corresponding algebrae, g and h. We denote by {H,}, with
a=1,...dim H, a basis of generators of h and by {K;}, withi=1,...,dimG — dim H a
basis for the complement of A in g. Then the structure constants are given by

[Hme] — gC,bHC7
[HaaKi] = fgin + giHCa
[Ki, Kj] = [.Ki + [ Ha (5.11)
The coframe e'(y) on G/H is defined by
L7YdL = ¢'K; + w'H,, (5.12)
where L(y) is a coset representative and 3* are local coordinates on G/H. A p-form

¢ = ¢i,..iy€" A...Ne® (5.13)

is then said to be left-invariant under the action of G if and only if its coefficients ¢, _;,

are constant and
Fajiy Pianipli = 0 (5.14)
From the algebra (5.11) we have

A 1. . . A
de’ = —2 fjre! Ne" — fow Ael. (5.15)

It is then easy to show that (5.14) guarantees that the exterior derivative preserve the
property of left-invariance.
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As mentioned before, we want the SU(2) structure to be also left-invariant. As shown
in [33] this requires that H € SU(2). The list of reductive coset manifold that satisfy this
property is [28]

SU(3) x U(1) SU(2)?
SU(2) U(1)

x U(1) SU(2) x SU(2) SU(2) x U(1)?. (5.16)

The rest of this section is devoted to the study of ' =1 SUSY AdS, on such manifolds.

SU(3)xU(1)
5.1-1 W

Of the 9 generators of SU(3) x U(1) we denote by T5 and 77, T3, Ty the generators of U(1)
and SU(2), respectively. The algebra is given by

V3

3
fle = —\2[ (and cyclic) , fas = > (and cyclic) ,
f% =1 (and cyclic),
1 .
fg5 = f??4 = f(§3 = ffs) = f694 = f593 9 (and cyclic) . (5.17)
The left-invariant forms compatible with the O5 and O7 projections are

1 forms e, e’ |

2 forms €30 4 et5 3t 4 56 35 46

Since the SU(2) structure forms must also be left-invariant, in the ansatz (5.1) and (5.2)
we set

Ji=J2 wi=e€j2 w2 =€, (5.18)

with €; = +1 and e; = +1. It is easy to see that none of the forms j; is left-invariant, which
implies t3 = hy = 0. Solving the constraints (3.12), (3.16) and (3.17) gives the solution

i Re(uza)
h) = - ——=
2 z9
e V3ulnP
! 2 Tm(puz9)?”’
3 |=f?
= —€1€2—
J2 1 28Im(,u22)2
as = 0, (5.19)
where
3 _ CIEN
pr= e

128 Tm(p2)
Tm(pzp)*

Re = —4||p* -2 BE

, (5.20)
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and the orientifold charges are

(1) N (2) o _361 7(;5 R'e(lu’ _2)2
NO?/D? - NO7/D7 4 {1 o Im(pzs)2 |’
33 1 Re(pzp)’
NO @ 2V D)2 | — _ 21
05/D5 05/D5 3 €1€2€ ’22‘ Im(uig) +5 Im(u22)3 (5 )

Note that by consistency the orientifold planes should wrap directions whose dual
source forms should be left-invariant. The source forms that are Poincare dual to the sur-
faces wrapped by the O5 planes are not left-invariant, although we have said O planes have
to be consistent with the left-invariant forms. This problem is however cured since the sum
of the two O5 forms, e!?34 41256 ig left-invariant. If we interpret each of these two terms as
a separate orientifold source with its own involution then consistency requires the two O-
planes to have exactly the same charge, such that the source term in the Bianchi identity for
F3 is given by the sum of the two forms, and hence left-invariant. This is anyhow a necessary
requirement from the point of view of charge quantisation. Orientifolds, unlike D-branes,
cannot be stacked. So for each involution we should have a single unit of orientifold charge.

SU(2)2
u(1)

5.1.2 x U(1)

For this coset, out of the 7 generators of SU(2)? x U(1) we denote by T7 the generator of
the U(1). The algebra is given by:

f35 =1 (and cyclic), fls =1 (and cyclic)
fie = f3?7 = —f§7 =-1. (5.22)

As in the previous case, the SU(2) structure must be left-invariant. This means that
in the ansatz (5.1) and (5.2) we set

j1 = j2 w1 = €1j2, (5.23)

with €; = +1. As before, the requirement of left-invariant implies hy = 0 and t3 = 0. The
solution is

|
2Im([,6272)2 ’
U
2 YA Im(pz)?
S -l
J2 24Im(,u22)2 )
i Re(uz2)
=52
2 zZ92
hy = ts =0,
.
U (5.24)

22
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with e = 1. The volume and curvature are

s_a_|=f
P T 32 Tm(uz)s

Im(uzp)?
Re = — [’M’Q - QW : (5.25)

and the orientifold charges are

Tm (pz2)
N = N® = %267¢122|2 [_Im(LZQ) 15 ?IEEZZ?] 7 (5.26)
ol =)= = [l + 4R ERE],
e [ 527

5.1.3 SU(2) x SU(2) and SU(2) x U(1)3

There are no SUSY solutions on these two manifolds. This is most easily seen for SU(2) x
SU(2) since the SUSY equations (see (3.8)) require the one-form Im(fz) to be closed
whereas there are no closed (left-invariant) one-forms on SU(2) x SU(2).

5.2 Nilmanifolds

Nilmanifolds have Lie groups defined by a nilpotent algebra as their covering space. Hav-
ing negative curvature they are natural candidates for flux compactifications [16]. In six
dimensions there are 34 isomorphism classes of simply-connected six-dimensional nilpotent
Lie groups. The full list of algebrae can be found in table 4 of [16] and in [50], together with
the pure spinors and orientifold projections compatible with each algebra. In particular it
is easy to see that very few algebrae are compatible with the orientifold projections we are
imposing. Using the notation of [16]!° they are
Most of the algebrae above are ruled out by the first SUSY condition in (3.8)

dz = 2uwr . (5.28)

Indeed using the definition of the SU(2) structure (5.1), it easy to see that only the algebrae
n3.13, n3.14, n4.1 and n5.1 have structure constants suitable to satisfy this condition. In
the rest of this section we give the N/ = 1 AdS, solutions for the manifolds n3.14, n4.1
and n5.1 (n3.13 is almost identical to n3.14). Notice, that differently from the solutions
on coset manifolds, these vacua can have non trivial torsion t3 and H-flux hy4.

On a nilmanifold all forms are left-invariant. To our purposes this means that the solu-
tions are less constrained then for coset manifolds. In particular we have no constraints on
the moduli in the SU(2) structure. For this reason we expect this vacua to have generically
some unfixed moduli.

OWith respect to table 4 of [16] we have relabeled the one-forms in order to match our orientifold
projections.
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n Nilmanifold class by | by
3.3 |(0,35,0,0,13,14) 316
3.13 | (—35—46,0,0,0,23,—24) | 3 | 5
3.14 | (—=35+46,0,0,0,23,—24) | 3 | 5
4.1 | (—35—46,0,—-25,0,0,0) | 4 | 6
4.2 | (—35,0,—25,0,0,0) 4 17
4.5 | (—46,0,25,0,0,0) 4 ] 8
4.6 | (0,0,0,0,13,14) 419
5.1 | (35+46,0,0,0,0,0) 519
5.2 | (35,0,0,0,0,0) 5|11
6.1 | (0,0,0,0,0,0) 6 |15

Table 3. Six-dimensional nilmanifolds compatible with the O5/O7 projections.

5.2.1 Model 3.14

The solution is given by

21 = —2p€ern/J1j2

wo = €1/ J1J2,
i i(j1 4 j2)wi )
hi = - 24 ——~FF— |,
! 4” ( 2 Im(/LZQ)jle
by — (1 + j2)w1
4Im(pz2)j1je
ifi(j1 — Jo)wi
’ ? 4Im(pz2)j1j2 ( )
where the volume and curvature read
.3
p® = 21 Im(pz2) (jij2)?
(i + 53)wi
Re = —2|pu|? <2 42 (5.30)
4Tm(pze)2522
The orientifold charges are:
1 2 _ —
NG = NG} = ~10e1e7% > \/1ja
de=?|uf?
NG = —e1— 5(jije Im(uz2))? + (53 + jije + j3)w?) |
05 mlm(ﬂgz)wl ( ( 1 ( )) ( 1 2) 1)
NG = —20e %y |ul?\/Gujz Im(pza)ws - (5.31)

5.2.2 Model 4.1

The solution is

21 = —2pe1n/ —jijz,
wo = —€1y/ —J1J2,
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i 1j1
h = — 2 ar. /. — N
1 4“( +21m(u§2)w1>’
, , A1
ha = =gl3 = —— 5.32
4 =1ay = it3 4Tm(pze)wy >3
where
) B 3
P :—2611m(M22)( jlj2)2
Jl
R oy (os I : 5.33

and the charges are

1 2 _ —
Né7) = _Né7) = —10ere ¢|M|2\/ —J1J2
1 _ s Im(pzg
NG = 2061 (o) L)

+ 5Im(puzy)%w?
N2 = —dere?|uy/~jija (Jl (122) 1) . (5.34)

Im(pzs)wy

9

5.2.3 Model 5.1

The solution is:

21 = —2pern/—jijz,

wo = —61\/%7
in
hl = Euv
hy=as=1t3=0, (5.35)
where
5 B 3
P> = =26 Im(pzs)(—j1j2)?
Re = —4|p*, (530)

and the charges are

NS = =N§) = —10e1e~|u* /= j1jz,
3 Im(pzg
NS = 20ere™?|u|*(—j1jz)? ( ),
w1
NG = =20e1e™% |2 \/= 1> Im(pZ)wr - (5.37)

This solution can be obtained from a T-duality of the O6 toroidal orientifold in massive
IIA SUGRA.
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6 Discussion

In this paper we have studied what are the general conditions to have 10-dimensional
N =1 AdS, vacua from IIB compactifications on smeared O5/07 orientifolds. The ori-
entifold projections forces the internal manifold to be of SU(2) structure. We give the
supersymmetry conditions both in terms of the pure spinors defined on the internal man-
ifold [16] and in terms of SU(2) torsion classes. Our analysis is completely 10-dimensional
and parallels the existing results for solutions in type IIA [7].

The main purpose of the paper was to look for possible candidates for scale separation
in purely classical type IIB backgrounds. It is natural to look first for relatively simple
classes of manifolds, whose geometry is under control, namely reductive cosets and nil-
manifolds. We applied our general formalism to such manifolds and we checked whether
the vacua we found admit limits where the cosmological constant and the string coupling
are small, while the internal volume is large. We also checked scale separation, using both
criteria we discussed in section 4. Our results are summarised in table 2. Clearly, in or-
der to have a complete prove that scale separation is indeed possible, one should compute
the Kaluza-Klein spectrum. It is nonetheless promising that some of the vacua survive a
first analysis based on scaling arguments. It would also be interesting to have a better
understanding of when and why the different scaling criteria have to agree or not.

There are various issues that call for further research. Most pressing is the status of
the orientifold sources. Apart from the charge quantisation, which has not been worked
out, it is essential to understand how to localise the orientifold planes. Likely this question
is more tractable using the pure spinor formalism, as was attempted for localised O6
solutions in massive ITA [13]. If an analogy can be made with solutions that feature parallel
orientifolds [16, 17] then one can expect that localisation will change the geometry but
that the very existence of the solution is not invalidated. It should also be possible to find
solutions of our type (IIB SU(2) structures) without any sources, which should be relevant
for holography. We have not been able to do this for the class of manifolds we considered
(reductive cosets and nil manifolds.!!), but it would be interesting to look for instance at
Solv manifolds. It is perhaps even more relevant to break supersymmetry and to look for
non-SUSY AdS vacua in this context or even dS vacua. In ITA meta-stable non-SUSY AdS
vacua have been found using Ansatze that are close to that of the SUSY AdS solutions [10].
Interestingly, the same has been done for dS solutions [36, 44, 51, 52],'2 although none of
the latter examples turned out meta-stable. Clearly more examples are required and the
results in this paper could offer a first step towards achieving this. Already a (unstable)
de Sitter critical point was numerically found in [28]. It would be worthwhile to verify
whether this numerical solution lifts to a simple 10-dimensional solution. Finally we hope
that some of the SU(2) structure technology we developed in this paper has its applications
to SU(2) structure solutions in other contexts, such as in ITA, see for instance [55].

"This is obvious for nil manifolds as they are negatively curved whereas source less solutions require
positively curved internal spaces [46].
2These de Sitter constructions are in part inspired on the proposals in [53, 54].
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A Conditions for AdS, vacua with A/ = 1 SUSY in type IIB SUGRA

In this appendix we derive the general conditions that the fluxes and the internal geometry
must satisfy in order to have four-dimensional AdS vacua with A/ = 1 supersymmetry in
type IIB supergravity.

We consider ten-dimensional geometries that are (warped) products of four-
dimensional Anti-de Sitter space times a compact six-dimensional internal manifold, Y,
and we allow for non-trivial fluxes that do not break the maximal symmetry of AdSy.
We also restrict our attention to vacua with A/ = 1 supersymmetry. Backgrounds of this
kind can be determined simply by imposing the supersymmetry variations and the Bianchi
identities for the fluxes.!> To analyse the supersymmetry variations we will use the for-
malism of Generalised Complex Geometry [34, 35]. The idea is that the ten-dimensional
supersymmetry conditions can be rewritten as a set of differential equations on globally
defined forms on the internal manifold [30].

A.1 SU(3) and SU(2) structures

In this section we present some basic definitions and identities for SU(3) and SU(2)
structures with the purpose of fixing conventions and providing the necessary tools to
follow the derivations in the paper.

In type IIB N' = 1 compactifications to a maximally symmetric four-dimensional
manifold the ten-dimensional supersymmetry parameters factorise as

6 =C o+ on i=1,2, (A.1)

where (4 and 77fF are Weyl spinors in four and six dimensions respectively, and 1’ = (771)*
and C_ = (¢4)".

We assume that the spinors 7; and 7y are globally defined. This means that the
structure group of Y is reduced to a subgroup G € SO(6). What G is depends on the
relation between the two spinors, 7;, which generically n}r and 77_% are neither parallel nor
orthogonal. We can parametrise them as

ny = any,

1 m
ny = b<k||77+ + ilﬂzm’y 77—> ’ (A.2)

3For a space-time which is a warped product My x Yig_g it can be shown that the supersymmetry
equations plus flux Bianchi identities imply the full set of equations of motions.
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where z = 2,7 is a six-dimensional one-form, 74 is a globally defined Weyl spinor of
norm one and k‘ﬁ + kﬁ_ = 1. When k:H =1 and k| = 0 the internal manifold is said to be of
SU(3) structure, in the opposite case k| = 0 and k; = 1 the structure is SU(2), while the
general case is often referred to as dynamical SU(2) structure. a and b are two complex
functions determining the norm of n! and n?

nt Tt = |af? n?Tn? = |b]?. (A.3)

An equivalent definition of a G-structure is given in terms of invariant forms on the
manifold, which can be constructed as bilinears in the internal spinors. For SU(3) these
are a real two-form and a holomorphic three-form

Imn = _Z’ni’)/mnn-i-)

Qnp = _ini%rmpn—i-a (A.4)
satisfying
3 _
JAQ=0, J/\J/\JzziQ/\Q, (A.5)
and
Q) = —iQ) (A.6)
1
The volume of the internal manifold is given by J3 = —6vol.
For the SU(2) structure, we have a complex one-form, a real and a holomorphic
two-form
m = =X Ymny (A.8)
Jmn = _iniﬁ/mnmr + Z.XL')’mnX+ ) (A.9)
Wmn = _'iXirf—/Ymnn+7 (AlO)
where x = %zn, satisfying
2Lz =2, z2z=2zz=0, (A.11)
JjAw =0, (A.12)
2L = 2w =0, (A.13)
1
The one-form z provides an almost product structure on Y, defined locally by
Ry = zm2" 4+ 22" — 0, , m,n=1,...,6, (A.15)
which induces a (global) decomposition of the tangent space in
TM =ToM & TyM . (A.16)

Notice that the sub-bundle 75 M is spanned by the real and imaginary parts of the form z.
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A.1.1 Torsion classes

The forms defining a G-structure are generically not closed. Their differential can be

decomposed into representations of the structure group G, the so called torsion classes, and

we classify the different G-structures depending on which torsion class is non-zero [39, 40].
For SU(3) structure such decomposition is very simple

3 _
dJ = ilm(ng)+W4/\J—|—W3,
dQ=WIAJAT+WaANT+W5AQ, (A.17)

where W is a complex scalar which is a singlet of SU(3), W» is a complex primitive (1,1)-
form transforming in the adjoint, W3 a real primitive (2,1) and (1,2) form in the 6 ® 6, W,
a real vector and W5 a complex (1,0)-form in the 3 & 3.

The same expansion for SU(2) structures is more involved since the torsion classes are
now 20: 8 complex singlet S;, 8 complex doublets V; and 4 complex triplets T;. We have!

dz = Siw+ S9j+ S32 A Z2+ Suw+2 A (Vi + Vo) +2A (Vs+ Vi) + T,
1 _
dj = 5’52/\w—|—56z/\w+5(5’7+5’8)z/\j+j/\V5+z/\2/\VE;+z/\T2—i—c.c.,
dw = Stz Aw+ SsZAw—2852 N7 —2S6z2Nj+izAzZAVow) + 5 A (Ve + %)
+2zANT3+zZNTy, (A.lS)

where the relations between the representations in dj and dw are implied by the conditions
djAw)=d(iAj)=dwAw)=0.

Notice that the doublet V; are holomorphic vectors with respect to the complex

structure defined by j,
WAV, =0 (A.19)

while the 7; are (1,1) and primitive
GAT,=wAT, =0, (A.20)

and can be decomposed on the basis of anti-self dual two-forms j;, jo, j3 transforming in
the 3 of SU(2)

3
T; = Z tfz}a . (A‘Ql)
a=1

A.2 Conditions for AdS4 vacua

G-structures have been successfully applied to flux compactifications as tools to classify
the internal manifolds allowing for SUSY flux vacua. The idea is to rewrite the supersym-
metry variations as differential equations on the G-invariant forms, then susy solutions are
obtained equating fluxes and torsions in the appropriate representations. In particular,
for four-dimensional flux compactifications, the relevant structures are SU(3) and SU(2).

1A simple way to deduce such classes is to decompose the SU(3) torsion classes according to SU(3) —
SU(2) x U(1). We added two vector representations in dz that were missing in [41].
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Generalised Complex Geometry [34, 35] is a further refinement of this approach which
allows for a unified treatment of all flux vacua with a given amount of supersymmetry,
encompassing in such a way all possible G-structures.

In this paper we focus on N' = 1 supersymmetry. As shown in [30], the ten-dimensional
supersymmetry conditions can be rewritten as a set of differential equations on a pair of
globally defined poly-forms on Y. Such polyforms, or pure spinors, are constructed by
tensoring the two supersymmetry parameters on the internal manifold n' and 7?

& =n} @ni. (A22)

The explicit expression for & depends on the relation between 771+ and 773. In the general
case (A.2), they are defined as

b 3

o = —%z A (ke +ikpw), (A.23)
b y

o, — % e (kye ™ — ik w), (A.24)

where z, j and w are the SU(2) structure forms (A.8). For the special cases of SU(3) struc-
ture (k| = 1,k = 0) and rigid SU(2) structure (k| = 0,k = 1) the pure spinors reduce to

- _igﬂ, (A.25)
o, = ‘;be—“ , (A.26)
where Q and J are the SU(3) invariant forms defining the SU(3) structure, (A.4), and
o = —%bz ANe (A.27)
D, = —z"g’ ey (A.28)

respectively.
For type IIB compactifications to AdS, the ten-dimensional supersymmetry variations
are equivalent to the following set of equations on the pure spinors @ [30]

(d— HA)(2A72D_) = —2ue”"%Re® ., (A.29)

(d— HA) (e PRe®,) = 0, (A.30)
1

(d—HA)(4?Im ® ) = —3*4A%Im (ad_) — §64A * \(F), (A.31)

where ¢ is the dilaton, A the warp factor and F' is the sum of the RR field strength on Y,
F = F; + F3+ F5. \is the transposition on a form

A(Fy) = (-) AR, (A.32)

It can also be shown [30] that for AdSs vacua supersymmetry also requires the norms of
the two six-dimensional spinors to be equal

Iz ?=12* = al?=b* =€ (A.33)
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In the following we set

a="b, b=ae . (A.34)

Plugging the explicit form of (2.9) and (A.28), into the susy variations (2.2)—(2.4), one
can deduce equations of definite form degree for the forms z, w and j and the fluxes. These
give a set of general conditions for AdS4; N = 1 susy vacua.

A.3 No AdS4 vacua for SU(3) structure

From equation (2.2) it is immediate to see that it is not possible to have AdS, vacua with
SU(3) structure. Indeed, in this case the ®_ only contains a three-form term, so that one
has to zero the zero- and two-form terms in Re®, , which for &, = 0, give

cosf =0,
sine(j + %z A 2) ~0. (A.35)
Clearly these two equations cannot be solve at the same time.

A.4 AdS, vacua for SU(2) structures

Let us consider then the most general pure spinors defined in (A.23) and (A.24), and first
expand (A.29)

(d— HA)(e2472®_) = —2ue~PRed, . (A.36)
The zero-form component gives
pkjcost =0, (A.37)
which implies
k=0 or cosf =0. (A.38)

The first choice corresponds to a rigid SU(2) structure, while the second fixes the relative
phase of a and b.

A.4.1 Rigid SU(2) structures

Fixing the phase of a and b is equivalent to fixing the orientifold projection. To allow for
both O5 and OT planes, as we need in this paper, we have to set k| = 0 and concentrate
on rigid SU(2) structure

ky=0 ki =1. (A.39)

It is convenient to define the new two-form
O=e%. (A.40)

With this redefinition, the two-, four- and six-form components of (A.29) give

d(e*70z2) = 2ue* T Im e, (A.41)
A4 P2 N j) = ie* P H Az + €24 Puz A Z ARel, (A.42)
APz AN J) = 2 CHAZA G (A.43)
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Plugging (A.41) in (A.42) and recalling that Imw A j = 0 for an SU(2) structure we obtain
2N (dj —iH + pe  ZRed) = 0. (A.44)

It is also straightforward to show that (A.43) is implied by (A.42). Indeed substitut-
ing (A.42) in (A.43) gives
SAGA(df—iH) =0, (A.45)

which is a consequence of (A.44).
Let us now consider the second equation, (A.30),

(d— HA)(e?PRe®,) =0. (A.46)
Expanded in forms it gives a three- and five-form equation

d(e?4*Ima) = 0, (A.47)
A4 %2 A Z ARew) = 2ie®* " H AT . (A.48)

Finally we have to expand (A.31)

1
(d— HA)(eEA?Im @, ) = -3¢ %Im (ad_) — §e4‘4 * M\(F). (A.49)
This gives

«F5 = 3¢~ A% Im(fiz), (A.50)
«F3 = —e 4 d(eMPRe) 4 3¢ 4 PRe(jiz) A j (A.51)

«Fy = —id(2A — ¢)z A Z AN Im@ — e H A Re®

1

+§e*A*¢Im(ﬂz) ANjAT, (A.52)

where in the last equation we used (A.47). In summary the non trivial susy conditions are

d(e34792) = 20 *Im &, (A.53)

2N (dj —iH + pe= 2 ARed) = 0, (A.54)
d(e24?Ima) = 0, (A.55)

A(e*1 7?2 A Z ARe®) = 2ie* " H A Tm, (A.56)

plus equations (A.50)—(A.52) for the fluxes.

To make contact with previous literature, we can express the equations above using
the SU(2) intrinsic torsions (A.18). The idea is to decompose all the objects in the
equations in representations of SU(2) and then obtain a set of conditions for the fields
in the various representations. To decompose the exterior derivatives we use the torsion
classes defined in (A.18), while for the fluxes we have

H=hzANo+hzAd+hszAj+2AZARD + B2 Aj+2A0® +ce.,  (A5T)
= fiz+ f1(2) + c.c., (A.58)
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Fs=foz N+ faz i+ fazAj+ 2 AEA D+ FPNj+ 2/ f® fee.,  (AS59)
F5:f5z/\j/\j—|-z/\2/\j/\ff)—I—c.c., (A.60)

where h; and f; are complex scalars in the singlet representation of SU(2), hz@) and fl-(z)
are holomorphic vectors in the 2 and A and f () are complex two forms in the triplet
representation, which are (1,1) and primitive with respect to j.

For completeness we also give the decomposition of Hodge dual fluxes

sH = —ihyz A@ +ihaZ A® — ihsz A § — iz A x4h® + 23 54 BS?

- %z A 2<h;2)l_j) +c.c., (A.61)
« I :—%flej /\j—%z/\é/\*4fl(2)+c.c., (A.62)
xFy = —ifoz A& +ifsZAG —ifsz Aj— iz Axgf® + 2 sy £
- %z ANZA (féz)Lj) +c.c., (A.63)
<Py = —2ifsz + 2if\PLj + cc., (A.64)
where we used the fact that a product structure allows to split *xg = =%9%4 and

kq(v A E) = (—1)3BEpLxy€,
We can now look at the SUSY variations. Let us first consider (A.53)—(A.56). We find
that the singlets in the torsions must satisfy

Sy =0, S1=—84=—ipe ",
. 1
S3 = 58;(3%1 —¢), Ss=56=1ihy — 5¢ Au, (A.65)

- 1
S1 =S = —50:(24 - ¢).
Similarly, there are conditions on the vectors

Vs = ih{? Vs = i[04(34 — ¢) + AP w, (A.66)
%:%:84(3A_¢)7

and the two-forms

T,=0, To=—ik®, T3=T4, (A.67)

and the NS flux singlets

hi=hy, hy= —%@(2/1 — ). (A.68)
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Finally the equations (A.50)—(A.52) for the RR fluxes give

1 _ _
fl = —eid) <4Zh1 - 2,Uz€A> 9 f1(2) - i67¢wL[34(2A - d)) + th)] ’

_E i @ _ % 6 17 2 (2)
fo=f3=—e 9,A, fo? = e Pwi[04(4A — ¢) — 7],
> 13 5 2 =35 [0a( )= hyi (A.60)
fi =5 (1 +ipe ) FA ==,

3 -
fs =3¢ %n f& =ie ’T;.

The conditions coming from the Bianchi identities are too involved to give for a
generic SU(2) structure. They become more amenable in presence of O-planes, since the
orientifold projections considerably restrict the allowed torsion classes. We discuss the
case of parallelisable manifolds in the main text.

B Type ITA AdS, solutions and separation of scales

The best known examples of AdS, compactifications and, among them, AdS; vacua with
separation of scales are in type ITA. In this appendix we first remind the general conditions
for ' = 1 AdS, vacua in type type ITA [7] and then discuss separation of scales for a
specific example.

B.1 Lust-Tsimpis SU(3)-structures

The general conditions for AdSs with A/ = 1 supersymmetry on SU(3) structure manifolds
given in [7] is easily derived using the pure spinor equations [16].

In type IIA the supersymmetry variations take the same form as in (A.29)-(A.31)
with @, and ®_ exchanged

(d— HA)(e2A 72D, ) = —2ue” " PRed_, (B.1)
(d— HA)(eA%Re®_) = 0, (B.2)
(d = HA)Y(eATm d_) = —3¢2A9Im (1., ) — %e“ S A(F) .

For an SU(3) structure, the pure spinors have the form (2.14)

1ab ab _,;

b =——20 b, = — B.4
: p=De (B.4)

where we set /2 = |a| = |b| = 1. It is convenient to define
abu=p=m+im,  Q=—iab, (B.5)

where number m is not to be confused with the Romans mass, although it will turn out to
be proportional to it. Then real and imaginary parts of the pure spinors can be written as

1 1
8Re(i® ) = m—mJ—m§J2+rh§J?’, (B.6)

1 1
8Im(ad,) = —ﬁz—mJ+m§J2 +m§J3, (B.7)
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8Re(®_) = Qp, (B.8)

8Im(®_) = Q. (B.9)
The supersymmetry variations (B.1) and (B.2) imply
H=2mQr,  dJ=2mx. (B.10)
This leads to the following restrictions on the torsions
le—gim, Wy =0, W3 =0,

Re(Wy) =0, Re(W5€) = 0. (B.11)

The last pure spinor equation, (B.3) defines the RR field strengths
e®Fy =5m,, (B.12)
PPy = %J +iWs, (B.13)
e’Fy = ng AT, (B.14)
e?Fs = 3 volg . (B.15)

The Bianchi identity for Fj implies that QR A *Im(W5Q) = 0, where we made use of
«Wo = J A Wa. Together with Re(W5$) = 0 we find W5 = 0. The F, Bianchi identity
dFy, = FoH + j gives an equation for the source form

e®jog = idWs + <§m2 - 1Om2) Qg . (B.16)
Source-less solutions require
idWs = cQp, c=10m? — gmz. (B.17)
One can easily prove that if idWs = cQ0p we must have that!®
¢ =~ (W) u(Wh)". (B.15)

Explicit manifolds for which these conditions can be fulfilled have been constructed [33].
For simplicity we restrict to the class of the solutions that obey idWs = ¢Qr. That

class has the nice property that it connects to the source-free case for special value of ¢ given

in (B.17). The source form j that appears in the Bianchi identity is then proportional to Qg

e”jos = Qg (B.19)
where @ relates to the O6 or D6 charge. We now follow the argument of [11]. If we use
that Rg = £2|W1|?> — |Wa|?, we can derive that

6m? + 10m? Q
r= .
m?2 + m2 m?2 + m2

The first term is clearly bounded, so scale separation then indeed requires non-zero

(B.20)

orientifold charge and small cosmological constant.

'5This is done by considering the identity d(€2; A W2) = 0 and then using the various SU(3)-structure
identities on this.
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B.2 The rectangular torus solution

A well known example where the conditions for a classical AdS, vacuum with scale sepa-
ration are satisfied is provided by the model of [6]: a compactification on an orbifold of T
with non-zero Fpy, Fy, H-fluxes and O6 sources. While the H and Fy flux are constrained
by the tadpole condition to be of order one, the Fy flux is an unbounded flux quantum. All
moduli are stabilised and, by scaling up the Fy flux quanta, the conditions for scale separa-
tion can be met. Since Fy is unbounded, there is actually an infinite number of solutions.
Since the internal space has no curvature only criterium (4.20), but not (4.21) can be used.

In order to simplify things we describe the solution on the rectangular torus, by which
we mean that only the dependence on the volume modulus is shown since all other moduli
are fixed to their miniumum for which the torus is straight. The solution is given by

J = p*le!? 4+ 3 €50, (B.21)
Q = pP(ie! +e) A (ie® +et) A (ie® + €Y), (B.22)
volg = —pBel?3456 (B.23)

where ¢! = dz® with the 2! the local Cartesian coordinates on a torus. All torsion classes
are zero. The 10D solution is given by

e Fy = 5m,
e?Fy = ng AT,

H= QmQR,
e %jog = —10m*Qp

The cosmological constant is given by V = —6m2M5.

Now we discuss the scalings and the limit to weak coupling, large volume, small cc,
scale separation and we take into account flux and charge quantisation. We introduce a
parameter A which is supposed to go to infinity

A= 00. (B.28)
Small cc can be achieved by making m scale as follows
m— AL, (B.29)
The quantisation of Romans mass Fy = ng and the F5 tadpole condition
noh = number of O-planes, (B.30)

imply that both Romans mass quantum and the H flux quantum h are bounded to be
order one. We then find, from the expression of Fy that

e - AL (B.31)
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This ensures weak coupling. The boundedness of the h flux quantum together with the
explicit expression for H flux implies that

p~ A3 (B.32)
This brings us to large volume. Flux quantisation for Fj
Fy = ny(wedges of e’s) , (B.33)
implies that n, will become a large flux quantum
ng ~ A3 (B.34)

Note that the Fj flux quanta are not bounded by a tadpole. The scalings of the fluxes are
nicely consistent with keeping the number of O6 planes to be order one since

jog ~ e—¢m2p3(6246 186 _ 235 | o145y (B.35)
where
e ?m?p® - A\ =0(1). (B.36)
Taking
Llas=m 2 =X, Lk =~ =23, (B.37)
we find scale separation
L4/ Lk — AP = 0. (B.38)

C Computation of the 6D Ricci scalar

In this section we give the explicit computation of the Ricci scalar in terms of SU(2)
torsion classes for the manifolds we consider in the main text. In order to do that, we
use the fact that, given an SU(2) structure, it is always possible to embed it in an SU(3)
structure. In this case we choose

J=j7—zprNzs Q=wAz. (C.1)

Then we can express the SU(3) torsion classes (A.17) in terms of the SU(2) ones (A.18).
This can be in general be very cumbersome, but it simplyfies a lot for the SU(2) structures
compatible with the O5/07 projections, since many of the torsion classes are projected
out. Comparing (A.17) and (3.8), one can show that

2
Wi = —5(5'1 + 2iS5) s (0.2)
4 _
Wy = —5(51 —1i95)(j — 22r A z1) + 213, (03)
Wy = —2Im(h1z Aw) 4+ 2Im(z A h®)) (C.4)
Wi=0=Ws. (C.5)
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The expression of the Ricci scalar in terms of the SU(3) torsion classes is known [56, 57].
When both W, and W5 vanish the Ricci scalar is

15 1 1
Ro = 5 [Wal? = 5[ Waf? — 5[ Wf?. ()

Then using (C.2) we obtain

R = —4(=3|e 4 p? + 8Im(e A phy) + [n®) 2 +|T3)?)
= —4(|51‘2 + 4’S5|2 + Im(S5§1) + ‘T2‘2 + ‘T3|2) . (C?)

Also note that in sourceless solution, one has (using (3.15))

Rg = 10l 4> + 32|h1 > > 0. (C.8)

We recover the fact that the manifold must have a positive internal curvature in order to

have sourceless SUSY solution.
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