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1 Introduction

In a recent series of papers [1-6] we put forward a holographic framework for inflationary
cosmology and discussed a novel class of models describing a universe that started in a non-
geometric phase, which is described holographically via a large-N three-dimensional QFT.
The power spectra and the scalar bispectrum were computed in [1, 2] and [3], respectively,
and in this paper we complete this program by computing the non-Gaussianities that
involve tensors. Non-Gaussianities involving tensors are not expected to be measurable
in near-future experiments. Nevertheless, they are still interesting theoretically and their
structure has been the topic of several recent papers [7-10].

The holographic model is specified by providing the dual QFT and the holographic
dictionary that relates QFT correlation functions to cosmological observables. We worked
out the holographic dictionary for non-Gaussianities involving tensors in [6], and in this
paper we compute the relevant QFT correlation functions. The models we discuss are based
on perturbative three-dimensional QFTs that admit a large- /N limit and have a generalised
conformal structure [11, 12]. An example of such a theory is SU(N) Yang-Mills theory
coupled to massless scalars and fermions, with all fields transforming in the adjoint of
SU(N). The non-Gaussianities are extracted from the 3-point function of the stress tensor
of this theory. The leading order 1-loop computation of this 3-point function is independent
of the interactions of the QFT, and thus our main task is to compute this 3-point function
for free QFTs.

Since all leading order results depend only on the free theory, let us briefly discuss
the case in which the holographic model is a free QFT. In such a model, the spectrum
is the exactly scale-invariant Harrison-Zel’dovich spectrum and the bispectrum is given
exactly by the results reported here, i.e., the leading order results are the exact answer
in the free theory. The shapes associated with the bispectrum may thus be considered as
the analogue of the exact scale-invariant spectrum for higher point functions. We have
seen in [4] that the scalar bispectrum shape for this model is indeed special: it is exactly
equal to the factorisable equilateral shape! originally introduced in [13]. One may thus
anticipate that shapes associated with the other 3-point functions will also have special
properties. Possible shapes for the bispectrum involving only tensors have been discussed
recently in [7] and here we will define and discuss shapes for the bispectrum involving both
tensors and scalars.

The computation of the 3-point function of the stress tensor at 1-loop is a non-trivial
task even for free QFTs. We discuss and develop several methods for evaluating the relevant
Feynman diagrams. The 1-loop result is constrained by Ward identities and these provide
a very non-trivial check of the expression we obtained by a direct computation.

As mentioned above, to 1-loop order only the free part of the QFT enters. The QFT
consists of gauge fields, fermions, minimal and conformal scalars. Conformal scalars and
fermions are conformal field theories and their 3-point functions are constrained by con-
formal Ward identities. As is well known (from a position space analysis) [14], the 3-point
function of the stress tensor in d = 3 is uniquely fixed by conformal invariance to be a

'The holographic model is also the only model that yields exactly this shape.



linear combination of two conformal invariants, and is thus parametrised by two constants.
(We assume parity is preserved). Our computation is done in momentum space and we
thus provide the most general such 3-point functions in momentum space, where the two
parameters are the number of conformal scalars and the number of fermions. The same
computation was also recently reported in [7].2 We have explicitly verified that our results
satisfy the conformal Ward identities.

Let us now turn to minimal scalars and gauge fields. In three dimensions vectors are
dual to scalars, so one may expect that gauge fields contribute the same as minimal scalars
at 1-loop order. We will indeed verify that this is the case. Note that beyond 1-loop the
two are expected to contribute differently. Minimal scalars differ from conformal scalars
in the way they couple to gravity, which in flat spacetime is reflected in their having a
different stress tensor. More precisely, the stress tensor T$ for a minimal scalar may be
decomposed into a part YN’Z‘? corresponding to the stress tensor for a conformal scalar plus
an “improvement term”:

1

5 (6,,0” = 9,0;) ¢, (1.1)
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It follows that the 3-point function of Tf; may be computed from the 3-point functions
involving Tf; and the dimension one operator @; = ¢2. In turn, these 3-point functions
are uniquely determined by conformal invariance, up to constants [14]. Thus, effectively all
3-point functions are determined by conformal 3-point functions at this order, even though
the underlying theory is not conformal.

In [7], the 3-point functions for tensors were computed in a de Sitter background. The
de Sitter isometries act as the conformal group at late times, and the 3-point functions are
then constrained by conformal invariance to be specific linear combinations of the 3-point
functions of conformal scalars and fermions. Note that the de Sitter result is the leading
order approximation for slow-roll inflation. In general one expects that (broken) conformal
invariance would constrain cosmological correlators in asymptotically de-Sitter slow-roll
inflation, see also [15, 16].

Our holographic results are for a very different universe, but we have seen that all rele-
vant 3-point functions are essentially determined by conformal 3-point functions. One may
then wonder how our results compare with those of slow-roll inflation. The 3-point func-
tions involving only tensors are determined by the 3-point functions of conformal scalars
and fermions, and, as in the discussion of [7], they agree exactly with slow-roll inflation
if the field content of the dual QFT is appropriately chosen. The other 3-point functions
(involving both scalar and tensor perturbations) are different but, perhaps surprisingly,
they are rather similar. To quantify the differences we define (and plot) shape functions
for all correlators, generalising the notion of shape functions for 3-point functions of only
scalars or only tensors.

This paper is organised as follows. In section 2 we discuss the dual QFT and in
section 3 we present the holographic dictionary. In section 4 we compute all relevant
QFT correlation function by direct evaluation of the relevant Feynman integrals, and in

2Qur results agree with the ones in v2 of [7]. Relative to [7], we also computed semi-local terms.



section 5 we explain their structure using Ward identities. The holographic predictions
for the cosmological observables are presented in section 6 and these results are compared
with the slow-roll ones in section 7. We discuss our results in section 8. Several technical
results are presented in four appendices: in appendix A we summarise our notation and
conventions for the helicity tensors, in appendix B we present three different methods for
evaluating the relevant diagrams, in appendix C we show that ghosts and gauge fixing
terms do not contribute in correlators of the stress tensor and in appendix D we present
the conformal and diffeomorphicm Ward identities.

2 Dual QFT

As a dual QFT we consider super-renormalisable theories that admit a large NV limit and
contain one dimensionful coupling constant. A prototype example? is three-dimensional
SU(N) Yang-Mills theory? coupled to a number of massless scalars and massless fermions,
all transforming in the adjoint of SU(N). Theories of this type are typical in AdS/CFT
where they appear as the worldvolume theories of D-branes. A general such model that
admits a large N limit is

S = QL d3z tr <1FZI]F,L§ + 1(8qu)2 + 1((9XK)2 + Lyl + interactions) , (2.1
IIM 4 2 2

where for all fields, ¢ = ¢*T%, and trT*T? = §%°. We work with the Wick rotated QFT (of

signature (+, +,+)). This is mostly for convenience; we could equally well have stated all

results in Lorentzian signature. The analytic continuation relevant for cosmology (which

will appear in (3.8) below) is a different continuation: it acts on the magnitude of the

momentum. The gamma matrices satisfy {;,v;} = —2d;;. We consider N4 gauge fields
Al (I =1, ..., N4), N} minimal scalars ¢/ (J =1, ..., Ny), N conformal scalars y'*
(K =1, ..., Ny) and Ny fermions ¢* (L =1, ..., Ny). Note that g%,; has dimension

one in three dimensions. In general, the Lagrangian (2.1) will also contain dimension-four
interaction terms (see [2]). We will leave these interactions unspecified, however, as they
do not contribute to the leading order calculations we perform here.

In the next section we will present the holographic formulae that relate cosmological
3-point functions to correlation functions of the dual QFT. Generally speaking, the terms
appearing in these formulae (see (3.3)—(3.6)) are either 3-point functions of the stress tensor,
or else semi-local terms (i.e., terms which are analytic in two of the three momentum). The
semi-local terms involve either 2-point functions of the stress tensor or the T tensor defined
by coupling the QFT to gravity, differentiating the stress tensor w.r.t. to the background
metric and then setting the background metric to the flat metric,

5Tij(:f'1) _ 9 528
SgFl(Za) o T 6g% (Z1)0gM (o) lo

S | - o
Yijri(T1, 72) = + 5T (F1)00(F1 — 72). (2.2)

A different example would be to consider O(N) models, see [17] for a related discussion.
*We use the unconventional notation SU(N) as we reserve N for the analytically continued value N =
—iN.
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Figure 1. 1-loop contribution to the

- _ stress tensor 3-point function.
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The 2-point function takes the following general form
(T3(@) T (=) = A(@)Wijre + B(@)mi7h, (2.3)

where the double bracket notation suppresses the delta function associated with momentum

conservation, i.e.,
(T (0) Tt (32)) = (21)°6(@1 + @) (T (@) Tru(—@) ), (2.4)
and the transverse and transverse traceless projection operators are respectively

4iq; 1
;2], I = 5(7Tik7rjl + Tk — i Tkl (2.5)

Tij = Oij —

The leading contribution to the 2- and 3-point function comes from 1-loop diagrams
(see figure 1 for the 3-point function), which are of order N? and involve only the free
part of the Lagrangian. Interactions contribute to diagrams at 2-loop order and higher,
but these are suppressed by factors of ggﬂ relative to the 1-loop contribution and will be
neglected here. As discussed in [1, 2], g% is of the order of ny—1 ~ O(1072). Indeed, fitting
the WMAP data to this model [5] leads to a small value of ggﬁ justifying the perturbative
treatment.

For spatially flat cosmologies, the background metric seen by the dual QFT is also flat.
The dual stress tensor is then given by

2 65
V9897

where the contributions from the various fields (suppressing the interactions, as well as the

Tij = (2.6)

=L Tl T+ i)]("
9ij=0ij

ghost and gauge-fixing terms which we discuss in appendix C) in (2.1) are

1 [ 1
T = thr FjFjy — 5ij4FkIleIl:| ; (2.7)
y™m L
1 [ 1
T = ——tr 070,07 — 6;5(06”)% (2.8)
Yogvm L 2
1 [ 1 1 1
I9ym L 8 2 8
1 (1, « 1., €
T = s SV a0 = Pt P sz} , (2.10)



where 31 = §Z — 5@ and symmetrisation is performed with unit weight. Note that the trace
of the stress tensors for both conformally coupled scalars and for massless fermions vanish
on shell. This is a consequence of the Weyl invariance of the quadratic action for these
fields (with the fields transforming non-trivially) when the action (2.1) is appropriately
coupled to gravity.

3 Holographic formulae for cosmological 3-point functions

We review in this section the holographic formulae for cosmological 3-point functions de-
rived in [6]. These formulae relate the late-time behaviour of the 3-point functions of scalar
¢ and tensor 4;; perturbations with correlation functions of the stress tensor of the dual
QFT. By late times we mean the end of the holographic epoch, which should be the be-
ginning of hot big bang cosmology.® In subsequent sections we will use the hologragraphic
formulae to obtain the cosmological predictions for a universe described holographically by
a weakly coupled QFT.

More precisely, we consider 3-point functions involving the curvature perturbation ¢ on
uniform energy density slices and the transverse traceless tensor ;5 (45 = 0 and 0;%;; = 0).
These variables are defined such that in comoving gauge, where the inflaton perturbation
d¢ vanishes, the spatial part of the perturbed metric reads

. R 1.
gij = aQeQC[eV]Z’j — a2e%¢ <5z‘j + vij + 2'Yz'k')’kj> . (3.1)

(For fully gauge-invariant expressions to quadratic order see section 2.2 of [6].) We find it
useful to work in the helicity basis where

4 (@) =4 @<l (@ (3.2)
and the helicity tensors 67(;) (¢) are summarised in appendix A.
The holographic formulae for the in-in 3-point correlators are given by

{(Clar)¢(a2)¢(a3))
= o (TTmiB@))

— 2((T(@) " (a2, ds)) + eyelieperms. ) |, (3.3)
(¢(q1)¢(g2)7 (g3)))
= (m(B@)ImB@)mAG)])
x I [ (T(@)T(@) T (@) - 2(60” (@) B(@) + 05 (@) B(@))

= 20 (a1, @) T (@) — 2(T(@) Y (@2, 3)) — 2(T(a) T (a1, d3)>>}, (3-4)

xm[(T@)T@ @) + 43 B@)

5In particular, we will assume a smooth transition to hot big bang cosmology. Developing a holographic
theory of reheating is very interesting but will not be pursued here, see the comments at the end of section
2 of [5] for a preliminary discussion.



(@) (42)379) (g3)))
= 2 (m[B(@)) (A [ A()])

X Im[«T(@)T(sz)(62)T(53)((13)>> - %(A(fb) + A(33)) 02 (@) — B(q1)©>*) (g;)

= 2(T(q) Y (G, @) — 24T ()Y (1, @) — 24T () Y ) (1, @2)»]7
(3.5)

(3 (@72 (42)5) (43)))
= —(HIm[A(qi)D_l x Im {2((T(31)(QI)T(@)(QQ)T(%)(%)» _ %@(518253)@1.) ZA(%)

- 4(<<T<Sl>(q1)r<szs3>(q2, @) + cyclic perms.ﬂ , (3.6)

where, as noted previously, the double bracket notation indicates correlators with the
momentum-conserving delta function removed, i.e.,

(C@)¢(@)¢(@) = (2m)*6(D_ @i (¢ (ar)¢(a2)¢(a3)) (3.7)

and similarly for other correlators. The coefficients A(g;) and B(g;) are related to 2-point
function of the stress tensor (see (2.3)), while 7' and T*) are the trace and helicity-projected
transverse traceless part of T;;, as defined in appendix A. Similarly, T, Y() and Y(152) are
the trace and helicity projections of the T tensor (2.2). The theta functions, @gs), @gs),
Os152) g(s152) and ©(515253)  represent specific contractions of the helicity tensors, and are
described in appendix A. The imaginary part in these formulae is taken after making the
analytic continuation

N = —iN, Qi = —1q;. (3.8)

where N is the rank of the gauge group, see section 2, and ¢ = +\/q_’72 is the magnitude of
the momentum.

The right-hand sides of (3.3)—(3.6) were obtained by first deriving, using standard
gauge/gravity duality, the holographic 3-point functions of the stress tensor along general
holographic RG flows, either asymptotically AdS or asymptotic to non-conformal braneb
backgrounds; and then analytically continuing to the cosmological case. These correlation
functions are in a flat background and are defined as usual (for example) by the path
integral formula

(Tij(@1) -+ Tijin (@n)) = /[dw]Tz‘ljl(m) c T (Gn)eSarTle) (3.9)

where ¢ denotes collectively all fields of the boundary theory. We work with the Wick
rotated QFT and correspondingly the bulk has Euclidean signature too. This is convenient
because bulk regularity in the interior translates into the standard Bunch-Davies vacuum
after analytic continuation to cosmology [1]. The holographic relations (3.3)—(3.6) may also

5The non-conformal brane backgrounds are asymptotically AdS in the dual frame [18] the final formulae
are however the same in both cases [4, 6].



be viewed as computing the wavefunction of the universe extending the analysis of [19] (see
also the recent [20]) to a general class of FRW spacetimes.

Note that all terms appearing in the right-hand side numerators of (3.3)-(3.6), except
for the 3-point functions, are semi-local, i.e., in position space two of the operators are
coincident (in momentum space this corresponds to the correlator being non-analytic in
only one of the three momenta). Due to the non-analytic powers of momenta appearing in
the denominators of these formulae, however, semi-local terms in the numerator generate
contributions to the bispectra that are non-analytic in two momenta. Hence, as discussed
in [4] in the case of the scalar bispectrum, they may contribute, for example, to ‘local’ type
non-Gaussianity. Note that these terms may be computed unambiguously in perturbation
theory (and we will do so in the next section). In contrast, ultra-local terms, i.e., terms
where all operators are coincident (or equivalently terms analytic in all three momenta), are
in general scheme dependent since their value can be changed by local finite counterterms.

One often defines the correlation function of the stress tensor by first coupling the
theory to a background metric g;;, differentiating w.r.t. g;; and then setting g;; = d;;. One
has to be careful, however, if one is to match with the unambiguous expression in (3.9).
The 1-point function in the presence of the source g;; is defined by

2 ) s
By =~ s [ el Sesrlond (3.10)
Higher point functions are obtained by further functional differentiation and then setting
gij = 60;5. This procedure leads to a new insertion of the stress tensor when functional
derivative acts on Sqrr(p;gij], but also leads to additional semi- and ulta-local terms.
One source of such terms are the factors of 1/4/¢g(z) in (3.10) and for this reason some
authors (see for example [14]) define the correlators without such factors, i.e.,

g 0 /[dsp]e—SQFT [©;9i5]

< Tiji (1) - Tiyj (20) >= (=2)"

9ij=0i;

(3.11)
Note however that these correlators differ from (3.9) (hence the different notation: <
T...> instead of (T'...)) because the stress tensor of the theory in a curved background
also depends on g;; and the functional differentiation leads to additional insertions of
Yijni (71, 7o) = M}j(fl)/égkl(fg)‘o. A careful evaluation of all such semi-local terms is
given in section 4.1 of [6]. This is the origin of most (but not all) semi-local terms in (3.3)—
(3.6).

To connect with holography let us now recall that in gauge/gravity duality one identi-
fies the fields parametrizing the boundary conditions for the bulk fields with the sources of
the dual operators, and the (renormalised) on-shell gravitational action with the generat-
ing functional of correlation functions [21, 22]. In particular, the boundary metric g(g);; in
Fefferman-Graham coordinates is identified with the source of stress tensor [23]. One could
also envision a holographic mapping where the source of the stress tensor g;; is related to
the boundary metric g();; via a local relation. Then, as was recently emphasized in [7],
the two holographic maps would differ by (semi-) local terms. Given any such relation one



can straightforwardly work out the corresponding holographic formulae, including all semi-
local terms. One can (at least partially) fix this potential ambiguity in the holographic
map by requiring that the (anomalous) Ward identities derived in gravity and in QFT
match. For example, the matching of the Weyl anomaly in odd (bulk) dimensions [24, 25]
fixes gij = g(0)ij- In even dimensions one would look to match the semi-local terms in the
dilatation Ward identity of higher point functions. The formulae (3.3)—(3.6) we use here
were derived using the standard identification g;; = g(0);; and the definitions of ¢ and %;;
n (3.1).

4 Evaluating the holographic formulae

In this section and throughout, we will work in Euclidean signature, and to leading order in
ggﬁ and 1/N. Tt will be useful to express our results in terms of the elementary symmetric
polynomials of two and three variables, which we denote

a123 = q1 + @2 + @3, bios = 1@z + G243 + G301, €123 = 414233,
a2 = q1 + qa, bi2 = Q14o, (4.1)
with similar expressions for @ss, bas, etc. We also define
M= +@+a) ~a+h+a) a—@+3) @+ dg—ad)
= —@123(@393 — 4a123b123 + 8C123), (4.2)
and the quantities
Pijin = 25;600; — 60k, Prjre = 0ig0p)j — 0ij0ni- (4.3)

Note that A is equal to 1/4 of the area of the triangle with length sides equal to the
momenta q1, G2, Gs (Heron’s formula).
4.1 2-point functions

In this subsection we recall the contribution to the 2-point function (2.3) from each of the
individual fields derived in [1, 2]:

Ay=B N2g? Ay = N2 B, =
- 256N¢ ’ v 128N e v=0
_ L 2.3 4 2.3 _
Ax=Ba= 256NAN , A= 256N N?@®, B, =0, (4.4)
and thus in total we have
4.
256N 256N<B ’ (4.5)
where
Nuay=Na+ Ny + Ny +2Ny, Ny =Na+N. (4.6)



4.2 Contribution from minimal scalars

The 3-point function for minimal scalars is given by the integral

(TE(@) T (@) TS, (as))

v a0e(7— @)(7— @)@+ @)alq + G
:N¢N2Pijabpklcdpmnef/[dq] ( 1) ( 1) ( 2)d( Q)f

(7 — @1)*(q+ q)?

(4.7)

Here, and throughout, we will make use of the shorthand notation [dg] = d3g/(27)3.
Evaluating this integral using the general methods discussed in appendix B, we obtain

NyN2 )2
1024v/2 g2a?y,
Ny N?
(To@) TSV (@) TS (@) = ol
¢ 8192 a3y5b3,
+lig3 (1735 +21b23) G} 43034 (a35 +8ba3) s +2a54 (G35 +3b23) T
+(36—123 6“23623*321)23)‘]1+a23(‘123 3b23)}

(To (@) To (@) TS (@) =— (381202 +2(33, — 4b12) @3 +a12 (333, — 4b12)]

(1 —a23)* [5] +20a23q5 + (29a35+6b23)q;

_ , 0, NyN2 - P - -
(To(@) Ty (@)Ty (@) =~ gy (68 —08s+402)° [503 — (a3 + 20 ) 1 + 23 (a3 — 3023)]
23
NyN2)\? _
(TS @) TS (@) TS (@) = (395 —Ta]93b123+5a]93C123 — 6487 55]
¢ ¢ ¢ 32768v/2 aly472,,
(+) (+) (=) N¢N2)‘2 — _ \2Tgsb | g A4 (=2 7 \=3
T T T = —a 3¢5 +4a +(ajo—2b
<< ( ) ( ) (CI3)>> 32768\56%236%23 ((13 12) [(13 1293 ( 12 12)(13

+a12(aTy —3b12) 35 +4aTy (a1, —3b12) g3 +aly (a7, — 7512)}- (4.8)

All remaining 3-point functions for minimal scalars may be found from these via permuta-
tions and/or a parity transformation. (The result for three insertions of the trace is given
in [4].)

Turning now to evaluate the semi-local terms in the holographic formulae, for minimal
scalars

Y0 (3, 72) = _%(@'jT;?} + Py T?)3(3 — i2). (4.9)
We thus have
(TS0 2 85)) = — 5T @) T () — 5 Prtma(T@) T (), (4.10)

from which we may extract the helicity-projected components

(@) S (@2,35)) = — 5 Bo(@)O™ (@)
(Tp(@) Y52 (G2, 33)) = —Bo(@)0 ) (q:),
(T3 (@) (32, 33)) = 0,
(@) TS (@0 1)) = — 5 Ao@)o™ ™) (@)
(TS (@)Y (@2, 3)) = 0. (4.11)

,10,



4.3 Contribution from fermions

In momentum space

R 1
TG) = [
gYM

i

5 Db / [da)(@1 — 2Q)a V" (D™ (@ — D], (4.12)

from which it follows that the 3-point function is given by the integral

(T2 (@) T (@) T (33))

1 N . .
= ZNwNZPijabPklchmnefFubvfwd /[dQ]

)

0u(7—01)0(0+3)w(20—01)a (204 G)(20—01+3) e
P(q— 0)*(q+ @)
(4.13)
where
11ub'ufwal = tr('Yu'Yb'Yv'Yf’Yw'Yd)
= _25ubpvwdf + 25uvpbwdf - 26ufpbwvd + 25uwpbfvd - 25udpbfvw7 (414)

recalling that {v;,v;} = —24;;.
Evaluating the integral explicitly, we find”

(T (@) Tp(@) TS (@) = 0,

] NyN? ]
(To@)TS @) T (@) = — o a a2(ady — 3bas) (af — a3y)”,
23
~ NyN?2 o, _
(To@)TS @)T] (@) = — g a2s(ads — 302)(a — a3 + 4b23)°
23
Ny N2X? :
((T(H((ﬁ)T(H(@b)TH) (33)) = (93 — 2ai93b123 + G593C123 + 32¢793],
v v v 8192\6@1230123 [ }
Ny N2)2 , -
(TP (@) TS (@)T7 (@) = (@ — @12)*[@] + @1235 — brod]
v v v 8192\@“?230%23
-+ @%2(@%2 — 31)12)@3 + @%2(@%2 — 2[)12)}. (4.15)

The correlators with only one trace may be written in the condensed form

<<T¢<qa>T$2’<q2>T$3><qS>>>=—f(A¢< 2) + Au(@)) 002 (). (4.16)

This result is in fact fully determined by the dilatation Ward identity (accounting for its
semi-local nature), as we discuss in the next section.

To compute the semi-local terms appearing in the holographic formulae, we find by
explicit calculation that the operator

T (@1, 52) = Col M (F1)8(F1 — T2) + Ol T (1) 000 (T1 — T2), (4.17)

" The result for the momentum dependence of the (4+ + +) and (+ 4 —) components agrees with the
result reported in [7], but the overall normalisation (after taking into account the difference in conventions,
see appendix A) still differs from ours by a factor of four. Actually all correlators in [7], including the
2-point functions, differ from ours by the same overall factor of four.
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where partial derivatives are taken with respect to Z1, and the local operators

Moppn = L [ T;Z) Tm 8n¢ :| Im = ggltr [i&L7m¢L:| ) (4'18)

gYM Y™

are associated with the coefficients

™M) 1 1
Cy; = 03(k01)jOmn — §5ij5m(k5z)n - §5m(k5l)(i6j)m

ijklmn
Cffkﬁm = 0i(k91)jOmn + 0ijOmkOtyn — 0ijOkiOmn — Om(kO1)(i05)n- (4.19)

As might be anticipated from their respective conformal dimensions (see section 5),
(TiMn) = (TaTh)s (TiT) =0, (4.20)
from which it follows that
(T (@) T (@21 88))) = Chlnan (T @) Ty (~2))- (4:21)

Projecting into the helicity basis, the components appearing in the holographic formulae are

(T8 (@) T (@2, ) = = Au(@0) 052 (g). (4.22)

4.4 Contribution from conformal scalars

As discussed in the introduction, the stress tensor T;? for minimal scalars may be decom-
posed as T¢ T T + Cij, where YN’Z‘? is the stress tensor for conformal scalars and C;; is an
1mprovement term For fields in the adjoint representation, and in momentum space, the
improvement term takes the form

R 1 1 R
Cij(q1) = thT [85%7%@1)/@ ]:07 (Do (G — 9):] - (4.23)
YM

Due to the presence of the projection operator m;;, it follows that T (f) T (f) and
hence the conformal scalar 3-point function involving three hehcmes is equal to that for
minimal scalars. Similarly, the correlator

(To(@) I (@)T5 (@) = (To(@) TS (@)T5 (@) — (C@) TS (@) T8 (@),
(4.24)
where the latter term may be evaluated from the integral

S — L A2 L 3a(@+ @2)0(7 — @1)e(q+ G2)a
(C@ @ T @) = NN PP [0 TN AV S0 (455

— 12 —



Thus, to evaluate the conformal scalar 3-point function involving two helicities, only this
integral needs to be computed since we already have the result for minimal scalars. Finally,
evaluating the trace T, ¢(q:) directly, it is straightforward to show that the conformal scalar
3-point function involving only one helicity vanishes.

In light of these considerations, the 3-point functions for the conformal scalar field

x are®

(T (@) T (@) T (g3)) = 0,

(T TE2 @) T @) = § ﬁfw (To(@) T (@) Ty (@),
(T (@) TE (g2) T (a3)) = f@ (T @) T @) Ty @) (4.26)

Turning now to the semi-local terms in the holographic formulae, by direct calculation

Lo 1 L
Tékl(l‘l, .1‘2) = —5((5“7—}?[ + PijleX)(S(iL‘l — :EQ)

1
b= [0(1) 3(Z1 — 72)0mOp + CZ  (9,06(F1 — T2))On

16 ijklmn ijklmn
+ i3l (O 0n8 (31 — £2)) | OX (&), (127)

where partial derivatives are again taken with respect to #1, the dimension one operator

0" = (", (4.28)
Iym

and the prefactors are

Ci(jllzlmn = 5ij5k;(m5n)l + 25Z‘(k5[)j6mn — 0ij0k10mn,
Cz'(]?k):lmn = 25ij5k(m5n)l + 5i(k51)j5mn - 5ij5kl5mn - 25m(i5j)(k5l)n7
Ci(;)lglmn = 0ij0(mOn)i + 0i(k01)j0mn — 0ijOkiOmn — 20m(i07)(k0tyn + Ok10i(mOn);- (4.29)

The precise form of these prefactors is not important, however, since
X _
(T;;0%) =0 (4.30)

due to the differing conformal dimension of the two operators, hence

(T30 Ry (02,85)) = — 56T (@) T () (131)

8The result for momentum dependence of the (+ + +) and (+ 4+ —) components agrees with the result
reported in v2 of [7], but the overall normalisation (after taking into account the difference in conventions,
see appendix A) still differs from ours by a factor of four, see also footnote 7.
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The helicity-projected components appearing in the holographic formulae are then

(@) 70 (@2,9)) =0,
(T (@)Y (@2, 33)) = 0,
(TE (@)Y (@2, 33)) = 0,
(T @) TS (@0 0)) = — S A(@)0 (@),
(T8 (@) 16 @2, 1)) = 0 (1.32)

4.5 Contribution from gauge fields

The stress tensor for the gauge fields is given by (2.7) plus the contribution due to the
ghosts and gauge-fixing terms. The latter contributions are BRST exact however, and
thus they should not contribute to the 3-point function. Indeed, we show in appendix C
that their contribution cancels.

Introducing the Hodge-dual field strength GZ-I , where

1
Fé = ¢;1Gl, TA =

zjab tr GIGb; (433)
YM

and evaluating its propagator, one finds the contribution from gauge fields to the 3-point
function is given by

(T (@) T (@) Ty (33)) = NAN2H'jabszchmnef/[dQ]Wac( ) Te(q — @1)map (T + G2)-
(4.34)
Upon closer examination, this integral may equivalently be expressed in terms of the 2-
and 3-point functions for minimal scalars,

AT TA @ T @) = (T @ T@) ~ Qumnas T @) T~

— Qunijab {TH@) T (@) — Qjrtab (T (T3)TLy (— ),
(4.35)

where
Qijkimn = PijacPrive Pabmn- (4.36)
This result is a consequence of the fact that GG; may be identified with the operator 0;¢,
where ¢ is a massless scalar field. The appearance of the various semi-local terms in (4.35)
then reflects the fact that 9;G; vanishes identically, while 9%¢ vanishes on-shell only.
Turning now to evaluate the semi-local terms appearing in the holographic formulae,
a short calculation reveals the operator

- 1 S -
Tf}kl(ﬂﬁl, ) =3 [%‘T;ﬁ + Py T4 + Qz‘jklmnTrﬁn} 0(Z1 — 2o). (4.37)
Making use of the fact that the 2-point functions for gauge fields and for minimal scalars
coincide (see (4.4)), it then follows that

AT 0 8)) = (T @) i 02 80)) — Qe (T @) T )

(4.38)
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Thus, from (4.35),

ﬁj (T @) T (@) T (@) — 2( (T3 (@) Vi (@28)) + eyelic perms ) |

= (T(@) T (@) T (@)) = 2((T5 (@) 0 (@20 8)) + cyelic perms).  (4.39)

This particular combination, suitably projected, appears in the numerator of all the holo-
graphic formulae for cosmological 3-point functions (namely (3.4), (3.5) and (3.6)). Thus,
since the 2-point functions for gauge fields and minimal scalars also coincide, we see that
gauge fields and minimal scalars necessarily make identical contributions to all cosmologi-
cal 3-point functions. Since scalars and vectors are dual in three dimensions, this result is
perhaps not unexpected, and indeed similar behaviour was noted in [4] for the case of the
scalar bispectrum.

5 Ward identities

In the previous section we computed all relevant 3-point functions and semi-local terms by
direct computation of 1-loop Feynman diagrams. In this section we elucidate the structure
of these correlators by ascertaining the extent to which they are determined by Ward
identities.

5.1 Minimal scalars from conformal scalars

As noted previously, the stress tensor for minimal scalars may be decomposed as

~ 1 1
T =T - 5050 ~0:2)01, 01 = 5—ul(¢”)) (5.1)
YM

where Tg is the stress tensor for a conformal scalar field and O; is a dimension one scalar
operator. The 3-point functions of T;? may thus be expressed in terms of 3-point functions
of the conformal fields Tf; and ;. Specifically, we find

(TS (@) TS @) TS (@) = (T3 (@) T (@) TS5 (@)
(To(@) TS (@) TS (@) = (To(@) T (@) TS (a5)) + <<01< DTS (@)T5(6))
(To(@)Ts(G2)T5™ (33)) <<f¢<ql>f¢@ﬁ$3><q3>>>+—1<<01<41>T¢<qz>f$3)<q3>>>
2
4

+ BT )00 @)T5 @) + BL (01301 @7 (@),

(T @) To(@)To (@) = (To(@)To(@)To @) + | & (01 (@) Tol@) T (@) + 2 perm.

no

+ Q1q2<<(91( 1)01(32)T(g3))) + 2 perm.

+ QIZZ% (01(01)01(72)O1(g3)))- (5.2)

Recalling that gauge fields contribute the same as minimal scalars, the computation of

general 3-point functions thus reduces to computing a set of 2- and 3-point functions in
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a CFT. (Note that free fermions are also a CFT.) These correlators are in turn (almost)
uniquely determined by Ward identities, as we now show.

5.2 Trace Ward identity

In light of the above, we are interested in correlation functions of the stress tensor and of
a scalar operator O of dimension A = 1 in a three-dimensional CFT. We will be more
general however and discuss the case of any d and A, provided only that A = d. The trace
Ward identity in the presence of a source ¢g for Oa reads

(T(x))s = (A = d)po(Oa(x))s- (5:3)

This Ward identity implies that n-point functions involving an insertion of the trace of
the stress tensor are given by semi-local terms involving (n — 1)-point functions. These
relations can be obtained by functionally differentiating (5.3) w.r.t. the sources (n — 1)
times and then setting them to zero. Noting that all 1-point functions vanish, for the
2-point functions we find

(T(x)0a(y) =0,  (T(x)Ti(y)) =0, (5-4)

and for the 3-point functions,

0T (x)

(T(x)0aW)0A() = (- (SOAE) + (55 5 OaW)
+ (d=A)[6(z — y)(Oa(x)Oa(2)) + 6(z — 2){Oa(x)Oa(y))]
(5.5)
(T@Tuln)OA () = 25 1 5O + (5 D Tulw) + (T(a) 5 1)
+ (d = A)d(z — 2)(Tiu(y)Oa(z)), (5.6)
(@B o (2)) = 2515 T () + 205 S Toa) + 24705 ). (5.1)
As the stress tensor in the presence of sources has ¢y dependence
Tijlg, ¢ol = Tijlg, do = 0] — gij$oOa, (5.8)
we may in addition identify
g;((”; )) = —dé(z — y)Oa(z). (5.9)

Then, since the CFT correlator (T;;0a) vanishes for any operator Oa with dimension
different to d, equations (5.5) and (5.6) reduce to

(T(@)Oa )0 () = ~A[(z — ){Oa@)OA()) +5(z — 2){Oa@)OAw)]. (5.10)
(@) Ti()0a(2)) = 20225 0, (2). (5.11)
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Finally, it is convenient to express (5.7), (5.10) and (5.11) in momentum space in terms of
the T tensor defined in (2.2). Projecting into the helicity basis, we obtain the complete set
of trace Ward identities

= —A[(Oa(@2)0a(—=3)) + (Oa(73)Oa(—33))],

(Y(q1, 2)0a(q3))),

= 92X (1, ) O (@),

2[(T (@) T (@ @) + (T(@)T (@ @) + (@) T @, @),
2<<T<q1>r<83>< 2 ) + (Tt T (g1, g5))

(0@, BT @),

5 (A(@) + A@)0°) (@) + 2[(T (@) ) (3,35)

(T (@) T (@, 30 + (T (@) 16 (@1, &), (5.12)

where A(g) is the transverse traceless piece of the stress tensor 2-point function defined
n (2.3) (for conformal fields the trace piece B(g) vanishes as a consequence of (5.4)).

Comparing with our holographic formulae (3.3), (3.4) and (3.5), we immediately see
that conformal fields make no contribution to the numerators of these formulae, as found
earlier by explicit calculation. An important consequence of this, as we will see in section 6,
is that the ({(, (¢4 and (4% cosmological shape functions are forced to be independent of
the field content of the dual QFT.

Further insight may be distilled from the trace Ward identities (5.12) by replacing the
semi-local contact terms on the r.h.s. with 2-point functions of Tj; and Oa. On general
grounds, the T tensor has an expansion in terms of local operators of dimension less than
or equal to d, and for fermions and conformal scalars we computed this explicitly in (4.17)
and (4.27). Then, as we found in the analysis leading to (4.21) and (4.31), only operators
of dimension d contribute to the correlator (7;;Y yimy,), permitting it to be expressed in
terms of (T;;T};). Substituting into (5.12) our previous results (4.22) and (4.32) for the
semi-local terms (75 Y kimn), we obtain

(T (@) T (@) T (@) = (Tu(@) Ty (@) TS (@) = 0,

(T@)TE @)TED (@) =~ (An(@) + Ax(3))66+ (@),
(T (@) TSP @) TS (@5)) = — 5 (Au(@) + Au(3))602 (@), (5.13)

Thus, all our earlier results in (4.15) involving the trace T, are in fact a consequence of the
Ward identities (noting also (4.16)), and similarly for all our results in (4.26) involving T} .
For the latter, note that A, (q) = (Ny/2Ny)Ay(q) from (4.4), hence from (5.13) we have

(T (@) T (@) T (@) = Aﬁ@;<<T¢<q1>T$2><q2>T$3><q3>>>. (5.14)

As well as confirming earlier calculations, these formulae additionally serve as a check of
the overall sign in our 3-point function integrals.

,17,



To check the results of our 3-point function calculations for minimal scalars using (5.2),
we must also evaluate the semi-local terms on the r.h.s. of (5.12) involving the correlator
<(’)1Tf’jkl>, where Tf}kl denotes the T tensor for conformal scalars. The expansion for this
latter quantity may be read off from (4.27) (replacing x with ¢). The correlator <(’)1TZ kD)
receives contributions only from terms of dimension one in this expansion, and so we find

(Foldr, 2)01(a)) = 15 (@ — 2012 — (O @)O1 (),
(152 (@1, 32)01 () = 332 305 (7)) (01(33) 01 (—3)))- (5.15)

Substituting these expressions into (5.12), we obtain

(Ts(@)O1(@2)01(33)) = —(O1(@2)O1(—G2)) — (O1(33)O1(—3))).
1

(To(@)Ts(@) 01 (@) = g<a%2 ~ 212 — 23) (O1(8) 01 (~ )
(Tol@)T5 @) 0 (@) = 1555 (@) (01 )01 (), (5.16)
(To(@)To(@)To(as)) = 0, (5.17)

where for the latter equation we used (4.31). The trace Ward identities thus supply all
terms appearing on the r.h.s. of (5.2) that involve the trace Ty.

5.3 Conformal Ward identities

In the previous subsection we showed how the trace Ward identities determine the 3-point
functions involving the trace of the stress tensor in terms of 2-point functions. Thus to
determine all correlation functions, it remains to obtain

(T(s1)(s2)(s8)y <O1T¢§82)Tq§83)), <0101f¢(>83)>7 (0,0,01), (0,04).
(5.18)
These may be directly computed using the methods described in appendix B. For conformal
scalars and fermions, the result for (T)T(2)7(3)) is given in (4.15) and (4.26). The
remaining correlators are found to be (we suppress a common overall factor of N 2/\/¢ )

(O @O (-D) = 1.
(O1(q1)O01(32)O1())) = 1J;*,

C123
A (241 + as3)
16v2 afysbosds

1 5 _ - ~ - ~
2048 s (@3 — @iy + 4b12)*(aly + 2b12 — 5G3),
12

S(4) (A =\ (= (@12 — G3)° 6 ons 5 P
T T 6] = M2 9) 1 558 20aq — (29 6b
({ & (q1) P (q2)01(q3))) 2048 &%2317%2@3 [ a3 ai2qs — (29a7, + 6b12)q3

- 8@12(2@%2 + 3512)(15:’ + @%2(67%2 — 36b12)33

(T8 (@) 01(@) 01 (@) =

(TS (@) T, (@) 01 (@) =
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Subsituting these expressions into (5.2), along with those in (5.16), we recover all the results
for minimal scalars listed in (4.8) that involve the trace T,. (One may additionally check
we recover the result for (T, T3T,) in equation (101) of [4].)

The correlation functions (5.19) are almost uniquely determined by conformal Ward
identities. This was discussed in position space in [14], and more recently in momentum
space in [7] (see also [26]). More precisely, the 3-point function of the stress tensor is unique,
up to two constants (which is our case may be taken to be the number of conformal scalars
and the number of free fermions), and all remaining 3-point functions are unique up to
an overall constant. Thus, a non-trivial check of the correlators listed above is to verify
that they indeed satisfy the special conformal Ward identities. (The scale Ward identity
is satisfied by inspection.) These identities take the form of differential equations that the
correlators must satisfy, and are listed explicitly in appendix D.1 (they may be obtained
by Fourier transforming the position space Ward identities whose derivation is discussed,
for example, in [27]). We have checked that our conformal correlators satisfy these Ward
identities.

6 Holographic predictions for cosmological 3-point functions

Having computed all relevant QFT quantities we can now evaluate the holographic for-
mulae. It is instructive to first use the trace Ward identities and the relation of minimal
scalars to conformal scalars in order to express the cosmological 3-point functions in terms
of CFT correlations functions. This yields
24
N4N2 (B) Hz 1 (qz (O1(q:)O1(— >>>)
x (016343 (O1(q1) O1(42)O1(g3)))
+ (207 (6 — & — 63){O1(q1)O1(—q1))) + 2 perm.) ],
211
NN Ny T (67401 ()01 (—a0))

x [q%q2<<<91<q1>c91<q2>T$3><qg>»
+ (a1 (@) (01 (a) 01 (=a0) + (@1 © @2))]

214
NANZy a3 4301 (O1(a1)O1(—aq1)))
x 166201 (a0) T (a2) T3 (03))

+qt (2002 (@) — ©9(4)) (Or(@)O1 (—a)))|
(6.1)

(C(q1)¢(g2)C(g3)) =

(C(a1)¢(q2)4) (ga)) = —

(@) (@204 (g3)) = ~

where N4y and N are defined in (4.6) and we have made the dependence on the number

(s)

of fields explicit by considering the O; and T:ﬁ correlators to be those of a single field. (The

analytic continuation (3.8) has also been implicitly performed; the correlators appearing
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above are therefore those in (5.19) with g; replaced by ¢;.) As discussed in the previous
section, the trace Ward identities imply that the numerators of the holographic formu-
lae (3.3)—(3.5) for the above correlators receive no contribution from conformal fields and
are therefore proportional to M B), the number of non-conformal fields. The dependence
of these correlators on the field content is then simply given by an overall factor, amount-
ing to J\/( p) divided by the corresponding factors in the denominators of the holographic
formulae.

A~ A

For the 444 correlator, we find

(3 (a1)52) (42)7) (43))

924 ) @(518283)(q.) 3
— = AN [ 2qrt)pls)plsa)y T T TG ¢
N4N(?;;)qi”q§’q§’ [ w( « 1 b " >> 512 ;
(s0) () sy O (g) L,
+ (Ng + Ny + Na) | 20TV TEDTES)) — 512;% , (6.2)

considering again the correlators to be those of a single field so as to make the dependence
on the number of fields explicit. It then turns out that

B _ oH++-) 3
2THTITON = (TP Ty + S Zq , (6.3)

e., these correlators differ only by the helicity projection of a semi-local term. Thus,
while the 3-point function of the stress tensor at separated points in general depends on
two constants in d = 3 [14], only one combination survives the (+ + —) helicity projection.
(This was also shown in [7] using the conformal Ward identities.) The specific form of the
semi-local term in (6.3) is then such that the 4(H)4(+)5(=) correlation function depends on
the field content through an overall multiplicative constant only. On the other hand,

+++
Z 3+ a2 (6.4)
1024 128\@ atos’

2(THTHTHY = ((Té+)T1£+)T1§)+)>>

and so these correlators differ by the helicity projections of both a semi-local and a non-
local term. The non-local term reflects the fact that both solutions for the 3-point function
of the stress tensor at separated points survive the (+ + +) helicity projection, and leads
in turn to a more complicated dependence on the QFT field content in the 4(H)4(+)5(+)
correlator.

Returning to (6.1) and substituting in our results for the remaining correlators, we
first recover the result derived in [4],

512
(¢(a1)¢(a2)¢(g3)) = A2, N4(qu ) —2q192q3 — »_ 40 + (105 + 5 perms))
- 512 /\2
B M%B)N4 123793

(6.5)
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showing that the scalar bispectrum exactly coincides with the equilateral template. In the
first line, note that all the terms but the one proportional to q1g2q3 originate from semi-
local terms in the numerator of the holographic formula (3.3). Without their contribution
we would not have been able to distinguish the equilateral shape from others involving a
similar factor of ¢1¢2¢3 in the numerator (for example, the orthogonal shape [28], for which
the corresponding numerator is —8¢1g2g3 — 3, q? + 3(q1q§ + 5perms)). In fact, due to
the factor of [, ¢; 3 coming from the product of 2-point functions in the denominator of
the holographic formula, the semi-local term ), qf’ in the numerator generates a contribu-
tion to the bispectrum of exactly the ‘local’ type. It is therefore essential to include the
contribution of all semi-local terms in the holographic formulae, as we have been careful
to do.
For the remaining correlators, we find

2048 A2 .
y(+) = a3y — a123b123 — — a123q2 |,
(o)l an)) = e g (afs — anabias — res) = aenad
. N 512 32b
(a3 @) @) = = e 2 (6 — k) |(6F — s 20 + 2,
(a)9234 Aoy
512 )

S ()7 (g)) = — 2 (2 g2 2 -l
(Clq)¥ 7 (g2)¥ " (a3)) N4./\/(2A)b§3q%(ql as3 + 4ba3)”(q7 — as3 + 2ba3),

1024 A2a? Ny 64¢3
2 (+) ~(+) 2 (+) _ 123 (.3 Bioa — _(1— ¥ 123
(g (@) (g3)) \@N4./\/(2A 0?23 {(0123 a123b123 — C123) ( MA)) afl;% ]

1024 A2

V2NAN2Z, a2yqch (g3 — a12)*(a¥y3 — ar23bras — c123). (6.6)
(A) 123%123

(P07 (92)5 7 (a3)) =

We would now like to define corresponding shape functions, i.e., we wish to write these
correlators as bispectra: a product of power spectra times a shape function. To do so, we
first define the dimensionless 2-point amplitudes

ACQ) = () = j—s G =D @A Y () = s (67

and similarly the dimensionless 3-point amplitudes, e.g.,

A(CCH D) = a3 a3 (C(a)¢la2)7 ™ (as))), (6.8)

with analogous expressions for the other correlators. Physically, these quantitites
parametrise the contribution per logarithmic interval of wavenumbers to the corresponding
position-space expectation values with all insertions at the same point, e.g.,

(@) = ;ﬂmwm»<ﬁMNv8ﬂMHm@ ),

(6.9)
where the latter integral ranges over all possible triangle side lengths in momentum space.
(For reference, the usual logarithmic power spectrum is simply Ag = (1/27%).A(¢¢).) The
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dimensionless 3-point amplitudes may now be naturally re-expressed as a product of di-
mensionless 2-point amplitudes and a purely momentum-dependent shape function:

A(CCHB) = A(COAGRHS(CCAE),  A(CHD462)) = A2(34)S(¢HD4(2),

AFED52)500) = A2(55)S(5114(2)4(9)). (6.10)
Explicitly, the shape functions are given by
A 1 A2 3 2
S(CC’Y(+)) = mm [(%23 — a123b123 — c123) — a123Q3] )
S =~ L (2~ a3y [(@ — ady + 2b) + 228
12863, 1 T[T dlys |
. N 1
S5 = ————— (¢} — a35 + 4b23)*(q] — a3s + 2ba3),
1 M\a? Ny \ 64c3
S(AH By = — 123[a3 — aioabion — ¢ (14 123]7
(A4 63 Gy (ate3 — a123b123 — c123) ( N(A)> 0
IS
SHEMADAN = T (g3 — ar2)*(ady; — arazbizg — c123). (6.11)
64+/2 a393¢To3 12

Thus, with the sole exception of S(3()4(+)5(+)) all the shape functions defined in this
manner are independent of the field content of the dual QFT. (Indeed, this was our mo-
tivation in selecting the factors of A(¢¢) and A(%%) appearing in (6.10).) From our pre-
vious discussion, we see that for the shape functions involving one or more factors of ¢
this property is a consequence of the trace Ward identities, which limit the field content-
dependence of the corresponding bispectra to a single overall factor. The independence of
S (’y(ﬂfy(*)’y(*)) from the QFT field content arises similarly from the fact that the corre-
sponding bispectrum depends on the field content via an overall factor only. As we saw
above, this latter property relies on both the conformal Ward identities and the precise
form of the semi-local terms appearing in the holographic formula.

We have plotted the holographic shape functions in figures 2 and 3 (along with their
counterparts for slow-roll inflation which we discuss in the next section). In these figures
we have adopted the expedient of scaling all momenta such that ¢; + g2 + g3 = 1 (note
that the shape functions are invariant under a constant rescaling of all momenta). By the
usual triangle inequalities, the allowed range for any two momenta, say ¢; and ¢s, is then
0<q¢ <1/2and 1/2 —q; < g2 < 1/2 as displayed. In each case, we have chosen to plot
the two momenta under whose interchange the shape function is symmetric.

Note that the usual plotting convention adopted for the scalar bispectrum S(¢¢()
(namely, ordering the momenta g1 > g2 > g3 and then scaling ¢; to unity, with the triangle
inequality then constraining ga > 1—g3) is not applicable to the correlators considered here,
since in each case (with the sole exception of S(3(1)4(+)5(+))) one of the three momenta
is distinguished and so the required ordering of momenta cannot be accomplished without
loss of generality. Without this initial ordering step, rescaling one of the momenta to unity
then fails to yield an upper bound on the magnitude of the remaining momenta, resulting
in a plot with unbounded area. This problem is neatly sidestepped by constraining the
total perimeter of the triangle to be unity, instead of the length of one the sides.
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(a) S(,AY(H:Y(H,AY(*))

(b) S(W(H’?H)’A}'H)) (c) SSR(;Y(Jr):y(Jr);Y(Jr)

0.4

0.0 70.0

(e) S(¢¢y™) (£) Ssr(¢CH™) (8) AS(¢¢H™)

o

0.0

Figure 2. Isoperimetric plots displaying the holographic and slow-roll shape functions, as well
as the difference between them (e.g., AS(3(P4HFH)) = S(FHFHIZH)) — Sgp(5(H)4(H)4(H)).
The invariance of the shape functions under a rescaling ¢; — Ag; of all momenta has been exploited
to set q1 + g2 + g3 = 1, constraining the allowed momentum values to those displayed. Each plot is
symmetric under interchange of the appropriate momenta as expected. Note that S (’y(Jr)’y(*)’y(*))
(shown in plot (a)) coincides for the holographic and slow-roll models. In plots (2b) and (2d) we
have set Ay, = N 4) to maximise AS(§(H4(H)4(H)) for illustrative purposes.
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0.0

(b) 85R<<@<+>@<4>) (c) AS(W”W)

q2

0.0

(£) AS(¢H D4

(d) S(ﬁ”w(*’)

Figure 3. Isoperimetric plots for holographic and slow-roll shape functions continued. In plots (3d)
and (3e) note that both shape functions are actually finite along the line g3 = 1/2—¢5 (i.e., 1 = 1/2);
we have simply restricted the plot range to exhibit the overall shape more clearly.

7 Comparison with slow-roll results

Slow-roll inflation predicts the correlators of three gravitons are

Ard 2,2
K H; Najys, 3

= (aY93 — a123b123 — C123),
64v2  Clog

. . o (— kAHE N2
(A (@)Y (@) 7 (a3)) sk = 64v2 W(Qs — a12)*(aly3 — arasbizs — c123). (7.1)
123%123

We may recover these results exactly from our holographic model by setting

1, 1
%N (A):RQHE' (7.2)

Y (q)7 M (g2)4 P (g3) ) sk =

2./\@, :/\/¢ + Ny +NX,

In particular, the latter relation is also consistent with matching the amplitude of the gravi-
ton 2-point function of slow-roll inflation and the holographic model. The first relation is
consistent with that found in v2 of [7] for the special case where Ny = N, = 0. (Note
however that our careful treatment of the semi-local terms in the holographic formulae
enables us to correctly recover the entire slow-roll bispectrum (7.1).) For general QFT
field content (for which the first relation in (7.2) is not satisfied), the 4(t)3(+)5(+) and
4()3()3(=) holographic bispectra in (6.6) coincide precisely with the corresponding bis-
pectra derived in [7] for slow-roll inflation in which one includes an additional term in the
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action proportional to the Weyl tensor cubed. Relative to [7], our QFT additionally con-
tains non-conformal fields, and our treatment of the semi-local terms enables us to recover
the cosmological result exactly.

The remaining slow-roll results are

kAHA 2
SR = 2 3 9
16v/2¢, ai23C12343

(Cla1)¢la2)7 M (a3))

3
[atys — a123b123 — c123],

(@ ) sm = — i af — ) [ (6 =y 20— 2]
q1)Y q2)Y q3)))SR 128b§3q% qi 23 q 23 23 v
47174 5
55 (g2)4) _ P 2 02 (62— a2y 2bey) — 023
(Clq)¥ 7 (a2)7" " (a3) ) sr 128b33q§(‘h a2 + 4bsg)? | (¢ — a2y + 2bas) B ],

(7.3)

While these differ from the predictions of the holographic model, interestingly the difference
is only in the last term.
Evaluating the shape functions, for slow-roll inflation the 2-point amplitudes defined
analogously to (6.7) are
k?H?

Asr(C¢) = P =, Asr(3%) = K*H?. (7.4)

The slow-roll shape functions then differ from their holographic counterparts by at most a
single term:

1 A2
Sern(ceA = S(ceA®) 4+ 7
sr(CCY™) (CCA™) I3 12301
Ssr(IDAH) = SEID) + (g — a1+ 32,
16a123¢123 atos
() A ( N 1
Ssr(CYMA)) =8¢ )) + ———(qf — ajs + 4b23)?,
16a123c123

A2 AN,
Ssr(3 431y = §(5(H3H)3(H)) 4 1— ’
n ) ( ) \/5041123 ( A/(A)>

Ssr(3 55y = §(5(H5(H)3(=)), (7.5)

The holographic and slow-roll shape functions, as well as the difference terms in the ex-
pressions above, are plotted in figures 2 and 3. From these figures it is apparent that the
holographic and slow-roll shape functions share the same broad qualititative features in all
cases except for (4(H)3(H): here, Sgr(¢4H(H)4(+) has a simple pole as the momentum ¢
associated with ¢ vanishes, whereas the corresponding holographic shape function has a
zZero.

At a more quantitative level, a rough indication of the distinguishability of the holo-
graphic and slow-roll shape functions may be obtained by evaluating the cosine orthogo-
nality measure proposed in [29] (following earlier work in [30]),

F(S,S)

(S8 = VES, SF(S,5)

(7.6)
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where the weighted inner product

1
F(S,8) = /dQ1dQQdQBalZSS(Q17Q27QS)S/(QMQ%Q?»)- (7.7)

Writing ¢1 = ad1, g2 = age and g3 = a(1—¢1 — ¢2), the integral over « in the inner product
factors out, since all shape functions we consider here are scale-invariant, i.e., independent
of a. This overall factor may then be discarded since its contribution to the cosine measure
C(8,S’) cancels between numerator and denominator. We may thus replace (7.7) with the
two-dimensional integral

F(S8,8) = /d(jldQQS(@la@v 1—g1—§¢2)S (41,42, 1 — 41 — Ga), (7.8)

where the shape functions here are precisely the isoperimetric shape functions plotted in
figure 2 and 3.

Naively, one might expect the domain of integration would be 0 < ¢ < 1/2 and
1/2 — ¢1 < g2 < 1/2. Since however several of the shape functions have poles when one or
more of the triangle sides are taken to zero, as we see from figures 2 and 3, one must further
restrict the domain of integration in order to obtain finite inner products. The physical
justification for this procedure is that any real observation is only sensitive to momenta
in some range ¢min < ¢; < Gmax- We will therefore restrict all rescaled momenta ¢; > e,
where the cutoff € = ¢umin/2¢max ~ 5 x 1074, The domain of integration 0 < ¢; < 1/2 and
1/2— g1 < G2 < 1/2 is thus further restricted by the conditions ¢; > €, g2 > ¢, and 1 — Ga —
gs > €. For shape functions with poles at the corners, the orthogonality measure (7.6) will
depend on the cutoff €, reflecting the fact that our ability to resolve the shape functions
concerned depends on how sensitive we are to the corners of the distribution.

Having thus carefully defined the orthogonality measure, one may now numerically
evaluate the orthogonality measure between each holographic shape function and its slow-
roll counterpart. Rounding to two decimal places,

CHPFHF N =100, C(¢FP4)=0.33, C(¢y 4 =0.67, C(¢¢yH)~1.00.

Values close to unity indicate nearly indistinguishable shape functions, while smaller values
correspond to shape functions that are more orthogonal. (For comparison, the overlap
between the standard local and equilateral shape functions evaluates to C' = 0.34 with our
cutoff prescription.) Overall, these values confirm one’s impression by eye from figures 2
and 3; namely, that the holographic and slow-roll shape functions are nearly indistiguishable
for the cases ¥(H4(H3(H) and (¢4, while in the case (¥(H4(H) the two shape functions
may be distinguished by the presence or absence of a pole as the momentum ¢; associated
with ¢ vanishes.

8 Discussion

In this paper we computed the complete set of bispectra (and defined and extracted the
corresponding shapes®) for a class of holographic models of the very early universe based

9To our knowledge, shapes other than those relevant for purely scalar or purely tensor bispectra have
not been discussed before.
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on perturbative QFT. The leading 1-loop result actually depends only on the free part of
the QFT, so in particular our results are also the complete answer when the dual QFT is
free. The field content of the dual theory includes gauge fields, massless fermions, massless
minimal and conformal scalars and thus the parameters that can appear in the results are
the number of species for each type of field. The bispectra could, a priori, depend on these
in a complicated way, but it turns out that we get instead (nearly) universal results that
are independent of all details of the dual QF T, within the class of the theories we consider.
Thus, these models make clean and precise predictions.

One can trace this universality to the specific form of the holographic map, the fact
that to leading order the QFT is free, symmetry considerations and properties of d = 3
theories. Let us explain this. Firstly, in three dimensions, vectors are dual to scalars so
one may anticipate that the contribution due to gauge fields (at 1-loop order) is equal to
that of the contribution due to mininal scalars, and we indeed find this to be the case.
Taking this into account, the answer could then depend on three parameters, the number
of conformal scalars, Ny, the number of fermions, Ny, and the total number of gauge fields
plus minimal scalars, ./\f( B)- The trace Ward identity of the dual QFT and the specific
form of the holographic formulae then imply that, in all correlators involving at least one
factor of ¢, the field content appears only as a multiplicative factor and is such that the
corresponding shape functions are completely independent of the field content.

Let us now turn to correlators involving only tensors: these are effectively determined
by the 3-point function of the stress tensor of a CFT. In three dimensions, this 3-point
function is parametrised by two constants, which in our case are related to the field con-
tent. Indeed, the shape corresponding to three positive helicity gravitons does depend
on the field content, but surprisingly the shape for two positive and one negative helicity
graviton is independent of the field content. This can be explained in part by the fact that
the (THTEHT()) correlator (at separated points) is actually uniquely fixed by confor-
mal invariance up to a single constant. We emphasize however that this by itself is not
sufficient to explain the independence of the corresponding shape function from the field
content, as the specific form of the semi-local terms (both in the holographic map and in
(THTEHTE)Y) s crucial for this to happen.

Our calculations carefully include all such semi-local contributions. In the holographic
formulae for the bispectra, these contributions appear as terms in the numerator that are
non-analytic in only one of the three momenta. Since the denominator of the holographic
formulae is however non-analytic in all three momenta, the net contribution of these semi-
local terms to the bispectra is in fact non-analytic in two of the three momenta. Semi-local
terms in the holographic formulae may thus contribute, for example, to ‘local’-type non-
Gaussianity behaving as 1/¢3¢3 + perms. Contributions of this nature therefore play a
crucial role in allowing different cosmological shapes to be distinguished.

To get a feeling for our results we also computed the corresponding slow-roll results
and compared them with the holographic results. Firstly, comparing the power spectra
one obtains a relation between the parameters N2, ./\/'( 4) and J\/'( p) of the QFT and the
parameters 2, H2 and e, of the slow-roll model. Comparing the 3-point functions, we
find that the 4(Y)3(H)45(=) correlators agree exactly, while the 4(H)4(H)3(+) correlators can
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be made to agree if one imposes that that the field content satisfies the relation 2N, =
Ny + Na + Ny. As explained in [7], these slow-roll correlators are constrained by the
late-time de Sitter isometries to satisfy conformal Ward identities, and thus at separated
points they should be expressible in terms of the 3-point functions of conformal scalars and
free fermions. Indeed, the linear combination found in v2 of [7] is the same as the one we
find (setting Ny = My = 0 in our relation). By taking into account the contribution from
semi-local terms, however, we are further able to correctly recover every individual term
appearing in the graviton bispectra.

There is no apparent reason for the remaining slow-roll and holographic correlators to
agree. Nevertheless we find rather similar results. To quantify the difference we used the
cosine orthogonality measure of [29] to obtain a first indication of the distinguishability of
the corresponding shapes. We find that the shapes for (¢4(®) are nearly indistinguishable,
while for ¢¥(H)4(+) the two shapes may be distinguished (as a consequence of differing
behaviour in the squeezed limit where the momentum associated with the ¢ goes to zero),
with the case of ¢§(1)4() lying in between.

All in all, we have a rather complete understanding of this class of models and their
phenomenology. There are still a few things to be understood better: what constrains
the semi-local contributions to the tensor correlators, and why are the holographic results
apparently close to slow-roll ones? One can presumably also understand the squeezed
limit of the correlators using Ward identities. On a whole, however, the structure of these
models is reasonably firmly understood. It would be interesting to arrive at a similar
level of understanding for the class holographic models that are based on deformations of
conformal field theories.
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A Helicity tensors

This appendix summarises our notation and conventions for helicity tensors and their
contractions. To facilitate the comparison of our results with those of [7], we also briefly
review the spinor helicity formalism of this latter work.

S
ii

We use helicity tensors e(j)(cf) satisfying the standard identities

_ 1 (s),2 (s = s) = (s = ss’
Hijkl(‘])ziez(j)(a)elg;l)(_a)v ez(j)((Dez(‘j)(_‘D:% - (A.1)
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where helicities s; take values =1 and our conventions for are those of [31] (see p. 233)). We
may go from a tensor basis to a helicity basis by contracting with 6( (7). Explicitly, the
trace and helicity components of the stress tensor T;; and the T;j tensor are defined by

T() = 6, T(0). 0 (g) = 3 (DT
Y(q1,G2) = 030k Yijr (1, G2), T (G, q2) = %&jeg)(_é)Tijkl(%, 72),
T2 (g, gp) = iﬁgl)( Q1)61(§Z2)( @) Vi (q1, 32). (A.2)
The various contractions of helicity tensors appearing in the main text are
01" (@) = mij (@)ei;” (~). 05 (@) = mij (@)ei;” (~).
602 (g;) = mg(q‘ e (e (@), 0 (@) = 6 (@) (< B),
O12)(q)) = 5 (—q) el (~@)efs” (~ ), (A3)

where the projection operator 7;; is given in (2.5).

We may explicitly evaluate these contractions in terms of the magnitudes ¢; of the
momenta and the helicities s; by introducing a basis for the helicity tensors. To do so,
we first observe that the momenta ¢; lie in a single plane due to momentum conservation.
Taking this plane to be the (z, z) plane, we may then write

¢ = Gi(sin®;, 0, cos 6;) (A.4)

where the magnitudes ¢; > 0, and without loss of generality we may choose 6; = 0,
0 <6y <mand <63 <2mso that

2 2 =2 by 2 =2 2 3
COSQQIM, sinfy = ——, cosegz(qQ?—{qS), sinfy = ———,
2q1G2 20142 2q1G3 2q1G3

(A.5)

with A as given in (4.2). The required helicity tensors then follow by rotation in the (z, z)

plane:
1 cos? 6; 1s;cosf; —sinb; cosb;
e(si)(cfi) = \ﬁ is; cos 0; -1 —is;sin 0; ) (A.6)
—sin@; cosB; —is; sin0; sin? 6;

The contractions of helicity tensors used in this paper are then

5\2 A2
Q(i) _i = - 79 @(i) _’i = - —o
)\2a A2
@(-H--i-) ) = — Y123 7 @(-H- ) ; 2,
(q ) 16f0123 (q ) 16[6123( al?)
9 (7) — afo5(a23 — q1)* 00+ (a) — (@13 — @)*(a12 — 33)°
(@) =—"gm— (@:) = = ,
8b34 8b34
a123(doz — 4 .
0t (g) = W [2qia123 (@23 — q1) — A%,
60123
ais — a19 — G _
ot (g) = @8 = @NT2 = B) [y gy @y, — g5) + 3], (A7)
16¢795
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Let us now discuss the spinor helicity formalism introduced in [7]. For any three-
dimensional vector ¢ we can consider a four-dimensional vector ¢* = (g, ) which satisfies
@"q, = 0. Therefore, g can be represented by spinors \, as Gt = Jga)\“j\d, where we use
the same conventions as in [7], namely

a al aa 01 a a =[a

reae ::<—10>’ o™y = (=0%,3™%),

A= —eap(A)", q} Gou = —2(12)(12),
(12) = Ao\ = € A9NS, (12) = Ma)s = €, AIN5. (A.8)

Here, 6" ab is a vector of Pauli matrices. The spinors A, and Ay, corresponding to the two
momenta ¢; and gz are denoted by |1) and |2), respectively. Spinor indices are raised and
lowered by means of €*® and its inverse.

To compare our results with those of [7], we need an explicit expression of the inner

products (12), etc., in terms of momenta. A possible solution for a spinor'? is

. _q/lq_—%z :\/6_< sin (36) ) (A.9)

_ 1 i}
T cos (2«9) e

where the second expression makes use of the spherical coordinates
¢ = q(sin 0 cos ¢, sin @ sin ¢, cos 0). (A.10)

Choosing momenta ¢; and g as in (A.4), and making use of (A.5), we find

. (1 1 /7 ~
(12) = =@ g2 sin (202> =5V (@ +®)?*-g (A.11)

In general the sign depends on the orientation of (qzl, (fg) Since we choose 0 < 0y < 7, the
orientation is assumed to be positive. Note in particular that (21) = —(12). Similarly, we

find
@E:%J%j@ig;, G®=—%<@+®P—ﬁ:um, (A.12)

in agreement with (B.6) of [7]. Combining these results we find

32
(3223 (D) = 1t = 5 =10 (@),
2
(2@ (BI)” = o — @) = 5 =0 @), (A.13)

which we have made use of in the main text.
In four dimensions, the complexified symmetry group is locally isomorphic to SL(2, C) x
SL(2,C), in which case dotted and undotted indices transform independently. In our case,

19We corrected signs in (B.1) in v2 of [7] so that ¢* = o}, \*\%.
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however, the symmetry group is that of rotations of three-dimensional space, which corre-
sponds to SL(2,C) — SL(2,C) x SL(2,C) embedded diagonally. An additional invariant
tensor therefore exists, which we may choose to be €%¢: this means that we are now allowed
to contract dotted with undotted indices. In particular,

(M) = Mg = —X*(XY)" = —XH(AH)" = 4, (A14)
motivating the following definition for complex conjugates
Ao = (5\('1)* _ _eda)\a7 2\ — ()\a)* _ _Eadj\(_l' (A15)

The helicity tensors used in [7] may now be defined as

s)abab s)ad .(s)bb

A = G G (A.16)

where . .
(+)aa _ )\(LAU, (—)aa _ )\CL)\(Z A 17

Contracting with Pauli matrices, we then find
0 0
() _ _—id cosbfcos¢p —ising () _ id cosfcos ¢+ isin ¢ ALS
Mp =€ cosfsing +icosd |’ bap’ =€ cos fsin ¢ — i cos ¢ (A-18)
—sin6 —sin6

Since the time components vanish, we may regard the §MP as three-dimensional vectors,

and if qugMP = 0 in four dimensions, then clearly (szMp = 0 in three dimensions as well.

(s)p

Let us now compare the vectors &y with those implicit in our own convention (A.6)

for the helicity tensors. In our case, we started with
£ (@) = (0,1,i5,0) for qf = (71,0,0,1), (A-19)
and then obtained all other £(®)#(7) by rotation in the (zz) plane. In this way, we find that

51(\/_[;2#((?) — e—i¢€(+)ll(_q:)7 ( )lt q—‘) _ €Z¢§ ( —> (AQO)
Our normalisation of helicity tensors is then such that

() _ 1 £)¢(s)

[
iJ \/ﬁ

thus we find

(@) = f e\t 1 (—)- (A.22)
Finally, we chose to define T0)(§) = (—9)T3;(q) (so that T;;(q) = T cf)em (q)), which
leads to

(q) = F MP(ﬁ) (A.23)

where [7] defines instead TMP (q) = 61\?{1‘? )T5(Q)-
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B Evaluation of integrals

To evaluate the holographic formulae (3.4)—(3.6) we must compute specific helicity projec-
tions of the stress tensor 3-point function. One option, discussed in section B.1 below, is
to project into a helicity basis at the very outset of the calculation, leaving only relatively
straightforward scalar integrals to evaluate. A second option, discussed in sections B.2
and B.3, is to directly evaluate the tensor integrals for the full 3-point function, project-
ing into a helicity basis only as the final step. While the evaluation of tensor integrals is
more demanding, the Ward identities permit a useful consistency check of the results. The
required evaluation of tensor integrals may be accomplished using either a method due to
Davydychev [32, 33], or else via a Feynman parametrisation approach, as discussed in sec-
tion B.2 and B.3 respectively. In practice, we computed integrals using all three methods
and cross-checked the results for each method against those of the others.

B.1 Helicity projection to scalar integrals

To illustrate the steps involved, let us consider the following integral derived from the
result (4.7) for minimal scalars

(s3)

) o [ @0+ @) @+ 01— 8) Y (~T)ad,
(T T @) Ty @) = N [l g e e, TR (B

Making use of the explicit basis (A.6), we find

\/§€§;3)(—53)(?in =
gf; cos® 03 + qf sin? 03 — q; — 22 sin 63 cos 03 + 2i53G,q; sin 03 — 2is3G, Gy, cosf3. (B.2)

Since the external vectors §; all lie in the (z,2) plane and thus have no y-component, the
imaginary part of the integral (B.1) is odd under g, — —@, and therefore vanishes. To deal
with the remainder, it is then convenient to replace q_g =g - cjg — @2 and to substitute for
q. and @, according to

_ 4 q _ 1 __ cotbs _

G, = ——, Qo =——"—7Gq B~ ——0q" 1. (B.3)
q1 3 sin 03 q1

Here, trigonometric expressions involving f3 are equivalent to specific combinations of
external momenta according to (A.5). Finally, using the standard replacements 2G - §; =
(@+ @)% — @ — @, etc., the integral (B.1) may be reduced to a sum of elementary 2-point
integrals and a single 3-point integral,

/ [dg] - ! ! (B.4)

Pa+a)q— ) 8:1pds

(Note that this latter integral reduces to a standard 2-point integral upon substituting
q'=q/q" and G} = G;/3})-

The evaluation of all remaining helicity-projected 3-point integrals proceeds in a sim-
ilar fashion, the only complexity arising from the need to keep track of moderately large
expressions.
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B.2 Tensor integrals via Davydychev recursion

An elegant general method for evaluating tensor Feynman integrals corresponding to arbi-
trary 1-loop N-point diagrams was proposed by Davydychev in [32, 33]. Here, we review
its application to the tensor integrals appearing in our calculations of the stress tensor
3-point function.

Our goal will therefore be to evaluate massless 1-loop 3-point integrals of the general
form

Tinepas (i {2i}) = / TG ?§+ ﬁ;;gﬁz(q‘mg)%’ (B5)
where, for reasons that will be apparent shortly, we have kept the spacetime dimension
n, as well as the powers v; (where ¢ = 1...3) appearing in the denominator, arbitrary.
We will temporarily denote spacetime indices with Greek letters to avoid confusion with
the index 7. Note also that our choice of Euclidean signature will result in a few minor
changes!! with respect to the corresponding formulae reported in [32, 33]. The symmetric
form of the momenta in the denominator is convenient; to recover the form of the momenta
in the denominator used in the main text one simply shifts g, — (¢ — p3), (see figure 4).

In [32], a general formula was derived allowing the tensor integral (B.5) to be expressed
as a sum of symmetric tensors constructed from the spacetime metric and the external
momenta, multiplied by coefficients given in terms of scalar integrals of the form

1
(7 +p1)?1(q + p2)*2(q + p3)*s

T(n: {v}) = / ang (B.6)

Explicitly, in Euclidean signature, this formula reads

N TY DY (—;)A (—1)% (2)s (v2)a (V)

™

ARy
2243 Ry=M

< {9 D)™ [2)"2 031" bps.cpuns T (0 + 2(M = N)s {wi + ki}),  (B.T)

where (v),, = I'(v + k) /T'(v) is the Pochhammer symbol and {[g]*[P1]% [P2]"2 [P3])"* } 1. jons
denotes the symmetric tensor constructed out of A copies of the metric tensor and x; copies
of each momenta p;. (Thus, for example, {gP1} i pops = G poPips + GpnpsPips + Guops Dl s
where for present purposes the metric tensor g,, = d,,.) In the formula (B.7), the sum
runs over all possible non-negative values of A and r;, such that the total rank 2X\ + >, &;
equals M. Note in particular that the values of n and v; appearing in the scalar coefficient
integrals differ from those appearing in the original tensor integral (B.5).

Equipped with the general formula (B.7), we may therefore reduce tensor integrals
of the form (B.5) to scalar integrals of the form (B.6). The evaluation scheme is then
completed by a set of recursion relations enabling the scalar integrals (B.6) to be reduced

1 Alternatively, one could use the Lorentzian formulae quoted in [32, 33] and continue to Euclidean
signature after completing all computations.
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q=p-h CRE q,=p-p

Figure 4. Labelling of momenta

to elementary integrals. In [33], it was shown that

; |:((21/1 + vy +v3 — n)(j%

2u3G5G;

+ (v + 1+ s —n)Gs — (2us + 11+ v2 — n)G3)J (n; {v1, v2, v3})

+ vy (n; {v1 — Lva + 1,v3}) + 1133 (n; {v1 + 1,v2 — 1, v3})

+ v3qid (n; {v1 — Lvo,v3 + 1}) — 11 @3 J (n; {v1 + 1, v, 3 — 1})

+v3@5 (n; {vi,ve — Lvg +1}) — 12g3J (s {v1, 10 + 1,03 — 1})]7 (B.8)

J(n; {v1, v, 3+ 1}) =

with similar formulae for J(n; {v1+1,v9,v3}) and J(n; {v1,v2+1,v3}) following by permu-
tation of indices. If we regard the indices (v1,v2,13) as coordinates on an integer lattice,
these recursion relations allow us to construct three integrals in the plane >, ; =0+ 1 in
terms of six contiguous integrals in the plane ) . ; = 0. Now, in general, we are interested
in the region v; > 0. Any integrals on the boundary of this region may be evaluated triv-
ially: if more than one of the v; vanish the integral is zero in dimensional regularisation,
and if only one of the v; vanishes, the integral reduces to the standard 2-point integral

L(v1 +v9 —n/2)['(n/2 — v1)['(n/2 — o) n/2

J(n; {v1,19,0}) = T(v1)T(v2)T(n — vy — 1)

@)y (BY)

The first non-trivial integral for which all the v; > 0 is therefore J(n;{1,1,1}), which sits
in the plane o = 3. From this integral, plus the appropriate ‘boundary’ integrals, we may
then use the recursion relations (B.8) to construct all the non-trivial integrals in the plane
o = 4, namely J(n;{1,1,2}) and its permutations. Through repeated application of the
recursion relations, we may proceed to evaluate any integral with positive integer {v;} in
terms of the initial integral J(n;{1,1,1}) and boundary integrals of the form (B.9).
Examining the form of (B.7), we see that to evaluate a tensor integral of rank M in
three dimensions, we need to evaluate the corresponding scalar integrals J(n;{v;}), and
hence initial integrals J(n;{1,1,1}), in all odd dimensions 3 < n < 3 + 2M. As noted
in the previous subsection, the initial integral in three dimensions may be evaluated by
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inverting all momenta yielding

3

01G2G3

J(3:{1,1,1}) = (B.10)

The higher odd-dimensional initial integrals may then be obtained using the additional
recursion relation

27 7211 (n/2) nm
Jn+2{1,1,1}) = "N (Ho_oHy — 2H
e+ 2L L) = O em, — m L T —1) Cosec<2>( n-2Hz = 2H)
(@) T (n: {1,1,1)|, (B.11)
where
Hy,=q1 + 43 + 3, (B.12)

which may be derived from (B.8) and the Euclidean analogue of equation (6) in [32].

Armed with the above analysis, the evaluation of tensor integrals of the form (B.5) is
now straightforward. For the computation of stress tensor 3-point functions in the main
text, we need to evaluate the six tensor integrals with v; = 1o = v3 = 1, n = 3 and ranks
M =1...6. For the lower ranks the calculation may easily be executed by hand, yielding
for example

_ du 1 _ _
55— = —(@0@u— 1Gu)
/[ ]QZ(q—CI1)2(Q+Q2)2 8a1236123( 24 ! 2“)

_ (LL@/ 1 _ _ — = N =
d = 1231230 + G2(@13 + 2
/[ ql 2(q— 71)2(7 + ) 16&%236123( 123C1230 + @2(a13 @) Q1020

+ q1(G23 + 231)Gopov — b12G1,4G20 ), (B.13)

but for the higher ranks it is convenient to automate the process. In the highest rank case
M = 6, we see from (B.7) we need to evaluate scalar integrals in planes up to o =9 (thus
requiring up to six iterations of the recursion relation (B.8)), for odd spacetime dimensions
up to n = 15. Having explicitly computed all tensor integrals up to rank six, any 3-point
function (75;(q1)Tki(G2)Tmn(g3)) may now be directly evaluated. After checking against
the Ward identities for consistency, the result may then be projected into the helicity basis.

B.3 Tensor integrals via Feynman parametrisation

In this third method, the correlation functions were again calculated directly in the tensor
representation (T3, ;, T, j,Tisj5)) and then projected into the helicity basis or traced. All
3-point functions we consider may be expressed as a sum of the integrals of the form

da 11112521373 ’ B.14
/[ UG- ara+ e o

where t;, ;47,1555 18 @ tensor build up with g, ¢1, g2 and a metric ¢. In order to calculate this

integral, Feynman parameters x1, x2, x3, such that r; + x2 + x3 = 1, may be introduced.
This leads to the substitution ¢ = I+ T2q1 — x1G2 and the integral takes the form

Foe b
d— 1171127J2373 _ 2/ dX/ dl 'L£JI’L2J27»3337 B15
/ [ q]qz(ci—ql)Q(ﬁ@)? [0,1]3 < (> +A)° (519
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where

dX = dmldx2d$35($1 + 29 + 23 — 1),
A = Gra(l — z9) + GBr1(1 — 21) +2(q1 - 2) 2172

= qiwows + Gr1as + Garas, (B.16)

and the integration is over the cube (z1,z2,73) € [0,1]>. Finally, we decompose the
integral (B.15) into a linear combination of integrals of the form

Ll
2/dXP(x1,x2,x3)/[d]W, (BAT)

where P(x1,z2, x3) is some polynomial in Feynman parameters. The integral over momenta
may be evaluated by means of the formula

il L T(3/2 =) Siviyimim xm—
2/ [l = - ((4/7T>3/2 ) Siajicimin Am—3/2, (B.18)

2m

where S;, j, i i 18 @ completely symmetric tensor constructed from metric tensors with all
coefficients equal to one. Due to the [ — —[ symmetry the integrals with an odd number
of momenta [ vanish.

The remaining task is to evaluate the integrals
/dXP($1,.TU2,$3)Am_3/2 (B.lg)

over the Feynman parameters. For d = 3, the r.h.s. of (B.18) is a well-defined expression
for any integer m, and (B.19) exists for any polynomial P and any non-negative m. It
turns out that in order to find all the integrals we need of the form (B.19), it is enough to
evaluate only one integral. This integral, coming from six I’s in the numerator of (B.17), is

T _ - _
/dXA3/2 == W [3&?23 - 9&%231)123 + 3&%236%23 + 3&?236123 + 3&123[)1236123 + 26%23] .
123
(B.20)
The remaining integrals we need may now be evaluated by the following tricks:

e Differentiating an integral with respect to @3 introduces Feynman parameters
r1x2, €.8.

)
dXzimaAY2 = — . /dXA3/2. B.21
/ i 335 0 (B:21)

Notice that this operation decreases the power of A by 1.
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e Integrals such as [ dXx%Al/2 cannot be obtained by the above method. In this case,
we may use the following formulae

b - ) [ dxartial
=@ -@FBn+k+1,k+1) - kq%/dxx?(xg — x) AR
b - ) [ dxap gt
2k —2 n,.m k—1
=q"'Bn+k+1,m+k+1) —kql/dXxle (x3 — x2)A

- m/dXx?fL‘gn_lAk, for m >0, (B.22)

with numbers k, m and n such that these expressions exist, and where B is Euler’s
beta function. For example, taking k = 3/2, m =0, n = 1 we find

=2
[axiar= 22
q3 — 45 128 Q2+ q3

(B.23)

i) _ )
[/deﬂlﬂfzﬁl/2 —/dXxlngl/Q} + T Bt PR3t

e Integrals with odd numbers of Feynman parameters may be obtained from the
integrals with even numbers of Feynman parameters by utilising the fact that
r1 4+ 22 + x3 = 1. For example,

/dXx1A1/2 = /dXJE%Al/Q +/dX:U1x2A1/2 +/dXx1x3A1/2, (B.24)

where the integrals on the r.h.s. may be found in previous points.

e [terating the trick described above we may find integrals with different powers of
A e.g.

T _
/dXA1/2 = ——5 [(_1:{)23 - 6_1123b123 - 5123] )

242,
/ dxA-Y2 = T / AXA-3/2 = 27 (B.25)
a123 C123

This method allows the exact tensor representation of any 3-point function we consider

in this paper to be calculated. However, since we are interested in the helicity representa-

tion, it can be significantly simplified. Any rank-six tensor t;, j i, j.i5j; built out of the metric

and two independent momenta may be represented as a sum of 499 simple tensors. In gen-

eral, the independent momenta may be different for different tensor indices: we choose to

use momenta ¢; and go for 41 and j; indices, ¢ and g3 for i9 and jo and g3, g1 for i3, j3. Due

to various symmetries and Ward identities on ¢, however, the number of independent ten-

sors is usually much smaller. If we consider a 3-point function (T4, p, Thyby Tasbs)) Projected
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onto the transverse-traceless part, we find only five independent coefficients, i.e.,

i, 51101 Wi jpanbs Wis sasbs €T as by Tasbs Tasbs) (B.26)
= I, j1a101 Wisjnasbo lisjsasbs {z‘h((ﬁ, B, G3) 0172 59203 5asb
+ Ax(q, (12,63)5“1b25“2b3q“3 5+ (14 3)+ (24 3)
+ As(q, @2, @3)0" 28" 2P G + (15 3) + (2 4 3)
+ Ad(@1, .9 >5a1“2q’5w§2<ﬁ3ql{3 + (14 3) + (2 3)
@)

_ b _b b
+ A5(q1, @2, G 21q21quq32q?3q13]

The coefficients A; may be easily expressed in terms of the coefficients of various tensors
appearing in (73, j, Ti,j. Tisj5)) - Specifically, we see that

A1(q1, @, G3) = 8- coefficient of §1725%2735%01
As(q1,G2,q3) = 8- coefficient of 5i1j25i2j3qi3q%17
As3(q1, G2, G3) = 2 - coefficient of §"17247172 *336{3
Ay(q1,G2,q3) = 4 - coefficient of 6172 quhq?q{{
As(q1, G2, q3) = coefficient of q%l q%ltj?qézq?q{i",

In other words, it is enough to calculate only five scalar integrals in order to evaluate the
five independent coefficients A;.

Finally, to obtain the result in the helicity basis we may contract (B.26) with helicity
tensors. Using the identities (A.1) and (A.3) one finds five contractions of helicity tensors
corresponding to the independent transverse-traceless tensors. These results were checked
by a simple computer algebra program which carried out a brute force calculation of all
499 coefficients in ((Tj, j, Ti,j, Tisjs)) before projecting the result into transverse-traceless
and helicity bases. (This procedure also enables checking against the Ward identities.)

Note this method also works if some indices are traced. In this case, the situation
is analogous to that for tensors of ranks two and four. Transverse-traceless tensors of
rank four have three independent coefficients, while those of rank two have only one. The
coefficient can be evaluated by the same method as described above.

C Contribution of ghosts and gauge-fixing terms

To evaluate the gauge field contribution to 3-point functions we must gauge-fix and intro-
duce ghost fields. This procedure generates a new contribution to the stress tensor that
depends on the gauge-fixing part of the Lagrangian. Here we show that this part does not
contribute to the 3-point functions. The general argument is based on the fact that the
full Lagrangian for the gauge field is

1
Syai = —5— [ & tr [ FLFL + 530], (C.1)
IyMm 4
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where O is a gauge-fixing part containing ghosts and dp is an infinitesimal BRST trans-
formation. The full stress tensor is therefore

f

where Tfjf is a BRST-exact operator. Since physical states correspond to the cohomology
of the BRST transformation, Iﬁ-f vanishes when acting on such states. Therefore, inside
any vacuum correlation function, Tl}(M can be replaced by Tz‘;‘

As this is a formal argument, we will also present now an explicit perturbative proof
that the gauge-fixing part does not contribute to any correlation functions. We work in
the R¢ gauge and to first order in g%M. The ghost part and gauge-fixing part of the action
may be written as

1 1
Se = ——5— d3ztr [6(31)2 + Af@iBI] , Sgh = —5— 3z tr [(91-5]81-0]]. (C.3)
9ym 2 9yMm

where ¢! and ¢! are the antighost and the ghost fields, and B! is the BRST auxiliary field.
All fields are in the adjoint representation and are regarded as traceless hermitian matrices.
The full Yang-Mills theory is given by the action

1 1
SvyM = % A3z tr [4FZI]FZ§] + S¢ + Sgn.- (C.4)
This leads to the following propagators
(B"(@)B’(-q)) =0, (B"(@Fij(-a) =0, (C.5)
and o
— (Al(@) B (—q)) = ((0:") (@) " (~q))) = 60T AL, (C.6)

q

Here, by (9;¢*)(g), we denote the Fourier transform of 9;¢'%(z).
The stress tensor and the Y tensor defined in (2.2) corresponding to each component
of the action is given by

1 1
T = —5—tr [Fiijk — 5ij4Flek:l] )
Iym
1 §
TS — ——tr [PijklAialBl + 5ij2(B])2] )
Iym
eh 1 _
T3 = —— tr [Pijr0kCoc]
Iym

1
TiA}kl =3 [5ijT,§} + PijleA + Qz‘jklmnTﬁn] 6(z —y),
1 §
ngjkl = 79%1\/[ tr |:—5i(k(5[)jA£n8mBI + 5ijA{kal)BI - 5i(k51)j§(BI)2 oz —y),

1
Tf}kl = tr [8;(101)jOme’ O’ — 65048 O] 6(z — y). (C.7)
YM
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where Qijiimn is defined in (4.36). The full stress tensor and T tensor is a sum

YM _ A 3 h
T;" =T + T + 15

YM _ A h
b Tijr = Yiju + T?jkl + - (C.8)

The mechanism for cancellation of ghost and gauge-fixing terms is very general. Let
us consider a set of general gauge-invariant operators F (@) of arbitrary tensor structure,
indexed by «, quadratic in field strengths F. Consider moreover gauge dependent terms
B and ghost terms C(® of the schematic form

B = e [410(B1] + 0[B! ©9)
Iym
1 A «
C@) = [aiafofi 1], (C.10)
Iym

where O?’(a) is linear in B, OB(@) ig quadratic in B! and OZC () i linear in ¢! , but are
otherwise operators of arbitrary tensor structure which may contain derivatives but no
other fields. We consider operators @@ = F(@ 4 B(@) 1 ¢(@) and their n-point function
in the Yang-Mills theory with the action (C.4). The stress tensor and the Y tensor are of
this form. We find

(W@ oMy = (FOF  Fr)y 4

+(BOF® Fo)y 4 (FOBA Fmy 4 (FOFR )
+(BUBAFO)  FMYy 4 perms

+ ...

+(BOYBZ By 4 (M@ e (C.11)

since there is no interaction between ghosts and any other fields at leading order in g%,M.
We will now show that all terms but the first one cancel.

To begin, we observe that all terms containing at least one F and at least one B vanish.
Indeed, when Wick’s theorem is applied, there must be at least one contraction between
F and B fields, or between B and another B field, which gives zero by (C.5).

Now consider the term with B operators only. When expanded, it has 2" terms, but
every term containing (B')2 must evaluate to zero as there must be at least one B-B
contraction. Therefore, only one term survives, namely

n NA, n A4 (n n
(BY .. g0y = (o (Agojl (”[Bh]) Ctr (A§nojn( (B! ])>. (C.12)
YM

The only non-vanishing way of contracting fields is to contract auxiliary fields with gauge
fields. This gives precisely the same possible contractions as in the ghost part, which is

n 1 1, AC, 1. AC(n
V. .cmy = (i (ajlchojl(”[ch]) ot (ajncfnojn< )[CI"])>. (C.13)
YM

It follows that if —OA?’(Q) = 0% for all a, then (C.12) and (C.13) cancel each other out,

)

due to (C.6) and the anti-commuting nature of ghost fields.
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In our case, and to this order in g%M, there are no gauge boson interactions and so the

TYMYMTYM

i Tinge Tia j3> we therefore find

gauge group G is effectively U(1)3™ &, For (

FO=Th,,, BY=T%,. C*=T5, (C.14)
and
R ©1)
for « = 1,2,3. For (T};% XM we have
1 A 1 1 h
FU = Tijkl» BY = Tfjkl’ ¢ = ngjkl’
and
AA(1 AC,(1
- ijk(l,1)n = Oz’jk(l,Zn = 5i(k5l)j8m - 5ij5m(kal)’

It follows that the contribution due to the gauge-fixing part of the action indeed cancels
out.

D Further Ward identities

D.1 Conformal Ward identities

The conformal Ward identities are given by

N 9 19
A —d—1 N
0=q 3@<W%>—(ZHJ)

(01(q1)02(32)O05(q3))),  (4,7=1,2,3)

(D.1)
0= mAa—@&m+§§baﬂ@xm+@m%>«nuumox@mw@m (D:2)
=

?4k%ﬁ?—w&m&+mwﬂmneﬁﬂwmmM@@mwm»

0= {i (=247 050 + qg-uc’)?)] (T3 j1 (@1)Tin o (32)O(d3)) (D.3)
2 [(00,008" = 0300 )0%) + (a1 0 buin 1) | (Tan (@) Toasa (@) O(@0))
2 (Biau8? — 822000,)002 + (a3 4 bz 5 12)] (Lo (@) Tt (@)O()),

0{f;Mﬁm@u+%ﬁﬁ4«nmmnnmmgnm@@» (D.4)

+ 2 [(&‘mai” — 821013,)67" + (a1 > by, iy 4> Jl)} (Tarb1 (01) Tz (32) Tz 55 (03))
2| (G087 = 0202 )0%% + (a3 by iz 4 o) | (Th1ju (0) Tagt (@) Thgs (@),

where O; is taken to have dimension A; and 0;, = 0/ 8q‘§f .
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D.2 Diffeomorphism Ward identity

The diffeomorphism Ward identity for 3-point functions may be evaluated by functionally
differentiating V¥(T;;(x))s = 0 twice with respect to the metric [14], yielding

0= 611<<T ( )Tkl(q2) mn(Q3)>> - 2(]1z<< Umn(ﬂﬁa QB)Tkl((b)» - 2@712' <<Tijkl((jlv QQ)Tmn((jB)»
= 2011 (T2 (@3) T (—3))) — 201 (m (T (2) Tkt (—G2))) — r1G2p (T (G3) Trnn(—G3)))
— Omn@3p(Tpj (2) T (—@2)) + @25 (Th1(@3) T (= 33))) + @35 {Lonn (@2) Tht (—G2) ). (D.5)

We explicitly checked that all our 3-point functions satisfy this identity. Note that our result
differs from that quoted in [14] due to a difference in the definition of the 3-point function:
here, we define the 3-point function by the insertion of three copies of the operator Tj;,
whereas in [14], the 3-point function is defined via functionally differentiating the generating
functional three times. These two definitions differ from each other by semi-local terms
(see the discussion around (3.11)).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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