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1 Introduction and Preliminaries

In the last decade, the answers of the following question has turned into one of the core
subjects of applied mathematics and nonlinear functional analysis. Is there a point x¢ in
a metric space (X, d) such that d(xy, Txo) = d(A, B) where A, B are non-empty subsets of a
metric space X and T : A — B is a non-self-mapping where d(A, B) = inf{d(x,y) :x € A,y €
B}? Here, the point xy € X is called the best proximity point. The object of best proximity
theory is to determine minimal conditions on the non-self-mapping 7 to guarantee the ex-
istence and uniqueness of a best proximal point. The setting of best proximity point theory
is richer and more general than the metric fixed point theory in two senses. First, usually
the mappings considered in fixed point theory are self-mappings, which is not necessary
in the theory of best proximity. Secondly, if one takes A = B in the above setting, the best
proximity point becomes a fixed point. It is well known that fixed point theory combines
various disciplines of mathematics, such as topology, operator theory, and geometry, to
show the existence of solutions of the equation Tx = x under proper conditions. On the
other hand, if T is not a self-mapping, the equation Tx = x could have no solutions and,
in this case, it is of basic interest to determine an element x that is in some sense closest
to Tx. One of the most interesting results in this direction is the following theorem due to
Fan [1].

Theorem F Let K be a non-empty compact convex subset of a normed space X and T :
K — X be a continuous non-self-mapping. Then there exists an x such that ||x — Tx|| =
d(K, Tx) = inf{|| Tx — u|| : u € K}.
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Many generalizations and extensions of this result have appeared in the literature (see
[2-6] and references therein).

In fact best proximity point theory has been studied to find necessary conditions such
that the minimization problem min,c4 d(x, Tx) has at least one solution. For more details
on this approach, we refer the reader to [7-13] and [5, 14-25].

One of the interesting generalizations of the Banach contraction principle which char-
acterizes the metric completeness is due to Suzuki [26, 27] (see also [28, 29]). Recently,
Abkar and Gabeleh [8] studied best proximity point results for Suzuki contractions. The
aim of this paper is to introduce modified Suzuki -y -proximal contractions and estab-
lish certain best proximity point theorems for such proximal contractions in metric spaces.
As an application, we deduce best proximity and fixed point results in partially ordered
metric spaces. The presented results generalize and improve various known results from
best proximity and fixed point theory. Moreover, some examples are given to illustrate the
usability of the obtained results.

We recollect some essential notations, required definitions and primary results to co-
herence with the literature. Suppose that A and B are two non-empty subsets of a metric
space (X, d). We define

d(a,B) := inf{d(a, b):be B}, acA,
Ap = {u € A:d(a,b) = d(A,B) for some b € B},
By := {b € B:d(a,b) = d(A,B) for some a € A}.

Under the assumption of Ay # {J, we say that the pair (4, B) has the P-property [20] if the
following condition holds:

d(xlxyl) = d(A:B):

d(xy,y,) = d(A, B), = dx,x) =d(y1,52)

for all x;,x, € A and 31,7, € B.

In 2012, Samet et al. [24] introduced the concepts of «-1-contractive and «-admissible
mappings and established various fixed point theorems for such mappings in complete
metric spaces.

Samet et al. [24] defined the notion of «-admissible mappings as follows.

Definition 1.1 Let T be a self-mapping on X and o : X x X — [0, +00) be a function. We
say that T is an o-admissible mapping if

xnyeX, axy)=>=1 = olx,Ty)>1

Salimi et al. [22] modified and generalized the notion of «-admissible mappings in the
following way.

Definition 1.2 [22] Let T be a self-mapping on X and o, : X x X — [0, +00) be two
functions. We say that T is an a-admissible mapping with respect to 7 if

x%y€X, Ol(x,)’) = n(xry) =  a(Tx, Ty) = U(Tx, T)’)

Note that if we take n(x, y) = 1, then this definition reduces to Definition 1.1.
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Definition 1.3 [14] A non-self-mapping T is called «-proximal admissible if

a(x,%2) > 1,
d(ulr Txl) = d(ArB): - Ol(Ml, MZ) Z 1
d(”z; sz) = d(A7 B);

for all w1, %9, 11, us € A, where v : A x A — [0, 00).

Clearly, if A = B, T is «-proximal admissible implies that T is o-admissible.
Recently Hussain et al. [4] generalized the notion of «-proximal admissible as follows.

Definition 1.4 Let T:A — Band «,n: A x A — [0,00) be functions. Then T is called
a-proximal admissible with respect to 7 if

o(x1,%2) > n(x1,%2),
d(ul’ Txl) = d(A)B); = a(ulr Mg) = 77(141: u2)
d(ub sz) = d(A,B);

for all x1,x,, 1, uy € A. Note that if we take n(x,y) =1 for all x,y € A, then this definition
reduces to Definition 1.3.

A function ¢ : [0, 00) — [0, 00) is called Bianchini-Grandolfi gauge function [17, 18, 30]
if the following conditions hold:
(i) ¢ is non-decreasing;
(ii) there exist ko € N and a € (0,1) and a convergent series of nonnegative terms
> %oy Vi such that

) < ayke) + v,

for k > ko and any t € R*.
In some sources, the Bianchini-Grandolfi gauge function is known as the (c)-comparison
function (see e.g. [31]). We denote by W the family of Bianchini-Grandolfi gauge functions.
The following lemma illustrates the properties of these functions.

Lemma 1.1 (See [31]) Ify € \V, then the following hold:
(i) (Y"(£))nen converges to 0 as n — oo for all t € R*;
(i) w(t) <t foranyt e (0,00);
(iii)  is continuous at 0;
(iv) the series > go, WX (t) converges for any t € R*.

2 Best proximity point results in metric spaces
We start this section with the following definition.

Definition 2.1 Suppose that A and B are two non-empty subsets of a metric space (X, d).
A non-self-mapping T': A — B is said to be modified Suzuki o-1-proximal contraction,
if

&' T < a@wydxy) = d(TxTy) < ¥ (dxy) (21)

for all x,y € A where d*(x,y) = d(x,y) —d(A,B), 2 : A x A — [0,00) and ¢ € V.
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The following is our first main result of this section.

Theorem 2.1 Suppose that A and B are two non-empty closed subsets of a complete metric
space (X,d) with Ay # 0. Let T : A — B be a modified Suzuki o--proximal contraction
satisfying the following conditions:
(i) T(Ao) S By and (A, B) satisfies the P-property;
(i) T is a-proximal admissible with respect to n(x,y) = 2;
(iii) the elements xq and x1 in Ay with

d(x1, Txo) = d(A, B) satisfy ou(xo,%1) > 2;

(iv) T is continuous.
Then T has a unique best proximity point.

Proof As Ay is non-empty and T(Aq) C By, there exist elements xy and x; in A such that
d(x1, Txo) = d(A, B) and by (iii) (%9, %1) > 2. Owing to the fact that T'(A¢) C By, there exists
x5 € Ap such that

d(.?Cg, Txl) = d(A,B)

Since T is a-proximal admissible, we have a(x;,%;) > 2. Again, by using the fact that
T(Ap) C By, there exists x3 € Ay such that

d(x3, Txy) = d(A, B).
So we conclude that

d(x2, Tx1) = d(A, B), d(xs, Tx) = d(A, B), a(x,x2) > 2.
As T is a-proximal admissible, we derive that a(xy,x3) > 2, that is,

d(xs, Tx,) = d(A, B), a(x,x3) > 2.
By repeating this process, we observe that

d(x,.1, Tx,) = d(A, B), a(xy,%,41) > 2 forallme NU{0}. (2.2)
By the triangle inequality, we have

AXn-1, Tan-1) < A, Xp1) + d(Kn Tan-1) = A%, %0-1) + d(A, B),
which implies

A" (%n-1, Thtn-1) < A, x0-1) < 2K %0-1) < & (K Xp-1)A(E X-1).

From (2.1), we derive that

d(Txn—ly Txn) < w(d(xn—lvxn))- (23)

Page 4 of 16
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Due the fact that the pair (A, B) has the P-property together with (2.2), we conclude that
d(Tx,_1, Tx,) = d(x,,%,.1) forallm e N.
Consequently, from (2.3), we obtain
Adx, Xp41) < W(d(xn_l,xn)) forall m e N. (2.4)
If %, = %Xpy+1 for some ny € N, then (2.2) implies that
AWKy Thny) = AKXy 11, Tany) = d(A, B),
that is, x,, is a best proximity point of 7. Hence, we assume that
d(x,41,%,) >0 forallme NU {0}. (2.5)

By using the fact that v is non-decreasing together with the assumption (2.1), inductively,
we conclude that

AdX, Xp41) < W”(d(xl,xo)) for all » € NU {0}.
Fix € > 0; there exists N € N such that

> " (d(xo,x1)) <€ forallmeN.

n>N

Let m,n € N with m > n > N. By the triangle inequality, we have

m-1 m-1
A 2) < dloixra1) < ) P (dlxo, 1) < Y ¥ (dlwo,x1)) <€
k=n k=n n>N

which yields lim,, ;- 100 (%, %,,,) = 0. Hence, {x,} is a Cauchy sequence. Since X is com-
plete, there is z € X such that x,, — z. By the continuity of T, we derive that Tk, — TZ as
n — oo. Hence, we get the desired result:

d(A,B) = lim d(x,,1, Tx,) = d(z, Tz).

We now show that T has a unique best proximity point. Suppose, on the contrary, that
¥,z € Ap are two best proximity points of T with y # z, that is,

d(y, Ty) = d(z, Tz) = d(A, B). (2.6)
By applying the P-property and (2.6) we get

d(y,z) = d(Ty, Tz). (2.7)
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Also from (2.6) we get
d*(y, Ty) = d(y, Ty) - d(A, B) = 0,
which implies that d*(y, Ty) = 0 < «(y,2)d(y,z). Applying (2.1), we have

d(Ty, Tz) < w(d(y, z)).

From (2.7) we deduce

d(y,2) < ¥ (d(y,2)) <d(y,2),
which is a contradiction. Hence, y = z. This completes the proof of the theorem. O

In the following theorem, we replace the continuity condition on Suzuki « - -proximal

contraction T by regularity of the space (X, d).

Theorem 2.2 Suppose that A and B are two non-empty closed subsets of a complete metric
space (X,d) with Ay # . Let T : A — B be a modified Suzuki o--proximal contraction
satisfying the following conditions:
(i) T(Ao) C By and (A, B) satisfies the P-property;
(i) T is a-proximal admissible with respect to n(x,y) = 2;
(iii) there exist elements xo and x1 in Ag with

d(x1, Txo) = d(A, B) satisfying o(xg,x1) > 2;

(iv) if {x,} is a sequence in A such that a(x,, %,41) > 2 and x, — x € A as n — 00, then
a(xy,x) > 2 forallneN.
Then T has a unique best proximity point.

Proof Following the lines of proof of Theorem 2.1, we obtain a Cauchy sequence {x,}
which converges to z € X. Suppose that the condition (iv) holds, that is, a(x,,z) > 2 for
all 7 € N. From (2.4) and (2.5) we obtain

d(xm xn+l) < d(xn—lx xn)
for all » € N. By using (2.2), we have

a* (xm Txn) = d(xm Txn) - d(A:B)
= d(xm xVH—l) + d(xnﬂ: Txn) - d(A:B) = d(xm xn+l) (28)

and

d*(x;ﬂl’ Txn+1) = d(anrlr Txn+1) - d(A’ B)
= d(Txm TxVH-l) + d(xn+lx Txn) - d(A’B)

= d(Txm Txn+1) = d(xn+17xn+2) < d(xn: xn+1)- (29)
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Hence, (2.8) and (2.9) imply that

d* (X Tx) + d* (%1, Thp1) < 2d (%0, %11).- (2.10)
We suppose that the inequalities

d*(xy,, Tx,) > a(xy,, 2)d(x,,2) > 2d(x,, 2)
and

d* (i1, Tona1) > (41, 2)A (X041, 2) = 2541, 2)

hold for some 7 € N. Then, by using (2.10) we can write

2d (X K1) < 2d(x4,2) + 2d(X11,2)

< d* (%, Ton) + d* (K> Totner) < 2d (X, K1),
a contradiction. Hence, for all n € N, we have either
a* (%, Txn) < 0(%, 2)d (%, 2),
or
a* (41, Txpi1) < (%41, 2)d (X041, 2).
Using (2.1), we obtain either
Ad(Txy, T2) < (d(x4,2)),
or
A(Tx a1, T2) < V¥ (d (%11, 2)).
If we take the limit as # — +00 in each of these inequalities, we have
Tx, — 1z or Tx,,1 — 1z asn— oQ.

Consequently, there exists a subsequence {x,,} of {x,} such that Tx, — Tz as x, — z.
Therefore,

d(A,B) = klim AXp 1, Txn, ) = d(z, T2).
—00
The uniqueness of best proximity point follows as in the proof of Theorem 2.1. d

Example 2.1 Let X = R and d(x, y) = |x — y| be a usual metric on X. Suppose A = (o0, -1]
and B = [5/4, +00). Define T: A — B by

1 —x+ |x+3|lx +4le™™, ifxe (—o00,-2),
X =
—1x+1, ifx € [-2,-1].
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Also, define o : X2 — [0, 00) by

4, ifx,ye[-2,-1],
alx,y) = .
0, otherwise
and ¥ : [0,00) — [0,00) by ¥ (t) = %t. Clearly, d(A, B) = 9/4. Now we have:

Ay = {x €A:d(x,y)=d(A,B)=9/4 for some y € B} ={-1},
By = {y € B:d(x,y) =d(A,B) = 9/4 for some x € A} ={5/4}.
Also, T(Ap) € By and clearly, the pair (A4, B) has the P-property. Suppose
o (x1,%) > 1,
d(ul, Txl) = d(A,B) = 9/4;
d(uz, TJC2) = d(A,B) =9/4,
then
X1,%2 € [_21 _111
d(uy, Txy) = 9/4,
d(uy, Txy) = 9/4.
Note that Tw € [5/4,3/2] for all w € [-2,-1]. Hence, u; = uy = -1, i.e., a(uy, u) > 2. That
is, T is a a-proximal admissible mapping with respect to n(x,y) = 2. Also, assume that

o (x,,%,41) > 2 for all # € NU {0} and x,, — x as # — 00. Then {x,,} C [-2,-1] and hence
x € [-2,-1]. That is, a(x,,x) > 2 for all n e NU {0}. If x,y € [-1,-2], then

d(T6 T9) = =] = el = ¥ (dlx.).
Otherwise, a(x,y) = 0. That is, %d* (%, Tx) > a(x, y)d(x, y) = 0. Hence,

d'(x, Tx) < alx,y)d(xy) = d(Tx, Ty) < ¥(d(x,)).
All conditions of Theorem 2.2 hold for this example and there is a unique best proximity
point z = -1 such that d(-1, T(-1)) = d(A, B). Note that in this example the contractive

condition of Theorems 3.1 and 3.2 of Jleli and Samet [14] is not satisfied and so these are

not applicable here. Indeed, if, x = =2 and y = -1, then we have
1
aGQkaKTGQLTGD):4x:1:1>U2=w@ﬂ—Z—D)

The following results are nice consequences of Theorem 2.2.

Theorem 2.3 Let A and B be non-empty closed subsets of a complete metric space (X, d)
such that Ao is non-empty. Assume T : A — B is a non-self-mapping satisfying the following
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assertions:
(i) T(Ao) S By and (A, B) satisfies the P-property;
(i) for a function § : [0,1) — (0,1/2], there exists r € [0,1) such that

3(r)d*(x, Tx) < d(x,y) implies d(Tx, Ty) < l/f(d(x,y)) (2.11)

for x,y € A where d*(x,y) = d(x,y) — d(A, B) and € V.
Then T has a unique best proximity point.

Proof First, we fix r and define o, : A x A — [0,00) by o, (x,y) = ﬁ for all x,y € A. Since

ﬁr) > 2 for all r € [0,1), o, (w,v) > 2 for all w,v € A. Now, since o,(w,v) is constant and

a,(w,v) = 2 for all w,v € A, T is an «,-proximal admissible mapping with respect to

n(x,y) = 2 and hence conditions (ii)-(iv) of Theorem 2.2 hold. Furthermore, if
d*(x, Tx) < (%, y)d(x, ),

then
3(r)d*(x, Tx) < d(x,y)

and so by (2.11) we deduce d(Tx, Ty) < ¥ (d(x,7)). Hence all conditions of Theorem 2.2
hold and T has a unique best proximity point. g

If we take v/ (£) = rt in Theorem 2.3, where 0 < r < 1, then we obtain the following result.

Corollary 2.1 Let A and B be non-empty closed subsets of a complete metric space (X, d)
such that Ao is non-empty. Assume T : A — B is a non-self-mapping satisfying the following
assertions:

(i) T(Ao) S By and (A, B) satisfies the P-property;

(ii) for a function § :[0,1) — (0,1/2], there exists r € [0,1) such that

8(r)d*(x, Tx) < d(x,y) implies d(Tx, Ty) <rd(x,y) (2.12)

forx,y € A.

Then T has a unique best proximity point.

Corollary 2.2 Let A and B be non-empty closed subsets of a complete metric space (X, d)
such that Ay is non-empty. Assume T : A — B is a non-self-mapping satisfying the following
assertions:

(i) T(Ao) S By and (A, B) satisfies the P-property;

(i) define a non-increasing function 6 : [0,1) — (1/2,1] by

1 ifo<r<(/5-1)/2,
0(r)=qA-rr? if(5-1)/2<r<2712, (2.13)
A+t 22 <r<l.
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Assume that there exists r € [0,1) such that
1
Ee(r)d*(x, Tx) <d(x,y) implies d(Tx, Ty) <rd(x,y)
for x,y € A where d*(x,y) = d(x,y) — d(A, B).
Then T has a unique best proximity point.

Proof If we take §(r) = %Q(r) in Corollary 2.1, we obtain the required result. a
If we take &(r) =

form.

ﬁ in Corollary 2.1, we obtain the main result of [8] in the following

Corollary 2.3 Let A and B be non-empty closed subsets of a complete metric space (X, d)
such that Ao is non-empty. Assume T : A — B is a non-self-mapping satisfying the following
assertions:

(i) T(Ao) C Bo and (A, B) satisfies the P-property;

(ii) define a non-increasing function g :[0,1) — (1/2,1] by

B(r) (2.14)

T2+

Assume that there exists r € [0,1) such that
B(r)d*(x, Tx) < d(x,y) implies d(Tx, Ty) < rd(x,y)

forx,y e A.
Then T has a unique best proximity point.

If we take 8(r) = % in Corollary 2.1 we have following result.

Corollary 2.4 Let A and B be non-empty closed subsets of a complete metric space (X, d)
such that A is non-empty. Assume T : A — B is a non-self mapping satisfying the following
assertions:

(i) T(Ao) S By and (A, B) satisfies the P-property;

(i)

1
Ed*(x, Tx) <d(x,y) = d(Ix, Ty) <rd(x,y)

forall x,y € A.
Then T has a unique best proximity point.

3 Best proximity point results in partially ordered metric spaces

Fixed point theorems for monotone operators in ordered metric spaces are widely inves-
tigated and have found various applications in differential and integral equations (see [2,
9, 32] and references therein). The existence of best proximity and fixed point results in
partially ordered metric spaces has been considered recently by many authors [4, 7, 21,
33, 34]. The aim of this section is to deduce some best proximity and fixed point results
in the context of partially ordered metric spaces. Moreover, we obtain certain recent fixed
point results as corollaries in partially ordered metric spaces.
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Definition 3.1 [21] A mapping T : A — B is said to be proximally order-preserving if and

only if it satisfies the condition

X1 X X2,
d(uh Txl) = d(A,B)’ = Uy Uy
d(MZ’ sz) = d(A’B);

for all xy, %9, 11, uy € A.

Clearly, if B = A, then the proximally order-preserving map 7' : A — A reduces to a non-

decreasing map.

Theorem 3.1 Let A and B be two non-empty closed subsets of a partially ordered complete
metric space (X,d, <) with Ag # V). Suppose that T : A — B is a non-self-mapping satisfying
the following conditions:

(i) T(Ao) S By and (A, B) satisfies the P-property;

(i) T is proximally order-preserving;

(iii) there exist elements xq and x; in Ao with
d(x1, Txo) = d(A, B) satisfying xo < x1;

(iv) T is continuous;

W)
T Sdy) = d(Ts D) <Y (d)

forall x,y € A with x <y where d*(x,y) = d(x,y) —d(A,B) and € V.
Then T has a unique best proximity point.

Proof Define o : A x A — [0, +00) by

2, ifx=xy,
0, otherwise.

Now we prove that T is a «-proximal admissible mapping with respect to n(x, y) = 2. For

this, assume

a(x,y) > 2,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).

So
x =Y,

d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).


http://www.fixedpointtheoryandapplications.com/content/2014/1/10

Hussain et al. Fixed Point Theory and Applications 2014, 2014:10 Page 12 of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/10

Now, since T is proximally order-preserving, # < v. Thus, a(u,v) > 2. Furthermore, by
(iii) the elements xy and x; in Ag with

d(x1, Txo) = d(A, B) satisfy a(x9,%1) > 2.

Let d*(x, Tx) < a(x,y)d(x,y). Then for all x,y € A with x < y, we have a(x,y) > 2, and
hence

1
Ed*(x, Tx) < d(x,y).

From (v) we get d(Tx, Ty) < ¥(d(x,y)). That is, T is a modified Suzuki -1 -proximal con-
traction. Thus all conditions of Theorem 2.1 hold and T has a unique best proximity
point. |

Corollary 3.1 Let A and B be two non-empty closed subsets of a partially ordered complete
metric space (X, d, <) with Ao # (). Suppose that T : A — B be a non-self-mapping satisfying
the following conditions:
(i) T(Ao) C By and (A, B) satisfies the P-property;
(i) T is proximally ordered-preserving;
(iii) there exist elements xo and x, in Ay with

d(x1, Txo) = d(A, B) satisfying xo < x1;

(iv) T is continuous;

w)
%d*(x, Tx) <d(x,y) = d(Tx, Ty) < r(d(x,y))

forall x,y € A with x < y where d*(x,y) = d(x,y) —d(A,B) and 0 <r < 1.
Then T has a unique best proximity point.

Theorem 3.2 Suppose that A and B are two non-empty closed subsets of partially ordered
complete metric space (X, d, <) with Ag #9. Let T : A — B be a non-self mapping satisfying
the following conditions:

(i) T(Ao) S By and (A, B) satisfies the P-property;

(ii) T is proximally order-preserving,

(iii) the elements xo and x1 in Ay with
d(x1, Txo) = d(A, B) satisfy xo < x3;

(iv) if {x,} is a non-decreasing sequence in A such that x, — x € A as n — 0o, then
Xy <xforallneN;

)
) Sdey) = d(Tn D) <Y (dlx) (3.1)

forall x,y € A with x <y where d*(x,y) = d(x,y) —d(A,B) and € ¥.
Then T has a unique best proximity point.
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Proof Defining « : X x X — [0,00) as in the proof of Theorem 3.1, we find that 7 is an
a-proximal admissible mapping with respect to n(x,y) = 2 and is modified Suzuki «-1/-
proximal contraction. Assume «(x,,x,1) > 2 for all n € N such that x, - x as n — oo.
Then x, < x,,1 for all n € N. Hence, by (iv) we get x,, < x for all » € N and so a(x,,x) > 1
for all # € N. That is, all conditions of Theorem 2.2 hold and 7" has a unique best proximity
point. |

Corollary 3.2 Suppose that A and B are two non-empty closed subsets of partially ordered
complete metric space (X, d, <) with Ao #9.Let T : A — B be a non-self-mapping satisfying
the following conditions:
(i) T(Ao) C By and (A, B) satisfies the P-property;
(i) T is proximally ordered-preserving;
(iii) there exist elements xo and x, in Ay with

d(x1, Txo) = d(A, B) satisfying xo < x1;

(iv) if {%4} is a non-decreasing sequence in A such that x, — x € A as n — 00, then
xy <x forallneN;

v)
%d*(x, Tx) <d(x,y) = d(Ix,Ty) < r(d(x,y)) (3.2)

forall x,y € A with x <y where d*(x,y) = d(x,y) —d(A,B) and 0 <r < 1.
Then T has a unique best proximity point.

4 Applications
As an application of our results, we deduce new fixed point results for Suzuki-type con-
tractions in the set up of metric and partially ordered metric spaces.

If we take A = B = X in Theorems 2.1 and 2.2, then we deduce the following result.

Theorem 4.1 Let (X,d) be a complete metric space and T : X — X be an a-admissible
mapping with respect to n(x,y) = 2 such that

dx, Tx) < alx,))d(x,y) = d(Tx, Ty) < ¥ (d(x,))

forall x,y € X where \ € V. Also suppose that the following assertions holds:
(i) there exists xo € X such that a(xg, Tx) > 2;
(ii) either T is continuous or if {x,} is a sequence in X such that o(x,,%,41) > 2 and
Xy —> x € X as n — 00, then a(x,,x) > 2 for all n e N.
Then T has a unique fixed point.

If we take v (¢) = k¢ in Theorem 4.1, where 0 < k < 1, then we conclude to the following
theorem.

Theorem 4.2 Let (X,d) ba a complete metric space and let T : X — X be an a-admissible
mapping with respect to n(x,y) = 2 such that

dlx, Tx) < a(x,y)d(x,y) = d(Tx, Ty) < kd(x,y)
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forall x,y € X where k € [0,1). Also suppose that the following assertions hold:
(i) there exists xy € X such that a(xg, Txg) > 2;
(ii) either T is continuous or if {x,} is a sequence in X such that o(x,,%,41) > 2 and
%y — x € X as n — 00, then a(x,,%) > 2 for all n € N.

Then T has a unique fixed point.

As a consequence of Theorem 4.2, by taking «(x,y) = 2/6(r), we derive the following

theorem.

Theorem 4.3 Let (X,d) be a complete metric space and T be a self-mapping on X. Define
a non-increasing function 6 : [0,1) — (1/2,1] by

1 ifo<r<5-1)/2,
O(r)=31-rr? if(v5-1)/2<r<272, 4.1)
P+t 22 <r<l.

Assume that there exists r € [0,1) such that
1
EQ(V)d(x, Tx) <d(x,y) implies d(Tx, Ty) < rd(x,y) (4.2)

forallx,y € X. Then T has a unique fixed point.

Furthermore, if we take A = B = X in Theorems 3.1 and 3.2, then we deduce the following

results.

Theorem 4.4 Suppose that (X,d, <) is a partially ordered complete metric space and T :
X — X is a mapping satisfying the following conditions:
(i) T is non-decreasing;
(ii) there exists xy in X such that xg < Txo;
(iii) T is continuous;

(iv)
ST <dey) = ATy Ty) <y (dxy) (4.3)

forall x,y € X with x <y where € V.
Then T has a unique fixed point.

Theorem 4.5 Suppose that (X,d, <) is a partially ordered complete metric space and let
T : X — X be a mapping satisfying the following conditions:
(i) T is non-decreasing;
(ii) there exists xqo in X such that xq < Txo;
(ili) if {x,} is a non-increasing sequence in X such that x, — x € X as n — oo, then

Xy <xforallneN;

Page 14 of 16
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(iv)

%d(x, Tx) <dx,y) = d(Ix,Ty) < 1/f(d(x,y)) (4.4)

forall x,y € X with x <y where € W.

Then T has a unique fixed point.
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