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1 Introduction

In this paper, we are concerned with the existence and uniqueness of weighted Stepanov-
like pseudo-almost automorphic mild solutions for the following semilinear fractional dif-
ferential equations:

DY x(t) = Ax(¢) + D! 'F(t,%(t)), teR, (1)
wherel<a <2,
A:DA)CX—>X

is alinear densely defined operator of sectorial type of w < 0 on a complex Banach space X,
and

F:RxX—X

is an appropriate function. The fractional derivative is understood in the Riemann-
Liouville sense.

The almost periodic function was introduced seminally by Bochner in 1927 [1]. It plays
an important role in describing the phenomena that are similar to the periodic oscillations
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Table 1 Historical development of almost periodicity

Function Original reference
Almost periodic (AP) Bochner [1]
Asymptotic almost periodic (AAP) Fréchet [16]
Pseudo almost periodic (PAP) Zhang [17]
Weighted pseudo-almost periodic (WPAP) Diagana [18]
Stepanov-like almost periodic (SPAP) Stepanov [19, 20]
Stepanov-like pseudo-almost periodic (SPPAP) Diagana [21]

Weighted Stepanov-like pseudo-almost periodic (SPWPAP)  Diagana et al. [22]

which can be observed frequently in many fields, such as celestial mechanics, nonlinear
vibration, electromagnetic theory, plasma physics, engineering, ecosphere, and so on [2—
4]. In mathematics, the almost periodic functions are closely connected with harmonic
analysis, differential equations, dynamical systems, and so on [5], they are the generaliza-
tion of continuous periodic and quasi-periodic functions. In the last several decades, the
basic theories on the almost periodic functions have been well developed [5-7], and been
applied successfully to the investigation of almost periodic dynamics produced by many
different kinds of differential equations [8—15], and they have been some of the most at-
tractive topics in the qualitative theory of differential equations for nearly century because
of their significance and applications in areas such as physics, mathematical biology, con-
trol theory, and other related fields. As a result, several concepts were introduced as gen-
eralizations or restrictions of almost periodicity, such as asymptotic almost periodicity,
pseudo-almost periodicity, weighted pseudo-almost periodicity, Stepanov-like almost pe-
riodic, Stepanov-like pseudo-almost periodic and weighted Stepanov-like pseudo-almost
periodic (see, for example, [16—22]; see Table 1 and the references cited therein for more
details).

In the earlier 1960s, Bochner introduced the concept of almost automorphic function
[23-26] in relation to some aspects of differential geometry. The notion of almost auto-
morphic function was introduced to avoid some assumptions of uniform convergence that
arise when using almost periodic function, it is an important generalization of the classical
almost periodic function. From that time the theory of almost automorphic function has
been studied by numerous authors, and it also has become one of the most attractive topics
in the qualitative theory of differential equations because of its significance and applica-
tions. Meanwhile, stimulated by [23-26], many interesting generalizations of the almost
automorphic function have been introduced, including asymptotic almost automorphy
by N'Guérékata [27], pseudo-almost automorphy by Xiao et al. [28], weighted pseudo-
almost automorphy by Blot et al. [29], Stepanov-like almost automorphy by Casarino [30],
Stepanov-like pseudo-almost automorphy by Diagana [31] and weighted Stepanov-like
pseudo-almost automorphy by Xia and Fan [32]. The generalizations of almost automor-
phy follow closely a historical development very similar to that of almost periodicity and
more and more general types of almost automorphy are developed (see Table 2 and the
references cited therein for more details). The relationship between the various types of
almost periodicity and almost automorphy is depicted in Figure 1.

In recent years, the theory of almost automorphy and its various extensions have at-
tracted a great deal of attention of many mathematicians due to their significance and
applications in physics, mathematical biology, control theory, and so on. The existence,
uniqueness, and stability of almost automorphic solution have been one of the most at-
tractive topics in the context of various kinds of abstract differential equations [33, 34],
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Table 2 Historical development of almost automorphy

Function Original reference
Almost automorphic (AA) Bochner [23]
Asymptotic almost automorphic (AAA) N'Guérékata [27]
Pseudo almost automorphic (PAA) Xiao et al. [28]
Weighted pseudo-almost automorphic (WPAA) Blot [29]
Stepanov-like almost automorphic (SPAA) Casarino [30]
Stepanov-like pseudo-almost automorphic (SPPAA) Diagana [31]

Weighted Stepanov-like pseudo-almost automorphic (SPWPAA)  Xia and Fan [32]

AP ————»AAPp — PAP ——>WPAP

NN

SPAP » SPPAP —— > SPWPAP
SPAA = SPPAA —»§PWPAA

v/ Y v.” v

AA ———AAA ———pAA — = WPAA

Figure 1 Relationship between almost periodic, automorphic functions, and their extensions, where
‘=’ denotes the subset relation ‘C’.

partial differential equations [35, 36], functional differential equations [37, 38], integro-
differential equations [39] and general dynamic systems [40]. For more on these studies
and related issues, we refer the reader to the references cited therein. In connection with
differential equations, the great importance from both the applied and the theoretical
point of view of the existence of periodic solutions is well known. However, either be-
cause models are only an approximation of reality or due to numerical errors, in practice
it is impossible to verify whether a solution is exactly periodic. The concept of Stepanov-
like almost automorphic function allows relaxing some assumptions to obtain solutions
that have properties similar to those of a periodic function. Meanwhile, the applications
of the new theory for these generalized functions, especially the Stepanov-like almost au-
tomorphic function, to various types of linear, semilinear as well as nonlinear differential
equations were studied extensively (see, e.g., [29, 31, 41-53] and references therein).

In recent years, fractional differential equations have gained considerable interest due
to their applications in various fields of science such as physics, mechanics, chemistry
engineering efc. Significant development has been made in ordinary and partial differen-
tial equations involving fractional derivatives, we only enumerate here the monographs of
Kilbas et al. [54, 55], Diethelm [56], Hilfer [57], Podlubny [58] and the papers of Agarwal
et al. [59, 60], Benchohra et al. [61, 62], El-Borai [63], Lakshmikantham et al. [64—67],
Mophou et al. [68-71], N'Guérékata [72], and the references therein.

Meanwhile due to their applications in fields of science where characteristics of anoma-
lous diffusion are presented, type (1) equations are attracting increasing interest (cf. [73—
75] and references therein). For example, anomalous diffusion in fractals [74] or in macroe-
conomics [76] has been recently well studied in the setting of fractional Cauchy problems
like (1). While the study of almost automorphic mild solutions to (1) in the borderline
case a = 1 was well studied in [77, 78]. In [79] Cuevas and Lizama considered (1) when
1< <2and A is a linear operator of sectorial negative type on a complex Banach space,
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under suitable conditions on F, the authors proved the existence and uniqueness of an al-
most automorphic mild solution to (1). Cuevas et al. [80] and [81] study, respectively, the
pseudo-almost periodic and pseudo-almost periodic of class infinity mild solutions to (1)
assuming that F: R x X — X is a pseudo-almost periodic and pseudo-almost periodic of
class infinity functions satisfying some appropriate conditions in x € X. See also [82, 83]
where the S-asymptotically w-periodic solutions to (1) are studied. Recently, Agarwal et
al. [84] studied the existence and uniqueness of a weighted pseudo-almost periodic mild
solution to (1), and Cao et al. [85] studied the existence of anti-periodic mild solutions
to (1).

From Figure 1, we know that the weighted Stepanov-like pseudo-almost automorphic
function is the most widely used function of the almost periodic type functions, and to
the best of our knowledge, the existence of weighted Stepanov-like pseudo-almost au-
tomorphic mild solutions for the semilinear fractional differential equation (1) is a sub-
ject that has not been treated in the literature. Our purpose in this paper is to establish
some results concerning the existence and uniqueness of weighted Stepanov-like pseudo-
almost automorphic mild solutions for equations that can be modeled in the form (1).
Upon making some appropriate assumptions, some sufficient conditions for the existence
and uniqueness of weighted Stepanov-like pseudo-almost automorphic mild solutions to
(1) are given. In particular, as application, and to illustrate our main results, we will exam-
ine some sufficient conditions for the existence and uniqueness of weighted Stepanov-like
pseudo-almost automorphic mild solutions to the fractional relaxation-oscillation equa-

tion given by

9 u(t,x) = afu(t,x) —pu(t,x) + Bf“lF(t, u(t,x)), teR,xe0,7],
with boundary conditions

ut,0)=u(t,m)=0, tek,

where F satisfies some additional conditions.

The rest of this paper is organized as follows. In Section 2 we recall some concepts and
prove some preliminary results. The section that follows contains the main results of this
paper with four existence and uniqueness theorems. In the last section, we prove the exis-
tence and uniqueness of weighted Stepanov-like pseudo-almost automorphic mild solu-
tions for a fractional relaxation-oscillation equation as an example to illustrate our main

results.

2 Preliminaries

We begin this section by giving some notations. Throughout this paper, let p € [1, 00), de-
note by N, Z and R the set of positive integers, the set of integers and the set of real num-
bers, respectively. Let (X, || - 1), (Y, || - | y) be two Banach spaces. Let BC(R, X) (respectively,

BC(R x Y, X)) denote the space of bounded continuous functions with supremum norm

4]0 = sup{ |x(®)] : £ € R}
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(respectively, the space of jointly bounded continuous functions). By L(Y, X) we denote the
Banach space of all bounded linear operators from Y to X. If Y = X, it is simply denoted
by L(X).

Now, let us recall some basic definitions and results on almost automorphic functions.

Definition 2.1 (Bochner [1]) A continuous function f : R — X is said to be almost au-

tomorphic if for every sequence of real numbers {s},}°°,, one can extract a subsequence

{s,}5°; such that
g(t) = lim f(t +sy),
n— 00
is well defined in t € R, and
lim g(t —s,) =f(¢),
n—0oQ

foreach t € R.
Denote by AA(R, X) the set of all such functions.

Definition 2.2 [1] A continuous function
fRxY—>X

is said to be almost automorphic if (¢, x) is almost automorphic in ¢ € R uniformly for all
x € K, where K is any bounded subset of Y.
Denote by AA(R x Y, X) the set of all such functions.

Remark2.1 The function g in Definition 2.1 is measurable but not necessarily continuous.
Moreover, if g is continuous, then f is uniformly continuous (cf,, e.g., [86], Theorem 2.6). If
the convergence in Definition 2.1 is uniform in ¢ € R, then f is almost periodic. A classical
example of almost automorphic function (not almost periodic) is (cf. [45, 46])

1
(t):sin< ), teR.
S 2+cost+cos«/§t

Next, let us recall some definitions and basic results on Stepanov-like almost automor-
phic functions (for more details, see [87]).

Definition 2.3 The Bochner transform
fts), teR,selo1],

of a function f : R — X is defined by
SP(t,8):=f( +5).

Definition 2.4 Let p € [1,00). The space BSP(R, X) of all Stepanov bounded functions,
with the exponent p, consists of all measurable functions f : R — X such that

e L®(R,17([0,1], X)).
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This is a Banach space with the norm

t+1 }9
Wl = U =500 [ Wl )’

Definition 2.5 The space SPAA(R,X) of Stepanov-like almost automorphic functions
consists of all f € BS(RR, X) such that

P € AA(R,17([0,1],X)).

That is, a function f € L} (R,X) is said to be Stepanov-like almost automorphic if its

Bochner transform
fP:R—17([0,1],X)

is almost automorphic in the sense that for every sequence of real numbers {s,}7°;, there

exist a subsequence {s,},°; and a function g € Lfoc (R, X) such that

|:/1|[f(t+s+s,,)—g(t+s)||pds]p — 0,
0

and

1 :
[/ ||g(t+s—s,,)—f(t+s)||pdsi| -0,
0
asn— oo forall t € R.

Definition 2.6 A function
fRxY—>X, (tx)—f(tx)
with
f(x) el (R,X)

loc

for each x € Y is said to be Stepanov-like almost automorphicin ¢ € R uniformly forx € Y,
if t - f(¢,x) is Stepanov-like almost automorphic for each x € Y. That is, for every se-

quence of real numbers {s,}7°,, there exist a subsequence {s,}7°; and a function

g(’x) € Lp

loc

(R, X)

such that

L 1
|:/ |[f(t+s+s,,,x)—g(t+s,x)||pds:|p -0,
0
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and

! pr
[/ ||g(t+5—5mx)—f(t+s,x)||pds] -0,
0

asn—ooforallte Randx €Y.
Denote by SPAA(R x Y, X) the set of all such functions.

Remark 2.2 1t is clear that, if x : R — X is an almost automorphic function, then x is a
Stepanov-like almost automorphic function, that is,

AAR,X) C SPAAR, X).

Let U be the set of all functions p : R — [0, 00) which are positive and locally integrable
over R. For a given r > 0 and each p € U, set

m(r, p) := / p(x)dx,

r

and the notation U, stands for the set of weight functions
Uy = {,o e U: lim m(r,p) = oo}.
r—0o0
For p € Uy, define the weighted ergodic space
1 r
PAA(R, X, p) := {¢ € BC(R,X): lim —/ @) o) de = o},
r=co m(r,p) J_,

PAA R x Y, X, p)

= {(p € C(R x Y,X):¢(-,x) is bounded for each x € Y and

1
lim
r—~o0 m(r, p)

/ ||<p(t, x) || p(t) d¢ = 0 uniformly in compact subset of Y}.

Definition 2.7 [32] Let p € U.. A continuous function
feBSP(R,X)

is said to be weighted Stepanov-like pseudo-almost automorphic (or weighted S”-pseudo-
almost automorphic) if it can be decomposed as

f=g+9¢
where

gESPAAR,X), ¢ € PAA(R,L7([0,1],X),p).
In other words, a function

fel’ (R X)

loc
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is said to be weighted Stepanov-like pseudo-almost automorphic relatively to the weight
o € Uy, if its Bochner transform

fP:R— I7([0,1],X)

is weighted pseudo-almost automorphic in the sense that there exist two functions g, ¢ :
R — X such that

f=g+0
where
&' €AAR,X), ¢ e PAA(R,L7([0,1],X),p).
We denote by S WPAA(R, X) the set of all such functions.
Definition 2.8 [32] Let p € U. A function
fRxY—>X, (tx)—f(tx)
with
fGx) eLl (R,X)

for each x € Y is said to be weighted Stepanov-like pseudo-almost automorphic (or S”-
weighted pseudo-almost automorphic) if it can be expressed as

f=g+¢
where
geSPAAR x Y,X),  ¢ePAA(R x Y,I7([0,1],X), p).
We denote by S WPAA(R x Y, X) the set of all such functions.

Now we give some lemmas for weighted Stepanov-like pseudo-almost automorphic

functions.
Lemma 2.1 [32] Let p € Uy.. Assume that
PAAO (R;Lp ([O’ 1])X)7 10)

is translation invariant. Then the decomposition of a SP-weighted pseudo-almost automor-

phic function is unique.

Lemma 2.2 [32] STWPAA(R, X, p) C SPWPAA(R, X, p) forl <p<q<+00.
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Lemma 2.3 [32] Assume that
fhfo € PWPAAR, X, p), p € Ux.

Then
(i) fi+f> € PWPAA(R, X, p).
(i) Af € SPWPAAR, X, p) for any 1 € R.
(ii}) If

m(T +|t|, p)

. pt+1) 41
1msSsu an 1msSsu
el o) T (T, p)

are finite for T € R, then

F(t—1) € PWPAAR, X, p).

Page 9 of 36

Lemma 2.4 [32] Let p € Uy. The space S* WPAA(R, X, p) equipped with the norm || - || s

is a Banach space.
Lemma 2.5 [32] Assume that p € Uy,
f=g+9peSPWPAAR x X, X, p)
with
& € AAR x X,I7([0,1],X)), ¢ € PAAy(R x X,I7([0,1], X)),

and:
(i) There exist constants L, Ly > 0 such that

IfE&x) -fEp| <Lels—yl, g0 -gt.n)| < Lellx-yll, xyeX,teR.

(ii) 7=+ e PWPAA(R,X, p) with
o’ € AA(R,I7([0,1], X)), ¢ € PAAy(R,17([0,1],X)),
and
K={o(0):teR}

is compact in X.
Then

f(~, h(-)) e SPWPAA(R, X, p).
Lemma 2.6 [32] Assume that p € Uy,

f=g+¢eSPWPAAR x X, X, p)
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with
g € AAR x X,IF([0,1], X)), ¢ € PAAy(R x X,L*([0,1], X)),

and:
(i) There exist nonnegative functions

Ly, L, € S'AA(R,R)
with

re max{p, %}
such that
lf&x)-f @] <Lr@le=yl,  |et.x)-gtp)| < Le@)llx-yl, xyeX,teR.

(i) h=a+p e SPWPAAR,X, p) with

o’ € AA(R,L7([0,11, X)), ¢ € PAA((R,L7([0,1],X)),

and

K ={a(t): teR}

is compact in X.

Then there exists q € (1, p) such that
f(5h()) € PWPAAR, X, p).
Now we give a lemma.

Lemma 2.7 Let {x,(t)},cn be a sequence of Stepanov-like pseudo-almost automorphic

functions such that

/1||x,,(t+s)—x(t+s)des—> 0, (2)
0
as n— oo foreach t € R, then
x € SPAA(R, X).
Proof For any i € N fixed, since

x;(t) € SPAA(R, X),
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for every sequence of real numbers {s) },,cn, there exist a subsequence {s, } ey and a func-

tion y; € Lﬁ)C(R,X ) such that
1 :
|:/ ||xi(t +8,+8) —yi(t+s) ||p ds:| — 0, (3)
0
1 5
|:/ ||yi(t — Sy +8) —x;(t+5) ||p ds] — 0, (4)
0

as n — oo for all £ € R. On the other hand, from (2), one can easily deduce that {x,,(£)},cn
is a Cauchy sequence with respect to || - ||s». Observe that, for each ¢ € R, the sequence y;

is also a Cauchy sequence in Lf, (R, X). Indeed, if we write

Yi(t) — y; (&) = yi(t) — it + 5,) + it +5,) — i (t +5,) + %5 + 5,) — ¥;(8),

then for a sufficiently large #, one gets

: ;
|:/O |yi(t +5) =yt +9)||” ds:|

1
< [/ (||yi(t+s) —x,'(t+s+s,,)|| + ||xi(t+s+s,,) —x}-(t+s+s,,)||
0

1

+ it + s +50) =yt +9)])” ds}p

1
< 3|:/0 (|lyit +5) =it + s+ 8|7 + ||t + 5+ 50) =5t + 5 +5)||”

+ ||xj(t +5+58,) -yt +5) Hp) ds:|p.

By (2), (3), and (4), the sequence of y; is a Cauchy sequence in Lﬁ)C(R,X).
p

Using the completeness of L; (R, X), we denote by y(¢) the pointwise limit of y;(£). Now

let us prove that
x(t) € SPAA(R, X).

Note that the inequality below holds for any index i and any ¢ € R,

1 :
|:/ ||x(t+s+sn)—y(t+s)||pds:|
0

1
< [/ (| + s+ 84) —x:(E + 5+,
0

+ it + 5+ 50) —yiE +5)| + [|yilt +5) -yt +9)])” ds]p

1
< 3|:/ (||x(t+s+s,,) —x,'(t+s+s,,)||p + ||x,»(t+s+s,,) —yi(t+s)||p
0

1
p

+ it +5) =yt +5)|7) ds]
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So, from (2) and the fact that y(¢) is the pointwise limit of y,(¢), for any sufficiently small

& > 0 there exists a sufficiently large i, such that for each t € R,

1 » gp
/0||xi(t+s+s,,)—y,~(t+s)|| ds<3p+1,

1 P
/0 ”x(t+s+s,,)—xi(t+s+sy,)||pds< 3;1.

Now for this sufficiently large i, from (3) and (4), there exists a sufficient N such that for

any 7 > N one has

Sp
3p+l°

1
/0 ||y,»(t+s) —y(t+s)||pds<

Thus

: ;
|:/ ||x(t+s+s,,)—y(t+s)||pds] <e, forn>N,
0

which implies

1 :
|:/ ||x(t+s +5,) —y(t+s)des] — 0,
0

as n — 0o pointwise on R. One can use the same steps to prove that

1 }
|:/0 ||y(t+s—sy,)—x(t+s)||pds:| — 0,

as n — oo pointwise on R. That is,
x(t) € SPAAR, X).

The proof is finished. d

We need some basic definitions and properties of the fractional calculus theory which

are used further in this paper.

Definition 2.9 [54] The fractional Riemann-Liouville integral of order o > 0 with the

lower limit ¢, for a function f is defined as

I°f(¢) = ﬁ/k (t—s)""f(s)ds, t>tg,a>0,

provided the right-hand side is pointwise defined on [ty, 00), where I is the Gamma func-

tion.
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Definition 2.10 [54] The Riemann-Liouville derivative of order o > 0 with the lower limit
tp for a function f : [£y, 00) — R can be written as

o 1 dn ‘ -
th(t)zm@/to(t—s) 'f(s)ds, t>ty,n—1l<a<n.

Remark 2.3 The first and maybe the most important property of the Riemann-Liouville
fractional derivative is that, for ¢ > ty and « > 0, one has

DY (I°f () =f(®),

which means that the Riemann-Liouville fractional differentiation operator is a left inverse
to the Riemann-Liouville fractional integration operator of the same order «.

In the following, we give the definitions of sectorial linear operators and their associated
solution operators.

Recall that a closed and linear operator A is said to be sectorial of type w and angle 6 if
there exist

0<9<%, M>0, weR,

such that its resolvent exists outside the sector

w+Sy:={w+r:1eC,

arg(—k)| < 9},
and

[EE

, AEw+Sy.
n— ol @

Sectorial operators are well studied in the literature, usually for the case w = 0. For a recent
reference including several examples and properties we refer the reader to [88]. Note that
an operator A is sectorial of type w if and only if wI — A is sectorial of type 0.

Definition 2.11 [89] Let A be a closed and linear operator with domain D(A) defined on
a Banach space X. We call A is the generator of a solution operator if there are w € R and
a strongly continuous function

Sy :RY — L(X)
such that

{k“ :Rel > w} C p(A)
and

o0
A“’l(k“ —A)flx = / eMS,(Hxdt, Rek>w,xeX.
0

In this case, S, () is called the solution operator generated by A.
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We note that if A is sectorial of type o with

o
0595%(1——),
2

then A is the generator of a solution operator given by

1 —Atqo—1(qa -1
= A A —A A,
Se () 2711'_/]/6 ( ) d (5)

where y is a suitable path lying outside the sector o + £y (cf [88]).
Very recently, Cuesta in [89], Theorem 1, has proved that if A is a sectorial operator of
type w < 0 for some M > 0 and

o
0§9<n(1——),
2

then there exists C > 0 such that

CM
1+ |’

S(®) HL(X) = (6)

for ¢ > 0. In the border case « = 1, this is analogous to saying that A is the generator of
an exponentially stable Cy-semigroup. The main difference is that in the case o > 1 the
solution family S, () decays like £7*. Cuesta’s result proves that S, (¢) is, in fact, integrable.

Now we give another lemma.

Lemma 2.8 Assume that (6) is true. Given a function
F(t) e SSWPAA(R, X).

Let

[®F](¢) := /t Sq(t —s)F(s)ds.

o0

Then [®F](t) is weighted Stepanov-like pseudo-almost automorphic.

Proof Firstly, note that

[e¢] 1 —é
f ds @ forl<a<2. 7)
0

1+ |wls® asinZ

By condition (6), one has
/ Su(o —8)F(s)ds

1L
e

T
d(f]

T
da]

/00 Se(T)F(o —1)dt
0
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1
t+1 00 1 )4 » »
§CM[/ / <7) ”F(O’—T)” dtda]
t 0 1+ |w|z?
00 1 p }7
< CM||F||s / Tr o dr
0 +|wlT?

o0 1 2
< CM|Flly ( | from dr)
o l+|olt

1

1
w o |P
=CM”F”SP|: ] .

asinZ
o

Thus, ® is well defined and ®F is bounded. On the other hand, for any ¢,/ € R,

P

t+1
(/ [[®F)(o + h) - [®F](0)|” do)
t+1 o+h o
/ / S (o +h—s)F(s)ds—/ Su(o —$)F(s)ds
N
do)
Y
da)
[ee] 1 4 P%
ECMHF(t+h)—F(t)”Sp</O [W] df)

< CM||E(t+ h) _F(t)||sp</0°° 1 dfy

1+ |w|T¥

N
da)

t+1 o
f / Sa(o—s)[F(s+h)—F(s)]ds

00

/Hl /ooSa(r)[F(o —17+h)—F(o - r)] dr
t 0

_L
W aJr

= CM[asing] |E@+h) - F©)| g

which shows that ®F is continuous. Since
F € SWPAAR, X),
there exist
G e SPAA(R,X) and @ € PAA((R,L7([0,1],X), p),

such that F = G + ®. So

t

x(t):ft Sa(t—U)F(G)dG=/t Sa(t—a)G(o)do+f Se(t=0)P(0)do

o0 —00 —00

We only need to verify

21(t) € SPAA(R,X),  Ealt) € PAA(R, X, p).
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First we prove that
E1(t) € SPAAR, X).

Let {s],}men be a sequence of real numbers. Since
G e PAAR, X),

there exist a subsequence {s,,}men of {s/,}men and a function G such that

1 7
|:/ H Gt +s,+5)—G(t+ s)Hp ds] — 0, (8)
0

1 :
|:/ || Gt —s,; +5)— Gt +5) ||p dS:| — 0, 9)
0

as m — 0o pointwise on R for each x € X. Let

[®G](¢) := f t Syt —5)G(s)ds.

o0

Thus

(/IH[QG]()HS +8,) — [OG](t +5) ||p ds)p
0

y )

ft Sy (o )G(t+s+sm—o)da—ft S,(0)G(t +s—0)do

o0 o0
PN\
ds)

S (a) (t+s+sm—a)—G(t+s—a)]da

1

( ||S o)”||G(t+s+sm—<7)—G(t+s—cr)||da) ds>p

IA

1

IA

1

IA

»
|:1+ |a)|o"‘:| ||G(t+s+sm—a)—G(t+s—o)||pdads>p
0

(// ||S (G)”p”Gt+s+sm—J)—G(t+s—o)||Pdads>

|:1+|w|aa:| / ||G(t+5+5m—U)—G(t+s—o)desda>

1
or CcrMp 1 ) 1
=< / _ /HG(t+s+sm—o)—G(t+s—o)||pdsdo p.
o |1+]|wlo® |/

From (7), (8), and (9), obviously, the last inequality goes to 0 as m — oo pointwise on R.
Similarly one can prove that

1 ;
U [[@GI(£+ 5~ 5m) [dJG](t+s)des] -0,
0
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as m — oo pointwise on R. Thus we conclude that

[PG] € SPAA(R, X).

In the following, we prove that

EZ(t) € PAAO(R’X’ /0)

To complete the proof, consider for each n=1,2,..., the integrals

0,(0) = /

t-n+1

Sa(t —0)®(0)do,

for each t € R. Note that

t—-n+l

0,(t) = /

Syt —0)P(0)do = /n Sy (0)®(t-0)do,
n-1

and by using the Holder inequality, one gets

[CH] P

I /\

I /\

IA

<

= CM||®|ls»

t+1 },
sup(/ ||® (r)”pdr)
sup(f ||® (t+s)||pds>
sup / ||® (t+s)||pds>

sup
teR

r o\
)
( Su(@) [ (¢ +5— a)”dcr) ds>"

1
[ sl ot +s-olf doas)’

S(cr (t+s—o)do
[([ 5.
[

sup
teR

sup

[1+| } /||Cl>t+s— ¥k dsda)
teR wlo

1

p
su ®|12, do
ten‘i( [1+|w|a“} 1@ls )

1 7 \»
CMH(DHspf — | do
o1l 1+ |w|o®

1
1+ |w|(n-1)~

il
(F11
(
u(
(
([

_CMI@ly 1

lw|  (n-1)*"

A= ()

Page 17 of 36
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From 1 < « < 2, it follows that

CM||®|5 = 1
< 00,
|l ;(n—l)“

one can deduce from the well-known Weierstrass test that the series

is convergent in the sense of the norm || - ||s» uniformly on R. Now let

o0
A(t):=) " ©,(t), foreachteR.

n=2

Observe that

t
A(t):f Sy(t—0)G(0)do, foreachteR.

o]

Clearly, for any ¢,/ € R,

(/M | A +1) - A@)| da)p

t+1 o+h o
= </ / So(o +h—s)<I>(s)ds—f Se(o —s)D(s)ds
Y
do)
N
da>
00 p %7
§CM||d>(t+h)—d>(t)||S,,</0 [7“ Iiolr“] dt)

5CM||CI>(t+h)—d>(t)||Sp</Ooo#drys

N
da)

/Hl fa Sy (o —s)[CD(s +h) - CD(s)] ds

o0

t+1 00
/ f Su(t)[fb(a—r+h)—d>((r—r)]dr
t 0

1+ |w|T¥

el LR

o

=OM[,
o sin
which shows that A is continuous. So, we only need to show that

1
lim
T—co m(T, p)

T
/HA@M@&:Q
-T

In fact, one has

t-n+l
[0, = [ Su(t - 0)(0) do

—n

t—n+1
<[ lsue-ol|e@)] do

t-n
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t—-n+1 CM
: /t ooy 12 do

t—n+l CM q % tenil }7
< (/t_n [m] ) (/t_n ”CI)(g)”de')
CM t-n+l 117
< e, 1ol e)
CM 1 t-n+l 1%
<t ([, leele)

where g = p/(p —1). Then

1 T
m(T, p) '/7TH®n(t)||p(t)dt

CM 1 t—n+1 P%
= ol (-1 m(T p)J- (/ Hd>(<f>H”da> p()dt,

and hence

©,(t) € PAAY(R, X, p)
since

® € PAA (R, 17([0,1],X), p).

From
®n(t) S PAA()(R,X,/))
and
s [ vl
CM 1
= Tol -7 m(T, p)/ wie) - Z@) (&) | o(e) de
CM 1
< ol (n—1% m(T, p)/ [©n@)] o) e
it follows that

W(t) € PAAY(R, X, p).
Therefore,
x(t) € S'PWPAA(R, X).

The proof is now complete. d
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3 Stepanov-like almost automorphic mild solutions

Let 1 < o < 2. We first consider the linear version for (1), that is
Dx(t) = Ax(t) + DY'F(t), teR. (10)

Observe that (10) can be viewed as the limiting equation for the equation

_ t (t _ S)a—Z

Y (t) = i mAy(s) +F(t), t>0,9(0)=x€X, (11)

in the sense that the solutions x(£) of (10) and y(¢) of (11) are asymptotic to each other as

t — oo. In fact, if we assume that A is sectorial of type @ with

o
0§9<n<1——),
2

then (11) is well posed (cf [88]) and the variation of parameters formula allows us to write
the solution of (11) as

y(t) = S (H)xo + /tSa(t —$8)F(s)ds, t>0,
0

where the family of operators S, (¢) is given by (5). On the other hand, if S, (¢) is integrable,
then the solution of (10) is given by

x(t) = /t Sq(t —s)F(s)ds. (12)

oe]

Hence
o0
¥(6) — 2(6) = Su (00 - / Su()F(t - 5)ds,
t
which shows that
y(t) —x(t) > 0, ast— oo
whenever F € L?(R*, X) for some p € [1, +00).

From Cuesta’s result, it follows that S,(¢) is integrable. Thus the above considerations

motivate the following definition.

Definition 3.1 A function x: R — X is said to be a mild solution to (10) if the function
s —> Syt —38)F(s)

is integrable on (—00, t) for each ¢ € R and

x(t):/t Su(t—0)F(o)do.

oe]
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Similarly, a function x : R — X is said to be a mild solution to (1) if the function
s— Syt - S)F(S,x(s))

is integrable on (—00, £) for each t € R and

x(t):ft Sa(t—U)F(a,x(a)) do.

o0

To study the existence and uniqueness of weighted Stepanov-like pseudo-almost auto-
morphic mild solutions to (1), we first consider the existence and uniqueness of weighted
Stepanov-like pseudo-almost automorphic mild solutions to the linear fractional differ-
ential equation (10) with 1 <« < 2,

A:DA)CX—> X

is a linear densely defined operator of sectorial type of w < 0 on a complex Banach space
X and

F:R—>X
is a weighted Stepanov-like pseudo-almost automorphic function. The fractional deriva-

tive is understood in the Riemann-Liouville sense.
The following are the main results for the linear fractional differential equations (10).

Theorem 3.1 Assume that A is sectorial of type @ < 0. Then (10) admits a weighted

Stepanov-like pseudo-almost automorphic mild solution.

Proof Since
F e SWPAARR, X),
there exist
G e SPAA(R,X) and @ € PAA((R,L7([0,1],X), p),

such that F = G + ®. So

x(t) = /t Syt —0)F(o)do

oe]

/t Sa(t—a)G(o)do+/t Syt —0)®(0)do

o0 —00

E1(2) + Eo(2).

We only need to verify

21(t) € SPAA(R, X),  Ealt) € PAA(R, X, p).
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First we prove that
E1(2) € SPAAR, X).

Consider for each n =1,2,..., the integrals

Y, (8) = /t " So(t—0)G(o)do,

—n

for each t € R. Note that

t-n+l n
Y, (t) =/ Se(t—0)G(o)do =/ Sy (0)G(t-0o)do,
t n-1

—Nn

and by using the Holder inequality, one gets

@l = sool [l )
_ ( ||T(t+s)||pds>
_ ( ||T(t+s)||pds>
b\
= sup( Se(0)G(t+s5s—0)do s)
teR
<s (/( IS, (a)”HG(t+s—a)”da) ds)”
<s (// [Su@) |Gt +5-0 )deods>p
<sn([[ [\ [iz5ae] I rs-olaoe)
‘fﬁﬂ%’( [1+|w|o“]  leers-o de0>
~ n CM p » é
Tk (fnl[l + |w|o“] 1€l d”)
n 1 P é
- MGl (/“[1 + |w|o“] d")
1
< CMIGlly (s
CcMIGly 1

lw|  (m-1)*"
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From 1 < « < 2, it follows that

Z (I’l 1)a o0,

CMllGllsp
a)

one can deduce from the well-known Weierstrass test that the series

> Tl
n=2

is convergent in the sense of the norm || - ||s» uniformly on R. Now let

o]

() := Z Y,.(t), foreachteR.
n=2
Observe that

Se(t—0)G(o)do, foreachtelR.

-

Clearly, for any ¢,/ € R,

(/ | + 1) ||pda)l

Se(o +h—5)G(s)ds — /

—00

[

Sy (o

—-8)G(s)ds

/Hl /o+h

( t —00

/t+l
t

/t+1
t

o P }7
/ dcr)
—00

/OOSa(r)[G(U —-1t+h)-G(o - ‘L')] dr
0

Sqlo — S)[G(s +h) - G(s)] ds

Y
do)

b\
do)

o0 1 p 117
<CM|G(t+h) - G(t)||5,g(/0 [m] d’)

1
——drt
1+ |w|t¥

®| g

§CM||G(t+h)—G(t)||Sp(/O

1
=CM [
o sin

which shows that ® is continuous.

] |G+ -G

Now let us show that each
T, € SPAAR, X).
Indeed, let {s],},uen be a sequence of real numbers. Since

G e SPAA(R, X),
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there exist a subsequence {s,,}men of {s],}mern and a function G such that

1 ;
U ||G(t+sn+s)—G(t+s)||pds] o,
0

1

1 p
|:/ ||G(t—sn+s)—G(t+s)||Pds:| — 0,
0

as m — 0o pointwise on R. Moreover, if we let

Y. (t) = /n S4(0)G(t —0)do,
n-1

one has

1

(/Olﬂxn(t+s + Sp) — K2 +s)||pds>1;
-(f
Yy

B
“)

/so,(o)G(t+s+sm—a)do—f Sy(0)G(t +s—0)do
n-1 n-1

Y
o)

1
0
1 N
/(/ [Su(@)[|GlE +5+ 50 —0) =Gt +5-0 )||da) ds)
0

/n Se(@)[G(t+5+5m—0) -Gt +s-0)]do
n-1

IA

(// ”S o)||P”Gt+s+sm o) - G(t+s—a)deods)p
(// |:1+|a)|c7°‘] HG(t+S+sm—o)—G(t+s—a)||pdods>ﬁ
n-1
1 '
:(/ [lflj%:r/ ||G(t+s+sm—a)—G(t+s—a)||Pdsda) )
n-1 0

Obviously, the last inequality goes to 0 as 1 — oo pointwise on R. Similarly one can prove
that

L ’
|:/o [Tt +5=s0) = Yult +5)|” ds:| — 0,
as m — oo pointwise on R. Thus we conclude that each
T, € SPAA(R, X)
and consequently their uniform limit
D(t) € SPAAR, X),

by using Lemma 2.7.
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In the following, we prove that
Ez(t) € PAAO(vav p)

To complete the proof, consider for each n=1,2,..., the integrals

t—n+1
0.0 [ S.(t-0)0(0)do,
t-n
for each t € R. Note that

O,(t) = fHM Syt —0)P(0)do = /n Sy (0)®(t-0)do.
t n-1

-n

By carrying out similar arguments as above, we know that ®,(¢) is bounded and continu-

ous, and

> o)
n=2

is uniformly convergent on R. Let
W(t):= Z ®,(), foreachteR,
n=2

then

t
() = / Se(t—0)®(c)do, foreachteR.

—00
It is obvious that W(¢) is bounded and continuous. So, we only need to show that

1
lim
T—oo m(T, p)

T
/T”\I—’(t)”p(t) dt=0.

In fact, one has

/t_mlSa(t—a)CD(U)do

—n

Jo.0] - |

t—n+1
< [ sae-) o] do

t—n+l CM
= / el 12l 4

t—n+1 CM q 1 fenl ) }a

([ [mesr)) ([ 1e@rra)
CM t—n+l , P%
fm(/t )] da)

CM 1 t—-n+1 }7
SW(”-D“(/F,, ”CD(U)”pdG) )

Y
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where g = p/(p —1). Then

1 T
(T, p) /TH@n(t)llp(t)dt
< % 1 1

= ol (1=1)* m(T,p)

and hence

0,(2) e PAAYR, X, p)
since

® € PAAo (R, L7([0,11,X), p).
From

0,(t) € PAAYR, X, p)
and

1 T
el MG

- CM 1 1
- |w| (n_l)a WI(T,,O)

I

cM 1 1
|| (n—1)* m(T, p)

N
W(e) =)0,
n=2

N

3

n=2

it follows that
W(t) € PAAYR, X, p).
Therefore,

x(t) € SPWPAA(R, X).

T
/ 1,00 £(0)
-T

Page 26 of 36

T t-n+l },
/T</ |®@)]|” do> o(t)dt,

o(t)de

dt,

In view of the above, it follows that x(¢) is the bounded weighted Stepanov-like pseudo-

almost automorphic mild solution to (10). The proof is now complete.

O

Now we investigate the Stepanov-like almost automorphic mild solutions to the nonlin-

ear fractional differential equation (1), the following are the main results.

Theorem 3.2 Assume that A is sectorial of type w < 0 and p € Uy Let

F=G+®eSWPAAR x X, X, p)
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with

G’ € AA(R x X,I7([0,1],X)), @ € PAAo(R x X,17([0,1], X)),
and there exist nonnegative functions

Lp,Lg € SAAR,R)

with

such that

|E@ %) = F@tp)| < Le@)llx - yll, (13)

”G(t,x)—G(t»)’)” fLG(t)”x_y”: x,yGX,tGR, (14)
where
Le(t) € IP(R).

Then (1) admits a unique weighed Stepanov-like pseudo-almost automorphic mild solution.

Proof Define the operator I' on SY WPAA(R, X) by

Cx(t) = /.t Sa(t —0)F(0,%(c)) do.

(o ¢]

From Lemma 2.6, it follows that
F()=F(,x()) € S’ WPAA(R, X).

From the function

1
1+ |w|tY

being integrable on R* (« > 1) and the proof of Lemma 2.7, one can easily see that I'x
is well defined and continuous. Then by using the proof of Theorem 3.1 with the above
Lemma 2.8, one has

Tx € SPWPAA(R, X)

whenever

x € SPWPAA(R, X).

Page 27 of 36
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Thus I maps SP WPAA(R, X) into itself. It suffices now to show that this operator I' has a
unique fixed point in S” WPAA(R, X). For this, let x, y be in S» WPAA(R, X) and define

C,:=

one has
” Cw(t) —

B g
b
dr)

t+1
= Sllp(/
teR t
1

t+l pt r
< sup(/ / L”(a)”S(r —a)”p”x(a) —y(a)”p do dt)

teR

/r ST — o)[F(a,x(a)) —F(a,y(o))] do

< CullLllpll =yl se-
In general we get

[[r"=]@® - [T"y]@)] g

Cn t P
=y P (/' (/wLP r) da)|m—yw@
sc—,<( o)do) ) -yl

n.

(CallLllp)"
< ——|lx-yls

n!
Hence, since

(CallLllp)"

n!

<1
for n sufficiently large, by the contraction principle I' has a unique fixed point
x € SPWPAAR, X).

We note that conditions of type (13) have been previously considered in the literature for
almost automorphic functions [90]. Our motivation comes from their use in the study of
pseudo-almost periodic solutions of semilinear Cauchy problems [91]. Now we consider
the more general case of equations introducing a new class of functions L which do not
necessarily belong to L#(RR). We have the following result. g

Theorem 3.3 Assume that A is sectorial of type w < 0 and p € Uy Let
F=G+®eSWPAAR x X, X, p)
with

G’ € AA(R x X,I7([0,1],X)), @ € PAAo(R x X,17([0,1], X)),
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and there exist nonnegative functions
Lp,Lg € SSAAR,R)

with
r > max { )2 % }

such that

|E(t,%) - F(&9)| < Le@)llx -y,

|G(t,x) - G(&,y)| <Ls@®lx-yl, xyeX,teR,

where the integral

/_;LF(O‘)dO‘

exists for all t € R. Then (1) admits a unique weighed Stepanov-like pseudo-almost auto-
morphic mild solution.

Proof Define a new norm
[l | := sup{v(e) | (2| g },
teR

where

Wt) = [efkffOOL(a)da]}y,
and k is a fixed positive constant greater than
Cy:= sup||Sa(t) ”
teR
Let x, y be in S WPAA(R, X), then one has

v(t) || Cx(t) — T'y(2) ”sp

t+1
= v(t) sup ( /
teR t

t+1 T },
§Casup(f f vp(r)L”(a)”x(a)—y(o)”pdadr)

teR

Y
dr)

/ S(t —o)[F(o,x(o)) —F(a,y(o))] do

00

t+1 T 117
= C, sup (/ / V’”(1:)\/”(0)Lp(0)(V”(a))_1 ||x(0) —y(o)”p do d‘L’)

teR

t+1 T 11—,
< ca|||x—y|||§2£( / / O ) o) dr)
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C t+1 T - Ilj
= 2= sup ( / / ket ¥ 1O () dor dr)
te t -0

C t+1 T d ‘(e Ilf
AT 4 k[ L) dr
e yIIIfgﬂg(/t /_Oo e )dadr)

1

t+1 - >
= &sup(/ (1—e_k/‘°°L(”dT)df)p!IIx—yIH
t

k teR
Co
< —[lx - .
= [1lx = 1|
Hence, since
Co
— <1,
k
I" has a unique fixed point

x € SPWPAA(R, X).

Note that the above result does not include the cases where Lr and Lg are constants.
a

Theorem 3.4 Assume that A is sectorial of type w < 0 and p € U Let
F=G+®eSPWPAAR x X, X, p)
with
G’ € AAR x X,I7([0,1],X)), @ € PAAo(R x X,17([0,1], X)),
and there exist constants Lr, Lg such that

|E@ %) - F(&.9)] < Lellx -1,

|G(t,%) - G(t,9)| <Lslx-yl, xyeX,teR,

Then (1) admits a unique Stepanov-like pseudo-almost automorphic mild solution when-
ever

_1 .
CMLrw @m <o sin —.
o

Proof For x,y € S’ WPAA(R, X), one has

|Tx(@) - Ty®)] 5

t+1
= sup(/
teR t
t+1
= sup(/
teR t

B
“)

/OOS(X(I)[F(S— T,2(s - 1)) = F(s—7,5(s - 7)) ] dr
0

/ Se(s— cr)[F(o,x(o)) —F(o,y(o))] do

(o]

1

p r
ds)
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t+1 [e'e] }7
p N e V|2
< Li?ﬂ%(/t‘ /0 ”Sa(l') || ||x(s 7) —y(s ‘L')H dr ds)

e’} 1 p »
< CML|x—yl|s / <71 a> dr ds)
0 +lolt
1
§CML||x—y||5p</ ﬁdde)
o l+]olt

W a

1
p
=CML[ - 7,} lle = yllsp-
OtSlIl;

This proves that I is a strict contraction, so it follows from the Banach contraction map-

ping principle that I' admits a unique fixed point
x € SPWPAAR, X),

which is the unique weighed Stepanov-like pseudo-almost automorphic mild solution
to (1). O

Taking
A=—-p“l, withp>0
in (1), the above theorem gives the following corollary.
Corollary 3.1 Let p € U,
F=G+®eS’WPAAR x X, X, p)
with
G’ € AAR x X,L7([0,1],X)), @ € PAAo(R x X,L7([0,1], X)),
and there exist constants Lr, Lg such that

|E@t,%) - F(t,9)| < Lellx-yl, (15)
|G@tx) -Gty <Lsllx-yll, xyeX,teR. (16)
Then (1) admits a unique weighted Stepanov-like pseudo-almost automorphic mild solu-

tion whenever

asin(Z
LF< (oz).
P

Remark 3.1 It is interesting to note that the function

asin(Z)

o7

o —
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is increasing from 0 to p% in the interval 1 < @ < 2. Therefore, with respect to the Lipschitz
condition (15), the class of admissible semilinear terms F(t, x(¢)) is the best in the case o = 2
and the worst in the case o = 1. Note the direct relation with the term

(t _ S)oz—2
IN'a-1)

in (11), where the singularity becomes better (smooth) when « goes from 1 to 2.

4 Applications
In this section we give an example to illustrate the above results.

Consider the following fractional relaxation-oscillation equation:

0] u(t,x) = 8£u(t,x) — nu(t,x) + Bf‘_lF(t, u(t,x)), teR,xe[0,7],

u(t,0) =u(t,7)=0, tekR, 17)

where 1 >0, F:R x R — R is a given function.
Take X = L2([0, ]) and define the operator A by

Ap:=¢"—np, ¢€DA),
where
D(A) := {(p € L*[0,7]: ¢" € L*[0, 7], 9(0) = <p(71)} c L?[0,n].
It is well known that
Au=u"
is the generator of an analytic semigroup on L2[0, ]. Hence,
ul—A
is sectorial of type
w=-u<0.

Equation (17) can be formulated by the inhomogeneous problem (1), where

Example 4.1 Let us consider the nonlinearity

1
2 + COSt + coS /2t

F(t,x)(s) = Be™* |:Sin( ) sin(x(S)) + max{e—(t:tkz)z }i|,

forallx € X and s € [0, 7], t € R. Thus one has

F(t,x) € SPWPAAR x X, X)
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and
||F(t,x) —F(t,y) H; < /0 ﬂze’2t|sin(x(s)) - sin(y(s))| ds < ple™ ||x(s) - y(s) ||§

In consequence, from Theorem 3.2, it follows that the fractional differential equation (17)
has a unique weighed Stepanov-like pseudo-almost automorphic mild solution.

Example 4.2 Let us consider the nonlinearity

1
2+ COSt + coS/2¢

F(t,x)(s) = Be1! [sin( ) sin(x(S)) + max{e—(tiﬂ)z }:|’

forallx € X and s € [0, 7], t € R. Thus one has
F(t,x) € S’WPAAR x X, X)
and
[E@x) - Fey)] < /0 " B sin(x(s)) - sin(y(s))| ds < B2 x(s) = 56|

In consequence, from Theorem 3.3, it follows that the fractional differential equation (17)
has a unique weighed Stepanov-like pseudo-almost automorphic mild solution.

Example 4.3 Let us consider the nonlinearity

1
2+cost+cos\/§t

F(t,x)(s) = ﬂe’% [sin( ) sin(x(s)) + max{e—(ti/@)z }:|’

for all x € X and s € [0, 7], £ € R. Thus one has
F(t,x) € S’WPAAR x X, X)
and
[E(ex) - Eey) | < / * e [sin(x(s)) - sin(y(s)) | ds < %% (s) — y(5) |

In consequence, from Theorem 3.4 it follows that the fractional differential equation (17)
has a unique weighed Stepanov-like pseudo-almost automorphic mild solution whenever

asin(Z)

Bl < ————
TCM|p|™=
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