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1 Introduction

Although the d = 10 N = 1 and N = 2 superparticle describes massless d = 10 super-Yang-

Mills and supergravity states, it is complicated to use the worldline formulation of the

superparticle to compute d = 10 super-Yang-Mills and supergravity scattering amplitudes

even at tree-level. One can of course compute these amplitudes by first computing the full

superstring tree-level amplitudes and then taking the infinite tension limit where α′ → 0,

but it would be nice to have a formalism which directly computed the d = 10 massless

scattering amplitudes.1 These massless tree-level amplitudes can be expressed in an elegant

form using the results of Cachazo-He-Yuan [4] which generalize the d = 4 twistor-inspired

formulae to arbitrary spacetime dimension.

In a recent paper [5], Mason and Skinner showed how to construct a chiral infinite

tension limit of the Ramond-Neveu-Schwarz (RNS) superstring which directly computes

these massless tree-level amplitudes. For the Type II version of their superstring, they

verified for d = 10 supergravity states in the NS-NS sector that the Cachazo-He-Yuan

formulae are correctly reproduced by their tree-level superstring scattering amplitudes.

For the heterotic version of their superstring, the Cachazo-He-Yuan formulae for d = 10

Yang-Mills amplitudes are correctly reproduced but not the supergravity amplitudes. They

also conjectured that their construction could be generalized to the Green-Schwarz and pure

spinor formalisms of the superstring.

In this paper, the pure spinor generalization of their infinite tension limit of the super-

string will be constructed and will be argued to compute all d = 10 tree-level super-Yang-

Mills and supergravity amplitudes. The construction mirrors the Mason-Skinner approach

and starts with the pure spinor versions of the d = 10 N = 1 and N = 2 superparti-

cle action [6]. After replacing all worldline derivatives with antiholomorphic worldsheet

derivatives, one obtains a conformally invariant worldsheet action which can be used to

1An efficient recursive method for computing these d = 10 massless amplitudes uses the pure spinor

BRST cohomology techniques developed by Mafra and collaborators in [1–3]. It would be very interesting

to relate their pure spinor recursive method with the amplitudes computed by the infinite tension pure

spinor superstring.
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compute tree-level scattering amplitudes. The BRST operator and unintegrated vertex

operators are the same as in the superparticle, and the integrated vertex operators are

proportional to δ̄(k · P ) as in the Mason-Skinner integrated vertex operators.

Using the relation of pure spinors and RNS fermions, it is easy to verify that the RNS

and pure spinor tree-level amplitude prescriptions agree for external Yang-Mills states and

for external supergravity states in the NS-NS sector. Of course, the advantage of the pure

spinor formalism is that spacetime-supersymmetry is manifest so one automatically obtains

the super-Yang-Mills and supergravity amplitudes in all other sectors. Furthermore, the

super-Yang-Mills and supergravity amplitudes are expessed as d = 10 superspace versions

of the Cachazo-He-Yun formulae which generalize the d = 4 supertwistor formulae and

might be useful for understanding the relation of pure spinors with d = 10 supertwistors [7].

In principle, one could attempt to use this infinite tension limit of the superstring to

compute d = 10 super-Yang-Mills and supergravity loop amplitudes. However, there are

two reasons to suspect this will be difficult. Firstly, d = 10 super-Yang-Mills and super-

gravity are not consistent quantum theories because of ultraviolet divergences. Secondly,

despite the fact that the string theory describes supergravity states, the dependence on

only holomorphic worldsheet variables makes it resembles an open string theory similar to

the open twistor string theory of [8]. Although there exists a closed string reformulation of

the open twistor string in [9], it is unclear how to compute loop amplitudes in this type of

string theory, for example, if one should use annulus worldsheets [10] or torus worldsheets.

2 Infinite tension pure spinor superstring

2.1 Superparticle

The d = 10 N = 2 superparticle in the pure spinor formalism is described by the worldline

action [6]

S =

∫
dτ(Pm∂τx

m + pα∂τθ
a + p̂α̂∂τ θ̂

α̂ + wα∂τλ
α + ŵα̂∂τ λ̂

α̂) (2.1)

where m = 0 to 9 are vector indices, α = 1 to 16 and α̂ = 1 to 16 denote spinors of opposite

chirality for the N = 2A superparticle and spinors of the same chirality for the N = 2B

superparticle, (xm, θα, θ̂α̂) are the usual variables of N = 2 d = 10 superspace, (Pm, pα, p̂α̂)

are their conjugate momenta, λα and λ̂α̂ are bosonic pure spinor variables satisfying

λγmλ = 0, λ̂γmλ̂ = 0, (2.2)

and wα and ŵα̂ are their conjugate momenta which are defined up to the gauge

transformation

δwα = Λm(γmλ)α, δŵα̂ = Λ̂m(γmλ̂)α̂. (2.3)

Physical states are defined as ghost-number (1, 1) states in the cohomology of the

BRST operator

Q = λαdα + λ̂α̂d̂α̂ (2.4)
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where λα and λ̂α̂ carry ghost-number (1, 0) and (0, 1), and dα and d̂α̂ are the fermionic

Green-Schwarz constraints defined by

dα = pα +
1

2
Pm(γmθ)α, d̂α̂ = p̂α̂ +

1

2
Pm(γmθ̂)α̂ (2.5)

which satisfy the anticommutation relations

{dα, dβ} = γmαβPm, {d̂α̂, d̂β̂} = γm
α̂β̂
Pm. (2.6)

It is easy to verify that Q2 = 0 using the constraints of (2.2) and the anticommutation

relations of (2.6).

The vertex operator for the N = 2 superparticle is

V = λαλ̂α̂Aαα̂(x, θ, θ̂) = eik
mxmλαAα(θ) λ̂α̂Âα̂(θ̂) (2.7)

where the d = 10 N = 2 superfield Aαα̂(x, θ, θ̂) has been written in momentum space and

decomposed into the product of two N = 1 superfields Aα(θ) and Âα̂(θ̂). The equation of

motion QV = 0 implies that kmkm = 0 and that

(γmnpqr)
αβDαAβ = 0, (γmnpqr)

α̂β̂D̂α̂Âβ̂ = 0 (2.8)

where Dα = ∂
∂θα + 1

2k
m(γmθ)α and D̂α̂ = ∂

∂θ̂α̂
+ 1

2k
m(γmθ̂)α̂ are the N = 2 d = 10

supersymmetric derivatives. And the gauge invariance δV = QΛ implies that Aα and Âα̂
are defined up to the gauge transformations δAα = DαΛ(θ) and δÂα̂ = D̂α̂Λ̂(θ̂).

In components, Aα(θ) and Âα̂(θ̂) can be gauge-fixed onshell to the form

Aα =
1

2
am(γmθ)α +

1

3
ξβ(γmθ)α(γmθ)β + . . . , (2.9)

Âα̂ =
1

2
âm(γmθ̂)α̂ +

1

3
ξ̂β̂(γmθ̂)α̂(γmθ̂)β̂ + . . . , (2.10)

where am and âm are vector polarizations satisfying kmam = kmâm = 0, ξβ and ξ̂β̂ are

spinor polarizations satisfying kmγ
m
αβξ

β = kmγ
m
α̂β̂
ξ̂β̂ = 0, and . . . denotes higher-order

terms in θα and θ̂α̂ which are related to the lower-order terms by BRST invariance. The

polarizations of the Type II supergravity fields are expressed in terms of these unhatted

and hatted super-Yang-Mills polarizations in the usual way. The polarization of the NS-

NS states gmn + bmn + ηmnφ is amân, the polarization of the R-NS gravitino and dilatino

χαm + γαβm ρβ is ξαâm, the polarization of the NS-R gravitino and dilatino χ̂α̂m + γα̂β̂m ρ̂
β̂

is

amξ̂
α̂, and the polarization of the R-R bispinor field-strength Fαβ̂ is ξαξ̂β̂.

2.2 Type II superstring

The generalization to the infinite tension limit of the superstring is obtained by simply

replacing worldline ∂τ derivatives in the superparticle action of (2.1) with antiholomorphic

∂̄ worldsheet derivatives. So the infinite tension superstring action is

S =

∫
dzdz̄(Pm∂̄x

m + pα∂̄θ
a + p̂α̂∂̄θ̂

α̂ + wα∂̄λ
α + ŵα̂∂̄λ̂

α̂) (2.11)
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where all conjugate momenta variables carry conformal weight (1, 0). Furthermore, the

BRST operator is the same as in (2.4), namely

Q =

∫
dz(λαdα + λ̂α̂d̂α̂) (2.12)

where dα and d̂α̂ are defined in (2.5). The left-moving stress tensor has vanishing central

charge since (xm, Pm) contribute +20, (pα, θ
α) and (p̂α̂, θ̂

α̂) contribute −64, and (λα, wα)

and (λ̂α̂, ŵα̂) contribute +44.

To compute N -point tree-level scattering amplitudes using the pure spinor formalism,

one needs both unintegrated vertex operators V of conformal weight (0, 0) and ghost-

number (1, 1) and integrated vertex operators U of conformal weight (1, 1) and ghost-

number (0, 0). The tree-level amplitude prescription is

A = 〈V (z1)V (z2)V (z3)

∫
d2z4U(z4) . . .

∫
d2zNU(zN )〉 (2.13)

where the zero-mode measure factor is defined by

〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ) (λ̂γq θ̂)(λ̂γrθ̂)(λ̂γsθ̂)(θ̂γqrsθ̂)〉 = 1. (2.14)

The unintegrated vertex operator V (z) will be defined to be the same as the super-

particle vertex operator of (2.7). And the integrated vertex operator U(z) will be defined

to be

U(z) = eikmx
m
δ̄(knPn)

[
PmAm(θ) + dαW

α(θ) +
1

4
(λγmnw)Fmn(θ)

]
(2.15)[

PmÂm(θ̂) + d̂α̂Ŵ
α̂(θ) +

1

4
(λ̂γmnŵ)F̂mn(θ̂)

]
where [Am,W

α, Fmn] are superfields defined in terms of Aα(θ) as

Am =
1

8
γαβm DαAβ, Wα = − 1

10
γαβm (kmAβ −DβAm), Fmn =

1

8
(γmn)α

βDβW
α, (2.16)

[Âm, Ŵ
α̂, F̂mn] are superfields defined in terms of Âα̂(θ̂) as

Âm =
1

8
γα̂β̂m D̂α̂Âβ̂, Ŵ α̂ = − 1

10
γα̂β̂m (kmÂβ̂ − D̂β̂

Âm), F̂mn =
1

8
(γmn)α̂

β̂D̂
β̂
Ŵ α̂, (2.17)

and δ̄(knPn) is an operator of conformal weight (−1, 1) defined in the same manner as in

the integrated vertex operators of Mason and Skinner [5].

Note that U(z) of (2.15) is manifestly spacetime supersymmetric and is gauge-

invariant under

δAα = DαΛ, δAm = kmΛ, δÂα̂ = D̂α̂Λ̂, δÂm = kmΛ̂ (2.18)

because of the delta function δ̄(knPn). Furthermore, one can verify that QU = 0 using

the definitions of (2.16) and (2.17) and the fact that kmP
m = 0. One might be surprised

that U does not involve the terms ∂θαAα(θ) or ∂θ̂α̂Âα̂(θ̂) which are present in the usual

integrated supergravity vertex operator of the pure spinor formalism. However, note that

these terms vanish in the superparticle (since ∂τθ
α = ∂τ θ̂

α̂ = 0 using equations of motion)

and they would violate gauge invariance and BRST invariance of U because, unlike in the

usual case, QU = 0 instead of QU = ∂V .
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2.3 Scattering amplitudes

When the external states are in the NS-NS sector, it is straightforward to show that the pure

spinor tree-level amplitude prescription of (2.13) is equivalent to the tree-level amplitude

prescription using the RNS formalism of [5]. The equivalence proof is similar to the proof

in the standard pure spinor formalism and uses the fact that the integrated NS-NS vertex

operator of (2.15) is

U = eikmx
m
δ̄(knPn)

[
Pmam +

1

2
kman(θγmnp+ λγmnw) + . . .

]
(2.19)[

Pmâm +
1

2
kmân(θ̂γmnp̂+ λ̂γmnŵ) + . . .

]
where am and âm are the unhatted and hatted polarizations of the NS-NS state gmn +

bmn + ηmnφ, and . . . denotes terms which are higher-order in θα or θ̂α̂. By (pα, θ
α) and

(p̂α̂, θ̂
α̂) charge conservation, one can easily verify that these higher-order terms in θα and

θ̂α̂ cannot contribute to the scattering amplitude. After dropping these higher-order terms,

the vertex operator of (2.19) is identical to the vertex operator in the RNS formalism of [5]

except that the pure spinor Lorentz currents 1
2(θγmnp + λγmnw) and 1

2(θ̂γmnp̂ + λ̂γmnŵ)

are replaced with the RNS Lorentz currents ψmψn and ψ̂mψ̂n. Since these pure spinor and

RNS Lorentz currents generate SO(9,1) Kac-Moody algebras of the same level [11], the

OPE’s of the pure spinor vertex operators of (2.19) are identical to the OPE’s of the RNS

vertex operators of [5].

Furthermore, note that the zero mode measure factor of (2.14) correctly reproduces

the three-point supergravity amplitude when all three vertex operators are unintegrated

(for the same reason as in the usual pure spinor superstring). Combining this fact with the

equivalent OPE’s of the integrated NS-NS vertex operators implies that the pure spinor

ampitude prescription of (2.13) agrees with the RNS amplitude prescription when all exter-

nal states are NS-NS, which was shown by Mason and Skinner in [5] to correctly reproduce

the Cachazo-He-Yuan formulae of [4].

In addition, the pure spinor amplitude prescription of (2.13) automatically provides

a manifestly supersymmetric generalization of the Cachazo-He-Yuan formulae which de-

scribes in d = 10 superspace the tree-level amplitudes of d = 10 N = 2 supergravity. It

would be very interesting to work out the properties of this supersymmetric formula.

2.4 Heterotic superstring

Finally, one can easily generalize these results to d = 10 super-Yang-Mills by constructing

the pure spinor analog of the Mason-Skinner heterotic superstring of [5]. In this case, the

hatted variables of (2.11) are replaced with a holomorphic current algebra contributing

central charge +16 and a set of (b, c) Virasoro ghosts contributing central charge −26. So

the infinite tension limit of the pure spinor heterotic superstring action is

S =

∫
dzdz̄(Pm∂̄x

m + pα∂̄θ
a + wα∂̄λ

α + b̄∂̄c) + SC (2.20)

where SC is the worldsheet action for the current algebra.
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The BRST operator for this heterotic superstring is

Q =

∫
dz(λαdα + c(Pm∂x

m + pα∂θ
α + wα∂λ

α + TC) + bc∂c) (2.21)

where TC is the c = 16 stress-tensor of the current algebra. And the tree-level amplitude

prescription is

A = 〈V (z1)V (z2)V (z3)

∫
d2z4U(z4) . . .

∫
d2zNU(zN )〉 (2.22)

where V and U are unintegrated and integrated vertex operators in the BRST cohomology,

and the zero-mode measure factor is defined by

〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ) c∂c∂2c〉 = 1. (2.23)

The unintegrated vertex operator V describing the super-Yang-Mills multiplet is

V = eikmx
m
cλαAIα(θ)JI (2.24)

where AIα(θ) is the super-Yang-Mills spinor gauge field, I denotes the adjoint representation

of the gauge group, and JI are the holomorphic currents of conformal weight (1, 0). QV =

0 implies that kmkm = 0 and γαβmnpqrDαA
I
β = 0, and δAIα = DαΛI under the gauge

transformation δV = Q(cΛIJI). As in (2.9), AIα can be gauge-fixed onshell to

AIα =
1

2
aIm(γmθ)α +

1

3
ξIβ(γmθ)α(γmθ)β + . . . (2.25)

where aIm and ξIα are the gluon and gluino polarizations satisfying kmaIm = kmγ
m
αβξ

Iβ =

0, and . . . are terms higher-order in θα which are related to the lower-order terms by

BRST invariance. Although one also can define the unintegrated vertex operator V =

eikmx
m
cλαAαm(θ)Pm, this operator does not appear to correctly describe supergravity [5].

The integrated vertex operator U describing the super-Yang-Mills multiplet is defined

in analogy with (2.15) as

U(z) = eikmx
m
δ̄(knPn)[PmAIm(θ) + dαW

Iα(θ) +
1

4
(λγmnw)F Imn(θ)]JI (2.26)

where [AIm,W
Iα, F Imn] are defined in terms of AIα(θ) as in (2.16). Gauge invariance and

BRST invariance of (2.26) are verified as in (2.18).

Using the same arguments as in the previous subsection, one can check that the pure

spinor tree-level amplitude prescription of (2.22) reproduces the RNS tree-level amplitude

prescription of [5] when all external states are Yang-Mills gluons. Since these d = 10

Yang-Mills amplitudes were shown in [5] to coincide with the Cachazo-He-Yuan formulae

of [4], the prescription of (2.22) provides a supersymmetric generalization of these formulae

to d = 10 super-Yang-Mills. Hopefully, this supersymmetric generalization of twistor-

inspired formulae will be useful for identifying the appropriate d = 10 generalization of

d = 4 supertwistors.
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