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1 Introduction

1.1 Motivation

The motion of celestial bodies over a vast range of scales, ranging from sub-galactic to
supercluster scales, deviates from the prediction of general relativity and the observed
distribution of baryonic matter. In addition, it seems impossible to explain the formation
of the observed structures in the universe from the gravitational collapse of the primordial
density perturbations observed in the CMB. All attempts to consistently explain these
phenomena on all scales by a modification of the laws of gravity have failed so far. All known
data are, however, in excellent agreement with the hypothesis that significant amounts of
non-luminous Dark Matter (DM) are present in the observable universe. This hypothesis
is not only consistent with the observed movement of stars, galaxies and clusters as well
as structure formation in the early universe (with the known laws of gravity), it also gives
an explanation for the apparent gravitational lensing of light from distant galaxies and
quasars. If one takes this viewpoint, then these observations can be used to map the
distribution of DM in the universe. The simplicity of this picture, the excellent agreement
with data from very different physical environments and the lack of any known alternative



explanation make the DM hypothesis very compelling. It is, however, not clear at this
stage what the DM is made of.

The particles that compose the DM must be massive, electrically neutral, long lived and
almost collisionless. The only candidates that fulfil these requirements within the SM are
neutrinos. The known neutrinos, however, have masses below 1eV and were relativistic
at the time when structures in the early universe formed. The free streaming of such
Hot Dark Matter (HDM) would suppress the formation of small scale structures in the
universe, which is in contradiction with observations, see e.g. [1] for a summary. Hence,
DM must be made of one or more new particles. One obvious candidate would be heavier
neutrino mass eigenstates, which could be consistent with structure formation constraints.
A comprehensive overview of particle physics scenarios that realise this idea and constraints
on them from experiments, astrophysics and cosmology are given in [2]. In the following
we recap only the basic facts that are relevant for the present work.

1.2 Heavy sterile neutrinos

Speculations about the existence of heavy neutrinos N have been motivated for various
other reasons, see [3] for a review. Adding new leptons with gauge charges to the SM
requires to add a whole fourth generation of particles to ensure cancellations of all anoma-
lies. This scenario is strongly constrained by experimental data, hence the heavy neutrinos
should be “sterile”, i.e., singlets under the SM gauge groups. In the strict sense, we use the
term sterile neutrinos for singlet fermions that mix with the known SM neutrinos v, which
are usually identified with right handed neutrinos vg. However, many authors use the term
in a more loose sense for any fermionic gauge singlet (or heavy neutral lepton), regardless of
whether or not it mixes with vy. Since the scalar decay production mechanism we discuss
here does not rely on a mixing of N with ordinary neutrinos, our results apply in both cases.

Seesaw type heavy neutrinos. The probably strongest motivation for sterile neutrinos
in the strict sense, i.e. right handed neutrinos vr that do mix with vy, are the observed
neutrino oscillations, which have been awarded with the 2015 Nobel Prize in physics. In
the SM neutrinos only exist with left handed (LH) chirality, while all other fermions come
with LH and right handed (RH) chirality. An explicit mass term for LH neutrinos vy, is
forbidden by gauge symmetry, and the Higgs mechanism cannot generate a Dirac mass
term vrmprg for them without existence of a RH counterpart vg. If vg exist, they are
allowed to have an explicit Majorana mass term vr M) v}, because they are gauge singlets.
Here v§, = Cvr’. If vg exists, the mixing between the known “active” (SU(2) charged)
neutrinos vr, (with a = e, u, 7) and the “sterile” singlets vy (where I = 1...n labels the
families of RH neutrinos) generates a Majorana mass term for the vr, and explains the
neutrino oscillations via the seesaw mechanism [4-9].

The seesaw mechanism predicts the existence of n new neutrino mass states Ny that
are almost identical with the singlets vgs, but contain a small admixture 6,07, of the
doublet fields. One can describe them by Majorana spinors

Ny = [Vivg + 0U305 + (V]@VR + er*Vyz) L . (1.1)



Here 6 = m DMA_/II, Vi is the equivalent of the Pontecorvo-Maki-Nakagawa-Sakata matrix
in the sterile sector and Uy is its unitary part. We can in good approximation take
Vy = Uy = 1. The active-sterile mixing 6 leads to a #-suppressed weak interaction
of the Np, and this is the only way how they couple to the SM at low energies. There
have been different suggestions what the role of the N; in cosmology and particle physics
could be. Their CP-violating interactions could, for instance, generate the observed baryon
asymmetry of the universe [11] via leptogenesis during their decay [12] or production [13, 14]
in the early universe. For very low eigenvalues M of M}y, they could be responsible for the
LSND [15], Gallium [16] and reactor [17] neutrino oscillation anomalies and/or act as extra
relativistic degrees of freedom in the early universe (”dark radiation”). Last but not least,
the Ny are obvious DM candidates: they inherit all advantages of the known neutrinos, but
their masses are given by the eigenvalues of Mj; and can be much heavier. Which of these
roles the Ny are able to take strongly depends on the magnitude of the My, see e.g. [3, 18].
For masses below the electroweak scale, various experimental constraints exist [10, 19, 20],
and the Ny can be searched for in near future experiments [20-30].

Observational tests. The idea that heavy neutrinos compose the DM can be tested in
various different ways, leading to significant constraints on their properties. Let us in the
following focus on one singlet fermion N with mass my that should compose the DM. The
most model independent constraint on its properties can be found by applying phase space
considerations [31] to DM dense regions, which imposes a lower bound on my. The precise
value of this bound depends on the N phase space distribution function fy, which depends
on the way how N were produced in the early universe. It usually lies in the range of a
few keV [32], 1 — 2 keV can be used as a conservative estimate.

If N is a sterile neutrino in the strict sense, we can identify N = Nj in (1.1). Then N
at least interacts via its total mixing angle U? = Y |041/%. This makes decays N — vvv

into neutrinos possible, and the N-lifetime o U *2m]_\,5

must be at least comparable to the
age of the universe. Moreover, the radiative decay N — ~yv [33, 34] predicts an emission
line of energy my /2 from DM dense regions in space [35]. Non-observation of this emission
imposes an upper bound on U? for given my. In 2014, two independent publications
reported the detection of an unidentified emission signal at 3.5 keV that could be interpreted
in this way, though this claim is disputed [36—43]. For relatively small masses, the mixing
U? can also lead to a signal in an upgraded version of the KATRIN experiment [29, 44]. A
direct detection [45, 46], on the other hand, would be very challenging [47].

The free streaming of N and its effect on structure formation provide another way to
constrain the parameter space. These depend strongly on the N phase space distribution
function fpn, which is determined by the way the heavy neutrinos are produced in the
early universe. The precise shape of fy can be found by solving a set of momentum
dependent kinetic equations for the coupled system composed of the scalar, N and the
thermal plasma, see e.g. [48-53]. A detailed discussion can be found in section 5 of [2].
Doing this requires knowledge of the N-production rate. In this work we calculate thermal

'We use the notation of [10], where all relations are defined more precisely.



corrections to the production rate due to interactions with the primordial plasma or a
pre-existing N-population.

Sterile neutrino distribution function. The framework of nonequilibrium quantum
field theory allows to systematically compute thermal corrections to the production rate
of heavy neutrinos. Some elements of nonequilibrium quantum field theory are briefly
summarised in the appendix A. The field theoretical equivalent to the classical phase space
distribution fnq is given by the function fn(qo) in the Kadanoff-Baym ansatz (A.14) for
the heavy neutrino propagator when evaluated at the quasiparticle pole Qng,

fng = IN(Qng). (1.2)

Due to the feeble interaction of the singlets IV, we can for all practical purposes approximate
ONng ~ WNg = (g% + m?v)l/Q. Our main results for the rate of N-production, which can
be expressed in terms of one-dimensional integrals, are valid for arbitrary fn. That is
important because fy is a dynamical quantity that changes throughout the production,
and the production rate in each moment in time is affected by fy in that moment.

In addition to the general expressions, we provide illustrative analytic results by em-

ploying a simple parametrisation,?

fn(a0) = afr(Bgo) for go > 0. (1.3)

The ansatz (1.3) has a simple physical interpretation. § = 1 corresponds to “kinetic equi-
librium”, i.e., the distribution function has the same shape as a Fermi-Dirac distribution,
but a different normalisation. For § # 1 the average momentum is shifted with respect
to the background plasma temperature T larger 8 correspond to a smaller effective N-
temperature. This could e.g. be realised if a N-population that was produced at earlier
times has been diluted by entropy injection into the plasma after it decoupled. One can
constrain « and 8 by the requirement that IV with distribution fy at a given temperature
T make up for a fraction r of the observed DM density Qpas,

my S a3 a 8m™m 50 .7 T2
FQpay = NO/( pr( o) = N 9s0 3

ob a OMMN 909 LT 1.4
A 27)3 (14)

where s = 212g,T3/45 is the radiation entropy density with the effective number g5 of
degrees of freedom, mp is the Planck mass and H the Hubble parameter. All quantities
with a subscript ¢ refer to present day values. Plugging in Qpys = 0.268 [54] for 5 =r =1
yields a ~ 5 x 1078GeV /my, which implies o < 0.1 for any my that is consistent with
phase space analysis bounds.

1.3 Singlet fermion production

Thermal N production via active-sterile mixing. If N is a sterile neutrino in the
strict sense (1.1), then a minimal amount of N is produced thermally via the mixing 6

2For qo < 0, fn(qo) is determined by the relation (A.16).



with active neutrinos [55] (Dodelson-Widrow mechanism [56]). The expected free stream-
ing classifies this contribution as Warm Dark Matter (WDM). The efficiency of the thermal
production can be resonantly enhanced by the Mikheyev-Smirnov-Wolfenstein (MSW) ef-
fect if there are considerable lepton asymmetries p,, in the plasma [57]. The MSW resonance
does not only affect the total number of produced N-particles, but also their momentum
distribution fn, which determines their free streaming length and thereby affects the for-
mation of structures. The requirement to produce the right amount of DM from mixing
alone imposes an upper and a lower bound on U? for given my. The upper bound, which
requires the N-density to remain far below its equilibrium value, turns out to be weaker
than the bounds from emission line searches and structure formation. The lower bound is
crucial, but due to the MSW effect it depends on the value of the p, during N-production.
The requirement to explain the existence of small scale structures observed in Ly« ab-
sorption in quasar spectra puts an upper bound on the free streaming of DM. This already
appears to exclude the scenario where all DM is composed of thermally produced N for
to = 0 (i.e. in absence of a MSW resonance) [52, 58]. However, for p, # 0 the momentum
distribution tends to be “colder” and can be consistent with structure formation [59-62]
if my > 3.3 keV [63]. It is difficult to work out all the details of the MSW-enhanced pro-
duction because the N production happens to peak at temperatures at which quarks start
to form hadrons. Moreover, the MSW resonance produces non-thermal spectra, for which
it is difficult to simulate structure formation [61]. In spite of significant progress [64—67]
considerable uncertainties remain. At present it seems likely that thermally produced ster-
ile neutrinos can explain all the observed DM consistent with the formation of small scale
structure only if their production is resonantly enhanced by lepton asymmetries po. The
allowed range for mpy reaches from ~ 3.3 keV to a few tens of keV, depending on p,. The
mixing must be smaller than U? < 107% — 1072, depending on my.? Note that N with
such small mass and mixing can avoid constraints from the Cosmic Microwave Background
or Big Bang Nucleosynthesis [19]. However, they give no significant contribution to the gen-
eration of active neutrino masses in the seesaw mechanism. Hence, one needs at least two
heavier siblings N9 and N3 to explain the two observed active mass splittings in the seesaw
model. Interestingly, this minimal scenario is able to simultaneously explain neutrino os-
cillations, the observed DM density and the baryon asymmetry of the universe [14, 69, 70].
Alternatively, there can of course be an additional source of active neutrino masses.

Production by gauge interactions. At low energies, NV in (1.1) only interacts with
other particles via its mixing U? with active neutrinos. This need not be true at high
energies in the early universe, as N are charged under some spontaneously broken gauge
group in many extensions of the SM. In left-right symmetric theories, for instance, the vgp
(and hence N) are charged under a RH SU(2) gauge group. These interactions bring them
into thermal equilibrium in the early universe, which would lead to a too large DM density.
There are different ways to avoid this problem. The equilibration is avoided if the would-be
freezeout temperature of the RH gauge bosons exceeds the (p)reheating temperature of the

30ne may wonder if such N properties can arise in “well-motivated” theories of particle physics. An
overview of possible models is e.g. given in [68].



universe. This temperature is unknown; it may be constrained by CMB observations [71,
72]. If the N equilibrate, their abundance can be made consistent with observation if the
number g, of degrees of freedom in the primordial plasma changes significantly after N-
freezeout (e.g. because of a phase transition). Another (related) possibility is that the N
are diluted by a release of entropy into the primordial plasma after their freezeout [73-76].

N production in scalar decays. N-particles can also be produced non-thermally in
the decay of a heavier particle. This is the scenario under consideration here. The heavy
particle may be the inflaton [77, 78], another scalar singlet [49, 50, 79-82], or a charged
scalar [83]. Note that the minimal coupling to the SM already includes some production
from the decays of scalars, namely pions [84-86] and SM Higgs particles [87, 88], which is,
however, sub-dominant compared to the thermal production from mixing. Higgs decay may
give a significant contribution in models with an additional leptophilic (or, more generally,
DM-philic) Higgs doublet, which can decay into N at much higher rate [89-91]. The N
production may happen while the scalar field is in equilibrium (which is usually the case if
it is charged) or while it “freezes in”, leading to somewhat different phenomenology [53].
Since the decay mechanism does not rely on active-sterile mixing to produce the N, it does
not impose a lower bound on U? and can avoid any constraints from searches for emission
lines. Moreover, it seems to lead to relatively cold DM spectra that are consistent with
structure formation [52]. In the present article, we compute thermal corrections to the
abundance and momentum distribution of N-particles.

1.4 Goal and outline of this work

In this paper we calculate thermal corrections to the production rate of sterile neutrinos
N in the decay of massive scalar fields ¢ (gauge singlet) and ® (charged). For these
considerations, it is irrelevant whether or not N mixes with ordinary neutrinos; our results
apply to any massive gauge singlet fermion that is produced in the decay of scalars. If N is
a sterile neutrino in the sense of (1.1), then there is an additional population of N that is
produced thermally via the Dodelson-Widrow mechanism. However, at the temperatures
where scalar decays usually happen, this thermal production by mixing is negligible* and
we can set U? = 0. Then (1.1) simplifies to N ~ vg + vy, and N approximately does not
interact with the SM.

In the literature it is usually assumed that the production rate of N particles with a
given momentum p can be obtained from vacuum decay rate of scalar particles into heavy
neutrinos. The momenta of the heavy neutrinos are uniquely fixed in this 1 — 2 decay.
However, in reality the decay happens in the hot and dense primordial plasma that filled
the early universe, and it is well-known that the damping rate of scalars receives thermal
corrections in this regime [92]. There are several reasons for this. First, quantum statistics
can enhance or suppress the decay rate, depending on whether the final state particles are
bosons or fermions. Second, the dispersion relations of quasiparticles in a dense plasma
usually differ from those of particles in vacuum. This can change the phase space. Third,

4The production due to mixing peaks at rather low temperatures T ~ 100 MeV.



at high temperature the decay scalar — N + something is not the only process that can
produce N; inelastic scatterings and Landau damping can also contribute to the rate.

In this work we calculate thermal corrections to the DM production rate from first
principles of nonequilibrium quantum field theory. This in principle is a very complicated
calculation because the production of N involves the scalar field, which is potentially far
from thermal equilibrium during production (if it happens during freeze-in). To avoid cal-
culations with nonequilibrium propagators of the scalar in the loop, we use a trick and
calculate the thermal damping rate for the scalar-quasiparticles with momentum q due to
the interactions with N. This can be done without specifying the thermodynamic state
of the scalar field. The total number of N-particles and their momentum distribution can
be found by plugging the production rate into a set of Boltzmann equations for N and
the scalars. Here we assume that the N-particles are produced in the decay of the scalar-
particles. If they are produced in the decay of the condensate or “classical field” ¢ = (¢) (or
(®T®)1/2), the effective masses and couplings are generally y-dependent. Thermal correc-
tions to the dissipation rate in this case have e.g. been studied in [93] and references therein.

Compared to previous calculations, our method allows to include all quantum sta-
tistical factors and a proper treatment of the dispersion relations in the plasma. It also
systematically includes processes other than the decay to leading log accuracy in the gauge
coupling. For instance, if ® is electrically charged and decays into N and a charged
fermion ¥ as ® — NV, then there are also scattering processes Wy — ®N (s-channel)
and y® — NV (t-channel) as well as their inverse that change the number of N and ®
particles, or the final state may radiate off a photon (® — NW~). Although these are of
higher order in some coupling constant, they can become important at high density because
of the Bose enhancement that photons are subject to. The same happens if ® is charged
under a non-Abelian group and e.g. has electroweak interactions. This has not been taken
into account in past calculations. In this work we calculate the leading order corrections
to the production rate due to these effects.

The paper is organised as follows. In section 2 we calculate the thermally corrected rate
of N-particle production from neutral scalar decays. In section 3 we calculate the thermally
corrected rate of N-particle production from U(1)-charged scalar decays. The equivalent
rate for SU(N) charged scalars can be obtained from that by a few simple replacements.
We also compute the leading log contribution to the N-production from scatterings in
the plasma. The rates can in general only be determined numerically. We give analytic
approximations that hold for the regime where the decay products are relativistic. In
section 4 we discuss our results and conclude. In the appendix A we briefly recall the
methods from nonequilibrium quantum field theory required for this calculation, for more
details see [94] (in general) and [95, 96] (specifically for the approach used here).



2 Scalar singlet decay

We first treat the case of production from the decay of a real singlet scalar field ¢. That
is, we consider the Lagrangian

. - -
L= Lon + %N&N _U.FNh—hWNFte, — SNmyN

50,000~ V(9) = JydNN + Lo (2.1)

Here h is the Higgs doublet and h = eh* with € being the SU(2) antisymmetric tensor. £r,
is the SM lepton doublet, F' is a matrix of Yukawa couplings, the potential V' (¢) includes a
mass term miqﬁQ /2 and y is the Yukawa coupling that mediates the ¢ decay into N. Recall
that N = N€¢is a Majorana spinor. Since we are not interested in production via active
sterile mixing, we immediately set F' = 0. Ly, contains interactions of ¢ with other fields
than N. Such interactions must exist in order to produce ¢ in the early universe. Ly, may
e.g. include a Higgs portal term A¢2hth, Yukawa interactions or other scalar interactions.

2.1 Heavy neutrino production rate

In nonequilibrium and thermal field theory, gain- and loss rates for the occupation num-
bers of weakly coupled fields are related to the discontinuities of self-energies evaluated at
the quasiparticle pole [92], see appendix A. Using the finite temperature optical theorem
and cutting rules [97], one can interpret these rates in terms of decays and scatterings
involving the external particles as well as the “cut” propagators in the loop [98, 99]. In
principle, the most straightforward way to calculate the number and momentum distribu-
tion of N-particles of a given momentum p that are produced in a given time interval is to
compute the N-self energies E% in the closed time path formalism and obtain rates of the
form (A.37). This, however, requires evaluating Feynman diagrams with nonequilibrium
propagators for both, the decaying scalar ¢ and N, in the loop. The interactions of the
singlet fields IV are typically feeble, which justifies to use the Kadanoff-Baym ansatz (A.14)
and apply the narrow width approximation (I'vq = 0) for propagators inside the loops. For
the scalar field it is not obvious that these approximations are always justified because it
usually has other interactions in addition to the coupling to N. In the present work we are
interested in scenarios where N-production is dominated by decays. In this regime we can
use a trick to avoid the scalar propagator in the loops: instead of directly calculating the
production rate of NV, we compute the damping rate of ¢ due to interactions with N and
use it to calculate the number of produced N-particles via (2.10).

Kinetic equations for the occupation numbers. The occupation numbers for ¢-
modes can be characterised by a function fyq(t), which follows the effective kinetic equa-
tion (A.40),

Orfoq = 1+ foql F¢<>q - f¢qr¢>>q
= —T4q [foq — foa) (2.2)



with

foa = T5q/Toq— 17" (2.3)
Here Ffﬁq are gain- and loss rates and I'yq = F;q — quq can be identified with the total
thermal damping rate. The precise definitions of these rates are given in the appendix
by (A.29), (A.30) and (A.28). In the following we will use the symbol f¢q for the contri-

bution to the thermal ¢-width I'yq that comes from diagrams with N-propagators in the
loop. We can formally define f¢q by the equation

= 0
Tpq = Toq + T, (2.4)

where I'yq is the total thermal ¢-width and I‘gg = Tyqly=0 is T'yq at zeroth order in y.
Fgg is generated from the interactions in V' (¢) and L. Analogously, one can define self

energies 1:15 and rates ffsq from (A.29) and (A.30). For convenience, we can rewrite (2.2) as

Ofoa = —[fm + Fgg] [f¢q - fqu} : (2.5)

Note that f¢q implicitly depends on y and fy because it has to be evaluated with the full
qu. If the interactions in Ly, are numerous or much stronger than the Yukawa coupling

(e.g. A > y), then one may expand in f¢q/r<(z>(2 < 1 to obtain
= 0 7(0
O foa > _[Fcbq + ngci] {fqﬁq - fq(gq)} ) (2.6)

where fqg((;) = foqly=0 is independent of y and fy. The total number of N-particles

d3p
is given by the rate equation
d3q - -
(9t7’LN = 2/ Wﬂﬁq [fqbq — f(l)q] . (28)

The factor 2 in front of the integral is due to the fact that two N-particles are produced in
each ¢-decay. If the main contribution to f¢q comes from 1 — 2 decays and their inverse,
one can express

- d3
Loq = /(27:))3%(13, a)9(24q = Onp = Onp-q)- (2.9)
and
d3 _
8thp = /(27:1)3[%@’ Q) + %ﬁ(q - P>Q)] [fqbq - f¢q] 5(Q¢q - QNp - QNP—Q)
a3 .
=2 / ﬁ%(pv a) [foa = foa] 0(Qa — Qnp = Qnp-q)- (2.10)

Here €44 is the mass shell of a ¢-quasiparticle with spatial momentum q, see (A.21), and
Qpnp the energy for a N-quasiparticle with spatial momentum p. In the second equality



we used J4(P,q) = Y4(q — p,q) for Qyq = Onp + Onp—q- We should recall that the
quantities Qgq, foqs fm, 74(P,q) and fnp all depend on time. In the following, we focus
on the computation of the quantities f;q and f;q and Jpq, i.c., the gain- and loss rates
for N-production. From (2.5)—(2.10) it is clear that the full T f is needed to determine the
time evolution of fsq and calculate fxnp in general.

In the special case that ¢ predominantly couples to fields that are in equilibrium, qu
fulfil a relation of the type (A.35) and one can further approximate

d*q _
i fnp =2 / W%(p, Q) [foq — fB(26q)] 0(2pq — QAnp — Qnp-q); (2.11)
where f5(Q) = (T — 1)~ is the Bose-Einstein distribution and we have suppressed the
time dependence of all quantities. No knowledge of the full I'yq is needed to compute
IB(Q4q). However, Q4q depends on time, and the parameters in Lgin still affect fyp
because the time evolution of fyq is governed by (2.5).

The damping rate. Assummarised in the appendix, I'yq can be determined from (A.26)
by calculating the imaginary part of the retarded self-energy for ¢ at the quasiparticle pole,

ImITf(q)

. 2.12
q0 q0=pq ( )

F¢q ~ —
f‘¢q is obtained from the y-dependent part of the self-energy Imﬁg. The rates f*fq are

obtained equivalently from f[j At one-loop level, the self energies flf can be calculated
from the diagram

'''''

by applying finite temperature Feynman rules [100]. Here the solid lines represent the
external ¢ and the dotted lines N-propagators. Using the expressions given in appendix A,
the self-energies read

5 i 2 4
115 (q) = % (;ZWZ;H [SN(0)Sx (P — 9)]
02 4
= —% / (3:34 (1= fn(po = q0)) In(po)tr [on(P)on(p—q)]  (2.13)

and

- 7 2 4
17 () = y/ i [S3()Sx(p - 9)]

2 (2m)4
i 2 4
- _Z/ (57:)94 (1= fn(po)) fn(po — qo)tr[on(P)on(p — @)] . (2.14)

~10 -



In combination, this gives

;2 4
i1, (@) =% [ 557 (vtm) = oo = ) rlon(on o =)l (215)
If N had gauge interactions while being produced in the primordial plasma, then this would
not only add another efficient N-production mechanism (thermal production via gauge
interactions), but would also modify the production from scalar decays [92, 101]. In this
case the results from example IV in section 7 of [102] may be applied. We will not repeat
this calculation here. Instead we assume that N is indeed a singlet not only under the SM
gauge groups, but with respect to all interactions that are relevant in the early universe.

2.2 Small Yukawa couplings y: production in decays

It is often assumed that the coupling y is very small, y < 1075 — 1079 [53]. Then the term
yoNN can be used to generate a keV scale Majorana mass term from a GeV-TeV vev of
¢, without having to add a small Majorana mass NmyN/2 in (2.1) by hand. In this case
the effects of forward scatterings (which modify the N dispersion relation in the plasma)
and inelastic scatterings (which increase the thermal width of N and thereby reduce its
effective lifetime) are negligible even if there is already some N-population in the plasma.
Then we can approximate py(p) with the free spectral density,

o (p) = 2msign(po) (p + mn)d(p® — miy). (2.16)

This essentially means that we use free thermal propagators for N (instead of resummed
propagators), which greatly simplifies the evaluation of the integrals in (2.13)-(2.15). It
also implies that the energy for N-quasiparticles in the plasma is in good approximation

Qnp ~ wyp = (P? + m3)'/2. (2.17)
Corrections are suppressed by both, the smallness of y < 1 and fny < 1 due to (1.4).

Calculation of the self-energies. We first focus on the case q = 0. The results are

—iy? [ ma ) 2] 32
gy = o dd 1= (Z20) | 0 Svla/2P o0~ 2my), (29
— 2 - m 2: 3/2
05y = o dd 1= (Z20) | Unv(a/2P ol - 2000, (229
hence
- —iy2 2mpy 213/
H;(Q)LFO = % @ [1 - (qo) ] 1 —2fn(q0/2)]0(q0 — 2mn). (2.20)

Let us now turn to the case q # 0. In a thermal bath, I'4q in general cannot be obtained
by multiplying T sq—0 with the time dilatation factor m/ (mé +q?)'/2. This can be under-
stood by recalling that 1/I'sq is the lifetime of a quasiparticle and determines its mean free
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path in the bath. The difference in the lifetime of a q = 0 and q # 0 quasiparticle in a bath
is not only due to time dilatation, but also due to the fact that the cross section for scatter-
ings with bath particles (which reduces the lifetime) generally depends on the energy of the
colliding particles. Moreover, the quantum statistical factor (1—2fx) breaks Lorentz invari-
ance: a moving ¢-particle decays into N with different momenta than one at rest, and the
occupation numbers in those modes generally differ. In the approximation (2.16) for very
small y, the effect of scatterings is negligible, but quantum statistics may still play a role.
To evaluate the integrals in (2.13)-(2.15) at q # 0, we neglect the mass my for simplicity,
which seems justified for my ~ keV. Using 6(p3) in pn(p), it is straightforward to obtain

ﬁwz‘w/’@/pwl—mnmwcm

xsign(p — o) (pgx — pdo) 6[ag — a* + 2p(ax — qo)] — [a0 = —qo], (2.21)
115 (q) = _Zy / dp/ pdxfn(p) [1 —fx(p — qo)]

><81gn — q0) (Pax — pao) 0lag — 4 + 2p(ax — qo)] — [a0 — —ao], (2.22)
15 (q) = / dp/ pdx [fx(p) — fx(p — q0)]

xsign(p — o) (pax — pao) 8[a§ — a* + 2p(ax — qo)] — [a0 = —qo], (2.23)

where p = |p|, q = |q| and x = pq/pq is the cosine of the angle between the spatial vectors
p and q. The remaining J-function can be used to evaluate the x-integral, which fixes the
limits for the p-integration:

—q (q0+a)/2

T () — Y _ _ _ 2 _ 2

f500) = o [ 7o - O~ vt p) -0 220
" (q0+a)/2

< _ W . 2 2

f500) = o [ 7o) —p) 6~ ), (225)

- —q (g0+a)/2

) = g [ (= dnle) ~ frlw—p) @ -0 (229

It is worth to note that no assumptions about fn were required to obtain these expressions.
If fy can be approximated by (1.3), the final integrals can be solved analytically, e.g.

N

If there is no pre-existing N-population present at the onset of the ¢-decay, then we can

set fy = 0 and all temperature dependent effects in (2.27) seem to disappear. This is what
one would intuitively expect, and this is why the vacuum decay rate has been used in the
past literature.

Production rate. From (A.28) it is clear that f[; should be evaluated at the ¢-
quasiparticle pole 24q. The ¢-quasiparticle dispersion relation generally differs from

woq = (Mg +a*)"?, (2.28)
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that is, Qyq # weq- This is true even if ¢ is a singlet because ¢ can have Yukawa couplings
or couplings to other scalars, and V(¢) in general contains self-interactions. In order to be
produced in the early universe, ¢ necessarily must have some interactions, and these will
necessarily shift the quasiparticle mass pole. If, for example

1 A
V(9) = 5mge” + 510", (2.29)
then
Doy ~ q° + M, (2.30)
with the thermal mass \
2 _ .2 2

Hence, even for fy = 0 there is a thermal correction to f¢q- To estimate this effect, we
compare (2.20) to the vacuum decay rate (my > mpy)

_ 2
0= ﬁ”h{; (2.32)
and express®
~ ~ M¢ [ 2mN 2] 12 2
Faloma = P 1= (G2 ) | 1= fwad 2, 233
~ ~ M¢ [ 2mN 2] 12
F;q|q:() = Fomi(b 1-— (]%) fN(M¢/2)2, (234)
o - om 1/2
= = N
Tpqlqmo = Fom*z 1— (M») [1— 25 (Mgy/2)]. (2.35)

This can be compared to the production rate of a Dirac fermion at temperatures below its
mass in section 7.1 of [102]. The only difference is an overall factor 2 for the Dirac fermion.
This difference arises from the fact that, for a Dirac fermion, there are two diagrams of
the type considered here, with a fermion flow in the loop going in opposite directions.
More physically, a Dirac fermion has twice more internal degrees of freedom into which
¢ can decay. If one would calculate corrections to (2.20) by using dressed spectral
densities instead of (2.16), then one would generally see further differences between the
production of Dirac and Majorana fermions because the interactions of Majorana fermions
are generally different. However, for small y such corrections are negligible, and the free
spectral density for Dirac and Majorana fermions is the same, hence the factor 2 is the
only difference. It is worth to emphasise that the expression (2.35) holds for any sterile
neutrino distribution function fy, i.e., it does not rely on the ansatz (1.3).
Based on (2.24)-(2.26), one can calculate rates for arbitrary q # 0 as

2 2
i _ y° Poq—d /(%ﬁq)/ 2
¢q 167 Q¢qq (Q¢>q—q)/2

"Note that (2.33) and (2.34) fulfil a modified detailed balance relation even though N and ¢ are not in
equilibrium.

dp [1 = fn(P)I[1 = fn(Qsq — )], (2.36)
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2 02 — 2 [(Qgqta)/2
~ Y ba q / q
i, = ——a— dp fN(P)IN(S2pq — P)s 2.37
PR ol MR AL CTAC (2:37)
R N T B NERNC I (2.39)
== p[l - fn(p) — fn -p)]. :
%a 167T Q¢qq (Q¢q—q)/2 %q
Here we have neglected the temperature dependence of Z.° With the approximation (2.30),
one finds
2 (Qpq+a)/2
~ Y M¢ M¢ 9q
L = — dp [L = fn(P)] [1 = fn(Qgq — )] (2.39)
P 16m Qa4 Ji@ug-a)2 B
and

- 2 M., M (Qgqta)/2
= y¢¢/( dp fn(P) N (Qpq — P)- (2.40)

<
P 16T Qgq 4 Jpg—a)/2

One can combine them to express faﬁq in terms of the vacuum decay rate for particles at

rest fo,

N N (Qpqt+a)/2
Mwwlj¢ - v ) — Ix(Quq — D)) (2.41)

g Qpqq Qpq—a)/2

The physical interpretation of the different factors in this expression is very simple. Iy is
simply the decay rate for ¢-particles at rest in vacuum. The factor My/mg takes account of
the fact that the effective mass of ¢-quasiparticles in the plasma is larger than in vacuum,
leading to a reduced lifetime. The factor My/$sq takes account of the fact that the lifetime
of a particle that moves with momentum q is larger than that of a particle at rest due to
time dilatation. In vacuum, the dilatation factor would be given by mg/weq; this cannot
be applied in the thermal plasma (cf. figure 5), but the obvious generalisation My/Qgq
works. What is left is a quantum statistical factor that breaks Lorentz invariance (because
the thermal bath singles out a reference frame with respect to which q is measured). For
q = 0 it reduces to the usual expression 1 — 2fx(My/2). From (2.9) we find

2
- —y°m
Yo(P.a) = N (Qpqwnp — 2m% — pa)[l — fy(wip) — Fn(Wip-_q)]
q P P—q
yim
~ Nipglp g a ~ L~ () ~In(p —a])] (2.42)
q

Inserting (2.42) into (2.10), we obtain

Lo M¢2, ° q _
O fnp = 2-2—2 dq——1[1 — — N ( Qg — -
thp me p2 /lMi/(‘lp)_pl quﬁq [ fN(p) fN( ¢q p)] [fgbq fd)q]
Fo M2 [ i
=2——F dQ2 1-— — Qb — — . 2.43
Mg p° /Mj/(élp)er éa | In(P) — [n(Qpq — D)] [fqﬁq f¢>q] ( )

These expressions are our main results for the case of singlet decay. In the derivation
of above results, we only made use of the relation (A.16), which holds for any Majorana

This is justified because the leading order thermal correction to Rel:If;z (p) in (A.24) is usually momentum
independent, cf. (2.31), hence the deviation of Z from unity is of higher order.
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Figure 1. The ratio f‘¢q/f‘o for q = 0, with M, given by (2.31) and A =1, § =1, as a function of
T. The blue curve is for a = 0, the red curve for &« = 1. The enhancement of the rate due to the
increasing thermal ¢-mass kicks in when My/my > 1 above T ~ my+/24/\ ~ bmy. For o =1, it
competes with a Pauli suppression, which reduces the rate for T' > m.

fermion. Therefore they hold for any phase space distribution function of N-particles. In
particular, the results do not rely on the validity of the ansatz (1.3).

If the ansatz (1.3) provides a valid approximation to the phase space distribution of
N-particles, then the final integral can be solved analytically,

B
R

For a = 8 = 1, this can be compared to the results found in [96, 102-104]. Our result
shows that, as long as the N-occupation numbers are far below their equilibrium value

(o < 1), thermal effects actually enhance the production rate at high temperature because
My > mg for T > mqg/ﬁ Once some amount of DM has been produced, @ = 0 does
not exactly hold. One may wonder if the statistical factors fy can have an effect towards
the end of the DM production. Moreover, it is interesting to see what effect a pre-existing
N-abundance may have. The considerations following (1.4) show that the effect of fy is
always negligible for a standard thermal history and if the average N-momentum is similar
toT (8 ~1). For 8 > 1, there is room for a sizable «, and Pauli blocking may be significant
for some modes. This either requires a production mechanism that lead to a rather “cold”
pre-existing N-population or a significant injection of entropy into the primordial plasma
after N-decoupling. Some results are plotted in figures 1-5.

In addition to (2.15) there are other contributions to faﬁq at order y2, but these always
contain additional powers of the coupling constants in V(¢) and Lgin, as well as loop
factors. For instance, the potential (2.29) gives rise to diagrams of the form
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Figure 2. The ratio Tyq/To for q = 0, with My given by (2.31) and A = 0.1 and 8 = 1, as a
function of T'. The blue curve is for o = 0, the red curve for « = 1. Comparison to figure 1 shows
the effect of changing .

100 ¢ E

-
o
aaaa

Cq( T/ (Tomy/ wsg)

0.1¢

0.01 0.10 1 10 100 1000

T/m¢

Figure 3. The rate ['sq in units of the time-dilated rate f‘om¢/w¢q for g = my, with My given
by (2.31) and A = 1, as a function of T'. The blue curve is for a = 0, the red curve for « = 1. The
enhancement of the rate due to the increasing thermal ¢-mass kicks in when My/mg > 1 above
T ~ mgy/24/X >~ bmg. For a = 1, it competes with a Pauli suppression, which reduces the rate
for T > myg.
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Figure 4. The rate T'sq in units of the time-dilated rate Tomg/weq for q = my, My given by (2.31)
and A = 0.1 as a function of T. The blue curve is for a = 0, the red curve for @ = 1. Comparison
with figure 3 shows the effect of changing .

cuts through which e.g. include processes ¢¢p — ¢ /N N. The size of these can be estimated by
considering the equilibrium situation, in which case they are y?-suppressed corrections to a
“setting sun” contribution ~ 1073)\?7? /) calculated in appendix B of [93]. Using (2.44)
and (2.31), one can estimate that they are always suppressed by a factor < X relative
to (2.44) unless there is a very dense pre-existing population of N.

2.3 Sizable Yukawa coupling y and scatterings

The use of the free spectral density (2.16) is based on the assumption that the N-particles
essentially do not feel the primordial plasma any more after they were produced. Since
the y¢ N N-vertex necessarily involves another N, this assumption is not only justified by
the small Yukawa coupling (y < 1), but also by the low density of N-particles (fy < 1).
The use of (2.16) is only questionable if both of these suppressions are avoided, i.e., if y is
relatively large and there is a pre-existing N-population. We do not treat this special case
here, but it is clear that one expects more significant thermal corrections to r #q- We expect
these to be very similar to the thermal corrections found in section 7 of [102]. In that work,
the produced fermion is a Dirac particle with gauge interactions. However, the thermal
corrections to the spectral density of a Majorana fermion from Yukawa interactions [105]
have the same structure as the gauge corrections for a Dirac fermion [106]. Finally, we
would like to recall that (2.10) should only be used to determine fxp if N-particles are
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Figure 5. The rate ['4q in units of the time-dilated rate Tomg/wgsq with My given by (2.31) and
A =1 as a function of q. The blue curve is for @ = 0, the red curve for & = 1. In the upper plot T' =
Mg, in the lower plot T = 100m4. At high temperatures, the increased thermal mass My leads to a
larger rate than the vacuum estimate f0m¢ /weq suggests. The Pauli blocking for av # 0 is inefficient
for momenta q > T because the produced particles’ momenta are outside the Fermi sphere.

predominantly produced in 1 — 2 decays and do not re-scatter within a Hubble time.
For sizable couplings y this may not be the case. If scatterings are important, the mo-
mentum dependent N-production rate should directly be computed from an appropriate
nonequilibrium generalisation of (A.37).
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3 Charged scalar decay

Let us now consider the decay of a charged scalar ®. To be specific, we use a model
described by the Lagrangian’

1— o _ _ 1
L= Lsy+ §N(i@ —ma)N — L FNh — hINFp +i0dV — aWy A, 0 — 2 Fu ™
(0, — i AT (O + i A D — V(DT D) — ((I)N\If + \I/Ncbf) + Lot (3.1)
Dark Matter is produced by the Yukawa interaction
gPUN + h.c. (3.2)

The case where ® is part of an additional Higgs doublet h, and carries SU(2) charge [91]
can be treated in the same way. In this case ¥ should be identified with the lepton
doublet /1, and there are several massive scalars that decay. The decay of each of them
can be treated equivalently to the present calculation. The only differences are that ¢y, is
a chiral field (leading to a factor 1/2 in the production rate) and the fact that the leptons
in the final state carry SU(2) charge. The way how SU(2) interactions modify the spectral
density p(p) is the same as for U(1), except for a numerical factor in the thermal fermion
mass My defined below [106, 107].

3.1 Heavy neutrino production

The kinetic equations for the occupation numbers during charged scalar decays can be
obtained from (2.2)-(2.11) by the replacements ¢ — ®, y — ¢ and Qnp—q = Qup_q;
where Qgp_g is the energy of a W-quasiparticle with spatial momentum p —q. The overall
factor 2 in front of the integral in the kinetic equations (2.8), (2.10) and (2.11) should be
dropped because only one N-particle is produced in decays ® — NW. This yields

Bq - i

onN = /(27[_()13F<I>q [f@q - fqu] , (3'3)
dq -

Otfnp = /W%(p, Q) [foq — foq] 0(Qaq — Qnp — Qup—q), (3.4)

where 3¢ (p, q) is given from
- d3p 5
Loq = W’Y‘@(pa @)0(Qaq — Onp — Qup—q)- (3.5)

The rates f‘q>q and f‘gq for ® are defined analogously to the singlet case. As in the case

of the singlet scalar we will approximate Qnp ~ wyp = (p* + m?\,)l/ 2

assuming that the
coupling of N to the plasma is very feeble.
The fact that there is a charged particle in the final state makes the decay ® — NV dif-

ferent from ¢ — NN considered in the previous section. First, the WU-quasiparticles in the

1t A, is identified with the SM-gauge field, the %FWF‘“’—term should of course be absorbed into Lgas.
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final state tend to be thermally populated in the early universe (with a Fermi-Dirac distri-
bution fr for the occupation numbers) due to their gauge interactions, and one expects sig-
nificant Pauli blocking even if the N population is low (fy < 1). Second, a charged particle
feels the presence of the primordial plasma. This leads to “screening”, and the properties
of U-quasiparticles in the plasma are not the same as those of particles in vacuum. Finally,
the gauge interactions of ¥ open up new production channels for N. For example, there
are s-channel and t-channel scatterings v® — NV with intermediate & or ¥ and “pho-
tons” in the initial state as well as their inverse processes. When N-particles are produced
in decays ® — NV, their momentum distribution can still be calculated using Boltzmann
equation (3.4). If scatterings play a significant role, (3.4) cannot be used, and it is more con-
venient to directly calculate the N-self-energies E?V(p) to obtain fnp. However, our present
approach can still be used to calculate the total DM density from a rate equation (3.3).

The thermal corrections can be incorporated systematically by calculating ﬁ;(q) to
a given order in perturbation theory. In the following we calculate flg (¢) only to leading
order in the small coupling 7, but we use resummed hard thermal loop (HTL) spectral
densities for W. This is necessary because the “naive” loop expansion is not a consistent
expansion in o« at high temperatures [108, 109]. While the use of resummed propagators for
the interacting ¥ is mandatory, we can (assuming that fy and ¢ are not too large) continue
to use the free spectral density for the singlet px(p) given by (2.16). The results obtained
in this way are accurate to leading order in y and leading log in the gauge coupling «.

W spectral density. In the hard thermal loop (HTL) approximation the fermion spectral
density reads [106, 107]

1

pu(p) = 5 (0o = BY)e+ + (0 + PY)P-). (3.6)

Here py = pivi/|p|- The two functions

p(p) = 27 [p2° (p) + pL™ (p)] (3.7)

are the sum of singular contributions plide and a continuous part p$°™. The poles given

by the singular parts define the energies (or dispersion relations) Q4 of quasiparticles with
momentum p,

P2 (p) = Z1d(po — Qu) + Zx0(po + Q). (3.8)
The continuous part is given by

2

PL(p) = 01 — %) (1 F )

2 -1
1
X (1:iny2<(1:Fx)ln x+1':t2>> + w2yt (1 F z)? (3.9)
Tz —
Here z = po/|p| and y = 39M/|p|. The thermal fermion mass reads [106]
M = oc%T. (3.10)
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Here C is the quadratic Casimir of the representation of the gauge group. For an U(1) in-
teraction as considered here C = 1. If ¥ carries some kind of hypercharge Y # 1, one has to
replace &« — Y . For SU(N) interactions the shape of py is be exactly the same as for U(1),
except for the numerical factor C in the definition of 91y that depends on the representation
under which ¥ transforms. The mass 9 is sometimes referred to as the asymptotic mass,
it differs from the plasma frequency wy at |p| = 0 by a factor V2. The residues Z4 are

0 -p?
f
The dispersion relations 3 and —Q_ have to be found as the solutions to
z+1
0=po — |p| [1+y2<(1—:c)lnx_1+2>} (3.12)

There are two solutions, corresponding to two types of quasiparticles, with dispersion
relations QO and Q_. The former can be interpreted as a screened one-particle state, the
latter are collective excitations [110]. They are often referred to as “holes” or “plasminos”.
There is an analytic expression for the dispersion relations Q4 in terms of the Lambert
W -function [105]

Woils) ~ 1 , Q- = _‘p|

Q. = |p|l2—1\¥ 72
* ’p‘W—l(S)'i‘l

%0((9)—1 (3.13)

()(8) +1

with § = —e— (W >+1)

Self-energies. The rate f‘q>q at leading order in ¢ is given by the diagram

-----

where the solid lines represent the external ®, the dotted line is a free N-propagator and
the dashed line a resummed W-propagator. The arrow indicates charge flow. The gain and
loss terms read

~ 4
115 (q) = i / (iglltr [Sx()Sg (P — a)]

4
= —it” [ g (1= frlm = ) St o Geatp—a)] (314

and

B 4
I3 (q) = iy / (;lﬂ];tr [Sv(P)ST (P — a)]

4
= —it? [ 52 (1= f(mo)) frloo — ) lon(lou(p—a)). (319
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They combine into

4
ity 0) =7 [ (5obs (Fvm) = el — ) rloaGlon(o = ). (3.16)

The evaluation of (3.14)-(3.16) is complicated by the fact that the angle between the spatial
vectors p and q appears in the complicated function py(p — ¢). This can be avoided by
making a shift in the spatial part p of the integration variable p by q and introducing
k = p — q. Afterwards we perform the integration over the angular variable x = gk/(qk)
between q and k with the help of 6(p*> — m%) in (2.16). The requirement that the zero of
the d-function must be in the interval x € [—1, 1] fixes the limits of the py integral to

wy = 4/(q £ k)2 +m3, (3.17)

where we have again used the notation q = |q| and k = |k|. The other angular integration
is trivial because of rotational invariance. Then it is straightforward to obtain

w—

—iT? 00 Wy
I3 (q) = 2(27:/)2(1 /0 dk/ dpo HfF(Po —qo) [1 = fn(po)]
x [ (a® +my — (po — k)?) p+(po — g0, k)

+ (—q2 — m?\; + (po + k)2) P—(po — o, k)]

- [Po — —pOH ; (3.18)

w—

~ 4 ~2 00 wy
3(q) = 2(27Ty)2q/0 dk/ dpo “fN(po) [1— fr(po — qo0)]
x [ (a® +my — (po — k)*) p+(po — qo, k)

+ (—a® = my + (po +%)*) p—(po — 0, k)]

- [po - —pOH (3.19)

and therefore

5 Z-~2 o] W
T (q) = 2(2‘7;)2(1/0 dk/ dpo“[fN(po) — fr(Po — qo)]

w—

x [ (@ +mi — (po — k)?) p+(Po — 0. k)

+ (—q2 - m?v + (po + k)Q) P—(po — qo,k)]

- [po — —po]] . (3.20)

For the g = 0 mode, the x-integration in (3.14)-(3.16) is trivial, and the d-function can be
used to perform the pg-integral. This yields

_ —i ~2 o] 2
13 (q)]qo = (fo; /0 dkf;k [fF«vk — o) [1— fn(@)]
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X [((Z)k — k)p+(d)k — qo, k) + ((I)k + k)p_ ((,Jk — qo, k)]

- [qo — —qu, (3.21)
0o = oty | k| 1= Jo(@. — a0 (@
x [(wx — k)P+(wk = qo, k) + (@x + k)p— (Wi — qo, k)]
— [qo — —qu, (3.22)

Mg (q)|q0 = ZQy / dk— [ &) — fr(@ — qo)]
(@ — k)PJr(Wk = qo, k) + (@x + k)p—(WJx — g0, k)]
- [QO - —C_IOH, (3.23)

where @y = (m% + k?)1/2. Note that the above can be also obtained from more general
expression (3.20) by taking limit q — 0, which gives wy — w_ & 2qk/wy for the integral
interval, and by setting po = @y in the integrand. In (3.23) the J-functions in PR in
principle allow to perform one more integration in the pole part analytically, but due to

the appearance of Q4 it is in general not possible to find the zero analytically.

3.2 Production in decays: analytic approximations

For Mg > 9y + my the decay products have momenta ~ Mg /2 that are large compared
to the typical energy ~ T of particles in the plasma. In this regime, one can approximate

Zi~1,72-~0, 02 ~k>+ M3, p" ~0. (3.24)

Physically this approximation of Zi means that the decay into holes can be neglected,
which is intuitive because collective excitations are an infrared phenomenon that is only
relevant for soft momenta. The screened particles with hard momenta have a dispersion
relation like free particles, but with the vacuum mass replaced by the momentum inde-
pendent thermal mass M. This is also intuitive because the dispersion relation must be
simple if the momentum exceeds all other scales in the problem, hence one expects that
it is given by a constant mass term due to forward scattering. Neglecting the continuous
part of py means that we only consider the contribution to f‘cpq from 1 — 2 decays and
their inverse, which is reasonable at low T'.

Self-energies. With the approximations (3.24) the integrals in (3.21)—(3.23) can be
solved analytically, i.e.

~ ) Qq _|_mt2 _m2
01 (@)lg-0 ~ — QQ;W{%_% 1= fx (@)1 = Jr(a0 — Q)
X [QQ —mA +Qy/Q% — mﬂ 0(q5 — (my +My)?), (3.25)
_ —i7? + O
115(q)lq=0 = i§” O - 2 fN(Q) fr(q — Q)

™ 2Q(]O + EUIQ my
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X [Q2 —mA +Qy/Q% — mﬂ 0(q5 — (my +My)?), (3.26)

—ig? Qqo + imfv —m%
T 2Qqo + Qﬁ? — m?\,

X [QQ - m%\; +Q4/Q?% — m?\,} O(qg — (my + fmf)Q) (3.27)

Mg (q)|q=0 =~ [1— fr(eo — Q) — fn(Q)]

with ) ) )
q0 + my — fmf

240
(3.27) shows that Pauli blocking becomes important as soon as T exceeds the vacuum

Q= (3.28)

$-mass me even if there are no N-particles (« = 0). The reason is of course the Pauli
blocking of the W-particles in the final state. If we set go = Q¢q = Mo, we can also again
observe the enhancement of the rate due to the thermal mass Mg. Since ® is charged, it
does not only receive a mass correction from its self-interaction, but also from the gauge
interaction, and we have to take

M2 =m3 + iJrOi2 T2 (3.29)
e T2 4 ‘ ‘
The term «?T2/4 arises because ® carries a U(1) charge. If we were dealing with SM
leptons and a Higgs doublet, as considered in [91], the equivalent to 9t would be

1
M? = E (39° +¢%) T, (3.30)

and the Higgs would have the thermal mass

M? = 1i6 (3g2 +9%+ 8\) T? + Yukawa contributions, (3.31)
where the different constant factors arise from the hypercharges [111], cf. discussion af-
ter (3.10). If T is near or below the temperature where spontaneous symmetry breaking
occurs, there are additional contributions that are proportional to the temperature depen-
dent expectation value of the Higgs condensate o« (hth) = (hTh) (and o< (hbh,) in the
leptophilic two Higgs doublet model).

The expressions (3.25)—(3.27) can be significantly simplified if one neglects my and
My, ie.

—iT?
15 (@)lmo ~ —- a3 [1 = fra0/2)) [1 = fv(a0/2)] (3.32)
vy
115 ()|q=0 = 473: a5 fr(q0/2) fn(q0/2) (3.33)
and .
[ (9)]q=0 = _4273: g5 [1 = fr(g0/2) = fn(90/2)]- (3.34)

Note that the assumption of massless final states is only justified if Mg > My +my at all
relevant temperatures, which in the large 7" limit is guaranteed by (3.29) and (3.10) only

— 24 —



0.1 i

Faq(T)/ T

1
0.01 0.1 1 10 100 1000
T/m¢

100.0 ¢ E

T pq(T)/ T

10.0 !

501 b

1.0 E

0.5 7

Il
0.01 0.1 1 10 100 1000

T/maj

Figure 6. The ratio f¢q/f0 in the approximation (3.40) for ¢ = 0, with 8 = 1 and Mg given
by (3.29) and A = 0, as a function of T. The blue curve is for a = 0, the red curve for & = 1. In the
upper plot the gauge coupling is chosen as o« = 1072, in the lower plot & = 1/2. The enhancement
of the rate due to the increasing thermal ®-mass is similar to the scalar case and would be even
more prominent for A # 0. For @ = 0 the Pauli blocking can at most reduce f@q by a factor 1/2,
for a > 0 a stronger suppression is possible.

if A is sizable and ¥ does not have additional interactions. As in the singlet case, it is not
possible to find an analytic expression for f‘q>q with q # 0 without additional assumptions
about the phase space distribution function of N-particles. One can, however, again express
f‘q>q in terms of a one-dimensional integral. In the approximation my = 9t; = 0 of massless
final states and (3.24), the only contributing kinematic d-function is the one corresponding
to the decay ® — NV and we find

- —ii2 [laota)/2
f500) = o [ Ak o )0 0] (et (339

— 95—



- —ii2 [leo+a)/2
fis(q) = — 2 /( " a0 — 10 (09 (@ — @), (3.36)

4mq q0—q)/2

- _;72 f(qota)/2

iy (q) = / dk[1— fr() - fr(go — K] (@ — o). (3.37)
dmq (go—q)/2

where the integration limits have again been fixed by the usual kinematic considerations.

Production rate. From these results, we finally obtain

Falao = Foo 2 11— fr(Ma/2)] 1 - f(Ma/2)], (339
Fialao = For® fo(Ma/2) fv(Ma/2), (3.39)
Foglaco = foﬁ (0 — fr(Ma/2) — fn(Ma/2)]. (3.40)

As in the previous section, we have expressed the thermal damping rate in terms of the
vacuum damping rate I'g. Note that, compared to the singlet case, there is a symmetry-
factor 2 difference in the latter, i.e., in this section we use

_ ~2
[y =21 (3.41)
81
instead of (2.32). For q # 0 we find
. 202 —q? [(Quqta)/?
r>:y‘1’q/ dk [1 — fy(Qag — K] [1 — fr(k)], 3.42
e U R (1= fn(Qaq — k)] [1 = fr(k)] (3.42)
. 202 —q? [(Quqta)/2
rs _y‘bq/ dk fr(K) f Qg — k), 3.43
T 8 gt Jna: F(k) v (Qaq — k) (3.43)
i B Q2 —q? [(Queq+a)/2
Lopq = 0‘;“/ dk (1 — fr(k) — fn(Qaq — k)] (3.44)
me  Haqd  J(Quq—a)/2

With the approximation Q<21>q ~ M% + q?, this reads

L (g ta)/
Mo Mg 1 /( T = £ = Qg — 1], (3.45)

Qag—a)/2

The physical interpretation of this expression is very simple and the same as discussed
following (2.41). From (3.5) we have

~9 2
Jo(pa) = (wNp + H‘) (1= fn(wnp) = frlao —wnp)l.  (3.46)

This allows to derive an expression similar to (2.43) for the charged scalar case,

~2 Qo 0 o 1
Y ®q — WNp ~92 2 2
=7 Qg 29— “Np 2 _
Khine = 4o a9 pwngp {wNerzw (@ +p"—d)
x [1 = fn(wnp) = fr(Qaq — wnp)] [foq — faq] (3.47)
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with @ = \/(Q¢,q — wnp)? — S)ﬁ? and

wnp(Mg +m3; — M) + p\/[(m +M)2 — mﬂ [(M@ — )2 — m%\,}

Q =
2 2m?v )

wNp(Mq%"’m?v—Emfv)—p\/[(Mé-i-fmf)?—m?v} [(M¢—9ﬁf)2—m?v]

2
2my;

Q1 = Max | Mg,

In the limit M = mpy = 0 of massless final states, (3.47) simplifies to

To M3 [ :
Orfnp = m—zp—f /M;/(4p>+p dQaq (1 = fx(P) = fr(Qeq = P)] [foq = foq] . (3.48)

which can be compared to (2.43). Note that in contrast to the singlet case there is no
factor 2 in front of the integral because only one N-particle is produced in each decay.

These expressions hold for an arbitrary sterile neutrino phase space distribution. If

one assumes that fy can be approximated by the ansatz (1.3), then even the final integral

in (3.44) can be solved analytically for arbitrary q, i.e.
Qpq— Qo —

O et | T T B0 08 | e\

a fr <‘I’+q) Bq fr ( 5%)

The different factors in the results (3.45) and (3.49) have a simple physical interpretation,

~ ~ Mo Mo
I'egg 2 1g——
dq Om<I> Q@q

] . (3.49)

which is exactly analogue to the discussion following (2.41). At low temperatures, they
reproduce the T' = 0 decay rate. Once the temperature exceeds mg, Pauli-blocking of
the W-particle in the final state suppresses fq>q. This effectively reduces r aq (for q =0,
T > Mg and fy < 1 roughly by a factor 1/2). If there is a significant population of
N-particles (a ~ 1), then Pauli blocking also applies to the N in the final state as soon as
the temperature approaches ~ fmg. At even higher temperatures, when Mg /mge > 1, the
thermal ®-mass increases the rate again due to the reduced lifetime of a heavier particle.
For a potential of the form (2.29) this roughly happens at T > mg(24/))'/2. This behaviour
is illustrated in figures 6-8.

Up to now we have completely neglected the contributions from the holes Q_ as
well as the term p®™. At T < mg/« this is justified because Mg > My, so the decay
products’ momenta p ~ Mg /2 are hard with respect to the plasma. The holes Q_ are
relevant only in a small temperature interval: the suppression of Z_ is only lifted when
the temperature is high enough that 9ty ~ Mg, but low enough to keep Mg > my + wy
because otherwise the decay into holes is kinematically forbidden. Outside this small
interval, we do not expect the holes O_ to play an important role.

At this point one should compare the analytic expressions obtained in the singlet and
charged case, i.e., (2.26) to (3.37), (2.35) to (3.40), (2.41) to (3.44) and (2.44) to (3.49).
This comparison shows that, under the present assumptions, the production rates of sterile
neutrinos in singlet and charged scalar decays look almost the same and are governed by
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Figure 7. The rate ['gq in units of the time-dilated rate T'gmae/weq in the approximation (3.49)
for ¢ = mg, with Mg given by (3.29) and A = 0, as a function of T. The blue curve is for a = 0,
the red curve for a = 1. In the upper plot the gauge coupling is chosen as o = 1072, in the lower
plot @« = 1/2. As in figure 6, the enhancement of the rate due to the increasing thermal ®-mass
is similar to the scalar case and would be even more prominent for A # 0. For o = 0 the Pauli
blocking can at most reduce f@q by a factor 1/2, for a > 0 a stronger suppression is possible.

the same physical effects, namely Pauli blocking and “thermal masses” in the plasma. The
only differences are the occupation numbers (the charged particles in the final state of
®-decays are in thermal equilibrium) and the actual values of the thermal masses (which
depend on the interactions that are responsible for forward scatterings and screening).
There is, however, another difference. In the singlet-model (2.1) with tiny y, N-particles
are in very good approximation only produced in ¢-decays. The contribution to f‘¢q from
scatterings is suppressed by additional powers of the coupling y and fy.® Physically this

8This of course assumes that the N have no other interactions at the relevant temperatures. If the N are
charged under an additional gauge symmetry, this entirely changes the situation, and scatterings usually
bring them into thermal equilibrium.
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Figure 8. The rate ['pq in units of the time-dilated rate Tgmae/waq in the approximation (3.49)
for T = 100me, with Mg given by (3.29) and A = 0 as a function of q. The blue curve is for
a = 0, the red curve for a = 1. In the upper plot the gauge coupling is & = 1072, in the lower plot
o = 1/2. As usual, at high temperatures, the increased thermal mass Mg leads to a larger rate
than the vacuum estimate Tomag Jwaq suggests. The effect is larger for stronger gauge coupling and
would be more prominent for A # 0.

means that N-particles effectively do not interact with the plasma any more after they
have been produced. Mathematically it implies that the free spectral density (2.16) is a
good approximation for py. In the model (3.2), on the other hand, the ®-particles and
W-particles are charged. At sufficiently large T, their number density is large enough that
they scatter frequently, and one expects that N-particles can be produced in scatterings
(rather than decays). Mathematically this is reflected by the fact that the expression (3.6)
for py does not only consist of the pole-contribution (3.8), which is equivalent to (2.16),
but also the continuous part (3.9), which we have ignored so far.
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Figure 9. The ratio f@q/f‘o for ¢ = 0, with Mg given by (3.29), A=1, x =1/10 and a =0 as a
function of T. The solid black curve is obtained from numerical evaluation of (3.23), the blue curve

shows the approximation (3.40). The gray curves are the individual contributions to (3.23) from

the pole contributions p2°*® (dashed) and the continuum p%™ (dotted) in py as given in (3.6).

3.3 Full damping rate and scatterings

As pointed out above, the decay ® — NV is Pauli suppressed for 7' > mg, leading to a
factor 1/2 suppression of f‘q,q for fy < 1 and a bigger suppression for fy ~ 1.2 On the
other hand, the continuum contribution from p$°™ grows with temperature. It is strongly
dominated by the p®™ (& — qo)-term. This can be understood physically because this
contribution comes from Landau damping due to scatterings, and the number of possible
scattering partners in the bath increases. To incorporate all these effects, we have to solve

the integral in (3.23) numerically. The result is shown in figures 9 and 10.

Regimes and scenarios. One can clearly distinguish different temperature regimes. For
T < mg, the vacuum decay rate is an excellent approximation. For me ST < mg/« the
main effect of the plasma is the suppression of f‘q>q due to Pauli blocking, and (3.40) is a
good approximation. For Mg > mg the thermal correction (3.29) to the ®-mass kicks in
and enhances fq,q again. (3.40) remains to be a good approximation. What happens at
larger temperatures depends on the value of .

Let us first set A > o. This situation is shown in figure 9. In this case the hierar-
chy Mg > My holds at all temperatures because the thermal ®-mass is larger than the
asymptotic W-mass. Then (3.24) can be applied even at large temperatures, (3.40) remains

9For Ms < 9s the decay can in principle even become completely forbidden kinematically, but in our
model this is not possible unless my > me because the thermal ®-mass corrections is always at least as
big as the thermal W-mass.
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Figure 10. Same as figure 9, but for A = 0.

a valid approximation at 7' > mg/«, and the discussion following (3.49) applies. That
is, (3.44) and (3.47) can be used to compute fyp for all temperatures if A > o210

The situation A < «? is shown in figure 10. In this case, the ratio My /Mg approaches
unity for large temperatures. The approximations for Q; and Z; in (3.24) start to break
down at T ~ mg/x, which can be seen from the fact that the blue line in figure 10
deviates from the gray dashed line. The reason is that (3.24) is based on the assumption
that the produced W-quasiparticles have large momenta p > My = oT'/2 with respect
to the plasma, which is only true for Me > My, my. If this is not fulfilled, the pole
contribution becomes sensitive to the details of the fermion dispersion relations Q4 in
the infrared. At the same time, the contribution from the continuum part p$™, which
is negligible for all lower temperatures, starts to dominate. This contribution can be
interpreted as ®-annihilation in scatterings. The resulting total rate f‘<pq grows linear
with 7' (as expected due to the increasing number density of scattering partners), but
with a coefficient that is larger than predicted by (3.40). We have verified this for different
choices of the parameters, but it is not clear at this stage if a simple analytic expression
for the coefficient can be found. Note that figure 10 shows the result for the zero-mode
q = 0. For q # 0 the validity of (3.24) extends to larger temperatures because the
decay product’s momenta in the plasma rest frame are larger. For small values of A, our
simple results therefore hold only up to temperatures 7'~ mg/c; at higher temperatures
Tgq is dominated by scatterings, and the integrals (3.21)-(3.23) have to be evaluated

°0One may wonder why the decay approximation holds for arbitrarily high temperatures. Since the
number density of scattering partners grows with 7', one would expect that ®-annihilation in scatterings
should dominate over ®-decay at sufficiently high temperature. One physical explanation is that the ®-
quasiparticles simply are too short lived due to their large thermal mass to find a scattering partner before
they decay. For A = 0, the thermal mass and scattering rate are determined by the same gauge coupling
constant «, and scatterings indeed become more efficient at some temperature, cf. dotted line in figure 10.
For A > o the large thermal mass (3.29) ensures that the decay rate always remains larger than the
scattering rate.

~ 31—



numerically. Since the N-momentum cannot be reconstructed from q in a scattering, one
cannot use (3.47) to calculate fyp. One can, however, still use a rate equation (3.3) to
compute the total DM density. If one is interested in the DM momentum distribution
in the regime where N-particles are predominantly produced in scatterings, it would be
more convenient to directly evaluate the fermionic self-energies E%\, with nonequilibrium
propagators in the loop to determine the production rate from (A.37). This goes beyond
the scope of the present work, which is focused on DM scalar decays.

A comment on scatterings. We have used resummed thermal W-propagators to ac-
count for thermal corrections to fq>q. This does not only allow to take quantum statistical
factors and the correct quasiparticle dispersion relations in the decays ® — NV into ac-
count, but also includes some of the contributions to f‘q>q due to scatterings. These are
encoded in the continuous part of py. In the HTL-approximation (3.9), this continuous
part is non-zero only for 2 < 1. The resulting contribution to f@q can be interpreted as
Landau damping due to logarithmically enhanced t-channel scatterings [112]. The full py
(beyond HTL) would also give a contribution for 22 > 1, which corresponds to s-channel
scatterings. These are, however, not logarithmically enhanced. Therefore the use of the
HTL approximation corresponds to a systematic expansion in the gauge coupling to leading
log in o [112].

Additional contributions from scatterings have been studied by different authors [112—
118] for the case that ® is identified with the SM-Higgs and my > mg (while we assumed
my < mg). In the high temperature regime 7' > Mg > my, mg, the difference in the
hierarchy of vacuum masses mpy and meg should be negligible because the thermal mass
corrections dominate the kinematics. A direct comparison is nevertheless difficult because
the authors of the above works numerically calculated the inclusive rate I'y under the
assumption that ® is in equilibrium. This situation is e.g. realised in several leptogenesis
scenarios. For the case of sterile neutrino DM production considered here, the phase space
distribution fg for ® is a dynamic quantity that in general deviates from equilibrium (in
particular in the “freeze-in” scenario). Even if we fix fo to a Bose-Einstein distribution and
obtain a total production rate from (3.3), the result still depends on the choice of gauge
group under which @ is charged. While it is straightforward to generalise the analytic
result (3.49) we found from U(1) interactions to an arbitrary SU(N) gauge group by making
the replacements discussed after (3.10), there appears to be no simple way to obtain the
contribution from multiple scatterings for general SU(N) interactions and non-equilibrium
® from the numerical results in the literature. The discussion of the approximations made
in [112, 114], however, suggests that the contributions from vertex- and ladder-diagrams are
not logarithmically enhanced, and that our treatment is accurate to leading log order in the
gauge coupling «. In conclusion, the above considerations suggest that calculation of f<pq
is accurate to order §? in the Yukawa coupling and order «?log a2 in the gauge coupling.

4 Discussion and conclusions

We have studied thermal corrections to the production rate of singlet fermions N in the
decay of neutral scalars ¢ and charged scalars ® in a hot plasma. This rate determines the

~32 -



total abundance and momentum distribution of Dark Matter particles in scenarios where
sterile neutrino Dark Matter is produced in the decay of heavier particles. With some modi-
fications that account for the different spin, our results may be generalised to the production
of other DM candidates in decays, including gravitinos [119-123] or WIMPs [125-127].

We found that the sterile neutrino production rate receives considerable thermal cor-
rections if the plasma temperature 1" exceeds the mass of the decaying scalar. Our main
results include expressions (2.43) and (3.47), which can be used to determine the abun-
dance and momentum distribution of heavy neutrinos produced in decays. They are based
on the gain- and loss rates (2.33)—(2.42) for singlet decays and (3.38)—(3.46) for charged
scalar decays. Our methods is not suitable to compute the heavy neutrino momentum
distribution when the heavy neutrinos are produced in scatterings. It is, however, still
possible to determine their total number density in such scenarios from (2.8), (3.3) and by
the methods described in section 3.3.

If the scalar is a gauge singlet and decays as ¢ — NN, then the N-particles in the
final state are not significantly affected by the plasma as long as their occupation numbers
remain well below the equilibrium value, which is the case in many scenarios studied
in the literature. In this case the main thermal correction comes from the fact that ¢-
quasiparticles in a thermal bath are screened and pick up a thermal mass. The thermal
mass correction appears even if ¢ is a gauge singlet because it must have some interactions
to be produced in the early universe. The effective mass M, in the plasma grows with T
and the coupling constant A; for 7' > mg/ VX it is much larger than the vacuum mass M.
Since the decay rate is larger for heavier quasiparticles (f‘¢q o My), this enhances the DM
production rate significantly. Equation (2.41) gives the thermally corrected production rate
f‘cbq in this case. The effective mass M therein can be determined once the ¢-interactions
are specified. The momentum distribution of the DM can be calculated from (2.43).

If the scalar ® is charged under some gauge group, then at least one of the final state
particles in the decay (which we call ) must also carry a charge. This particle is typically
in equilibrium in the early universe. This leads to Pauli blocking as soon as the temperature
exceeds the scalar mass (T' > mg). The behaviour at higher temperatures depends on the
effective masses Mg and My of & and ¥. If Mg > My at all temperatures, then the
dominant contribution to fcpq at all temperatures comes from the decay & — YN, and
the decay products with energies Qg ~ Q" and Qy ~ wy are always relativistic. In this
case the rate f‘q>q is given by (3.44), as illustrated in figure 9. The behaviour can easily
be understood as the interplay between Pauli blocking, the enhancement of the decay rate
due to the effective ®-mass Mg and the increased lifetime of a particle that moves in the
plasma due to time dilatation (to be calculated with thermal masses): fq,q is suppressed
for T' ~ mg due to Pauli blocking, but grows linearly with T" for Mg > mg. This situation
is usually realised if ® has some other interactions (in addition to the gauge coupling
that increases the mass of both, ® and ¥). We performed the calculation explicitly for
an U(1) gauge interaction of ®. At the order in perturbation theory considered here, it
is straightforward to obtain the results for each component of a general SU(N) multiplet
from (3.40), (3.44) and (3.49) by making the replacements described after (3.10). Hence,
analytic results allow for a simple inclusion of thermal corrections in the regime where N
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is predominantly produced in quasiparticle decays of U(1) or SU(N) charged scalars. The
DM momentum distribution can be obtained from (3.47).

If at some temperature 91y becomes comparable to Mg, then the ¥-quasiparticles that
are produced in the ® — WV decay are not relativistic. In this case the decay rate becomes
sensitive to the complicated infrared behaviour of fermion dispersion relations in a plasma.
For My > Mg the decay may even become kinematically forbidden. At the same time other
processes, such as inelastic scatterings, contribute to heavy neutrino production. In this
scenario it seems difficult to obtain an analytic expression for the scalar damping rate féq.
Qualitatively the behaviour is similar to (3.49), as illustrated in figure 10: f\pq is suppressed
for T' ~ mg due to Pauli blocking, but grows linearly with 1" for Mg > mg. However, we
cannot easily determine the coefficient in the relation fq>q o T in the high temperature
regime. The precise value of this factor depends on the gauge group, the coupling constant
and the thermodynamic state of ®, and it can only be determined numerically.
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A Nonequilibrium quantum field theory

Correlation functions in a medium. The usual methods to calculate S-matrix ele-
ments are not suitable to describe nonequilibrium systems at large density because there is
no well-defined notion of asymptotic states, and the properties of quasiparticles in a medium
may significantly differ from those of particles in vacuum. However, observables can always
be expressed in terms of correlation functions of the quantum fields, without reference to
asymptotic states or free particles. There are two independent two point functions for each
field. For a real scalar field ¢ these are often chosen to be the connected Wightman functions

A7 (x1,22) = (D(x1)p(22))e, A (x1,22) = (P(22)d(21))es (A1)

where the (...) is to be understood in the sense of the usual quantum statistical average
(...) = Tr(p...) of a system characterised by a density operator p. For a fermion ¥ the
corresponding definitions are

Sap(@1,w2) = (Va(21)Vp(22))e s Sa(1,w2) = —(p(w2) Wal21))e (A.2)
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Here o and 8 are spinor indices, which we suppress in the following. We will mostly be
concerned with fermions, and the Wightman functions S< will be needed to calculate
Feynman diagrams. Their linear combinations

= i (A (21, 22) — A< (21, 22)) (A
_ % (A (21, 22) + A< (21, 22)) (A
S~ (a1, x2) = i (57 (w1, 22) — S<(21,22)) (A.
(87 (z1,22) + S<(21,22)) (A

have an intuitive physical interpretations. The spectral function S~ roughly speaking
characterises the spectrum of quasiparticles in the plasma. If ¥ is weakly coupled to a
thermal bath, then S~ (z1,22) = S~ (x1 — x2) depends only on the relative coordinate even
if ¥ itself is out of equilibrium and ST is time dependent [95]. Then we can express S~
as the Fourier transform of the spectral density p(q),

ST(xy—x) =i / Wp(q) e~ a(@1—2) (A.7)

which can be viewed as a definition for p(g). In a weakly coupled theory, the pole
structure of p(q) determines the dispersion relations in the plasma: the real parts of poles
correspond to quasiparticle energies, the imaginary parts are the thermal widths of the
quasiparticles, see (A.25) and (A.26). The statistical propagator St provides a measure
for the occupation numbers. The correlators fulfil the symmetry relations

Y05 (w2, 71) = — (705_($1,562))T (A.8)
’705+(l‘2,33‘1) = (’)/05+(x1,.%‘2))T, (AQ)

which can be seen from the definitions. If ¥ is a Majorana fermion, then there is an
additional symmetry
S2 (1, z0) = CSZ (g, 1) CH, (A.10)

where C is the charge conjugation matrix. S~ has the boundary condition
ST (@1, @)=, = 1706(x1 — x2), (A11)

which follows from the canonical anticommutation relations. The boundary conditions for
the statistical propagator are determined by the physical initial conditions in which the
system is prepared.

Kadanoff-Baym ansatz. [t is reasonable to assume that all fields with gauge interac-
tions are in thermal equilibrium at the time when N gets produced. We will adopt that
assumption in this work. The scalar ¢ may or may not be in equilibrium, depending on
whether N production during freeze-in is relevant. Nonequilibrium propagators for scalars
have e.g. been studied in [95, 128-130]. We will, however, not need them here because ¢
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only appears as external particle. In thermal equilibrium at temperature 7','! the correla-
tion functions only depend on the relative coordinate x1 — 22,2 and they are related by the
Kubo-Martin-Schwinger (KMS) relations, which are most conveniently written in terms of
their Fourier transforms. In absence of chemical potentials they read

A<(q) = e TA>(q),  S%(q)=—e /TS (q). (A.12)

These allow to express the momentum space two-point functions in terms of the spectral
densities,

5~(a) = inla). 5°(0) = (5~ Jrla) o(a).

S57(q) = (1= fr(q))e(a), S=(q) = —fr(q)e(q).

Here fr(qo) = (e%/T + 1)~ is Fermi-Dirac distribution, which naturally arises as a conse-

(A.13)

quences of the boundary conditions for the correlation functions.

The KMS-relations (A.13) in principle do not hold for N because the sterile neutrinos
are not in thermal equilibrium. Explicit expressions for the propagators of Majorana
fermions out of thermal equilibrium have been found in [132-137], but lead to rather
complicated calculations when being used in loop integrals. Since IN couples weakly to ¢
and the thermal bath, the time scale 1/T'xp on which the occupation numbers evolve is
slow compared to the time scale of microscopic processes in the plasma. This justifies to
assume that a relation of the form

Sy(a) = (; - fN(qo)> P (a) (A.14)

holds locally, which is known as Kadanoff-Baym ansatz. Here fy is a function that can be
interpreted as N-distribution function. It changes on macroscopic time scales > 1/I4q.
It is known that this ansatz does not exactly hold [128, 129], but it should be sufficient
for the present purpose. The Kadanoff-Baym ansatz allows to postulate relations similar
to (A.13) also for N locally in time, in spite of the fact that N is not in equilibrium,

S3a) = ion(a). 5500 = (5~ Jv(an)) oo,
57(q) = (1 — fn(q))en(q), S=(q) = —fn(q)en(q)-

By using a single scalar function fy, we already assumed that the different helicity states

(A.15)

of N all have the same occupation number, which seems reasonable. The function fy must
fulfil the relation

In(=q) =1— fn(q), (A.16)

which follows directly from the Majorana condition (A.10) and does not rely on any as-
sumption about the phase space distribution function of N-particles. This can alternatively

1YWe work in the rest frame of the bath, where T has a physical interpretation as temperature. Due to
the choice of frame the expressions are not Lorentz-invariant. This choice is for convenience, the theory can
of course be formulated in a covariant manner [131].

12Vacuum can be seen as a special case of thermal equilibrium with T' = 0.
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be found by demanding that there is no charge associated with NN present in the plasma,
which corresponds to the requirement that

/ 0 405+ (0)] = 0. (A17)

If evaluated at on-shell values gy = Qng > 0, where Qng is the mass shell of N-
(quasi)particle, the function fy(Qpng) can be interpreted as the physical phase space dis-
tribution function fyq of these quasiparticles in the plasma,

Ing = fn(Qng) - (A.18)

Brownian motion. If ¢ is weakly coupled to a thermal bath, then dissipative effects
can be described by a damping rate I'yq, which can be extracted from the pole structure
of the scalar spectral density

A, ,
pota) = ~iA(0) = =i [ A @) e (A.19)

For a scalar ¢ that couples to a plasma in equilibrium, pg(q) at leading order can be
expressed as

—2ImITf(q) + 2qo¢

pold) = (g5 —m3 — a* — Rellf(q))? + (ImITf(q) + qoe)? (4:20)

even if ¢ itself is not in equilibrium [95]. Here the retarded self-energy Hg(q) depends on
T. Let Qq be a pole of py(q), with

Qpq = ReQq and Tgq = 2ImSy,. (A.21)
In weakly coupled theories one observes the hierarchy
F¢q < Q¢q (A.22)

and can make the Breit-Wigner approximation

BW qu¢q cont
Py (@) =2Z + 05" (a), (A.23)
¢ (@ — 22+ (@Tpq)? 7

with the residue .

1 ORellZ(q
Z=|1-55 8¢() (A.24)
#q 4q0 .
Then the dispersion relations can be obtained by solving the equation
2 2 2 R _
Qg — d4” — my — Rell (Q)‘qo:%q =0, (A.25)

and the ¢-damping rate I'yq that we aim to calculate is given by the imaginary part of the
retarded self energy at the quasiparticle pole gy = yq,

ImIT%
=z é (q)
qo

| (A.26)

q0=2pq
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I'yq and 24q depend on T" due to the temperature dependence of Hg(q). The appearance of
the imaginary part can be interpreted as finite temperature version of the optical theorem.
The rate (A.26) is the thermal damping rate for ¢-quasiparticles. The contribution to it
from Feynman diagrams involving N can be used to determine production rate for N-
particles. We have assumed that the screened single particle states are the only relevant
quasiparticles, i.e., collective scalar excitations [138] play no role. If the N-particles are
produced from the decay of a coherent condensate p = (¢), the rate (A.26) is still applicable
if this production happens during oscillations near the minimum of the effective potential
V(p), see e.g. [93]. Analogous to A<, one can introduce self-energies H§ 13 and define

I, (q) = 113 (q) — 115 (¢) = 2iImITf(q). (A.27)
This allows to rewrite
ill; (q)
@ > <
Typg=2Z—— =2 —-T A28
oq 2q0 QO:Q¢q oq »q’ ( )
where
i3 (q)
< _ ¢
I‘¢q = 200 ‘qofgd)q (A.29)
12 (q)
> ¢
F¢>q Z 20 |q079¢q (A.30)

are the gain and loss rate for ¢-particles, which in total give the thermal damping rate I yq.
The thermal width I'gq does not only determine the damping of the spectral function A~
via (A.20), it also governs the relaxation of the statistical propagator to its equilibrium
form, which in the approximation (A.22) reads [96]

A+~in
Aé(thtg) ~ 3’ [cos(pq(t1 + t2) + cos[Qpq(t1 — t2)]] e Poaltitt2)/2
Adin r 2 Adin r 2
+ B sin[Qgq(tr + t)]e el 2 SR [cos[Qq (t1 + t)] —cos[Qpq(ts — to)]) e TealiaHi)/
Qoq 202,
th( e -
coth(57) c08[Qq(t1 — t2)] (1 _ 67F¢q(t1+t2)/2) g~ Toalti—talfz (A.31)
2Q4q
where A;m, A;in and A;“;in are boundary conditions for the statistical propagator
. . . . 1 1 A
z-i.nd its derivatives at t; = to = 0. The choice A:{;in = %[5 + f4q(0)], A(;in =0,
A:rl;in = Quq[3 + fsq(0)]), which can be interpreted as a quantum state with well-defined

quasiparticle occupation number fuq, simplifies (A.31) to

NGt 1) ~ 20l 2 rpaian (L ] (A.32)
a Qyq 2

13Tn the Schwinger-Keldysh-formalism, de (71, z2) corresponds to a self-energy where the first time argu-
ment lies on the “forward” part of the closed time path and the second argument lies on the “backwards”
part. For H; (z1,x2) it is the other way around.
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where t = (t; + t2)/2 and fuq(t) = f5(Qeq) + [fsq(0) — f5(Qeq)]e Feal is the solution to
the Boltzmann equation

Ofoq(t) = —Loqlfoq(t) — fB(Qeq)]- (A.33)

Here f(Q) = (e¥T —1)~! is the Bose-Einstein distribution. Finally, the modes of the
mean field ¢ = (¢) obey an equation of motion of the form

¢q + Tpqpq + 9,V(eq) = 0, (A.34)

where V(¢p) is the finite temperature effective potential. Near its minimum I'pq = T'gq [93].
Hence, I'4q in this situation is the sole damping scale in the system [129]. With the KMS-

relation qu (q) = e~/ TH; (q) it is easy to see that the detailed balanced relation
Ts

F—>q = ¢ %a/T (A.35)

¢q

holds and the total relaxation rate I'sq can be related to the ¢-production rate F;q via [92]
5, = /5(26q) sq. (A.36)

These relations hold to all orders in the couplings amongst the thermal bath’s con-
stituents [139]. Analogous to (A.29) and (A.30) one can find a damping rate Iy for fermionic
correlation functions ST,
itrlg £2(q)] |

2q0 q0=0gq’

-
LAV

= Z4 (A.37)

where Qg is a fermionic quasiparticle pole and Y2 are fermionic self-energies define anal-
ogous to Hi.

Damping rate far from equilibrium. The expressions following (A.19) apply if all
propagators Feynman diagrams that contribute to the self energies H§ fulfil KMS-relations
like (A.12). This is in good approximation the case if ¢ couples weakly to a larger thermal
bath. This is not the case in the present calculation because neither the scalar field not
N are in equilibrium in general. Without this assumption, the nonequilibrium correlation
functions can be expressed as [128]

sin ( Jilat'o ¢>q(t')) o B[ AT ()
21/Qq(t1)Qpq (t2)

oS (ftt; dt’Q¢q(t’)) e*%‘ff; AT gq ()]
2/ Qpq(t1)Qpq(t2)

where ¢ = min(¢y,t2). Note that (A.38) and (A.39) can be derived from first principles,
without the Kadanoff-Baym ansatz (A.14). Here f;q can be interpreted as the quantum

A;(tl,tg) = s (A38)

Ad(t1,t2) =

[1+2fq(t)], (A.39)

mechanical generalisation of a phase space distribution function. On macroscopic time

-39 —



scales, and if the damping is primarily driven by decays and inverse decays, its evolution
is governed by the Markovian equation of motion

Orfoq(t) = (14 foq(t) Toq(t) — foq(t)T54 (). (A.40)

Formally this equation can be casted in the same form as (A.33)

atf¢q(t) = _F¢>q(t) [f¢q(t) - ﬁbq(t)] ) (A.41)

by defining
Foa(t) = (D3q()/Tiq () — 1)~ (A.42)
In the special case that ¢ couples to a large thermal bath, one can easily recover (A.33)

from (A.41) by using (A.35). In this case fsq — fp is time independent, and its values for
all modes q are fixed by a single parameter T'. In general this is, however, not the case.
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