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1 Introduction
Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be a
nonempty closed convex subset of H and F: C x C — R be a bifunction, where R is the

set of real numbers. The equilibrium problem (for short, EP) is to find x* € C such that
F(x*y)>0, VyeC. (11)

The set of solutions of EP is denoted by EP(F). Given a mapping T: C — C, let F(x,y) =
(Tx,y—x) forallx,y € C. Thenx* € EP(F) ifand only if x* € Cisasolution of the variational
inequality (Tx,y —x) > 0 for all y € C, i.e., x* is a solution of the variational inequality.

Let ¢ : C — RU {+00} be a function. The mixed equilibrium problem (for short, MEP)
is to find x* € C such that

F(x",y) + () —p(x*) =0, VyeC. (1.2)

The set of solutions of MEP is denoted by MEP(F, ¢).
If ¢ = 0, then mixed equilibrium problem (1.2) reduces to (1.1).
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If F = 0, then mixed equilibrium problem (1.2) reduces to the following convex mini-

mization problem:
Find x* € C such that ¢(y) > go(x*), Vye C. (1.3)

The set of solutions of (1.3) is denoted by CMP(¢p).

The mixed equilibrium problem (MEP) includes several important problems arising
in physics, engineering, science optimization, economics, transportation, network and
structural analysis, Nash equilibrium problems in noncooperative games and others. It
has been shown that variational inequalities and mathematical programming problems
can be viewed as a special realization of abstract equilibrium problems (e.g, [1, 2]). Many
authors have proposed some useful methods to solve the EP, MEP; see, for instance, [1-8]
and the references therein.

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Following

Kohsaka and Takahashi [9-11], a mapping T : C — C is said to be nonspreading if
2| T — Ty|> < || Tx—y|> + | Ty —x|*> forallx,y e C.
It is easy to see that the above inequality is equivalent to
1T — Ty||* < ||lx —ylI> + 2(x — Tx,y — Ty) forallx,y e C.

In 1967, Browder and Petryshyn [12] introduced the concept of k-strictly pseudonon-
spreading mapping.

Definition 1.1 [12] Let H be a real Hilbert space. A mapping T : D(T) C H — H is said
to be k-strictly pseudononspreading if there exists k € [0,1) such that

ITx - TyI? < llx—yI? + k||x = Tx = (= T)|)* + 202 = T,y = T),  Va,y € D(T).
Clearly, every nonspreading mapping is k-strictly pseudononspreading.

In 2012, Osilike [13] introduced a class of nonspreading type mappings, which is more
general than the mappings studied in [14] in Hilbert spaces, and proved some weak and
strong convergence theorems in real Hilbert spaces. Recently, Chang [15] studied the
multiple-set split feasibility problem for asymptotically strict pseudocontraction in the

framework of infinite-dimensional Hilbert spaces.

Definition 1.2 [15] Let H be a real Hilbert space. A mapping T : D(T) C H — H is said
to be a k-asymptotically strict pseudocontraction if there exist a constant k € [0,1) and a
sequence {k,} C [1,00) with k, — 1 (n — 00) such that

|7~y <kl =31+ k= T (y= 779) |

holds for all x,y € D(T).
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Definition 1.3 Let C be a nonempty subset of a real Hilbert space H. A mapping T :
C — C s said to be k-asymptotically strictly pseudononspreading if there exist a constant
k € [0,1) and a sequence {k,} C [1,00) with k,, — 1 (n — o0) such that

|| T"x — T"y”2 <killx—yl?+ k||x— T"x — (y— T"y) ||2 + Z(x— T"x,y — T”y),

Vx,y € C. (1.4)

It is easy to see that the class of k-asymptotically strictly pseudononspreading map-
pings is more general than the classes of k-strictly pseudononspreading mappings and
k-asymptotically strict pseudocontractions.

Example 1.4 Let X = /2 with the norm || - || defined by

o0

2
E x5, Vx=(x1,%0...,%...) €X,
i=1

llxll =

and C = {x = (x1,%2,...,%...)[x; € RY,i =1,2,...} be an orthogonal subspace of X (i.e.,
Vx,y € C, we have (x,y) = 0). It is obvious that C is a nonempty closed convex subset of X.
For each x = (x1,%3,...,%y,...) € C, we define the mapping 7 : C — C by

N NI TR if [T, % <0;

Tx
(=201, =%2, .oy =Xy...)  if oo % > 0.

(1.5)

Next we prove that T is a k-asymptotically strictly pseudononspreading mapping.

In fact, for any %,y € C.

Case 1. If T2 &; < 0 and []75 i < 0, then we have T"x = x, T"y = y, and so inequality
(1.4) holds for any k € [0,1).

Case 2. If []%, %: < 0 and []5 5 > 0, then we have that 7"x = x, T"y = (-1)"y. This
implies that

177 = T"yII* = [l = (<1)"y 11> = l%l1* + Iy 11%;
Kalloe = y11 = k(1% + 1y1%);

lx = T~ (v = T"9)1* = [1 = (<1)"I*Iyll*
2(x—T"x,y—T"y) = 0.

Therefore inequality (1.4) holds for any & € [0,1).
Case 3. If [ ][5, #; > 0 and [, 7: < 0, then we have that 7"x = (-1)"x, T"y = y. Therefore
we obtain

177 = T"yII* = [[(=1)"% = y1I* = ll%lI* + Iy 11%;
kalloe = y11 = k(11 + 1y1%);

lle = 7" = (y = T"9)11* = [1 = (=1)"Pllx]1%;
2(x—T"x,y—T"y) = 0.

So, inequality (1.4) holds for any k € [0,1).
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Case 4. If [ ][5, ; > 0 and []7, 5 > O, then we have T"x = (-1)"x, T"y = (-1)"y. Hence
we have

1T = T = (=1)"x = (<1)"yI1* = llx = yII* = [l%[I* + Iy11%;

kllx = y11* = (11> + 1y11%);

o= T"x = (y = T"y)|I*> = [1 = (-1)"PPllx = yII> = [1 = (1" P(Ulxll> + Iy l1*);
2x—T"x,y—T"y) = 0.

Thus inequality (1.4) still holds for any k € [0,1). Therefore the mapping defined by (1.5)
is a k-asymptotically strictly pseudononspreading mapping.

A mapping T : C — C is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that for all (x,y) € H x H,

|77 = T"y|| < Lilx - yll. (1.6)

A Banach space E is said to satisfy Opial’s condition if, for any sequence {x,,} in E, x,, — x
implies that limsup,,_, ., [lx, — x| < limsup,,_, ., [Ix, — y|l for all y € E with y # x. It is well
known that every Hilbert space satisfies Opial’s condition.

A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at p if
whenever {x,} is a sequence in D(T) such that {x,} converges weakly to x* € D(T) and
{Tx,} converges strongly to p, then Tx* = p.

T is said to be semi-compact if for any bounded sequence {x,} C H with lim,_, o ||%, —
Tx,|l = 0, there exists a subsequence {x,,} of {x,} such that {x,,} converges strongly to a
point x* € H.

Recently, Zhao and Chang [16] proposed the following algorithm for solving k-strictly
pseudononspreading mappings and equilibrium problem in Hilbert spaces.

{F(un,y) + oy =ttty —%,) 20, VyeC, (1.7)

1)
X+l = 0o ulhy + Zizl ai,nSi,/S Uy,

where S; g := BI + (1 - B)S;, @, C (0,1). Under some suitable conditions, they proved that
the sequences {x,}, {y,} weakly and strongly converge to a solution of the problem x* €
Moy E(S;) N EP(F).

For finding a split feasibility problem for k-strictly pseudononspreading mappings in a
Hilbert space, in [17], Quan and Chang presented the following iterative method:

x1 € Hp chosen arbitrarily,
Up =Xp + VA*(Tn(modN) - 1DAx,, (1.8)

Xn+l = (1 - an)un + ansn(modN)un;

where y is a constant and y € (0, I’T"), A is the spectral of the operator A*A, k =
max{xy, ka,...,kn}, and {a,} is a sequence in (0,1 — o] with ¢ = max{o;,09,...,0n}- Un-
der some suitable conditions, they proved that {x,} weakly and strongly converges to a
split fixed point x* € I'.

Inspired and motivated by the recent works of Zhao and Chang [16], Quan and Chang
[17], etc., in this paper, we propose an iterative scheme to approximate a common ele-
ment of the set of solutions of k-asymptotically strictly pseudononspreading mappings
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and mixed equilibrium problem in infinite-dimensional Hilbert spaces. Some weak and
strong convergence theorems are proved. At the same time, the demiclosed principle of
a k-asymptotically strictly pseudononspreading mapping is shown. The results presented
in this paper improve and extend some recent corresponding results.

2 Preliminaries
Throughout this paper, we denote the strong convergence and weak convergence of a se-
quence {x,} to a point x € X by x, — x, x,, — «, respectively.

Let H be a Hilbert space with the inner product (-,-) and the norm || - ||, let C be a
nonempty closed convex subset of H. For every point x € H, there exists a unique nearest
point of C, denoted by Pcx, such that ||x — Pcx|| < ||x—y|| for all y € C. Such a P¢ is called
the metric projection from H onto C. It is well known that P is a firmly nonexpansive
mapping from H to C, i.e.,

|Pcx — Peyl|* < (Pcx— Pcy,x—y), Va,y € H.
Further, for any x € H and z € C, z = Pcx if and only if
x-z,z-y >0, VyeC. (2.1)

For solving mixed equilibrium problems, we assume that the bifunction F: C x C — R
satisfies the following conditions:

(A1) F(x,x)=0,Vx e C;

(A2) F(x,y)+F(y,x) <0,Vx,y € C;

(A3) Forallw,y,ze C,limgo F(tz + (1 - t)x,y) < F(x,9);

(A4) For each x € C, the function y +—> F(x,y) is convex and lower semi-continuous.

Lemma 2.1 [18] Let C be a nonempty closed convex subset of a Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)-(A4), and let ¢ : C — R U {+00} be a proper
lower semi-continuous and convex function such that C Ndomg #@. Forr >0 and x € C,
define a mapping T, : H — C as follows:

T,(x) = {ze C:F(z,9) + o(y) — p(2) + %(y—z,z—x) >0,Vye C}, Vx € H. (2.2)

Then
(1) Foreachx e H, T,(x) #;
(2) T, is single-valued,;
(3) T, isfirmly nonexpansive, that is, Vx,y € H,

ITox = Toyll* < (T = Try,x = 9);

(4) F(T,) = MEP(F, ¢);
(5) MEP(F, @) is closed and convex.

Lemma 2.2 [13] Let H be a real Hilbert space. Then the following results hold:
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(i) Forallx,y € H and forall t € [0,1],
||tx+(1—lf)y||2 = tllal* + @ = 8)|Iyl* = 11 - D)l — yII>.

(ii) [l +y1% < I%lI* +2(y, 2 + ).
(iii) If {x,.)00; is a sequence in H which converges weakly to z € H, then

lim sup ||x, — yI|* = limsup |lx, — zI|* + |z - y*>, VyeH.

n—0oQ n— 00

The demiclosed principle and the closeness and convexity of the set of fixed points of a
nonlinear mapping play very important roles in investigating many nonlinear problems.
We now show the demiclosed principle of k-asymptotically strictly pseudononspreading
mapping and the closeness and convexity of the set of fixed points of such a mapping,

respectively.

Lemma 2.3 Let C be a nonempty closed convex subset of a real Hilbert space H and
let T : C — C be a continuous k-asymptotically strictly pseudononspreading mapping. If
F(T) # 0, then it is closed and convex.

Proof Let {x,}32; C F(T) be a sequence which converges to x € C, we show that x € F(T).
1775 = || = || T"% = %0 + 20 — x| < || T"% = T"% | + ot — . (2.3)
Since T is k-asymptotically strictly pseudononspreading, we have

|| T'x — T"x, H2 < kyllx — %)% + k|| (T”x,, —x,,) - (T”x—x) ||2
+ 2<x - T"%,x, — T”xn>
=k ||%, — x| + kH T"x—x”2

< (Vkallotn = x| + VK| T ). (2.4)
Using (2.4) in (2.3), we obtain
|77 = x| < VEalltw =2l + VK| = T + 1%, -1,
50

A=V "% - x| < Vkn+ Dl - ],

ki, +1
1-Vk

|77 <

[l — 1.

Since k, — 1 and |, — x|| — 0 as n — 0o, we get that lim,_, || 7"x — x| = 0. Since T is
continuous, which implies that x = lim,_, oo T"% = lim, .o T(T" ') = T(lim,_. o, T" %) =
Tx. Hence, x € F(T).

Now, we show that F(T) is convex.
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Forx,y € F(T) and t € (0,1), put z = £x + (1 - £)y. We show that z = Tz. In fact, we have
|lz= 12| = 21> = 2(z, T"2) + | T2
= Nz = 2(tx + (1 - )y, T"2) + | T2
= llzI? = 2w, T"2) - 21 - £){y, T"2) + | T2
= izl + tllxl? - 2¢lx, T"2) + £ T"2||* + (1= ) Iy)>
—201- )y, T"2) + (1= )| T2 - tl21* - (1 - DIy
=llzl® + £ - T2 + (1 - &)y = T2~ ellll® - (1 - &)y
< llzll? + t[kallx = 2l + k| — T"x = (z = T"2) | + 2(x — T"%, 2 — T"2)]
+ (1= Okally =2 + Ky - "y - (2= T"2) |
+2ly =T,z - T"2)] - tllx|* - 1 - Dy II*
< llzl? + thyllx - 2)1® + k| 2 = T"2||* + (1 - Ok 1y - 21
+ (1= 0k|z = T"2|* - tllx* - @ - O)lyl)>
= ||z))* + thyllx — z]1* + A = Dkylly - 2>
+klz= T2 = tla)® - - D)yl
So,
(1—K)||z— T"2|) < ll2)1? + thy (x — 2, — 2)
+ (1= ku(y -2,y - 2) — x> = A= D)lly))?
< (ke = D[Ellxl* + @ = Dllyl1* + lIz1%].
Since k, — 1 as 1 — 00, we obtain that lim,_.« [z — T"z||? = 0, which implies that

limy,_, 00 T"z = 2, z = lim,,_, oo T"z = T'lim,_,o(T" 2) = Tz. Hence, z € F(T), which means
that F(T) is convex. a

Lemma 2.4 Let C be a nonempty closed convex subset of a real Hilbert space H, and let T :
C — C be a k-asymptotically strictly pseudononspreading and uniformly L-Lipschitzian
mapping. Then, for any sequence {x,} in C converging weakly to a point p and {||x, — Tx,||}
converging strongly to 0, we have p = Tp.

Proof Since limy,_, « ||%, — Tx,|| = 0, by induction we can prove that

lim ”xn - T"‘xn” =0 foreachm >1.

n—00

In fact, it is obvious that the conclusion is true for m = 1. Suppose that the conclusion
holds for m > 1, now we prove that the conclusion is also true for m + 1.
Indeed, since T is uniformly L-Lipschitzian, we have

”x,, — Ty, H < ”x,, - T"x, ” + H T"x, — T™x, H < Hx,, - T"x, H + L%, — Tx,||.

So, lim,; o [, — Tm+1xn|| =0.
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For each x € H, define f : H — [0, 00) by

f(%) := limsup ||, — x>
n—oQ

Then from Lemma 2.2 we have

f(x) =limsup ||lx, —pl> + |lp— %)%, VxeH.

n—00

Thus, for any x € H, f(x) = f(p) + ||p — %|? and
F(T"p) =f@) + |p- 7P|,

f(T"p) = limsup|x, — T”’sz

= lim sup”x,, - T"x%, + T"x, — T"‘p”2

n— 00

= lim sup|| "%, — T”‘pH2

< limsup[km”xn -pl*+ k||x,, - T"x, — (p - Tmp) ||2

P
+ 2060 — T"%,p — T"p)]
= lim sup iy |, —pl? +k|p-T"p|’
= knf () + Ko = T"p .
It follows from (2.7) and (2.8) that
1-K)|p-T"p| < kn-D|f @)

That is,

lim Hp— TW’p” =0.

m—> 00

Hence we have

ITp-pll < |Tp-T"p| + | T"p - p|
<L|p-T""p| + |T"p-p|.

This is p = Tp, as desired. The proof is completed.

Lemma 2.5 [19] Let the number sequences {a,} and {a,} satisfy

Ay = (1 + Oln)ﬂn, Vn>1,

where a, > 0, a, >0 and > o., a, < 00. Then
(1) lim,_ o a, exists;
(2) ifliminf,_, - a, =0, then lim,_, o a, = 0.

Page 8 of 20

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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3 Main results

Theorem 3.1 Let C be a nonempty and closed convex subset of a real Hilbert space H,
let F be a bifunction from C x C to R satisfying (A1)-(A4), and let ¢ : C — R U {+00}
be a proper lower semi-continuous and convex function such that C Ndome # . Let T; :
C — C be a uniformly L;-Lipschitzian and t;-asymptotically strictly pseudononspreading
mapping with the sequence {k,} C [1,+00) such that y . (k, —1) < 00, let S; : C — C be
a uniformly Li-Lipschitzian and l;-asymptotically strictly pseudononspreading mapping
with the sequence {p,} C [1,+00) such thaty - (p,—1) <00,i=12,...,N. Let {x,} be a

sequence generated by

Vx, € C,

Flun,y) + () = () + 7 (= thy thy = %) = 0, ¥y €C,
Vn =0 = Bu)un + BuTy modN)un,

%p1 = (1= otn)Yn + S pmoany Vs

where {a,} is a sequence in (0,1) with liminf,_, o, > 0, {B,} is a sequence in (0,1 — k)
with liminf,_,» B, > 0, k = max{t}, To,...,Tn} € (0,1), and the sequence {r,} C (0,00)
satisfies that liminf, .1, > 0 and lim, o |y — 14| = 0. If T := ﬂf\il F(S;) ﬂf\il F(T;) N
MEP(F, ) # ), then the sequence {x,} converges weakly to a point x* € I.

Proof The proof is divided into four steps.
Step 1. Firstly, we prove that lim,_, « [|x, — p|| exists forany p e I.
Taking p € I" and putting p = max{/,l,...,Ix} € (0,1), it follows from Lemma 2.1 that
uy = Ty, %y, p = Ty, p, we have
lun —pIl < 1 Ty,%0 — Tr,pll < llxn — pl, (3.2)
2
(1941 —17”2 = ”yn —-p+t Oln(S:,[(modN))’n —yn) ”

= ”yi’l _p||2 + 20["( n— P Sn modN) Jn yn> +o Hyi’l n(modN)yi’l HZ (33)
Since

||SZ(modN)yn —P”2 = ||SZ(modN)yn - SZ(modN)p“z
2

=< pullyn —P||2 +p0 ” (1 - SZ(modN))yn ” (3.4)
and
”Sn(modN P“ ”Sn(modN Yn —Yn+ Yn — P”
| A e e
+ 2{SpmoayVn = I Yn = P), (3.5)

from (3.4) and (3.5) we have

2 moanyVn = VsV = B) < (0w = Dllyn = 212 + (0 = D | SLmoaryn = ] (3.6)
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Substituting (3.6) into (3.3) and simplifying, we have

%041 =PI < llym =PI + (0w = Dy — plI*

+Oln(,0 I)HSandN ynH +012”_)/n nmodNy”’”2

:[1+0(n( n_l)]”_yn P|| -a,(l1-p- a”)”Sn(modN yn” .

On the other hand,

1y =PI < Nt =PI + 2801t = 2, (T noany — 1))
+ :35 H T:(modN) - I)M" HZ
= Nt =PI + 2Bu{ttn — P, (Tokmoany — 1) ttn)

4 B2 Thmoany = Dot
Since T; is a t;-asymptotically strictly pseudononspreading mapping, we have
| T moany w =P = Kallitn = pI> + K0, - T imodn) #n >
Again since

| Tomoaryttn =21 = | Thimoanyhn = tn|* + it — o1

+ 2(T (modN)#n — Uns Un —p),

so we have

2(T;‘(m0dN)un — Uy Uy —p)

< (k= Dllttn = plI? + (k = 1) | sty = T noanyn |-

From (3.8) and (3.11), we have

2
lyn —P||2 < lluy —P||2 + Bulky — 1)l uy —P||2 + Bulk—1) ”un - T:Z(modN)uVl ”

4 B2 Thmoary = Dot

[1+ﬂn(k _1)]”un P||2 :Bn(l k- ,Bn)”un modNunH

By using (3.7) and (3.12), we have

11 = plI> < [1+ eu(pn = D]{[1+ Bulks = D]l - pII?
= Bu@ =k = )|t = Thimoanyttn]|”}
— (1= 0 = )| oy = ¥l
= [1+ au(on = D][1 + Balkn = D] s - pII°

= Bal1+ ctulon = D] = k= Bo) |14 = Tmoanytin|”

Page 10 of 20

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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~ (1= p = ) [ Shmoany?n = ¥
< {1+ Bulku = 1) + atu(pn = D[1 + Bulk = D]}l — pII?
— Ba[1+ (P~ D]~k = B) |t — ooy |
— au(L = p = &) | S moany ¥ = 9 (3.13)

Let M, := Bu(ky, — 1) + oty (0y — 1)[1 + By(ky, — 1)]. Since > (0, — 1) < 00 and > (k, — 1) < 00,
$0 Y M, < 00, we have

s = p1% < (L + M) 60 =PI = 0t (L = p = ) | ST oy = V||
—,3,,[1+0l,,( n_l)](l k= B) ”un andN)un”

<1+ M,)llx, —P|| . (3.14)

Using Lemma 2.5, we show that lim,,_, » [|%, — p|| exists. Further, it follows from (3.2) and
(3.12) that {y,} and {u,} are bounded.
On the other hand, from (3.14) we have

ﬂ[l"'an(pn_l)](l k- ﬂn)”un_ nmodNuVlH +a,(l-p- Ol,,,)”S (mod N)Y yn”

< L+ M), = pl* = %1 = pII>. (3.15)

Since lim,,_, o [|%, — p|| exists and by the fact that M,, — 0, taking limit on both sides of
inequality (3.15), we get

JL%”( n(modN) — )u” ” =0, (3'16)
nlg{)lonyn Shmod N | =o. (3.17)
Step 2. Now, we prove that lim, o [[%41 — 24|l = 0, limy— 0o Y1 — Yull = 0 and

lim,, o [l = 2]l = O

It follows from Lemma 2.1 that u,, = T, x,,, p = T}, p, 50

”Mn —19||2 = ”Tr,,xn - Trnpllz

= <xn — P Uy _P>

= 5 (=PI + = pI? = Iy = 61?). (3.18)
This shows that
it — I < 10— pI? — s — % (3.19)
By (3.13) and (3.19), we obtain

[%s1 =PI < 1160 =PI = 0 — i l|* + Myl — plI*. (3.20)
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So,

% = all® < 112 = q1I* = %01 — q1I> + M1, = pl|*. (3.21)

Thus, we obtain
lim ||x, — u,|| = 0. (3.22)
n—00

In fact, it follows from (3.1) that

%1 = %ull = [ (1= @)y + @uS)moa ¥ = %n |
= || (1 = ) (s + Bu(Tmoan) = 1) #n) + nSiymoanyYn = % |
= @ = ) Ba( Thmoany = 1)t + 0 (SpimoanyVn = thn) + (tt = %) |
= (1 = ) Ba(Trimoany = 1)t + € (Spimoany¥n = ¥n)
+ (Y — thn) + (W — %) |
” 1- 0‘"):3"( n(mod N) ~ 1)”n oy (Sn(modN Vn yn)
+ B (Thimoany = ) thn + (= )|
= [ Bu(Thimoany =)t + n(Simoaryyn = ¥n) | + et = 2

<11 Bu(Trimoany = D)ttn| + | Simoanyyn = | + Nty = 2l (3.23)
From (3.16), (3.17) and (3.22) we have
im0 = x| = 0. (3.24)
Similarly, it follows from (3.1) that

"yn+1 —yn” = ”unﬂ + lgnﬂ(T::ll(modN) - 1)un+1 — Uy + ,Bn( n(mod N) — )un ”

< Nlttpe1 = Ul + Bria ” (T;:lill (modN) _I)un+1 H

+ Bl (Toimoany = D)t (3.25)
where
21 — unll = || Trn+1xn+1 - Trnxn”
=< ” Tr,,+1xn+l - Tr,H.lxn” + ” Trn+1 Trnxn”
=< ||xn+1 _xn” + ” Trmlxn - Trnxn”' (326)

On the other hand, it follows from Lemma 2.1 that u, = T,,x, and u,1 = T}, %441. We

have

1
= tps1, Ups1 —%p1) 20, VyeC,

Tn+l

F(tp1,9) + @) — 0(th01) +
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and
1
F(uﬂ’y)+¢(.y)_§0(un)+ r_(y_umun_xn> >0, VyEC

Particularly, we have

1
F(un+1: Mn) + (p(un) - <P(Mn+1) + 7'_<Mn — Up+1r Uil — xn+1> > 0: Vy S C,
n+l

and

1
F(um I/ln+1) + (p(un+1) - ‘/’(Mn) + r_<un+1 — Uy, Uy _xn) >0, Vy eC.
n

Summing up (3.27) and (3.28) and using (A2), we obtain

1
(un — Upsl, Upsl _xn+1) + _<un+1 — Up, Uy _xn) = 0.
Tnsl T'n
Thus,
Up —Xn Upsl — Xn+l
<Mn+l — Up, - >0,
'n Tni1

which implies that

T'n
0 <(upy1 — sy, Uy — %, — (U1 — Xpa1)
Tnel

T'n
= <un+1 —Upy Uy — Upy1 + Uyl — Xy — r_(un+1 _xn+1)>-
n+l

Therefore,

2 T'n
”Mn+1 - un” S\ Unil — Ups Xpe1 — X + 1- ’ (un+1 _er—l)
n+l

'n
< Nttps1 — bl - |:”xn+1 —Xull + |1 - “Netnsr _xn+1||:|'
Tnil
Thus, we have
T'n
”un+1 - un” = ||xn+1 _xn” + 1= . ”Mn+1 _xVH-l”'
n+l

It follows from (3.16), (3.17), (3.24), (3.25) and (3.29) that
im0 — upll =0
and

lim [|y,41 —yull = 0.
n— 00

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Page 13 of 20
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PutL={Ly,Ls,...,Lx,L1,1,...,Lx}. Since

124 = Tnimoanytinll < || t4n = T mod ) |+ T oy tn — Tn(mod )t I
< [lttn = Tmoanyttn | + L] Trmoanytén = thu|
< [lotn = Thtmoanyttn | + L[| T =tmoary = T itmod sy tin-1 |
| T oty tonct = e | + N1ty = 4]
< 4 = Thfmoany ] + L2110 = 1

+L ” TZ:ll(modN)un—l — Un-1 || + L”Mn—l — Uy ||; (332)
from (3.16), (3.22), (3.30) and (3.32) we get
lim ” Tn(modN)un - un” =0. (333)
n—00

Similarly, we have

19 = Sumoarnull = |9 = Srimoany ¥ | + |Shimoan) Y = Sutmoany |
< |7n = Simoany¥ull + LL| Sp-imoany¥n = Shdmoany V1 |
+ 1S moany-t = Yt | + 19n1 = il
<[ = Tomoany?n | + L2 19 = sl

+ L“ T;lq—_ll(modN)ynfl —Yn-1 ” + L||yn-1 = yull.

This implies that
nlin;o lyn = Sumoanyyull = 0. (3.34)

Since [[%41 = Yull = Aullyn — SZ(modN)yn”: Y

nlglgo %41 = yull = 0. (3.35)
By (3.24) and (3.35), we have

lim ||x, —y,|l = 0. (3.36)
It follows from (3.22) and (3.36) that

lim ||y — tn] = 0. (3.37)

n—00
Since lim,—, « ||, — p|| exists for any p € I and ||x,, = pll = % = yull < [lyn =PIl < llx, = pll +
12 — ¥4, it follows from (3.36) that lim,_.« [, — pll = lim,— o [|%, — p|| holds. Similarly,
lim,— o [y — pll = lim, o [|%, — p|| holds forany p e I'.

Step 3. We show that x* € I" := (X, F(S;) MY, F(T;) N MEP(F, ).
Firstly, we show that x* € ﬂf\il E(S;) ﬂf\il F(T;).
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In fact, since {y,} is bounded, there exists a subsequence {y,,} C {y,} such that {y,,} —
x* € C. Hence, for any positive integer j = 1,2,..., N, there exists a subsequence {#;(j)} C
{n;} with #;(j)(mod N) = j such that {y,,;)} — x*. Again, by (3.34) we know that | y;.; —
Siuin+jll — 0 as i — oo, therefore we have that lim,,l.(],ﬁOo 1Y) = Siymy Il = 0.

Since S; is demiclosed at zero, it follows from Lemma 2.4 that x* € F(S)). By the arbi-
trariness of j = 1,2,...,N, we have

N
x* e[ )E(S).

i=1

On the other hand, since lim,_,« ||y, — 44|l = 0, we know that u,, — x*, too. Similarly,
it follows from (3.33) and Lemma 2.4 that x* € F(T}). By the arbitrariness of j = 1,2,...,N,
we have

Now, we show that x* € MEP(F, ¢).
By Lemma 2.1, since u, = T}, x,, we have

1
F(un,y) + 0(y) — o(u,) + - (y—thy, ety —x,) >0, Vyek. (3.38)

From (A2), we obtain

1
(p(,)/) - (/)(Mn) + r_<y —Up, Uy — xn) Z _F(unry) 2 F(Yr un)’ (339)
and hence
1
o) —ouy,) + r—(y— Uy Uy — %) = F(y, 1,). (3.40)

lltn; =%, I

By liminf,_,« 7, > 0, we have lim,_, o = 0. Since u,; — x*, it follows from (A4) and

the weak lower semicontinuity of ¢ that l
F(y,x%) —o(y) + ¢(x*) <0. (3.41)
Putz; =ty + (1 —t)x* forall £ € (0,1] and y € C. Consequently, we get z; € C. Hence
F(zi,p) — ¢(z:) + 9(x*) < 0. (3.42)
From (Al) and (A4), and the convexity of ¢, we have

0 = F(zr,2¢) — ¢(2¢) + ¢(2)
< tF(z1,) + (1= Do (20,%%) + tp() + (1 - ) (x*) — (22

< t[F(z,9) + 9(9) - 9(z)].
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Therefore

F(zs,y) + o(y) — ¢(z:) > 0.

Letting £ — 0, and from the weak lower semicontinuity of ¢, we have

F(x%,y) +¢(y) — o(x*) > 0.

This implies that x* € MEP(F, ). Hence x* € T'.

Step 4. Finally, we prove that x, — x* and u,, — x*, x* € I'.

Due to u,, — x*, we know that x,, — x* from (3.37). Suppose that there exists another
subsequence {x;} of {x,} such that {Xn} =" €l with y* # x*. Using the same proof
method as in Step 3, we know that y* € I'. Consequently, lim,,_, « ||, —y*|| exists. By using
Opial’s property of a Hilbert space, we have

liminf”x,,i —x* || < liminf”x,,i —y* H = liminf”x,, -y H

n;— 00 n;— 00 n— 00

= liminf”x,,/, -y < liminf”x,,/, ol
n1'~>oo nl‘*)OO

= lim inf||xn —x* || =lim ianxni —x* ||
n—00 H;j—> 00
This is a contradiction. Therefore x, — x*. By (3.1) and (3.22), we have u,, — x*. Therefore,
the conclusion follows.
This completes the proof of Theorem 3.1. O

Taking ¢ = 0, N =1 in Theorem 3.1, we have the following result.

Corollary 3.2 Let C be a nonempty and closed convex subset of a real Hilbert space H, let
F be a bifunction from C x C to R satisfying (Al)-(A4), and let T : C — C be a uniformly L-
Lipschitzian and k-asymptotically strictly pseudononspreading mapping with the sequence
{ky} C [1, +00) such that )", (k,—1) < 00, let S : C — C be a uniformly Z—Lipschitzian and
p-asymptotically strictly pseudononspreading mapping with the sequence {p,} C [1,+00)
such thaty > (p, — 1) < 00. Let {x,} be a sequence generated by

Vx € C,

F(uy,y) + i(y— Up Uy —%,) >0, VyeC,
V=1 =Bty + BuT"uy,

Xp1 = (1= o)y + €nS" Yy

(3.43)

where k € (0,1), p € (0,1), {o,} is a sequence in (0,1) with liminf,_ o, > 0, {8} is
a sequence in (0,1 — k) with liminf, . B, > 0 and the sequence {r,} C (0,00) with
liminf,_ oo 1y > 0 and lim,_, o0 |11 — 1| = 0. If T := F(S) N F(T) N EP(F) # ), then the se-
quence {x,} converges weakly to a point x* € I.

Corollary 3.3 Let C be a nonempty and closed convex subset of a real Hilbert space H,
let F be a bifunction from C x C to R satisfying (A1)-(A4), and let ¢ : C — R U {+00}
be a proper lower semi-continuous and convex function such that C Ndome # . Let T; :
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C — C be a uniformly L;-Lipschitzian and t;-asymptotically strictly pseudononspreading
mapping with the sequence {k,} C [1,+00) such thaty .-, (k, —1) < 0o, let S;: C — C be
a uniformly Zi—Lipschitzian and li-asymptotically strictly pseudononspreading mapping
with the sequence {p,} C [1,+00) such thaty - (p,—1) <00,i=1,2,...,N. Let {x,} be a

sequence generated by

Vx € C,

Fun,y) + 9(0) = @(an) + 7y = thn, 0 = 24) 20, VyeC,
In =0 = Bu)uwn + BT moantons

X1 = (1= @p)Yn + uSp(mod N)Yns

(3.44)

where k = max{ty, Ty,..., Ty} € (0,1), p = max{ly,l,...,In} € (0,1), {a,} is a sequence in
(0,1) with liminf,_, o a0, > 0, {B,} is a sequence in (0,1 — k) with liminf,_, ., 8, > 0 and
the sequence {r,} C (0,00) with liminf, 7, > 0 and lim, o |ty — 1y = 0. If T :=
N E(S) sy E(T;) N MEP(F, ) # @, and. there exists a positive integer j such that S; is

semi-compact, then the sequence {x,} converges strongly to a point x* € .

Proof Without loss of generality, we can assume that S; is semi-compact. It follows from
(3.34) that

Ym0 = S1ymmll = 0,  niq) — oo.

Therefore, there exists a subsequence of {y,,1)} (for the sake of convenience we still denote
it by {ys,)}) such that y,.q) — ¥* € H,. Since y,,q) = ¥*, ¥* = y*, and s0 y,,,q) — «* € I". By

virtue of the fact that lim,,_, , ||y, — p|| exists, we know that
lim ||y,,—x*|| = lim ||u,,—x*|| = lim ||xn—x*|| =0.
n—00 n—00 n—00

That is, {x,}, {#,} and {y,} converge strongly to the point x* € I'. This completes the
proof. O

4 Applications

4.1 Application to a convex minimization problem

It is well known that mixed equilibrium problem (1.2) reduces to the convex minimiza-
tion problem as F = 0. Therefore, Theorem 3.1 can be used to solve convex minimization

problem (1.3), and the following result can be directly deduced from Theorem 3.1.

Theorem 4.1 Let C be a nonempty and closed convex subset of a real Hilbert space H,
let ¢ : C — RU {+00} be a proper lower semi-continuous and convex function such that
CNdome # 9. Let T;: C — C be a uniformly L;-Lipschitzian and t;-asymptotically strictly
pseudononspreading mapping with the sequence {k,} C [1, +00) such that y_ ., (k,—1) < 00,
let S;: C — C be a uniformly Zi—Lipschitziun and l;-asymptotically strictly pseudonon-
spreading mapping with the sequence {p,} C [1,+00) such that Y - (p, — 1) < 00, i =
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1,2,...,N. Let {x,} be a sequence generated by

Vx, € C,

9O) = @y) + 5= (y = thy tty —%,) 2 0, VyeC,
Yn =1 = B)ttn + Bu T moanytons

Xn+l = (1 - aﬂ)yﬂ + O{”S:ll(modN)yn’

(4.1)

where k = max{t, ©,..., v} € (0,1), p = max{l,ly,...,In} € (0,1), {,} is a sequence
in (0,1) with liminf,_ . o, > 0, {B,} is a sequence in (0,1 — k) with liminf,_ . B, > 0,
and the sequence {r,} C (0,00) with liminf, .. r, > 0 and lim,_, |1y — ry| = 0. If
ﬂf\ilF (Si) ﬂf\il F(T;) N CMP(p) # @, then the sequence {x,} converges weakly to a point
x* e (N, E(S) NN, E(T:) N CMP(g).

4.2 Application to a convex feasibility problem
The so-called convex feasibility problem for a family of mappings {7;}, (where w may
be a finite positive integer or +00) is to find a point of the nonempty intersection (7, C;,
where C; is the fixed point set of mapping T}, i =1,2,..., .

In Theorem 3.1if F = 0, ¢ = 0, then the condition ‘%, € C such thatVy € C, (y — u,,, u,, —
x,) > 0’ is equivalent to u, = Pc(x,). Therefore, the following result can be directly ob-
tained from Theorem 3.1.

Theorem 4.2 Let C be a nonempty and closed convex subset of a real Hilbert space H, let
T;: C — C be a uniformly L;-Lipschitzian and t;-asymptotically strictly pseudononspread-
ing mapping with the sequence {k,} C [1,+00) such that ) .- (k, —1) < 0o, let S;: C — C
be a uniformly L;-Lipschitzian and li-asymptotically strictly pseudononspreading mapping
with the sequence {p,} C [1,+00) such thaty oo (p,—1) <00,i=1,2,...,N. Let {x,} be a
sequence generated by

Vx, € C,

up = Pc(xy),

In =0 = Bu)ttn + BuT moanytons
Xpi1 = (1= a,)y, + OlnSZ(modN)ym

where {a,} is a sequence in (0,1) with liminf,_, o, > 0 and {B,} is a sequence in (0,1 — k)
with liminf,_, o B, > 0, k = max{t, ..., Ty} € (0,1). IfT := ﬂf\il F(S)) ﬂf\ilF(Ti) # {0, then
the sequence {x,} converges weakly to a point x* € I', which is a solution of the convex
feasibility problem for mappings {T;}Y, and {S;}¥,.

4.3 Application to the mixed variational inequality problem of Browder type
A variational inequality problem (VIP) is formulated as a problem of finding a point x*
with property x* € C, (Ax*,z —x*) > 0, Vz € C. We will denote the solution set of VIP by
VI(A, C). We know that given a mapping T': C — C, let F(x,y) = (Ix,y —x) for all x,y € C.
Then x* € EP(F) ifand only if x* € C is a solution of the variational inequality (Tx,y —x) >
0 forally € C, i.e., x* is a solution of the variational inequality.

In [20], the mixed variational inequality of Browder type (VI) is shown to be equivalent
to finding a point u € C such that

(Au,y —u) + o(y) —@(u) =0, VyeC.
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We will denote the solution set of a mixed variational inequality of Browder type by
VI(A, C, ).

A mapping A : C — H is said to be an «-inverse-strongly monotone mapping if there
exists a constant o > 0 such that (Ax — Ay,x — y) > a||Ax — Ay||? for any x,y € C. Setting
F(x,y) = (Ax,y — x), it is easy to show that F satisfies conditions (Al)-(A4) as A is an «-
inverse-strongly monotone mapping. Then it follows from Theorem 3.1 that the following
result holds.

Theorem 4.3 Let C be a nonempty and closed convex subset of a real Hilbert space H,
let A: C — H be an a-inverse-strongly monotone mapping, and let ¢ : C — R U {+00}
be a proper lower semi-continuous and convex function such that C Ndome # . Let T; :
C — C be a uniformly L;-Lipschitzian and t;-asymptotically strictly pseudononspreading
mapping with the sequence {k,} C [1,+00) such that y .- (k, —1) < 00, let S;: C — C be
a uniformly Zi—Lipschitzian and l;-asymptotically strictly pseudononspreading mapping
with the sequence {p,} C [1,+00) such thaty - (p, —1) <00,i=1,2,...,N. Let {x,} be a
sequence generated by

Vx, € C,

(At y — un) + 0 (y) — @(uy) + i()’— Upy Uy —%n) 20, VyeC,
In =0 = Bu)ttn + BuT moantons

X1 = (1= )y, + a,,SZ(modN)ym

(4.3)

where {a,} is a sequence in (0,1) with liminf,_, » «, > 0, {B,} is a sequence in (0,1 — k) with
liminf,_, o B, > 0, k = max{ty, 7y,...,tn} € (0,1), and the sequence {r,} C (0,00) satisfies
mint, . o 7, > 0 @nd im0 |Far — 1l = 0. IF T := (N, F(S:) (Y, E(Ty) N VI(A, C, ) #,
then the sequence {x,} converges weakly to a point x* € I.
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