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Abstract In this article, the three-point QCD sum rules are
used to compute the strong coupling constants of vertices
containing the strange bottomed (charmed) mesons with the
pion. The coupling constants are calculated when both the
bottom (charm) and the pion states are off-shell. A compar-
ison of the obtained results of the coupling constants with
existing predictions is also made.

1 Introduction

During the last ten years, there have been published numer-
ous research articles devoted to the precise determination
of the strong form factors and coupling constants of meson
vertices via QCD sum rules (QCDSR) [1-4]. The QCDSR
formalism has also been successfully used to study some
of the ‘exotic’ mesons made of quark—gluon hybrid (gqg),
tetraquark states (¢gqq), molecular states of two ordinary
mesons, glueballs, and many others [5]. Coupling constants
can provide a real opportunity for studying the nature of
the bottomed and charmed pseudoscalar and axial vector
mesons. A more accurate determination of these coupling
constants plays an important role in understanding of the
final state interactions in the hadronic decays of the heavy
mesons. Our knowledge of the form factors in hadronic ver-
tices is of crucial importance to estimate hadronic amplitudes
when hadronic degrees of freedom are used. When all of the
particles in a hadronic vertex are on mass-shell, the effective
fields of the hadrons describe point-like physics. However,
when at least one of the particles in the vertex is off-shell,
the finite size effects of the hadrons become important. The
following coupling constants have been determined by var-
ious research groups: D*Dx [6,7], DDp [8], D*Dp [9],
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D*D*p (101, DDJ /¥ [11], D*DJ /y [12], D*D*J /¥ [13],
D¢D*K, D;DK [14], DDw [15] and V D}, D},, V D, Dy,
V D} D}, and V Dy Dy [16], in the framework of three-point
QCD sumrules. Itis very important to know the precise func-
tional form of the form factors in these vertices and even to
know how this form changes when one or the other (or both)
mesons are off-shell [16].

In this review, we focus on the method of three-point
QCDSR to calculate the strong form factors and coupling
constants associated with the B;B*w, ByBomw, BB,
D1 D*n, Dy Dy, and DD vertices, for both the bottom
(charm) and the pion states being off-shell. The three-point
correlation function is investigated from the phenomenolog-
ical and the theoretical sides. As regards the physical or phe-
nomenological part, the representation is in terms of hadronic
degrees of freedom, which is responsible for the introduction
of the form factors, decay constants, and masses. In QCD or
the theoretical part, which consists of two contributions, per-
turbative and non-perturbative (in the present work the calcu-
lations contributing the quark—quark and quark—gluon con-
densate diagrams are considered as non-perturbative effects),
we evaluate the correlation function in quark—gluon language
and in terms of QCD degrees of freedom, such as the quark
condensate, the gluon condensate, etc., with the help of the
Wilson operator product expansion (OPE). Equating the two
sides and applying the double Borel transformations with
respect to the momentum of the initial and final states, to
suppress the contribution of the higher states and continuum,
the strong form factors are estimated.

The outline of the paper is as follows. In Sect. 2, by intro-
ducing the sufficient correlation functions, we obtain QCD
sum rules for the strong coupling constant of the considered
B1B*m, BBy, and By Bm vertices. With the necessary
changes in the quarks, we can easily apply the same cal-
culations to the Dy D*m, D1Dor, and D;Dm vertices. In
obtaining the sum rules for physical quantities, both light
quark—quark and light quark—gluon condensate diagrams are
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considered as non-perturbative contributions. In Sect. 3, the
obtained sum rules for the considered strong coupling con-
stants are numerically analysed. We will obtain the numeri-
cal values for each coupling constant when both the bottom
(charm) and the pion states are off-shell. Then taking the
average of the two off-shell cases, we will obtain the final
numerical values for each coupling constant. In this section,
we also compare our results with the existing predictions of
other work.

2 The three-point QCD sum rules method

In order to evaluate the strong coupling constants, it is nec-
essary to know the effective Lagrangians of the interaction
which, for the vertices ByB*w, B1Bym, and B|B;x, are
[17,18]

*— — p
Lp g = gppxB(xtBY™ —n~ BT,

LB, By = 88, Byn BY (By dam ™ — 9By ™) + Hoc.,

Lo pir = —8 B € P78, B1p(dy Bl m™ + 78, B,).

ey

From these Lagrangians, we can extract elements associated
with the By B*r, By Bym, and B; Bir momentum dependent
vertices that can be written in terms of the form factors:

(Bi(p'. €)B*(p. )m(9)) = gBi5*x (q%(e/.e)%,

(Bi(p', €)|Bo(p)7(q)) = g8,Byn (47)€ 4

(Bi(p'. €)|Bi(p. )7(q)) = ignp,x(g" )7, (p')
X €5(P)Ppqas )

where p and p’ are the four momenta of the initial and
final mesons; we have ¢ = p’ — p, and ¢, and €’ are the
polarization vectors of the B* and B; mesons. We study the
strong coupling constants By B*mw, By Bor, and B| By ver-
tices when both = and B*[Bg(B;)] can be off-shell. The
interpolating currents j* = Gysq. j% =G0, jB" =41, 0.
and jf ' = gyuys5Q are interpolating currents of the 7, By,
B*, B; mesons, respectively with ¢ being the up or down
quark and Q being for the heavy quark fields. We write the
three-point correlation function associated with the By B*rw,
B1Bym, and By Bm vertices. For the off-shell B*[By(B)]
meson, Fig. 1 (left), these correlation functions are given
by

B* _ .2 4 4 i( 'x— )
l_[lw(p,p/) =i /d xd*ye!'\P TP
. g+ T .
<(o7 [ @i @ o} o), o)

2 (p, p') = iz/d“xd“ye"(””‘_””
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(o7 {jfr@i® @ who). @
L (p, p') = iZ/d4xd4ye"(P/x”’y)
< (o7 {jfr @i o whe). )

and for the off-shell 7 meson, Fig. 1 (right), these quantities
are

my,(p. p) = i? / d*xd*yel PEpY)

< (o7 {07 @4 o). ©
7 (p. p) = i* / d*xdtyel P'x=py)

(o7 [ifr@ i i mhe), @
I, (p, p) = i? / d*xd4yel Px=ry)

<(o {jfr o 0 mle).  ®

Correlation function in (Egs. 3-8) in the OPE and in the
phenomenological side can be written in terms of several
tensor structures. We can write a sum rule to find the coef-
ficients of each structure, leading to as many sum rules as
structures. In principle all the structures should yield the same
final results, but the truncation of the OPE changes different
structures in different ways. Therefore some structures lead
to sum rules which are more stable. In the simplest cases,
such as in the By B*m vertex, we have five structures, g,.,
PuPvs PuPy> Py Pvs and pj, pi,. We have selected the g,
structure. In this structure the quark condensate (the conden-
sate of lower dimension) contributes in the case of bottom
meson off-shell. We also did the calculations for the structure
p/’J Py, and the final results of both structures in predicting of
guv are the same for gp, p+7, and in the By Bymr vertex, we
have the two structures P,/L and p,,. The two structures give
the same result for g, .. We have chosen the PL structure.
In the By Bym vertex we have only one structure e*Pry Pa p;g
is written as
8™ p2, p?, g% = M5 + 8 ™) gy + -

per nonper

HﬁO(ﬂ)(pz, p/2’ qz) — (1‘[30(71) + [1B0(m) )pL Foen,

per nonper

M (2, %, ¢%) = (MR + TR e py plyg
©))

where - - - denotes other structures and higher states.

The phenomenological side of the vertex function is
obtained by considering the contribution of three complete
sets of intermediate states with the same quantum number
that should be inserted in Egs. (3—8). We use the standard
definitions for the decay constants fy (fx, fB,» fB* and
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Fig. 1 Perturbative diagrams
for off-shell bottom (/eft) and
oft-shell pion (right)

fB,) and we have

. _omafx
Ol 7 (p)) = =20
(018 Bo(p)) = mp, fa, (10)

(O1iF [B*(p. €)) = mp« fo-€,(p).
O1j 21 Bi(p'. €)) = mp, f5,€,(P).

The phenomenological part for the g, structure associated
with the By B*m vertex, when B*(;r) is an off-shell meson,
is as follows:

B* B* 2
H[,Lv(ﬂ) = _gBléng(q )
m%mB*fnfB*fBl (m%l - m72,(3*) - 612)
X
2(g2 = My ) (P — m2 (5o ) (P — my ) (my + my)
X guv + h.r. (11)

The phenomenological part for the p;l structure related to the
B By vertex, when By(sr) is an off-shell meson, is

Bo(w) , 2
_gB?BOn(q )

Bo(m) _

" =
y m%{n’IBOmB*fn’fB*fBl (m%l + mrzr(Bo) —4?)

2(g* — m%o(n))(P2 - mi(Bo))(p/2 B m%l)(mu +ma)

xp;L—i-h.r. (12)

The phenomenological part for the P p, p% structure
related to the ByBjm vertex, when Bi(;r) is an off-shell
meson, is

A = —igg'" ()
5 mimy fx[3,
(@2 = mB ) (P2 = mZ g V(P = mG ) (my +ma)
xe“ﬁ“”papl/g +h.r. (13)

InEqgs. (11-13), h.r. represents the contributions of the higher
states and continuum.

With the help of the operator product expansion (OPE) in
the Euclidean region, where p2, p/2 — —00, we calculate
the QCD side of the correlation function (Egs. 3-8) con-
taining perturbative and non-perturbative parts. In practice,
only the first few condensates contribute significantly, the
most important ones being the 3-dimension, (dd), and the

14| B [Bo(By)]

5-dimension, (dos T GwBq ), condensates. For each invari-
ant structure, i, we can write

00 00
1
HEtheor)(pZ’ p/2’ q2) - f ds’ /

472
(mg+mp)? S12)
pi(s.s' q%) 3,7
d C3(dd
e T
+C(doggT*GPdy + -, (14)

where p; (s, s', ¢?) is the spectral density, C; are the Wilson
coefficients, and G“*# is the gluon field strength tensor. We
take for the strange quark condensate (dd) = —(0.24 &+
0.01)3 GeV? [19] and for the mixed quark—gluon condensate
(doap TGP d) = m}(dd) with m3 = (0.8 £ 0.2) GeV?
[20,21].

Furthermore, we make the usual assumption that the con-
tributions of higher resonances are well approximated by the
perturbative expression

1 o0 oo , )
_ /ds//.ds ,O,(S,S ,51 ) , (15)
472 (s = pH(s’ = p?)
50 S0

with appropriate continuum thresholds so and .

The Cutkosky rule allows us to obtain the spectral den-
sities of the correlation function for the Lorentz structures
appearing in the correlation function. The leading contri-
bution comes from the perturbative term, shown in Fig. 1.
As a result, the spectral densities are obtained in the case
of the double discontinuity in Eq. (15) for the vertices; see
Appendix A.

We proceed to calculate the non-perturbative contribu-
tions on the QCD side that contain the quark—quark and
quark—gluon condensate. The quark—quark and quark—gluon
condensate is considered for the case when the light quark
is a spectator [22,23]. Therefore only three important dia-
grams of dimension 3 and 5 remain from the non-perturbative
part contributions when the bottom mesons are off shell.
These diagrams, named quark—quark and quark—gluon con-
densates, are depicted in Fig. 2. For the off-shell pion, there
are no quark—quark and quark—gluon condensate contribu-
tions.

After some straightforward calculations and applying the
double Borel transformations with respect to p%(p? — M?)

@ Springer
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and p’>(p? — M),

my

1 (=DM e
) ~ T(m) (M*H™’

n _m

» 1 (=D e w?
Bp’z(M )<p’2—m§> - T (M)’

where M? and M'? are the Borel parameters, the contribu-
tions of the quark—quark and quark—gluon condensate, for
the bottom meson off-shell case, are given by

B 2(M2)<
P p? —m2

(16)

b Cbottom

ottom g

M non—pery = (dd) VL (17)
The explicit expressions for C%‘]’%T;[ B, Box (B, By )] Associated

with the By B*m, By Bow, and By Bx vertices are given in
Appendix B.

The gluon—gluon condensate is considered when the
heavy quark is a spectator [24], the bottom mesons are oft-
shell, and there is no gluon—gluon condensate contribution.
Our numerical analysis shows that the contribution of the
non-perturbative part containing the quark—quark and quark—
gluon diagrams is about 13 % and the gluon—gluon contribu-
tion is about 4 % of the total and the main contribution comes
from the perturbative part of the strong form factors and we
can ignore the gluon—gluon contribution in our calculation.

The QCDSR for the strong form factors are obtained after
performing the Borel transformation with respect to the vari-
ables p(B,2(M?)) and p’2(B§,(M'2)) on the physical (phe-
nomenological) and QCD parts; equating these two repre-
sentations of the correlations, we obtain the corresponding
equations for the strong form factors as follows.

o For the gp, B*x (0Q?) form factors:

g 5er (0D = 2Q% + me) mu + ma) e’ﬂ)/lTJ272
1B m2mps fz fo+ f5,(my, —m2 + Q2)

m2, S(/) ®
B 1 ’ B* / 2

% o7 i ds” | dsp” (s,s', 0%)

(mp+mg)? S1
s s — CB* *
x e W W 4 (dd)—DE T (18)

M2M"2

2(Q% +m2)(my + mq)
mimps fr f5+ 3, (M3 —my. + Q%)

8% pen (0D =

2 m2
" By 1 )
X e M eM? § ——— ds
472
(mp+mq)?
S0 ,
s s
x/dsp”(s,s’, 0%)e M W} . (19)

52
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e For the gp, Byx (0?) form factors:

2(Q% + mp ) (my + ma)

m%mBOmBl fﬂfBofBl (sz] +m;2-[ + Q2)

8p g () =

/
2 S0
m,2, mB] 1

X eM? e M? o / ds’
T

(mp+mg)?
50 . o _cbo
« fasots e 0y S
51
(20)

2(Q% + m2)(my +my)
m%mBOmB|fnfBofBl(m%3] +m%0 + Q2)

/
2 2 So
m m
By By 1

X e M2 e M? 12 / ds’
T
(mptmg)?

8% 5or (D) =

50
xv/‘dsp”(s,s/, Qz)e_ﬁe_ﬁ . 21

52
e For the gg, B, x (0?) form factors:

(02 +m% Y(my +mg)
B 2y B
B

s/

-
my B) 1 /
X emrem? { ——— ds
472
(mp+mgq)?

50
’

></ dspB1 (s, 5", 0¥)e M2 e W7 +(dd)

51

B
CB]]B]JT
M2M"2

(22)

T 2y .(Q2+m721)(mu +mg)
85,5y (Q7) = —i 2,2 2
mJTmBlijfBl
S
by "y i
X em? em? { ———

(mp+mg)?
50 ,
x/dsp"(s,s’, 0Pe Mle M2 G (23)

52

where Q2 = —qz, 50, and s(/) are the continuum thresholds,
and s1 and s, are the lower limits of the integrals over s, thus

(m2 + q2 _ m2 _ S/)(mZSI _ q2m2 )
d(b) u u d(b) ) (24)

S12) =
(m = q*)(mg ) — ')
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Fig. 2 Contribution of the
quark—quark and quark—gluon
condensate for the bottom
oft-shell

b
EA

3 Numerical analysis

In this section, the expressions of QCDSR obtained for the
considered strong coupling constants are investigated. We
choose the values of the meson and quark masses as m, =
(1.7-3.3) MeV, my = (3.5-6.0) MeV, m; = 14 MeV,
mp+ = 5.32 GCV, mp+ = 2.01 GCV, mp, = 5.72 GCV,
mp, =2.42GeV,mp, = 5.70 GeV, and mp, = 2.36 GeV.
Also the leptonic decay constants used in this calculation are
taken as fr; = 130.41 MeV [25], fp+ = 238 £ 10 MeV,
fp= = 340 £ 12 MeV [26], fp, = 196.9 + 8.9 MeV,
fp, = 2189 £ 11.3 MeV [27], fp, = 280 £ 31 MeV,
and fp, = 334 £ 8.6 MeV [28]. For a comprehensive anal-
ysis of the strong coupling constants, we use the follow-
ing values of the quark masses my and m. in two sets: set
L mp(MS) = 4.67 GeV [29], m, = 1.26 GeV [16,30]
and set II, mp(1S) = 4.19 GeV [29], m, = 1.47 GeV
[16,30].

The expressions for the strong form factors in Eqgs. (18—
23) should not depend on the Borel variables M> and M'%.
Therefore, one has to work in a region where the approx-
imations made are supposedly acceptable and where the
result depends only moderately on the Borel variables. In
this work we use the following relations between the Borel

2 2
masses M2 and M’ [8,9]: X = ™z __ for the bot-
M my, —mj

tom meson off-shell and M?> = M’? for the pion meson
off-shell. The values of the continuum thresholds sg =
(m + A)? and s(/) = (mp, + A)?, where m is the 7 mass, for

12

m, = 4.67GeV 1
107 A=0.7Gev bottom off-shell | — — — BBy

oo

1GeV?)

9(Q%=
D

,vd\‘ ’/d x

B*[Bo(B)] off-shell and the B*[By(B;)] meson mass, for
7 off-shell and A varies between 0.4 GeV < A < 1 GeV
[16,30].

Using A = 0.7 GeV, m, = 4.67 GeV, and fixing
0% = 1 GeV?, we found a good stability of the sum rule
in the interval 10 GeVZ < M2 < 20 GeV? for the two cases
of bottom and pion being off-shell. The dependence of the
strong form factors g, p*x , B, By » and gB, B,» on the Borel
mass parameters for off-shell bottom and pion mesons are

shown in Fig. 3.

We have chosen the Borel mass to be M?> = 13 GeV?>.
Having determined M 2 we calculated the Q2 dependence
of the form factors. We present the results in Fig. 4 for the
8B, B*7> B Byr» and gp, p,x vertices. In these figures, the
small circles and boxes correspond to the form factors in the
interval where the sum rule is valid. As is seen, the form
factors and their fit functions well coincide.

We discuss a difficulty inherent to the calculation of cou-
pling constants with QCDSR. The solution of Egs. (18-23)
is numerical and restricted to a singularity-free region in the
Q? axis, usually located in the space-like region. There-
fore, in order to reach the pole position, Q> = —m,%l, we
must fit the solution, by finding a function g(Q?) which
is then extrapolated to the pole, yielding the coupling con-

stant.
The uncertainties associated with the extrapolation pro-

cedure, for each vertex, are minimized by performing the
calculation twice, first putting one meson and then another
meson off-shell, to obtain two form factors g®°t™ and gPion,

m, = 4.67GeV —BBnr

| A=0.7GeV pion off-shell

Fig. 3 The strong form factors g, p+x, B, Byr> and gp, B,» as functions of the Borel mass parameter M 2 for the two cases of bottom off-shell

meson (/eft) and pion off-shell mesons (right)

@ Springer
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70 : : : : : : 45 : : : :

m= 4.67GeV B off-shel— Exponential fit 6 m,= 467GeV B off-shell— Exponenialft { m= 4,67GeV B1 off-shell— Exponential ft
60 ) 0 )

A=0.7GeV \\ m off-shell- - - Monopolar fit A=0.7GeV \\ T off-shell- - -Monopolar ft 4 A=0.7GeV \ 1 off-shell- - -Monopolar fit

\
50 . 5 1 3.5 \
' \
& 40 \ & > \
e} \ o 4 \ o 3 \
e 30 ' 9 N o \
.mv— \\ mf s N . Cﬂ: 25 \W
& 20 : .- %q%h o '
2 \
~ N
o % - , \%\ - |
1.5
0 T -
‘ ‘ ‘ ‘ 1 ‘ ‘ ‘ 1 ‘ ‘ ‘
-10 -5 0 5 10 15 -10 -5 5 10 15 -10 -5 0 5 10 15
Q*%(GeV?d) Q%(GeV?) Q%(GeV?)

Fig. 4 The strong form factors gg, p*x, &8, Byx» and g, B,x ON 0? for the bottom off-shell and the pion off-shell mesons. The small circles and

boxes correspond to the form factors via the 3PSR calculations

Table 1 Parameters appearing in the fit functions for the gg, g+,
8B Byr» and gp, p,x vertices for Ay = 0.7 GeV and mp(MS) =
4.67 GeV (setI) and mp(1S) = 4.19 GeV (set II)

Form factor Set I Set IT
A B A B

88 o 2.26 8.73 4.35 11.56
8% B 129.87 2.23 301.25 6.12
85 pon 2.06 39.93 2.47 37.53
gg] By 41.77 8.44 308.03 54.43
8h g 2.46 219.04 2.59 132.90
8B, Bin 21.77 6.60 205.82 60.51

and equating these two functions at the respective poles. The
superscripts in parentheses indicate which meson is off-shell.
In order to reduce the freedom in the extrapolation and con-
strain the form factor, we calculate and fit simultaneously the
values of g(Q?) with the pion off-shell. We tried to fit our
results to a monopole form, since this is often used for form
factors [31].

For the off-shell pion meson, our numerical calculations
show that the sufficient parametrization of the form factors
with respect to 0 is

A

[Ny 2

g(0%) =

and for the off-shell bottom meson the strong form factors
can be fitted by the exponential fit function as given by

g(0Y) =Ae 2B (26)

The values of the parameters A and B are given in Table 1.
We define the coupling constant as the value of the strong
coupling form factor at Q2 = —m; in Egs. (25) and (26),
where m,, is the mass of the off-shell meson. Considering the
uncertainties that result with the continuum threshold and the
uncertainties in the values of the other input parameters, we
obtain the average values of the strong coupling constants in
the different sets as shown in Table 2.

We see that the two cases considered here, the off-shell
bottom and pion meson, give compatible results for the cou-
pling constant.

With the same method as described in Sect. 2 with
litle change in the containing perturbative and
non-perturbative parts, where pCDhlagfj(Tp[lg:)Do (D1 Dy7)]

bottom (pion) | Ccharm _
plil Bt*ﬂ[Bl Bom(B) Bim)]1b—¢» D D*r[D) Dor (DD 7)] -
ottom . ..
_C31 B*7[B) Borr(B) B )] |p— ¢, we can easily find similar results
in Eqs. (18-23) for strong form factors gp, p*x, €D, Dy » and

gD, D, x> and also we use the following relations between the

2 2
Borel masses M2 and M': % = % for the charm
Dy e

meson off-shell and M? = M’? for the pion meson off-shell.
The values of the continuum thresholds sy = (m 4+ A)? and
sy = (mp, + A)%, where m is the 7 mass, for D*[Dy(D1)]

Table 2 The strong coupling

CONSKANtS g5, 5> 85, Box» a0d Coupling constant ~ Set | Set IT Average

8B\ Bim Bottom-off-sh ~ Pion-off-sh Bottom-off-sh ~ Pion-off-sh
8B, B*x 57.63 £15.53 58.724+15.43 50.32+13.24 4938 +14.26 54.01 £15.51
8B, Byr 4.68 +1.44 4.96 +1.08 5.87+1.34 5.66 £1.13 5.29 £1.40
gglgl,r(GeV’l) 2.86 £0.43 3.31+£0.27 3.31+0.25 3.89 +0.18 3.57+£0.53

@ Springer
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8 T T
m_= 1.26GeV DDn
| A=0.7GeV charm off-shell - D1Don
m;‘ 6F D,D,n
[0
O s5¢ j
i
(oY)
g 4r 1
S |
K J
2t i
8 10 12 14 16
M2(GeV?)

7m_=1.26GeV DDm
| A=0.7GeV o

6 € pion off-shell D,Dym
=L e D,D.n
“‘> 5r 11
[0)
O 4f ]
1
C\l0 3 |
kS

2t |

oSS T ST TS TT ST TS T T T

0 ‘

8 10 12 14 16
M2(GeV?)

Fig. 5 The strong form factors gp, p+x, &0, Dyx» and gp, p,» as functions of the Borel mass parameter M 2 for the two cases of charm off-shell

meson (left), and pion off-shell meson (right)

40 T 7 T T T 4.5 T T T T
35 mcj1.ZSG$V D' off-shel— Exponental fi . mC:1.26GeV D, off-shell— Exponentia an mAC_:(:::G\jV D1 off-shel— Exponential fit
=068 7 off-shell- - - Monopolar  fit K076V . off-shell- - -Monopoler ft o R 1 off-shell- - -Monopolar  fit
30 5 \
i 25 ~ 3° K
q [a\]
¢] 4 o '\
20 - 3 \
; 3 B_ N
a~ 15 2— A
o 25 N
2 o N
10 >
5 1 2 %Ith
0

Q%(GeV?)

Q%(GeV?)

-10 —5 0 5 1‘0 15
Q2%(GeV?)

Fig. 6 The strong form factors gp, p*x, &0, pyx> and gp, p,» dependence on 0? for the charm off-shell and the pion off-shell mesons. The small
circles and boxes correspond to the form factors via the 3PSR calculations

off-shell and the D*[ Do (D1)] meson mass, for the 7 off-shell
and A with 0.4 GeV < A <1 GeV.

Using A = 0.7 GeV, m, = 1.26 GeV and fixing
0?% = 1 GeV?, we found a good stability of the sum rule in the
interval 7 GeV?2 < M? < 17 GeV? for the two cases of charm
and pion off-shell. The dependences of the strong form fac-
tors gp, p*x» 8Dy Dy > and gp, p, on the Borel mass param-
eters for the off-shell charm and pion mesons are shown in
Fig. 5.

We have chosen the Borel mass to be M? = 10 GeV?2.
Having determined M2, we calculated the Q% dependence
of the form factors. We present the results in Fig. 6 for the
8D, D*x» 8D\ Dyrr» and gp, p,x vertices.

The dependence of the above strong form factors on Q?
for the full physical region is estimated, using Egs. (25)
and (26), for the pion and charm off-shell mesons, respec-
tively. The values of the parameters A and B are given in
Table 3.

Considering the uncertainties that result with the contin-
uum threshold and the uncertainties in the values of the other
input parameters, we obtain the average values of the strong

Table 3 Parameters appearing in the fit functions for the gp,p+x,
8D, Dyr» and gp, p, vertices for A = 0.7 GeV and m. = 1.26 (set I)
and m, = 1.47 (set II)

Form factor Set I Set IT
A B A B

8D pex 9.41 5.72 9.58 5.83
8%, o 63.07 31.30 86.40 4.18
20 by 2.55 12.97 2.37 13.05
% Do 185.69 46.40 32.98 8.49
gp Do 2.75 49.54 2.21 14.40
8% by 50.54 17.44 13.79 3.92

coupling constants in different values of the different sets
shown in Table 4.

In Table 5 we compare our obtained values, with the find-
ings of others, previously calculated. From this Table we see
that our result of the coupling constants is in a fair agreement
with the calculations in Refs. [32,33,35].

@ Springer
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Table 4 The strong coupling

Coupling constant
constants gp, p*x, &p, Dy > and ping

Set I

Set II

8D D7 Charm-oftf-sh Pion-off-sh Charm-off-sh Pion-oft-sh Average
8D, D1 19.07 £ 4.21 20.14 £ 4.49 19.16 +3.87 20.77 £+ 3.92 19.78 £3.32
8D, Dor 3.924+0.93 4.03 +1.01 3.63 +0.84 3.89+0.73 3.87 £0.86
ngDl,,(GeV’l) 3.09 £0.63 2.90 £ 0.52 3.31+0.54 3.54+0.61 3.21+0.49

Table 5 Comparison of our results with the other published results

8B B*n 8B By gBlB]JT(GeV_l) 8D D*m 8D Dy ngDlﬂ(GeV_l)

Our result 54.01 + 15.51 5.29 +1.40 3.57+0.53 19.78 £3.32 3.87 £0.86 3.21 +0.49

Ref. [32] 56 £ 15 5.39+2.15 - 23+£5 3.43 4+ 1.37 -

Ref. [33] - - - 19.12 +£2.42 - 2.59 +0.61

Ref. [34] 68.64 + 8.58 - - 12.10 £2.42 - -

Ref. [35] 58.89 +9.81 473+ 1.14 2.60 + 0.60 - - -

The results of Refs. [32,34] are from light-cone QCDSR, the result from Ref. [33] is from the QCDSR and the short distance expansion, and the

result of Ref. [35] is from the light-cone QCDSR in HQET

4 Conclusion

In this article, we analyzed the vertices ByB*m, BBy,
BiBiw, D1D*m, D1Dym, and Dy Dm within the frame-
work of the three-point QCDSR approach in an unified way.
The strong coupling constants could give useful information
about strong interactions of the strange bottomed and strange
charmed mesons and also are important ingredients for esti-
mating the absorption cross section of the J/iy by the
mesons.

OpenAccess This article is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution, and
reproduction in any medium, provided the original author(s) and the
source are credited.

Funded by SCOAP? / License Version CC BY 4.0.

Appendix A: Perturbative contributions

In this appendix, The perturbative contributions for the sum
rules defined in Egs. (18-23) are

B*
pBll(?Qr =4N.Ipk |:2A (m1 —m3@)) —mimam3 + mzm% + m%

2 A A m3u
—mimy = o (m3 —|—m3)+7 (my —m3)+T )

B u
pB?g;; =4N.1y |:Bz (m2m3 — kmymy+kmyms — m%+A_E>

A
-‘rkm% —m3my — kE] ,

ppler =4iNelg By (m3 — kmy) + By (my +m3) +m3].

@ Springer

The explicit expressions of the coefficients in the spectral
densities entering the sum rules are given as

1
35,5, q2)
A= (s—i—m%—m%),

Io(s,s', ¢%) =

A = (s +m§ - m%),
u=s+s —q?,
A, s, g% =2+ 52+ ¢* —2sq® — 25'¢% — 255,
1
A= —m[élss/m% —sA? —§'A?
§,8,4
—uzmg—f—uAA/],
! /
B] = W[ZSA—AM],
1 /
2 = m[ZJ‘A —AM],

where k = 1, m|; = my, mr» = my, m3z = my for the bottom
meson off-shelland k = —1,m; = m,,my = mg, m3 = my,
for the pion meson off-shell, N, = 3 represents the color
factor.

Appendix B: Non-perturbative contributions

In this appendix, the explicit expressions of the coefficients
of the quark—quark and quark—gluon condensate of the strong
form factors for the vertices B1B*m, B; Bor, and B; By on
applying the double Borel transformations are given:

2,22 2a472,..2 2.2 2
CB*B* _ (7M mpmg M~M"mg  M™“mymg
1 T

24 6 8
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2. 4 20072,.,2
_mgmy, M*M"mpymg ~ M*M"m}
8 4 2
2 2 2
M mbmd M*mpmaq® M mbmd
4 4 2
Mzm(z)mbmu 3M/2m(2)mbmu
4 4
2,3 ”
mgsm;,m M"mim3m
_MQM/Zmbmu + 0 pT U 0 2b u
4 2M
M*M"?mgm, Mzmimdmu
4 2
M’zmimdmu Mzmbmflmu M’zmbmtzimu
4 2 2
mimimu Mzmom
2 24
M"?m 2 2 M?>M"*m? m%mimg
. 2 4
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