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1 Introduction

There has been increasing interest in the holographic duality between fluid dynamics and
gravity in the past few years, while the suggestion of such a connection can be dated
back to the 1970s suggested by Damour [1-3]. Later, the approach was developed into
the membrane paradigm [4], which relates the evolution and diffusion of a black hole
to those in hydrodynamics [5-9]. In recent years, along with the progress in the anti-
de Sitter/Conformal Field Theory (AdS/CFT) correspondence [10-13], the dual fluid has
been generalized to the conformal fluid living on the boundary of AdS spacetime, which
describes the long wavelength and low frequency limit of conformal field theory [14-16].
In particular, a systematic method to study the duality was proposed in the fluid/gravity
correspondence [17], which translates problems in fluid dynamics into problems in general
relativity. It was then further expanded to the case in an arbitrary dimension in [18-20]
and to the non-relativistic hydrodynamics case in [21].

To build up a connection between the fluid/gravity correspondence and membrane
paradigm, a timelike hypersurface outside a horizon of spacetime is introduced to study
the universality of the hydrodynamic limit in the AdS/CFT correspondence and membrane



paradigm [22-24]. Significantly, the authors in [24] consider the fluid living on the finite
cutoff hypersurface outside the horizon from the viewpoint of Wilsonian renormalization,
and impose the Dirichlet boundary condition on the hypersurface and the regularity on the
horizon. Then the fluid/gravity correspondence on the cutoff hypersurface can be general-
ized to the asymptotically flat [25, 26] or de Sitter spacetime [27], and it has been further
studied in [28-36]. More general discussions in the fluid/gravity correspondence can also
be found in [37-41], as well as in the frame of the AdS/Ricci-flat correspondence [42, 43].

Recently, one of the most important developments in the gravity /fluid duality is the
so-called Rindler hydrodynamics [25, 44-49], where the dual fluid lives on a constant accel-
eration hypersurface with a flat induced metric. While Bredberg et al. showed in [25] that
for the four-dimensional case the geometry for the vacuum Einstein gravity is, at least at
leading nontrivial order for the non-relativisic hydrodynamic expansion, of an algebraically
special variety known as restricted Petrov type I , it was found in [50] that in the near-
horizon limit, instead of the regularity condition on the horizon, imposing the Petrov type I
condition on the hypersurface can reduce the vacuum Einstein constraint equations on the
hypersurface to the incompressible Navier-Stokes equations in one lower dimensional flat
spacetime. It is mathematically much simpler than solving gravitational field equations.
Further study based on this framework can be found in [51-56]. From the point of view of
degrees of freedom, the Petrov type I condition gives (p + 2)(p — 1)/2 constraints on the
extrinsic curvature of a p+ 1 dimensional timelike hypersurface, or equivalently on the dual
Brown-York stress tensor. Then the degrees of freedom of the stress tensor are reduced to
be p 4+ 2, which can be interpreted as energy density, pressure and velocity field of dual
fluid [50]. Furthermore the momentum constraint of Einstein gravity turns out to be the
equation of motion of the dual fluid, while the Hamiltonian constraint of the gravity can
be interpreted as the equation of state for the dual fluid.

Very recently, it has been shown in [57, 58| that, the Petrov type I condition can be
used to recover the stress tensor of the dual fluid on the hypersurface order by order under
appropriate gauge choice. Without solving the gravitational field equations, the Rindler
fluid dual to vacuum Einstein gravity can be recovered at least up to the second order in
the relativistic hydrodynamic expansion [58]. Note that the stress tensor of Rindler fluid
in vacuum Einstein-Gauss-Bonnet gravity is found to be modified by the Gauss-Bonnet
term with coupling coefficient « in [45, 48]. It is then quite interesting to ask whether
the Petrov type I condition holds or not in vacuum FEinstein-Gauss-Bonnet gravity and
whether it can be used to recover the dual stress tensor. In this paper, we find that the
Petrov type I condition for the solution of vacuum Einstein-Gauss-Bonnet equations still
holds up to the second order in the relativistic hydrodynamic expansion, and that turn the
logic around, imposing the Petrov type I condition and Hamiltonian constraint, the stress
tensor of the relativistic Rindler fluid can be recovered with correct first order and second
order transport coefficients including the Gauss-Bonnet term corrections.

This paper is organized as follows. In section 2, we first review the Rindler fluid in
vacuum Einstein-Gauss-Bonnet gravity, and show that the spacetime is at least Petrov
type I up to the second order in the relativistic hydrodynamic expansion. In section 3, we
give a detailed derivation of the Petrov type I condition on a cutoff hypersurface in the



vacuum Einstein-Gauss-Bonnet gravity. In section 4, we turn the logic around and obtain
the stress tensor of the dual fluid without using the details of the solution, but assuming
the Hamiltonian constraint and Petrov type I conditiont on a finite cutoff hypersurface.
We further study the Petrov type I condition in non-relativistic hydrodynamic expansion
in section 5, and make the conclusion in section 6.

2 Rindler fluid in vacuum Einstein-Gauss-Bonnet gravity

To study the fluid dual to the vacuum Einstein-Gauss-Bonnet gravity, we begin with the
Einstein-Hilbert action on a (p + 2) dimensional Lorentz manifold M, with the Gauss-
Bonnet term Lgp = R? — 4R, R* + Ryyo " oA and appropriate surface term [59]
B 1
167Gy

where « is the Gauss-Bonnet coefficient. Varying this action with respect to the metric

AP 2x/—g(R — 2A + aLgp) + Som. (2.1)

g yields the vacuum Einstein-Gauss-Bonnet field equations,

1

G +2aH,, =0, GWERW_iRvi wr=0,1,...,p+1, (2.2)
1

Hyuy = RRyy — 2R RY, — 2R Ryouy + R, Ruoap — LowLas. (2.3)

The p + 2 dimensional Rindler metric
ds2 o = —rdr® + 2d7dr + §;;da’da’, i, j=1,...,p, (2.4)

is an exact solution of the field equations (2.2). On a timelike hypersurface X, with r = r,
the induced metric is intrinsic flat,

dsf)ﬂ = ypdz®da’ = —r.dr? + dz;da?, a,b=0,1,...,p. (2.5)

And after setting 167G 2 = 1, the Brown-York stress tensor of Einstein-Gauss-Bonnet
gravity on the cutoff surface ¥, can be written as [28, 60],

TGP = =2 (Kap — Kvyay) — 40 3Jap — Jya), =7, (2.6)
1
Jun =5 <2KKacch K KKy — 2Ky KK gy — K2Kab> . (2.7)

Here K is the extrinsic curvature of the hypersurface X..

2.1 Rindler fluid in relativistic hydrodynamic expansion

In order to study the dual fluid on the hypersurface 3., one introduces the (p+1) indepen-
dent parameters u® = 7,(1, v') and p, which are slowly varying functions of % = (7, z?).
Here 7, is fixed through v,u®u® = —1. Keep the induced metric on a timelike hypersurface
Y. flat and impose the regularity on the future horizon, the solution of vacuum Einstein-
Gauss-Bonnet field equations (2.2) up to the second order in the derivative expansion is
given by [48],

d312)+2 = g dat'dz” = —2pu,dzdr + gapdatda?, (2.8)

Gab = gﬁf,? + gfi,) + gﬁ) + 0(0?). (2.9)



The superscript indices (0), (1), (2),... on the metric components g, denote the order of
the derivative of the velocity u® and pressure p with respect to the transverse space-time
coordinates x®: 0 ~ ¢, where we have introduced the small parameter ¢ < 1. The leading
order term of g, in the derivative expansion is given by

gy = [1 = D*(r — ro)ltat, + hap, (2.10)

where the projection tensor hqp = Yap + uqup. We can read off the horizon position through
rh="rc—1/ p? with g((l(;) in the case of equilibrium state. The first order term in g, in the
derivative expansion is

g((zi) =2p(r —re) [(DInp)uguy + QG(aub)] ; (2.11)

where D = 49, and the acceleration a® = u?dpu®. At the second order in the derivative
expansion, the Gauss-Bonnet corrections appear in the metric,

1 1
ucudg(? =+2(r — rc)ICcdlCCd + 5]1)2(7" — rc)2 (ICcdlCCd + 2acac> + 5]1)4(7" — rC)SQCdQCd

C
2 cd 6 cd 4 2P — 2 cd
+ 2ap®(r — 1) | KegLO — ];chQ + 3ap”(r —re) 7}) Qea, (2.12)

heutg? = —2(r — ro)hSAKL + pA(r — ro)? [hgaczccb  (Koua + Qad)ad} , (2.13)

¢
Behilgls) = +2(r = re) (e Ky + 2oy — 2WEREDK s ) = D2 = 7o) Qe

T 12ap2(r — 1) {Qacmb n ]1? (chgzcd) hab] . (2.14)

Here the fluid shear and vorticity are defined as
Kap = hShio gy, Qap = h§hi 0\ cuq. (2.15)

The components of inverse metric up to the second order in the derivative expansion are

g7 =02 [T+ P2 =) = (9 + 95— el ) ueu]

g =p! <ua n habglgi)uc + habglgz)uc> ’

g% = pab _ hachbdggl) _ (2.16)
One also needs to consider the following constraints

Dau® = 2D KK + 0(0%),
aq + D Inp = 2p thSOKE + O(0%), (2.17)

with Dt = h¢0,, so that the metric (2.8) solves the vacuum Einstein-Gauss-Bonnet field
equations (2.2) up to the second order in the derivative expansion.

With the metric (2.8) and the gauge choice where the fluid velocity u® is defined such
that the momentum density vanishes in the local rest frame of the fluid, and the pressure p
is defined by imposing the isotropy gauge so that there do not contain terms proportional



to hgp at higher derivative orders [46], the dual stress tensor Tél?B) for the vacuum Einstein-
Gauss-Bonnet gravity on the finite cutoff surface ¥, in (2.6) has been obtained in [48],

TS5 = +Dha — 2Kap — 207" (Keak™?) was
+ ]p_l |:-2 (1 + 2a]p2> ICaClCCb _ 4Kc(anb) —4 (1 4 304]p2) QaCch

4R R0 lnp — AKwDInp + 4(DE Inp)(Di In p)} . (2.18)

On the other hand, a general stress tensor 7, for (p + 1)-dimensional relativistic fluid
with vanishing equilibrium energy density is constructed in [46] as

T30 = +phay — 20Kay + /(D In p)uguy
+ P diKCeaK™ + d2Qea2 + d3(DInp)? + dyDD Inp + ds(D 1 Inp)?|uquy,
+ P 1Kk + cala(@%) + 3200 + cahfhf0:0anp + ¢5KCap DInp
+ ¢¢D- Inp Di Inp|. (2.19)

Compare 7' in (2.18) with 7)Y in (2.19), one can read off the holographic transport
coefficients of Rindler fluid dual to the vacuum Einstein-Gauss-Bonnet gravity as

CIIO, ?7:1, d1:—2, d2:d3:d4:d5:0,
c1 = —2(1+2ap?), c3=—-4(1+3ap?), c=ci=c5=—-cs=—4. (2.20)

It turns out that there are no Gauss-Bonne corrections to the shear viscosity 1 and the
parameter (', the latter measures variations of the energy density. The Gauss-Bonnet
corrections appear in the second order transport coefficients ¢; and c¢3. Considering the
equilibrium entropy density s = 4m, one obtains the universal ratio of shear viscosity
over entropy density as n/s = 1/4mw [45]. There is no Gauss-Bonnet term correction to
the ratio or to the shear viscosity itself here, which is different from the result in the
context of the AdS/CFT correspondence [61-63]. To understand the difference, as pointed
out in [28], one can start with the (p + 2) dimensional Einstein-Gauss-Bonnet gravity
in AdS spacetime with AdS radius L and a negative cosmological constant A = —p(p +
1)/2L%. Then the ratio of shear viscosity over entropy density in the dual hydrodynamics
is n/s = [1—2(p—2)(p+1)a/L?] /4m. Taking the large AdS radius limit L — oo or
the zero cosmological constant limit A — 0, the asymptotically AdS spacetime becomes
an asymptotically flat one, meanwhile, the Gauss-Bonnet term correction in the ratio
—2(p—2)(p+1)a/L? disappears. This implies that the shear viscosity in the Rindler fluid
is protected against quantum corrections or other deformations [45].

2.2 The solution is Petrov type I

The Petrov type classification of Weyl tensor in higher dimensions is summarized in ap-
pendix A. Choose (p+2) Newman-Penrose-like vector fields, which include two null vectors
£? = k? = 0, and p orthonormal spacelike vectors m;. The null vectors obey £,k" =1 and



all other products with m;(i = 1,...p) vanish, such that the metric can be decomposed as
Guv = 2£, k) + 6iym’, m’,. Define

P = 2C () = 20'm 0" m.) Cpuvap. (2.21)

Then the Weyl tensor C),,np is at least Petrov type I if there exists a frame £, k, m; such
that ]P’E;) = 0. In this subsection, we will show that the Weyl tensors C),, g of the metric
g in (2.8) is at least Petrov type I .

A special kind of frame has been chosen in [58]. If we denote n = n*d,, as the spacelike
unit normal vector of a constant 7 hypersurface, u = w0, is the normalized (p+2) velocity
along with the hypersurface, and m; = m;*d, being the remaining orthonormal spatial

vectors, then the inverse of the metric (2.8) can be decomposed as

g" =ntn’ —u'u’ +69mt'm) (2.22)

where n* and u* associated with a constant r hypersurface have been taken as
n" = (grr)l/Q n® = (grr)—l/Q gra
u" =0, u® =n. (2.23)

Considering the fact that miamib = hy = op + u®uy, where

mia = 5ia + Tc_l/QUidg— + (1 + Ti/g'yv)_luiujég,
mia = 5ia - rjl/Qui&; +(1+ 7“;/2%)_1uiuj5g, (2.24)
we can fix the freedom of m;* through choosing them as
1
miT - 0, mia - mia - 7mzbgl()§)hca, (225)

2

o
i
Further one can construct the two null vector fields as the combinations of n and u as

which satisfy g, m;m; = d;; up to the order 02,

V2= -n+u, V2k=-n-u. (2.26)
Then the metric (2.8) as well as its inverse (2.16) can be decomposed as

G = 2£(, k) + (5¢jmiumj,,, g = 20EY) 4 6ijmi”mj”. (2.27)

Concretely, the components of the frame with superscript index are given as follows.

Vour = —n"o — (n% —u)dH = —(g”)l/zéff,
VIR = —nTSf — (n )3 = (")~ 2" M
m =m;"5) = (mia - ;mibgz(i)hm> O, - (2.28)

And the components with subscript index are given by

V28, = —(ny — u,) 8], + uadl = (97) *puad,



V2k, = —(n, + u,)8), — uadl = —z(g”)—l/%; - (g”)l/quaag,

. T A
m, = |m, + uaub(g,()i) + g,(j))h“lmdZ — §hgg§§’hcdmdz 07 (2.29)

To check the Petrov type I condition p7)

ij
introduce another covariant formula IP’SZ?, which is defined as

= 0 of the Weyl tensor of the solution we

IP’SZ;) = thth(g)c(g)d = n"hen"hiCyerg, IP’Z(.;) = mi“mjb]P’E:b). (2.30)

Then after a straightforward calculation of the Weyl tensors with metric (2.8), we find
1
P — g <2h;hga,?g§§) + IpQQachb> + 0(9%). (2.31)
Considering gg? with Gauss-Bonnet corrections in (2.14), we can conclude that Pfl? =
O(03) at arbitrary r, which also indicates IP’Z(-;) = 0(8?) at every spacetime point in (2.8).
As a result, we have shown that the Weyl tensor or the spacetime with metric (2.8) is at
least Petrov type I up to 02, even when the Gauss-Bonnet term is included.

3 Petrov type I condition on the hypersurface ¥,

The Petrov type I condition is introduced to reduce the degrees of freedom in the extrinsic
curvature of the hypersurface . to the degrees of freedom in the dual fluid on X, in [50].
On a hypersurface with intrinsic metric v,p, the covariant Petrov type I condition is defined
as [58],

Pop = PUy) = 2hhiClpyeqeyals. = 0, (3.1)

a

where hff = v + u®up and u® = u®|,—,, . With (2.26), we have

2Cwewd = Cwyewyd = Cryem)yd — Cydm)e + Cm)en)ds (3.2)

where the subscript indexes (u) and (n) denote contractions with the vectors u* and n#
introduced in (2.23), respectively. We need to rewrite the Weyl tensor in terms of the
extrinsic curvature K, through using the Gauss-Codazzi equations on the intrinsic flat
hypersurface .. Thus, we firstly define the following hypersurface quantities

Mabcd = ’737573731%(1675 - Kadec - Kachd7
Nabc = ’73%8’72”5}%04676 = 8aKbC - abl{acv
Yab = 120°9) 0 Rapys = KKap — KaeKS +727) Rag, (3.3)

where «, 3, ... are the bulk indexes and a, b, ... are hypersurface indexes. Associated with

the hypersurface ¥., n® = n®|,—,. is the unit normal vector, and ~¢ are the remain-

ing projection vectors. In our coordinate system, 5 = giz = 0y are identical to the

a—components of the projection tensor Vg = (5; —n%ng. The flat induced metric v, is
related to the bulk metric through ~,, = ga[gfyg‘ybﬁ lr=r.. Thus we can obtain
Mg = ﬂ)/bdMabcd = Kabec - KK, Ny = VGCNabc = 0 (Kab - K(Sab) s
M =~%M,. = Kpp K% — K2, Y =7%Yoe = —M +7*P Ryp. (3.4)



Then using the equations of motion (2.2) which lead to

2 4
R,UV — —7aHglm, — 20&Hw,, R = *OZH, H = Hw/gw/a (35)
p p

we can obtain the projections of the Weyl tensor on the hypersurface X,

S8aH 4
Ve INICoaprs = Mabed — ———ValeYap + =7V 9oy Hays — 951 Hsja),
p(p+1) P
a By 50 - N % a By, H _ H
Yo Vp Ve Capys = Nabe + O‘p’ya Yo Ve (goch 818 — 98y 5]04)7
4aH 4
16 I’ Cogys = Yae — P+ 1) T 7(1 P10’ (9o Halp — 9pi Hsja) - (3:6)

This is similar to the derivation in [53] for the case of Einstein gravity with matter. Then
put (3.6) into (3.1) and consider (3.2), we obtain Py, = P((j) + 6P% | where

(@) — arl 1 L
Pav' = Meaqup + 2N an) — Map, (3.7)
5IP H) = QQH;@ + 20[}?71 [H(n)(n) — 2H(n)(u) + H(u)(u) + H] hap- (3.8)

For convenience, we here have defined

m d mipn
Mgyaupp = Mt by Memanuu,  Nigyapy = hahiy Nemnt®, Mgy = hithy My, (3.9)
as well as
Hyy = Hyuntyihhi, Hpyn) = Hupnt'n”,
Hyw) = Huybop e, Hpyw) = Huntypul. (3.10)

On the other hand, the Hamiltonian constraint for vacuum Einstein-Gauss-Bonnet
field equations (2.2) is
H=-2(Gw +2aH,,)n*n” = 0. (3.11)

With the decomposition of the Riemann tensor in appendix B, we obtain H = H(®) + §H"™
where [64]

H® = M, §H™ = a (M2 — AM M Mabch“de> , (3.12)
while the momentum constraint for the equations of motion (2.2) turns out to be
T = —2(E,, + 2aH,,)nty) =0, (3.13)

where 7'7'% is the one given in (2.6).
Notice that IP’E:Z) in (3.7) is a hypersurface function of extrinsic curvature K, but it
is not true for 6P\}” in (3.8). For example, we can see from [64] that the term

Yab - _Mab + 757bVRuV - _gnKab + Kacch (314)

appears in 2aH (ﬁ), thus Yy, can not be obtained only from the extrinsic curvature K, and
other intrinsic quantities, because additional information for the bulk such as R, , or the



analytic continuation of K, out of the hypersurface along n is needed. Thus unlike the
case in the Einstein gravity, the goal that Petrov type I condition gives constraints to the
extrinsic curvature can not be realized in the case with the Gauss-Bonnet term. However,
if we consider the linear approximation of Gauss-Bonnet parameter «, and take the Petrov
type I condition up to the linear order of «, the above difficulty can be solved.

To see this, we first define all the quantities with bars have the same expressions as those
without bars when o = 0. Then put (3.5) into (3.14) and (2.3), we obtain Y, = — Mgy, as
well as )

Huy = Hu+0(0), i = R Ry = 7 (R Ruony) g (3.15)

With the calculations in appendix B, the equation (3.8) becomes (5IP’£LIZ> = (51?’5;) + 0(a?),
where (51@’;};) is the linear order term of o as

0Py = —20Hgy + 20p™ hap [Hiny) = 2H i) + Heyw) + H] (3.16)
= —2ah™hD (MnfdeMmde N AN+ N Ny + 2Mnand)

-1 r cde y 7 cd AT ved AT 7 dag
+ap™ hap |:2 (M(u) (u)cde + 2N( N(u)cd + N (u)ch(u) + 2M(u) M(u)d)

w)

o AV (e N =200 N ype)+ (V%S Mo+ 6N Noge + 81 M) | (3.17)

Now we can say that 6@’%) is a function of Kgp, e as well as u,. On the other hand,
notice that the extrinsic curvature K,, can be decomposed as

Koy = Kap + 6K + 0(0?), (3.18)

a

(a)

where K, is the contribution from vacuum Einstein gravity, and § K a‘; includes the linear
order terms from the Gauss-Bonnet parameter o. Then from (3.7) we have Pfﬁf) =Py +

51?’2%‘) + O(a?), where

Pab = Mgy apuyp + 2Ny () — Mabs (3.19)
(@) _ s/ L (o) L(a)
OBy = SMy s, + 20N — M, ™. (3.20)

Finally, the covariant Petrov type I condition (3.1) up to the linear order terms of a becomes
Puy = Pgy, + 6P 4 5P = 0, (3.21)

Similarly, the Hamiltonian constraint (3.11) up to the linear order terms of o becomes,

H = H + §H® + §H™ = 0, (3.22)

where
H=M, §H® =M, (3.23)
SAM = o (M? — AM, M + Mabch“bcd) . (3.24)



With the expansion of K, in (3.18), the Brown-York stress tensor (2.6) can also be
expanded as

Tpy™ = Top + 6Twy + O(a?), (3.25)

Tay = —2(Kap — Kvap), 0Top = 5TCE{?) + 6T (3.26)

ab

where T, is just the Brown-York stress tensor of Einstein gravity, and 67, comes from
the linear order Gauss-Bonnet terms,

0TS = =2 (6K — 5K @), 0T = ~da(3]u — Tya). (3.27)

In the following section, with the Petrov type I condition (3.21) and Hamiltonian con-
straint (3.22), as well as the stress tensor (3.25), we will directly recover the stress ten-
sor (2.18) of Rindler fluid in the vacuum Einstein-Gauss-Bonnet gravity.

Notice that in the Einstein gravity, K, can be expressed in terms of its Brown-York
stress tensor through T, = 2(K 4, —Kap). But if we consider the Gauss-Bonnet corrections
in (2.6), as the cube terms of K, appear in J,;, one cannot obtain the extrinsic curvature
K, in terms of the stress tensor TébGB) in (3.25) at finite a. But, up to the linear order

terms of «, we can have from (3.25) that

QRab = - 7ab +p_1T7ab7 (328)
2K = 5Ty + p 0T vap — dev (37 — 20 ) (3.29)

such that the Petrov type I condition on the hypersurface can also be expressed in terms
of the Brown-York stress tensor in Einstein-Gauss-Bonnet gravity 7T éfm = T + 0T,
The spirit for the formulas (3.28) and (3.29) in terms of the stress tensor is in accord
with the original goal of the Petrov type I condition introduced in [50]. We will also use
this strategy to study the Petrov type I condition in the non-relativistic hydrodynamic
expansion in section 5.

Let us stress here that in this section, so far we have considered the expansion of
extrinsic curvature and other geometric quantities in terms of the Gauss-Bonnet coefficient
up to its linear order, and have not introduced any hydrodynamic expansion parameters
yet. In the following sections, we will meet the parameter 0 ~ € (v ~ €) for the relativistic
(non-relativistic) hydrodynamic expansions. The hydrodynamic expansion is independent
with the o expansion. Namely, in what follows, we will study the hydrodynamic expansion
based on the « expansion.

4 From Petrov type I condition to Rindler fluid

In this section, we will show how to obtain the stress tensor (2.18) by use of the Petrov
type I condition and intrinsic flatness on a timelike accelerated hypersurface in the vacuum
Einstein-Gauss-Bonnet gravity without using the solution given in (2.8). We also derive the
momentum constraint for the equations of motion (2.2). To be clear, we first consider the
case with a = 0 and obtain the stress tensor for the Rindler fluid in the vacuum Einstein
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gravity from Petrov type I condition and Hamiltonian constraint, and then obtain the linear
order Gauss-Bonnet corrections to the stress tensor in the vacuum Einstein-Gauss-Bonnet
gravity case.

4.1 Recover the Rindler fluid in vacuum Einstein gravity

Firstly, setting o = 0 in (3.21), we have the Petrov type I condition Py, = 0 on the finite
cutoff hypersurface ¥, in the vacuum Einstein gravity, where

Pab = Migyauy, + 2Na)(an) — M (4.1)
Similar to (3.9), we have defined
Vi mpn (1 I P % c,d
M(u)a(u)b = ha hb (KCmKdn - chKmn) uu-,
VAR min (,.cq o c -
N(u)(ab) = h(ahb) (u OcKyn — u 8mKnc) )
Mab - —hznh? (KKmn - chkcn) . (4.2)

On the other hand, from (3.28), we have
2Kab = _Tab +p_1T/7aba 2K = p_lT' (43)
Then P, in (4.1) can be expressed as [58]

4]P>ab = hmhn[ ( nd - TmnTcd) u® u — Tch — 4u‘386Tmn + 4u08(an)c]
[T(T + p Toquu®) + 4pud.T | hap. (4.4)

Now we decompose an arbitrary stress tensor T, associated with a (p + 1)-velocity u, as
Tap = @uqup + 2j(qup) + Moy, T = —e +1I, (4.5)
where we have defined
e= Tyu't®, jo=—hiTqul, Mg = hShiT.y, I =II,h?. (4.6)
Substituting (4.5) into (4.4), the Petrov type I condition Py, = 0 reads

APgy, = —ell b + 2fafs — Macdl® — 8a(udp) — 4hGhi DI g — deKqy — 4D(Lajb) — 4H(;Dj)uc
2% + (p— 2)ell — (p — 1)e* + 4p D(I1 — @)] h 4. (4.7)

In the case with a = 0, the Hamiltonian constraint H = 0 in (3.22) becomes
AH = pTpT® — T? = 2€Il + (p — 1)e? — 2pjajph®® + plly, % — 112, (4.8)

Expanding the undetermined stress tensor Ty in (4.5) in terms of the derivative ex-
pansion 0 ~ ¢ as

e=e 4l +e@ 4 0%,
Ja =3¢ 43"+ + 0(2°),
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My =111 +118) + 11 1 0(%),
=19+ 10® 4+ 1@ 4+ 0(8%), (4.9)

and assuming that the stress tensor at the zeroth order has the same form as that in the
Rindler fluid (2.19) with

e®=0, j®=0 I =phy 0O =pp, (4.10)

which gives the stress tensor for the Rindler fluid dual to the Rindler solution (2.4), one can
recover the first and second order terms of total stress tensor (2.18) with o = 0, by imposing
the Hamiltonian constraint (4.8) and Petrov type I condition (4.7). We fix the fluid frame
by defining the relativistic fluid velocity u® such that j, = u‘T,she = 0 at arbitrary orders,
and choose the isotropy gauge where there are no higher order corrections to the term
proportional to hgp, that is, only phy, appears in the stress tensor [46]. Concretely, we go
as follows step by step.

i) First order.

We put (4.9) and (4.10) into the Hamiltonian constraint (4.8) and Petrov type I
condition (4.7), and then expand them in terms of the derivative expansion. Assuming

0

Jo’ =0, at the first order, we have
HY = 0= M =0, (4.11)
By =0 = 11, = 2Ky +p! (H<1> - @<1>> Db (4.12)

Choosing the isotropy gauge such that IIV) = () = 0, we reach H&) = —2K .

ii) Second order.

With the results in the first order, assuming jg) = 0, we can obtain the second order

terms through

H® =0=¢e® = —2p~ 1KY, (4.13)

P =0= 1) = [20C0ek, — 4K o002 + A hE DKol 47! (H<2> —<B(2)) hap. (4.14)

a

Choosing the isotropy gauge such that 1I?) = (®) = —2p~1K,,K, and employing
the derivatives of momentum constraint equation (2.17) which leads to the identities,

hERE DK cqg=—hEhi0.0q1n p—KapyDIn p4+ D In pDit Inp— KK, — Q,5Q0+0(0%),
heDK.q=DK = O(d%), (4.15)
we finally reach the stress tensor up to the second order in the derivative expansion,
Tup = +Dhap + (ae(l) + e@)) uqup + 1) + 11 (4.16)
— phay — 2Ky — 2p~ (ICCdICCd) gty + P 2K 0K — 4,005,

—40,.0¢ — 4hShED.04Inp — 4K DInp + 4(D)f Inp)(Di- Inp)| . (4.17)
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Comparing the above stress tensor Ty, with the general stress tensor Téf ) in (2.19),
one can read off exactly the same coefficients in (2.20) when a = 0. Thus, taking
the Hamiltonian constraint and Petrov type I condition, we recover the Brown-York
stress tensor (2.18) dual to the bulk metric in (2.8) in the case of Einstein gravity.

4.2 Recover the Rindler fluid in Einstein-Gauss-Bonnet gravity

In this subsection, we will recover the stress tensor of the Rindler fluid dual to the vac-
uum Einstein-Gauss-Bonnet gravity. Because H = 0, we can write the Hamiltonian con-
straint (3.22) as

H=H® + §H™ = §H® + §H™ =0, (4.18)

where H(® and dH"™ can be found in (3.12) and (3.24), respectively. Since Py, = 0, the
Petrov type I condition in (3.21) becomes

Py, = P& 4 6P — 5P 4 5PUD — o, (4.19)

a

where sz) and 6P can be found in (3.7) and (3.17), respectively. On the other hand,
with the results in (4.16), one has from (3.28) that

= 1 2
2K = —(p+ e(z))uaub — Hgb) — fob) + 0(8?). (4.20)
We then assume the following decomposition of the extrinsic curvature
Kab = 0 UqUp + Tab, 0= Kabuaub7 Tab = hzthCd7 (421)

SK) = 50@uguy + 679 50l = oK Wb, ox'Y) = hendsKY. (4.22)

ab c

From (3.18), we conclude

20 = —p —e? 4260 4+ 0(8%), (4.23)
ey = —T10) — 112 4 2679 1 0(67). (4.24)

Putting (4.20) into (3.24) and (3.7), one has
SHM = 0(8%), 6B = —6ap? [2405, + p*lhabgcdacd] +O(8°). (4.25)

As the Gauss-Bonnet corrections to Hamiltonian constraint and Petrov type I condition ap-
pear at the second order in the derivative expansion, we only need to consider the second or-
der corrections with §o(®) ~ 57?512‘) ~ O(0?%). Then put (4.21) into (3.12) and (3.7), we have

H®) = (20 — )7 4 mapm?, (4.26)
}P’gz) = (7 —20)Tab — TacT™ + 20Kap + QIC(CCﬂTb)c + 2(2(271'1))0 + 2h§th7rcd. (4.27)

Taking into account of (4.23) and (4.24) , up to the linear order terms of «, we obtain

SH© = H©® = —por(@, 5P = P = psr(®), (4.28)
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With (4.25) and (4.28), at the second order in the derivative expansion, the Hamiltonian
constraint leads to
H® = §H® + sH™ =0 = §7(® = 0. (4.29)

And the Petrov type I condition leads to
PG = %) + 0P = 0= omly) = 6ap [0+ p 7 han Qa2 (4.30)

We can see that there is no constraint on o(® at this order, and it will be determined by
the gauge choice of the stress tensor. Then from (3.27), we obtain

5T = —257 @ uquy, + 267 — 50 hgy — 267, (4.31)
On the other hand, a straightforward calculation from (3.27) and (4.20) gives

1

T = ap -PI) 4

1) e
() s (432)
where Hg)) has been obtained in (4.12). Put them together, we obtain

0Ty = 6T + 6T = —dap (KaeK + 39~ 2002
+ [—259@ + 2ap (/ccd/ccd - 6p_lQCdQCd>} Db (4.33)
The isotropic gauge of the pressure leads to 6o = ap (ICcdlCCd — 6p_1QCdQCd). Then
the stress tensor from Petrov type I condition turns out to be Ty, + 6Ty, with (4.17)
and (4.33), which matches exactly with 7y in (2.18) from the fluid/gravity duality

calculation. Meanwhile, we can see from (3.13) that the conservation of the stress tensor
8“T£B> results in the momentum constraint of the vacuum Einstein-Gauss-Bonnet gravity.

5 The non-relativistic hydrodynamic expansion

The Rindler fluid in the vacuum Einstein-Gauss-Bonnet gravity has been studied in [44, 45]
with the following non-relativistic hydrodynamic expansion

vi~ve, Pe~é Oi~e,  Op~El (5.1)

The dual stress tensor turns out to be Tél?B) = T, +0T,p, where T,;, come from the Einstein
sector, which are given by [44],

T7 = 41320 + 1752 [v; (02 + P) — 2rcoijv7] 4+ O(€%),

T = —rc_3/2v2 — 7"6_5/2 [v2(v2 +P)— QTCUZ‘jUin — 27“307;]-017] + O(eﬁ),

Tl'j = —1—7”0_1/2 51‘]’ + ?"0_3/2 [P(Sij + viv; — QTCO'Z‘j]
+ 7}:_5/2 [ij(UQ +P)— ’l"CO'ijU2 + 2rev;05) P — rcv(iaj)UQ — 27“31;(1-8211]-)
—2r200%; — 4r§ak(iwkj) — 4r2wwt; — 4r20;0;P 4 3r30%0.;] + O(%),

T=T7+T,=pr; Y2 + pr32P + O(%). (5.2)
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Here the fluid shear o;; = O(vj) and vorticity w;; = 9yvj. And 6T, come from the

Gauss-Bonnet term, with the non-vanishing components [45, 48],
0T = —4057“6_3/2 (Gikdkj + 3wikwkj> + 0(66), (5.3)
5T = §96Ty; = —dar;3/? (0ij0™ = Bwiw') + O(°). (5.4)
We can see that the contributions from the Gauss-Bonnet term only appear at order €.
This comes from the fact that the first non-zero components of the Riemann tensor appear
at order €? [45]. And notice that the situation for the case of Einstein gravity has been
studied in [57]. Thus here we only focus on the linear order Gauss-Bonnet corrections to
the Petrov type I condition and Hamiltonian constraint at €*. Since the nontrivial terms on
the expansion of o only appear at the highest order €* terms which we are interested in, it
is enough to consider the linear order of « in the non-relativistic hydrodynamic expansion,
once again.

5.1 Petrov type I condition in non-relativistic hydrodynamic expansion

Introduce the new coordinate z° = \/TeT, the flat induced metric 745 in (2.5) becomes
dsiﬂ = Nepdaedz® = —(dar:o)2 + 5ijdxidxj. (5.5)

The (p + 2) Newman-Penrose-like vector fields are given with respect to the ingoing and
outgoing pair of null vectors as [50]

\@E = 80 —n, \/5/6 = —80 —n, m; = 82 (5.6)

Here n is the unit normal vector of the hypersurface X., 9y and 0; are the tangent vectors
to X.. The spacetime is at least Petrov type I if

Pij = QC(g)i(g)j = 0, C(Z)i(ﬁ)j = é“m;’éamf(}'umg. (5.7)

With the Guass-Codazzi equations given in (3.6), we have the Petrov type I condition up
to linear order in the Gauss-Bonnet parameter a as

P;; = Py + 0P + 6P =0, (5.8)
with
5].32]}1) = *QC)ZHiJj + 20£p_1(51'j [ﬁuyn“ny — Zﬁgun“ + HOO + FI] (510)

= ~20 (B, “ M + 2N, “ Nyjea + N Noa; + 20, M)
+ ap 10552 (M Mocae + 280 Noaa + N4 Neao + 280 Moa

o A Moeae N = 2N Nooy) + (V! Moy + 6N** Noge + 8MMLg) | (5.11)

,15,



The Hamiltonian constraint becomes

H =M+ 00" 4 s =0, (5.12)
H=M, 6H® =M, (5.13)

with
SHY = —daH,,,n"n” = a <—4MabMab + Mabchade) : (5.14)

Notice that the frame choice in (5.6) singles out a preferred time coordinate Jy and
thus breaks Lorentz invariance. It has been shown in [57] that with the frame (5.6), the
Petrov type I condition for vacuum Einstein gravity Pij =0 is violated at order e*:

_ _ 1
PE? =P, = 57"6_3 6rcvkv(iwkj) - 27‘21}@621)]') - 47‘gvk8(iwkj) + 7‘28204 + O(%). (5.15)
However, after straightforward calculations with the stress tensor (5.2) and (5.3), we find

SH™ = §H® = O(e%), (5.16)

5?;;{) = —(SPl(?) = —6047"072 (wikwkj +p*15ijwklwkl) + O(€5>. (5.17)
Thus, we see that there are no Gauss-Bonnet corrections to the Hamiltonian con-
straint (5.12) and Petrov type I condition (5.8) up to the order e* and up to the linear
order in «. This implies that adding the Gauss-Bonnet term does not become worse for
the violation of the Petrov type I condition up to the order €. In the following subsection,

we will show that either demand P;; = 0 or (5.15) which lead to the stress tensor (5.2) of
Rindler fluid in vacuum Einstein gravity, and impose

0H = H@ + 60 =0, &Py =P + 6P =0, (5.18)

we can get exactly the contribution (5.3) of the Gauss-Bonnet term to the stress tensor of
the dual fluid, without solving the Einstein-Gauss-Bonnet field equations.

5.2 Recover the Gauss-Bonnet corrections

If we pretend the Petrov type I condition f’ij = 0 holds in vacuum Einstein gravity, it
has been shown in [57] that the stress tensor in (5.2) can be recovered up to an additional
term at €*:

5Ti(f) = r; /2 6rcvkv(iwkj) - 27“21}@6211]-) - 4rzvk8(iwkj) + r§620¢j] + O(€°). (5.19)

Then using Ty, + 51_155) instead of Ty, in (5.2), we can obtain the extrinsic curvature K
from (3.28), and put them into (5.14) and (5.11), which lead to the same results in (5.16)
and (5.17). This implies that

SHY = O(€%), (5.20)
0P = —6ar.” (wz‘kwkj + p*léijwklw“> + O(€), (5.21)
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are not affected by the additional term 5T;bE ). To cancel the non-vanishing 5155[) at
order €* in (5.21), we assume 6T, ~ O(e*) such that JH® in (5.13) and 5PZ(§Y) in (5.9)
also appear at order €*. As T in (5.2) has been fixed through the frame choice of the
velocity [57], we only need to set the Gauss-Bonnet correction 677; = O(€®). Then put
the relation (3.29) into (5.13) and (5.9), we obtain

1

SH© — §T;1/2 (0T, +4a (J —3J7)], (5.22)
op) = %r(jm [—0T i — 4a (3Jij — 2p~ ' Jbi5) + p~ 0T 6y5] . (5.23)

With (2.7), (3.28) and (5.2), we have the non-zero components of J,; as

B 1 . B L B
J = A r32(04507) + O(8),  Jij = =173 ogot + O, JT=J7 +J,. (5.24)

Substituting them into (5.18), we finally obtain
ST, = O(%), (5.25)
0T ;5 = —4ar;3? (O’ikO'kj + 3wikwkj>
+ p_l |:(5T + 4047‘6_3/2 (O'klO'kl — kalwklﬂ 52']' -+ 0(66). (5.26)

After choosing the isotropic gauge such that there are no corrections to the d;; part of
the stress tensor at this order as in [44, 45], we have §T = —4arc_3/2 (aijaij — 3w7;jwij).
These results exactly match with the Gauss-Bonnet corrections in the stress tensor of
Rindler fluid dual to the vacuum Einstein-Gauss-Bonnet gravity, which are given in (5.3)
and (5.4) from the fluid/gravity calculation.

Here we stress that even for the vacuum Einstein gravity, namely for the case with
a = 0, the deduced stress tensor T, + 51_’(55) for the fluid by imposing Petrov type I
condition and Hamiltonian constraint are different from those from the fluid/gravity duality
calculation. The former is named as “Petrov type I fluid” in [57]. The main reason for this is
that as checked in [57], the Petrov type I condition is violated at order e* for the geometry of
the vacuum Einstein gravity in the non-relativistic hydrodynamic expansion. In section 5.1,
we have shown that adding the Gauss-Bonnet term, the violation for the condition does not
become worse up to the order €*. Thus, if turn the logic around, imposing the Petrov type
I condition which requires (5.15) and (5.18), as well as the Hamiltonian constraint (5.12),
we can recover the stress tensor of the fluid dual to the vacuum Einstein-Gauss-Bonnet
gravity up to the order €* in the non-relativistic hydrodynamic expansion.

6 Conclusion

To summarize, we have checked the Petrov type I condition for the vacuum solutions of
Einstein-Gauss-Bonnet gravity in both relativistic and non-relativistic hydrodynamic ex-
pansions. With the solution constructed in [48], we have shown that the spacetime is at least
Petrov type I up to the second order in the relativistic hydrodynamic expansion. Turn the
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logic around, assuming the Hamiltonian constraint and Petrov type I condition on a finite
cutoff hypersurface, we have shown that the dual stress tensor can be recovered with correct
first and second order transport coefficients, up to the linear order of the Gauss-Bonnet
coefficient. While in the non-relativistic hydrodynamic expansion [45], although the Petrov
type I condition is violated at the order ¢* in the vacuum Einstein gravity [57], we have
found that the Gauss-Bonnet term does not contribute to the violation terms in the Petrov
type I condition up to €!. Thus, given the stress tensor of the Rindler fluid in the vacuum
Einstein gravity, we have shown that demanding the additional Gauss-Bonnet corrections
to the Petrov type I condition and Hamiltonian constraint vanish at the linear order of «,
the Gauss-Bonnet corrections to the stress tensor of dual fluid can also be recovered.

Note that one key step in [50, 57, 58] is to substitute the extrinsic curvature Ky
in terms of the stress tensor Ty, of the dual fluid into the Petrov type I condition. The
Hamiltonian constraint gives the equation of state, and the Petrov type I condition leads
to the constraints on the stress tensor. When the Gauss-Bonnet corrections or some
counter terms appear in the Brown-York stress tensor 7', " [41], this step will increase the
complexity. However, we have shown that this step is in fact not necessary in section 4.2.
Even for the vacuum Einstein gravity case in section 4.1, once the initial zeroth order
expressions have been fixed, we can expand K, first and obtain its higher order terms
through imposing Hamiltonian constraint and Petrov type I condition in the derivative
expansion. Then put the resulted K, into the definition of Ty, we can also reach the final
stress tensor directly. In addition, let us stress that writing the Petrov type I condition
in terms of K,, would be quite useful and it might be a promising way to build up a
connection with the membrane paradigm [41].

In section 5.2, we still express K, in terms of Ty in order to match the spirit in [50],
and to obtain the relation (3.29), we only consider the linear order terms of a. The
motivation for the linear approximation of « is to express the Petrov type I condition as
a function of extrinsic curvature and other intrinsic quantities on the hypersurface. Only
with this approximation we can recover the stress tensor of dual fluid from the Petrov type
I condition in both relativistic and non-relativistic hydrodynamic expansions. However,
note the fact that the Einstein-Gauss-Bonnet field equations are quasi-linear in terms of
a [64, 65, and the dual stress tensor with Gauss-Bonnet corrections in (2.18) only contain
linear order terms of . It is not surprised that we can still recover the stress tensor (2.18)
even when we only take into account of the linear order terms of « in the calculation.

So far most of studies on the Petrov type I condition has been focused on the case with
asymptotically flat spacetimes. It is quite important to investigate corresponding ones for
finite cutoff fluid in asymptotically AdS spacetimes [28, 30]. However, it has been pointed
out in [58] that except in the near horizon region, the Petrov type I condition on a finite
cutoff surface in asymptotically AdS spacetimes is violated at the first order in derivative
expansion. This can also be seen from the result in [56] that the Einstein constraint
equations can not be recovered correctly by imposing Petrov type I condition. While in
the AdS/CFT correspondence, the regularity condition is necessary for the perturbations,
and imposing the Petrov type I condition is mathematically much simpler than directly
solving the gravitational field equations in order to find the stress tensor of dual fluid.
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Thus, the Petrov type I condition is expected to be equivalent to the regularity condition
on the future horizon of the spacetime [50, 58|. It is quite interesting to further study the
role of Perov type I condition in the asymptotically AdS case.

On the other hand, the KSS bound [5] states that the universal value of the ratio of
shear viscosity over entropy density from the AdS/CFT calculation is always above n/s =
1/47, while in the AdS gravity with curvature squared corrections, the bound is found to be
violated by the Gauss-Bonnet term [61-63]. With the static black brane solution in [66],
it has been shown that the universal value 7(r;)/s(r.) = [1—2(p+1)(p — 2)a/L?] /4x
does not run with the finite cutoff surface [28]. In a forthcoming work, we will show that
this ratio at the horizon n(rp)/s(rp) can also be recovered through imposing Petrov type I
condition on the dual fluid on a finite cutoff hypersurface in the near horizon limit.

What’s more, it would be much more interesting if one could find a system where the
Petrov type I condition and all the gravitational field equations are compatible to arbitrary
order away from the cutoff surface.
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A Classification of the Weyl tensor

In a four dimensional spacetime, tensor classification plays an important role in studying
the exact solutions of Einstein field equations [67]. And in particular, the Petrov type
classification of Weyl tensor has interesting physical applications. It has been general-
ized to the arbitrarily higher dimensional spacetimes in [68]. In this appendix, we briefly
summarize these results based on [69, 70|, which can also be reduced to the Petrov type
classification in four dimensions.

Consider a p + 2 dimensional Lorentz manifold (p > 2) with signature (—+...4) and
choose a null frame £, k, m,;, which satisfies the following orthogonal and normalization
conditions

£2 = k2 = 0, (ki,f) = 1, (mz,k) = (m,,ﬁ) = 0, (mi,mj) = 5ij7 (Al)

so that in this frame the metric of the manifold can be decomposed as

Guw = 26,k + 5ymimd,, g =200k 4 5Imtm ). (A.2)
The null frame is covariant under the following boost transformation,
LNl k—)\'k, m; —>m;, X#0. (A.3)
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For a rank ¢ tensor T" on the manifold, its components T}, ., with fixed list of indices are
null frame scalars, and they transform under the boost transformation as

TMl---Mq — )‘b{“}Tm---Mw b{u} =by, +...+ buq, b(@) =1, b =0, b(k) =—1. (A.4)

b is named as the boost-weight of the null-frame scalar T, . ,,. The boost order (along

£) of the tensor T is defined to be the largest value of by,; among all the non-vanishing

components T}, ... It is only a function of the null direction £ and is denoted as B(£).
The Weyl tensor can be decomposed and sorted by the boost weight of its components,

2 1 0 -1 -2
Caprs = CLh s+ CL) s+ CU s+ O+ L2 (A.5)

o [}

where the superscript index indicates the boost weight and

«

ol

aBy

0 i 1
CL/]sya = 4C o) (k) (&) (k) k(oL Lsy + AC o) (k)ijk (o lsm'ym 5y

2 i i
CEL s = AC(uyi)kam’ shym/ sy,
5 = 8Cw k) )ik alokym'sy + 4C 0k am’ gm sm 5,

+ 8C(f)i(k)jk{amiﬁ£wmj6} + Cijklm?{amjgmkymlé},
Cl s = 8Cy 0y kyiliakslymis) + AC oyl iam’ smi ymFs),
Clits = ACuige L’ syms). (A.6)

The notations T{a[g,ﬂg} = (T[aﬁ“'y&] + T[,Yg][afg])/Q, as well as C(Z)z(k:)g = C’#a,,gﬁ“mjak”mjﬁ
and so on, have been introduced. The Weyl tensor is generically of boost order B(£) = 2,
and a null vector £ is defined to be aligned with the Weyl tensor whenever B(£) < 1. In this
case, £ is a Weyl aligned null direction, and 1 —B(£) € {0, 1,2, 3} is the order of alignment.
It usually depends on the rank and symmetry properties of the tensors.

According to [68], the principal type of the Weyl tensor in a Lorentzian manifold is
I, I, III, N according to whether there exists an aligned £ of alignment order 0, 1,2, 3,
respectively. If no aligned £ exists, the manifold is of (general) type G, if the Weyl tensor
vanishes the manifold is of type O. The algebraically special types with necessary condition
are summarized as follows:

Type I: Cpie; =0,

Type IT: Cieyie); = Ceyijie = 0,

Type IIL: Ceyice); = Creyiji = Cijir = Crykyis = 0,

Type N Cloyie); = Croyijk = Cijki = Cley(k)ij = Clwyije = 0- (A7)

Following the curvature tensor symmetries and the trace-free condition [69], one can reach
some familiar Petrov types with the following properties,

Type I: o = 0,

afBvyd =
TypeIl: CL s =Cl =0,

2 1 -1 -2
Type D : C’Lg,ﬂ; = ng = C’LM}J = C’Lﬁ,y](; =0,
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Type 111 : c? ol _cl

oprys = Capys = Capys = 0,

L IeE ) (U il § R
Type N : CQM_Caw_caw_caw_o,
2 1 0 -1 -2
Type O: Cc[ygya = Cc[y/]ha = L;]M = CLB’}& = ngﬁy]é =0. (A.8)

Further classifications in more detail can be found in [69, 70].

B Decomposition of the Riemann tensor

The Riemann tensor and its contractions can be decomposed along and perpendicular to
a spacelike unit normal vector n,

95959295 Raprs = Muver — nuNoaw + nuNoxy — 1o Nuwa + 13 Nyuwe
+nuneYun — nunaYue + nunnYue — nyneYpn,
gfjngag =My, +nuNy, +n,Ny + Y, +n,n,Y,
R= M +2Y = —M + 2y" Rgs, (B.1)

where we have defined the following notations with transverse tensor v,, = g, — nun.,

M;wak = 7375’7;7§\Ra6763 N,ul/a = 73757;”6Ra576> Yw/ = Wﬁ”Bﬂn(SRa,@wa
My =Y Myas, M =7 My,  N,=v"Naus, Y =1"Y.5  (B2)

One can also obtain the decomposition of their combinations, such as,

R Rygapnt'n” = N Nege +2Y Yo,
R, Rygagn*'hiy = —Myege N — 2Y “I Nycg,
R Rygaphth = M, Mycqe + 2N, Nyea + N Nogy + 2Y,, Yo,
R, Ryoapg"” = M Meges + AN Nege + 4Y Y. (B.3)

Then H,, = R#UAPRWAP — % (R””APRHJAP) G in (3.15) can be decomposed as

I B
H(n)(n) = uununy = YCdY;d - ZMCdechdefv

Hpywy = Hun" v u’ = —Meae N7 — 2Y Ny ca,

Hyy = HuAligute” = M Myege + 2N Naea + N Neagy + 2V Via

1, ~ o o
+ 1 (MCdechdef + 4cheche + 4ycd}/cd> ’

1 = Hyu i = g (V2% Mge + 2N, Noea + N, Nean + 27,700 )
1
4

L _9, ~ o o
A= H,g" = _pT (Mcdef Myges + AN Ngo + 4YCdYCd> . (B.4)

(MF Mogeg + AN Noge + 47 Vot hap,
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