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In a digital subscriber line (DSL) system with strong crosstalk, the detection and cancellation of interference signals have the
potential to improve the overall data rate performance. However, as DSL crosstalk channels are highly frequency selective and
multiuser detection is suitable only when crosstalk is strong, the set of frequency tones in which multiuser detection may be
used must be carefully chosen. Further, this problem of tone selection is highly coupled with the transmit power spectra of both
direct and interfering signals, so the optimal solution requires the tone selection problem to be solved jointly with the multiuser
spectrum optimization problem. The main idea of this paper is that the above joint optimization may be done efficiently using
a dual decomposition technique similar to that of the optimal spectrum balancing algorithm. Simulations show that multiuser
detection can increase the bit rate performance in a remotely deployed ADSL environment. Rate improvement is also observed
when near-end crosstalk is estimated and cancelled in a VDSL environment with overlapping upstream and downstream frequency
bands.
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1. INTRODUCTION

Crosstalk noise is a major limiting factor in wideband dig-
ital subscriber line (DSL) systems. Current research has
focused on dynamic spectrum management (DSM) tech-
niques for mitigating the effect of crosstalk [1]. The goal
of DSM is to facilitate cooperation among mutually inter-
fering lines in a binder. Cooperation may be implemented
in two different levels. Power spectral density (PSD) level
cooperation allows the optimal set of power spectral den-
sities to be computed for each line in the binder so that
the effect of mutual interference is minimized. In this case,
multiple transmitters in a DSL binder operate indepen-
dently, but at mutually accommodating PSD levels. The
class of algorithms that are capable of computing the best
set of PSDs is called spectrum balancing algorithms (e.g.,
[2, 3]).

When cooperation is possible, not only at the PSD
level, but also at the transmission signal level, the multi-
line DSL binder can then be truly designed as a multiple-
input multiple-output (MIMO) system where multiuser de-
tection algorithms can be implemented [4]. In this case,
each line has the full knowledge of the transmitted sig-
nal from neighboring lines, and crosstalk can be completely
cancelled. The capacity of a DSL binder with signal-level

cooperation represents the ultimate capacity limit for DSL
systems.

This paper explores a different form of cooperation that
lies between the PSD-level and the signal-level coopera-
tions described above. The algorithms described in this pa-
per are most applicable to DSL configurations where the
crosstalk channels are heavily unbalanced. For example, in a
downstream ADSL deployment with an optical network unit
(ONU), some remote terminals (RT) served from the cen-
tral office (CO) can be located much closer to a nearby ONU
than to their own CO. In this case, the crosstalk emitted by
the ONU can overwhelm the intended transmission from the
CO. Hence, the crosstalk channel can be stronger than even
the direct channel.

Signal-level cooperation is often not possible in the
case described above. This is true for ADSL systems where
the transmitters and the receivers are not physically colo-
cated. In this case, PSD-level cooperation, although capa-
ble of producing a large gain as compared to the current
practice of static spectrum management, is still not the-
oretically the best possible. The main point of this pa-
per is that multiuser detection and crosstalk cancellation
can bring further improvements to the system performance
in these scenarios even when signal-level cooperation is not
possible.
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One of the main contributions of this paper that enables
crosstalk cancellation in systems with no signal-level coop-
eration is the idea of joint spectrum optimization and mul-
tiuser detection. Intuitively, crosstalk cancellation is effective
only when the crosstalk signal is strong. In DSL systems, the
crosstalk channels are usually more severe at high frequency
tones. The crosstalk channel in the low frequency band is
often too weak for crosstalk detection. Thus, multiuser de-
tection must be carried out only at a selective set of tones
for optimal performance. Further, themagnitude of crosstalk
at each tone depends also on the transmit power spectra
of the neighboring line at that tone. Hence, the problem of
tone selection and the optimal multiuser spectrum balanc-
ing is strongly coupled. The main novelty of this paper is a
method that determines the optimal transmit spectra jointly
with the optimal tone selection for multiuser detection. The
algorithm is based on the idea of dual optimization, recently
applied to the optimal spectrum balancing problem in [3, 5]
and its low-complexity version described in [6]. As the results
of this paper show, multiuser detection can bring further im-
provement to the performance of the overall system beyond
that of optimal spectral balancing alone without the need for
additional cooperation.

The ideas of crosstalk cancellation and power alloca-
tion have been considered separately in the past. For exam-
ple, [7] proposed a maximum-likelihood multiuser detector
(ML-MUD) that considers all possible combinations of the
interference signals and determines the most likely combi-
nation given the received signals. Alternatively, in an inter-
ference cancelling multiuser detector (IC-MUD), interfer-
ence from adjacent users can be estimated, reconstructed,
and subtracted from the received signal. It is shown in [8]
that this type of interference cancelling scheme can achieve
a substantial performance gain for near-end crosstalk can-
cellation. In terms of power allocation, [9] proposed an ef-
ficient method for allocating power in DSL systems with
multiuser detection. However, crosstalk is assumed to be
strong and crosstalk cancellation is performed in all chan-
nels. Hence, none of the previous work considers the joint
optimization of bit/power allocation and crosstalk cancella-
tion. Themain contribution of this paper is to show that such
a joint optimization can be done in a numerically efficient
way.

While the crosstalk cancellation schemes mentioned in
the above paragraphs involves full detection of the interfer-
ence signal, this paper explores the possibility of performing
partial detection as well. The idea of partial detection stems
from classical information theoretical treatment of interfer-
ence channel capacity. The largest achievable rate region for
a Gaussian interference channel is described in [10, 11]. The
main idea of [10, 11] is that the detection and subtraction
of the interfering signal is useful and that partial detection
can further expand the rate region offered by complete de-
tection. However, information theoretical results deal with
frequency-flat channels only. This paper investigates the best
achievable rate region for frequency-selective channels where
the optimal power allocation across the frequency is of cru-
cial importance.

The following assumptions are made in the rest of
the paper. Perfect knowledge of channel state informa-
tion of the direct and crosstalk channels is assumed. PSD-
level coordination between CO and ONU is assumed to
be available for computing the best set of power spec-
tra. The multiuser detection scheme used in the algorithm
is of the interference cancelling type, in which the inter-
fering signals are either detected fully or partially. Imple-
menting this type of detection requires the assumption
that the multiuser detector can perfectly synchronize with
the interfering users, for example, using schemes described
in [12, 13]. Discrete multitone modulation (DMT) is as-
sumed. Proper insertion of the cyclic prefix and suffix is as-
sumed to ensure orthogonality between the DMT subchan-
nels.

2. OPTIMAL SPECTRUM BALANCING
ALGORITHMS

Before addressing the multiuser detection problem, it is use-
ful to review the spectrum optimization problem without
multiuser detection and to outline an existing algorithm
called optimal spectrum balancing (OSB). The OSB algo-
rithm solves the spectrum optimization problem in a com-
putationally manageable fashion. It is a crucial ingredient for
the joint multiuser detection and spectrum balancing algo-
rithm to be described later.

2.1. The spectrum optimization problem

In a K-user DSL bundle, the objective of spectrum optimiza-
tion is to maximize the weighted sum-rate of all participat-
ing users given an individual power constraint for each user.
Given Pk the power constraints for user k and a set of weights
wk such that

∑K
k=1wk = 1, the goal of optimization is to find

the set of Snk , which is the subchannel power for user k in tone
n, that maximizes the weighted sum of transmission rates of
all users. Mathematically, the problem can be written as fol-
lows:

max
{Sn1 ,...,SnK}Nn=1

K∑

k=1
wkRk s.t. Pk ≤ Pk ∀k, (1)

where Pk is the total power used by user k, Rk is the total rate
achieved by user k, andN is the number of frequency tones in
the DMT system. Solving (1) for all combinations of wk gives
the achievable rate region of the system. The design variables
in this problem are Snk ’s subject to the constraints

Pk = Δ f
N∑

n=1
Snk ≤ Pk (2)

and Snk ≥ 0, for all k,nwhereΔ f is the frequency width of the
DMT tones. Since DMT modulation facilitates independent
data transmission on each tone, Rk in (1) can be calculated
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as Rk = (1/T)
∑N

n=1 b
n
k , where T is the symbol period and bnk

denotes the achievable bit rate for user k in tone n given by

bnk =
⌊

log2

(

1 +
1
Γ
·

∣
∣hnk

∣
∣2Snk

σnk +
∑

i �=k
∣
∣αni,k

∣
∣2Sni

)⌋

. (3)

Here, Γ is the SNR gap, σnk is the channel noise variance for
user k in tone n, hnk is the direct channel transfer function
for user k in tone n, and αni,k is the crosstalk transfer function
from the ith user to the kth user in tone n.

The following assumptions are made in the above rate
calculation. First, discrete bit-loading is assumed, meaning
that the number of bits loaded into each tone is restricted to
be integer values. Second, a transmitted signal from one user
is always treated as noise for all other users. The possibility of
crosstalk cancellation andmultiuser detection is disregarded.
Third, intertone interference caused by channel propagation
delay and unsynchronous DMT blocks is neglected. This as-
sumption is reasonable as long as the intertone interference
is minimized in practical frame-synchronous systems imple-
menting zipper-like modulation [12, 13]. With the last two
assumptions, the signal received by user k contains crosstalk
interference from all other users on a tone-by-tone basis.

2.2. Optimal spectrum balancing

The main difficulty of the spectrum optimization problem
(1) is that Rk is a nonconvex function of Snk . As the optimiza-
tion is coupled over frequency by the power constraints, solv-
ing this problemwith a brute-force approach involves search-
ing through all possible bit allocations on all frequency tones.
This requires a complexity that is exponential in N , where
N = 256 for ADSL and N = 4096 for VDSL systems. Clearly,
this is computationally intractable in a practical implemen-
tation.

To reduce the computational complexity, the OSB algo-
rithm proposed in [3] uses the idea of dual decomposition
and solves the problem in the Lagrangian dual-domain. The
main idea is to form the dual of the original problem and to
decompose the dual problem on a tone-by-tone basis. The
dual problem is the optimization of minλ1,...,λK g(λ1, . . . , λK )
subject to λk ≥ 0. Hence, solving the dual problem con-
sists of evaluating the dual objective g(λ1, . . . , λK ) for fixed
{λ1, . . . , λK} and minimizing g(λ1, . . . , λK ) over nonnegative
λk’s.

The evaluation of g(λ1, . . . , λK ) can be simplified by de-
composing the dual objective as follows:

g
(
λ1, . . . , λK

)

= max
{Sn1 ,...,SnK}Nn=1

K∑

k=1
wkRk −

K∑

k=1
λk
(
Pk − Pk

)

=
( N∑

n=1
max
Sn1 ,...,S

n
K

K∑

k=1

(
wkb

n
k − λkS

n
k

)
)

+
K∑

k=1
λkPk.

(4)

The function g(λ1, . . . , λK ) can be decoupled into N per-
tone maximization problems. Since discrete bit-loading is as-
sumed, each subproblem becomes discrete and the search
space becomes finite. Hence, each of the N maximization
over {Sn1, . . . , SnK} can be solved by an exhaustive search over
all possible combinations of {bn1 , . . . , bnK} instead. Let the
maximum number of bits on each tone be B. The exhaus-
tive search involves BK combinations. For each combination,
the corresponding {Sn1, . . . , SnK} may be calculated by invert-
ing (3), and the one maximizing the Lagrangian as in (4)
may be found. As the maximization can be done on each
tone individually, the complexity of evaluating g(λ1, . . . , λK )
is O(NBK ), which is linear rather than exponential in N .

The minimization of g(λ1, . . . , λK ) can be efficiently
solved using a subgradient search method. The idea is to
keep adjusting {λ1, . . . , λK} in proportion to a subgradient.
Global optimum is always attainable because the dual prob-
lem is convex. It is pointed out in [5] that a subgradient of
g(λ1, . . . , λK ) is P − Δ f

∑N
n=1 Sn, where P = [P1 · · ·PK]T

and Sn = [Sn1 · · · SnK]T . Using this subgradient corresponds
to increasing λk if Δ f

∑N
n=1 S

n
k ≥ Pk and decreasing λk if

Δ f
∑N

n=1 S
n
k ≤ Pk. The complexity of the subgradient search

is polynomial in K . Thus, the overall complexity of the OSB
algorithm is kept at O(NBK ).

The optimal spectrum balancing algorithm works for
the following reason. In general, for nonconvex optimiza-
tion problems, solving the dual problem provides only an
upper bound to the primal problem. The difference be-
tween the primal optimum and the dual optimum is called
the duality gap. From dual optimization theory, the du-
ality gap is zero if the primal problem is convex, that is,

max
Sn1 ,...,S

n
K

K∑

k=1
wkRk = min

λ1,...,λK
g
(
λ1, . . . , λK

)
. (5)

It turns out that for the spectrum optimization problem
in DMT systems, the duality gap is zero even though the
primal problem is nonconvex [5]. The reason is that all
DMT-based systems satisfy a so-called time-sharing prop-
erty which essentially transforms the nonconvex objective
function into a convex function. More precisely, given the
total power of two power allocation schemes Px, Py , let
R(P) denote the maximum rate achievable using P. The re-
quirement of the time-sharing property is that all interme-
diate rate vR(Px) + (1 − v)R(Py) must be achievable us-
ing vPx + (1 − v)Py (where 0 ≤ v ≤ 1 is the time-
sharing variable). The time-sharing property ensures that
R(P) is concave in P, which in turn ensures the zero duality
gap.

The DMT systems satisfy the time-sharing property
whenever the frequency tone spacing is small. In this case,
the intermediate rate can be achieved by interleaving the fre-
quency tones of the two original power allocations corre-
sponding to R(Px) and R(Py). The approximation is accurate
as long as N is sufficiently large, which is true for practical
DSL systems.



4 EURASIP Journal on Applied Signal Processing

2.3. Iterative spectrum balancing

Although the complexity of OSB is linear inN , the optimiza-
tion within each tone, namely maxSn1 ,...,SnK

∑K
k=1(wkb

n
k − λkS

n
k),

has exponential complexity inK . To further reduce this com-
plexity, an approximate near-optimal iterative spectrum bal-
ancing (ISB) algorithm is devised in [6]. Themain idea of the
ISB is to evaluate (4) approximately by iteratively optimizing
∑K

k=1(wkb
n
k − λkS

n
k) on a user-by-user basis. Specifically, the

following maximization is performed repeatedly until con-
vergence:

max
SnK
· · ·max

Sn2
max
Sn1

K∑

k=1

(
wkb

n
k − λkS

n
k

)
. (6)

Hence, the algorithm first optimizes Sn1 while keeping
Sn2 , . . . , S

n
K fixed, then optimizes Sn2 keeping all other S

n
k fixed,

then Sn3, . . . , S
n
K , then Sn1 , S

n
2, . . . , and so on. Convergence is

guaranteed because the objective function is nondecreasing
in each iteration. Although not globally optimal, simula-
tion shows that this scheme provides a near-optimal per-
formance as compared to OSB for many practical chan-
nels.

The major advantage that ISB offers over OSB is that its
computational complexity is polynomial in the number of
users (and linear in the number of tones as before). OSB is
not practical when the number of users is large. However,
ISB can be applied to a large number of users while provid-
ing a substantial performance gain to that of conventional
methods such as iterative water-filling [2].

3. JOINTMULTIUSER DETECTION AND
OPTIMAL SPECTRUM BALANCING

In both spectrum balancing algorithms, as described in the
previous section, crosstalk from adjacent users is always re-
garded as noise. This is near-optimal when the crosstalk
channel gains, αni,k for i �= k, are small. In many practical
circumstances, however, an interfering transmitter can be
located very closely to the receiver of a neighboring user,
for example, see Figure 1. In this case, crosstalk cancellation
schemes as described in the following sections may poten-
tially bring additional performance gains. The discussion in
this section is restricted to the detection of far-end crosstalks
(FEXT). Near-end crosstalk (NEXT) cancellation will be ad-
dressed later.

3.1. Full detection of the interfering user

The main idea proposed in this paper is that multiuser de-
tectors (MUD) can be applied in conjunction with spectrum
optimization in situations such as that in Figure 1. A mul-
tiuser detector at the receiver of user 1 works by first detect-
ing and subtracting the signal from user 2 in the received sig-
nal, then detecting the signal from user 1. Implementation of
this scheme requires error-free decoding of user 2 at user 1.

c2
l1

CO User 1
Strong crosstalk

User 2
ONU

l2
c1

Downstream transmission

Figure 1: Loop topology for 2-user ADSL downstream.

Thus, the bit rate of user 2 is restricted by the quality of the
crosstalk channel. Therefore,

b̃n1 =
⌊

log2

(

1 +
1
Γ
·
∣
∣hn1

∣
∣2Sn1
σn1

)⌋

b̃n2 = min

(⌊

log2

(

1 +
1
Γ
·

∣
∣αn2,1

∣
∣2Sn2

σn1 +
∣
∣hn1

∣
∣2Sn1

)⌋

,

⌊

log2

(

1 +
1
Γ
·

∣
∣hn2

∣
∣2Sn2

σn2 +
∣
∣αn1,2

∣
∣2Sn1

)⌋)

(7)

is an achievable rate pair. Note the removal of the |αn2,1|2Sn2
term in the noise of b̃n1 due to crosstalk cancellation. Thus, b̃

n
1

is now larger than before. However, to ensure that b̃n2 may
be cancelled by the first user, b̃n2 is now the minimum of
the rate allowed by the crosstalk channel �log2(1 + (1/Γ) ·
(|αn2,1|2Sn2/(σn1 + |hn1|2Sn1)))� and the rate of the direct channel
�log2(1 + (1/Γ) · (|hn2|2Sn2/(σn2 + |αn1,2|2Sn1)))�.

Since channel gains are frequency selective, not every
tone in the crosstalk channel is suitable for multiuser detec-
tion. Good quality crosstalk channels, or channels with large
αn2,1, only reside in the high frequencies where the crosstalk
coupling between lines is strong. Thus, the multiuser detec-
tion scheme is effective when it is applied only to high fre-
quency tones. Making such a tone selection for multiuser de-
tection is not trivial but important for achieving the optimal
weighted sum-rate.

This paper proposes a method that jointly determines
the optimal tone selection and optimal spectrum in an ef-
ficient manner. The method is based on the dual decompo-
sition idea of the OSB algorithm. For any tone n, multiuser
detection at receiver 1 can be enabled or disabled. This pro-
vides an alternative mapping function from {Sn1 , . . . , SnK} to
{bn1 , . . . , bnK}. The choice between the two for each tone is the
one that maximizes g(λ1, . . . , λK ). When K = 2, (4) can be
modified as follows:

g
(
λ1, λ2

)

=
( N∑

n=1
max
Sn1 ,S

n
2

(

max

( 2∑

k=1
wkb

n
k ,

2∑

k=1
wkb̃

n
k

)

−
2∑

k=1
λkS

n
k

))

+
2∑

k=1
λkPk.

(8)
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Sn1
User 1

MUD for βnSn2

βnS
n
2

(1− βn)Sn2

User 2

Downstream transmission

Figure 2: Partial interference detection for 2-user ADSL downstream.

The set {Sn1 , Sn2} that minimizes g(λ1, λ2) is the optimal power
spectra and the choice of bnk or b̃

n
k in the inner maximization

determines the MUD mode for tone n. Similar to optimal
spectrum balancing, the search for optimal {Sn1 , Sn2} can be
performed by searching for the optimal {bn1 , bn2} or {b̃n1 , b̃n2}
and inverting (7) to obtain the corresponding {Sn1, Sn2}. Al-
though an extramaximization computation is required when
multiuser detection is taken into account, the order of com-
plexity remains at O(NB2).

Same as in the case of OSB, The joint multiuser detection
and optimal spectrum balancing algorithm works by mini-
mizing g(λ1, λ2) over all λk’s using a subgradient algorithm.
When N → ∞, in which case the time-sharing property of
the DMT system holds, global optimality of this algorithm is
guaranteed, as shown in the following theorem.

Theorem 1. The joint multiuser detection and optimal spec-
trum balancing algorithm achieves global optimality in the
spectrum optimization problem (1) as N →∞.

Proof. The frequency tone spacing approaches zero as N →
∞. In this case, the DMT system can achieve the time-sharing
property by using the frequency tone interleaving scheme de-
scribed in Section 2.2. This reduces the duality gap to zero.
Hence, global optimality can be achieved by minimizing the
dual objective g(λ1, λ2). Since the dual objective is always
convex, global optimum can always be reached by using a
subgradient search.

This proof of global optimality is similar to that of the
OSB algorithm. The inclusion of the alternative mapping
{b̃nk} does not affect the convexity of the primal objective
with respect to the power constraint. As long as g(λ1, λ2)
is evaluated by maximizing over all {bn1 , bn2} and {b̃n1 , b̃n2},
global optimum can be reached by minimizing g(λ1, λ2).

For a general 2-user interference channel, an MUD can
be installed at both/either/neither receivers, resulting in a to-
tal of four options. However, the placement of MUD can
often be easily determined for practical channels given the
channel lengths. Referring to Figure 1, simulation experience
shows that an MUD at user i is effective only if ci/li < 1.
Clearly, it is not possible that both c1 < l1 and c2 < l2. Hence,
the possibility of using two MUDs can be eliminated, and
the MUD should only be placed at user i with a smaller ci/li.
The decision of whether an MUD should be used at all de-
pends on the extra receiver complexity required and the per-
formance gain obtained. The simulations in the later section
illustrate the benefit of multiuser detection as a function of
the length of the crosstalk channel.

The above method for finding the optimal power spec-
trum with MUD at the receivers can be extended to more
than two users. However, the algorithm does become more
complex. With two users, as in previous example, there are
only two modes for the MUD: either cancelling or ignoring
the crosstalk. If instead there are S users connecting to CO
andT users connecting toONU in Figure 1, there are ST can-
cellable strong crosstalk channels, giving a total of 2ST MUD
modes. To lower the complexity, an upper limit should be
imposed on the number of crosstalk channels considered for
cancellation while the rest of the crosstalk channels should be
ignored for cancellation. Choosing which crosstalk should be
ignored depends on the actual channel configurations. Nev-
ertheless, once the choice of cancellable crosstalk is made of-
fline, the joint multiuser detection and OSB algorithm deter-
mines the optimal spectra efficiently.

So far, the type of multiuser detection described involves
fully resolving the signals transmitted from the interfering
user. Intuitively, this imposes a strict upper bound on the bit
rate of user 2. To relax this restriction, a scheme that involves
only partial detection of the interfering user is introduced in
the next section.

3.2. Partial detection of the interfering user

In a 2-user interference channel, partial detection of the sig-
nal from user 2 at user 1 on tone n works by first parti-
tioning the bitstream at transmitter 2 and then allocating
βnS

n
k and (1 − βn)Snk to the two streams. Here, βn denotes

the fraction of signal power at user 2 intended for mul-
tiuser detection. The two bitstreams are modulated sepa-
rately and transmitted through the same channel, as illus-
trated in Figure 2.

One possible scheme for implementing bitstream parti-
tioning is nested signal constellation. Suppose bn2,β are the bits
resulting from βnS

n
k , which are designed for multiuser detec-

tion by user 1, and bn2,β̄ are the undetected bits resulting from

(1 − βn)Snk . The b
n
2,β bits are first modulated in a 2b

n
2,β points

constellation. Each signal point is yet another constellation

with 2b
n
2,β̄ signal points. Then, user 1 only tries to detect bn2,β

bits while seeing the other bn2,β̄ bits as noise; user 2 treats the

nested constellation as a single constellation and performs
the full detection of bn2,β + bn2,β̄ bits. This scheme requires the

restriction that both bn2,β and bn2,β̄ are of integer values.

When the option of partial detection is enabled, (3) and
(7) can be modified to
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b̃n1
(
βn
) =

⌊

log2

(

1 +
1
Γ
·

∣
∣hn1

∣
∣2Sn1

σn1 +
∣
∣αn2,1

∣
∣2
(
1− βn

)
Sn2

)⌋

b̃n2
(
βn
) =

⌊

log2

(

1 +
1
Γ
·
∣
∣hn2

∣
∣2
(
1− βn

)
Sn2

σn2 +
∣
∣αn1,2

∣
∣2Sn1

)⌋

+min

(⌊

log2

(

1+
1
Γ
·

∣
∣αn2,1

∣
∣2βnS

n
2

σn1 +
∣
∣hn1

∣
∣2Sn1+

∣
∣αn2,1

∣
∣2
(
1−βn

)
Sn2

)⌋

,

⌊

log2

(

1 +
1
Γ
·

∣
∣hn2

∣
∣2βnS

n
2

σn2 +
∣
∣αn1,2

∣
∣2Sn1+

∣
∣hn2

∣
∣2
(
1−βn

)
Sn2

)⌋)

.

(9)

In (9), βn represents a continuum between no multiuser de-
tection at user 1 and full detection of user 2. When βn = 0,
(9) can be reduced to (3). Similarly, when βn = 1, (9) can be
reduced to (7).

Similar to the case of full detection, incorporating (9)
into the OSB algorithm requires solving N per-tone maxi-
mization of the dual objective over {Sn1 , . . . , SnK} and βn. The
dual objective for a 2-user system becomes

g
(
λ1, λ2

)

=
( N∑

n=1
max
Sn1 ,S

n
2 ,βn

( 2∑

k=1
wkb

n
k

(
βn
)−

2∑

k=1
λkS

n
k

))

+
2∑

k=1
λkPk.

(10)

An exhaustive search over {Sn1, Sn2,βn} is feasible because we
only allow integer bitstream partitioning at user 2. Then,
the search space of {Sn1, Sn2,βn} is equivalent to that of
{bn1 , bn2,β̄, bn2,β}. The complexity of the this scheme for 2-user

systems becomes O(NB3).
Since the optimization space includes cases of βn = 0 and

βn = 1, this partial detection scheme performs at least as well
as full detection. However, simulation results show that the
option of partial detection only provides marginal perfor-
mance gain for DSL systems. Given the increase in transceiver
complexity involved, allowing partial detection is not neces-
sary for DSL systems.

4. JOINTMULTIUSER DETECTION AND
ITERATIVE SPECTRUM BALANCING

The complexity of evaluating g(λ1, . . . , λK ) in the optimal
spectrum balancing algorithm may be reduced by applying
ISB, the iterative (and near-optimal) approach. A similar ap-
proach can be applied when multiuser detection is consid-
ered. The following section describes a scheme that works
with a 2-user system operating downstream transmission as
in Figure 1 when only full detection is considered.

The algorithm involves evaluating g(λ1, λ2) from (8) in
an iterative fashion. For a fixed set of λk’s, g(λ1, λ2) is max-
imized over Sn1 while holding Sn2 constant. Then the maxi-
mization is performed over Sn2 , and this continues between S

n
1

and Sn2 until it converges. This means that the following per-
tone maximization problems will be carried out alternately:

max
Sn1

(

max

( 2∑

k=1
wkb

n
k ,

2∑

k=1
wkb̃

n
k

))

− λ1S
n
1,

max
Sn2

(

max

( 2∑

k=1
wkb

n
k ,

2∑

k=1
wkb̃

n
k

))

− λ2S
n
2 .

(11)

Same as in the case of ISB, this iterative algorithm always con-
verges because g(λ1, λ2) is nondecreasing for each iteration.
In terms of implementation, themaximization over Snk can be
once again performed by maximizing over bnk . Although this
iterative technique cannot retain the linear complexity of ISB
due to exponentially growing number of MUD modes, this
technique has drastically reduced the complexity from that
of the joint multiuser detection and OSB algorithm.

The idea of running ISB with multiuser detection can be
extended to systems with more than 2 users. However, the
multiuser detection scheme becomes much more complex
when K is large. In general, there are 2( K2 ) crosstalk channels
in aK-user frequency-division duplex system. Although only
the strong crosstalk requires participation in the multiuser
detection scheme, the number of MUD modes still increases
drastically with K . Hence, the number of crosstalk channels
considered for cancellation must be limited for complexity
concerns.

5. NEAR-END CROSSTALK CANCELLATION IN
FULL DUPLEX DSL SYSTEMS

In traditional DSL system design, upstream and down-
stream transmissions are usually separated with a frequency-
division duplex scheme in order to avoid near-end crosstalk.
With multiuser detection, near-end crosstalk can potentially
be detected and cancelled. This gives rise to the possibility of
a fully duplex DSL system.

Consider a 2-user VDSL system as shown in Figure 3 in
which both upstream and downstream transmission takes
place simultaneously in the same frequency band. There are
a total of four transmitters. The joint spectrum balancing
and multiuser detection algorithm described in the previous
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l1

User 1
Strong NEXT

Strong NEXT
FEXT

CO

l2

User 2 RT

Full duplex transmission

Figure 3: Loop topology for 2-user full duplex VDSL.

section can be directly applied to this case by considering an
equivalent 4-user system with 8 crosstalk channels.

Let Sn1 and S
n
2 be the downstream transmission powers for

users 1 and 2, respectively. Let Sn3 , S
n
4 be the upstream trans-

mission power for users 1 and 2. Let the FEXT channels be
αn1,2, α

n
2,1, α

n
3,4, α

n
4,3, and the NEXT channels be αn1,4, α

n
4,1, α

n
2,3,

αn3,2. Assume perfect echo cancellation. So, the rest of the αni,k’s
are also zero. The equivalent 4-user system has 8 crosstalk
channels, and thus 28 MUD modes. However, the rate equa-
tion for a particular user is primarily affected by only 2 of the
crosstalk channels, one of them being NEXT and the other
being FEXT. For example, the bit rate bn1 derived from Sn1
is only affected by FEXT from αn2,1 and NEXT from αn4,1. In
addition, the assumption that FEXT is much smaller than
NEXT in the configuration of Figure 3 can be safely taken.
Hence, crosstalk cancellation from only one NEXT channel
should be considered.

Simulation results in the next section show rate improve-
ment when NEXT cancellation is performed in a 2-user
VDSL full duplex system. This suggests potential grounds
for improvement of the current VDSL system with a fixed
nonoverlapping bandplan for upstream and downstream.

6. SIMULATIONS

This section illustrates the improvement in bit rate with mul-
tiuser detection. The performances of the joint optimal spec-
trum balancing and the joint iterative spectrum balancing al-
gorithms are simulated in DSL binders. For all simulations
except where specified, a target error probability of 10−7 with
about 3 dB coding gain and 6 dB noise margin is used. The
DSL lines are 26-gauge twisted pairs for all cases.

6.1. ADSL downstream

A 2-user ADSL downstream scenario as shown in Figure 1
with l1 = l2 = 12 kft and c1 = 1 kft is simulated. The
crosstalk from transmitter 2 to receiver 1 is large due to the
close distance between them. The FEXT channel is simu-
lated using standard methods. It represents the 99% worst-
case crosstalk scenario. Figure 4 shows the strength of the di-
rect and crosstalk channels. As clearly illustrated in the fig-
ure, crosstalk is weak at low frequency but it overwhelms the
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Figure 4: Channel response of 12 kft direct channels and 1 kft
crosstalk channel.
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Figure 5: Achievable rate region for 2-user ADSL downstream us-
ing OSB/ISB and the joint multiuser detection algorithm for gap =
12 dB.

direct channel at high frequency. Thus, multiuser detection
should only be performed at high frequency tones. Note that
the ideal tone selection for crosstalk cancellation depends
on not only the channel response, but also the transmis-
sion power of the interfering user. The joint multiuser de-
tection algorithms proposed in this paper solve the coupling
problem of tone selection and power allocation simultane-
ously in an efficient manner.

Figure 5 shows the achievable rate increase offered by the
joint multiuser detection algorithm.WhenOSB is performed
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Figure 6: Power allocations for 2-user ADSL downstream (a) and (b) with optimal spectrum balancing alone and (c) and (d) with the joint
multiuser detection algorithm (a) and (b) correspond to the rate pair R1 = 4.1120Mbps, R2 = 2.6040Mbps; and (c) and (d) correspond to
the rate pair R1 = 4.1440Mbps, R2 = 2.9680Mbps. The dotted line denotes the frequency band in which multiuser detection is applied. Full
interference detection is assumed.

with multiuser detection, a 14% increase for one user or 7%
for both users can be observed. For example, without mul-
tiuser detection (4.1120Mbps, 2.6040Mbps) is achievable;
with multiuser detection it is increased to (4.1440Mbps,
2.9680Mbps). The corresponding power allocation for both
users at these rates are illustrated in Figure 6. Note that in
high frequency bands, frequency-division multiplexing for
the two users is enforced when MUD is off. On the other
hand, joint multiuser detection and spectrum balancing al-
lows both users to transmit data even when crosstalk is severe
at high frequency. The extra bits transmitted in this region
contribute to the overall bit rate increase.

The following further observations can bemade. Asmen-
tioned in previous sections, the rate region offered by partial
detection is nearly identical to that of full detection. Thus,
enabling partial detection of the interfering user results in
no noticeable gain from that already achieved by full detec-
tion. As shown in Figure 5, the ISB rate regions appear to
be close to the OSB rate regions. For ISB, there is a choice
of user ordering when performing the maximization in (6)
and (11). A different choice of ordering slightly alters the
rate regions. Interestingly, the difference between the two
orderings decreases when multiuser detection is performed.
Figure 7 shows the power allocation for both users for the
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Figure 7: Power allocations for 2-user ADSL downstream (a) and (b) with iterative optimal spectrum balancing alone and (c) and (d) with
the joint multiuser detection algorithm (a) and (b) correspond to the rate pair R1 = 3.5400Mbps, R2 = 2.8920Mbps; and (c) and (d)
correspond to the rate pair R1 = 3.4800Mbps, R2 = 3.5400Mbps. The dotted line denotes the frequency band in which multiuser detection
is applied.

user 1→ 2 order.Multiuser detection increases the rates from
(3.5400Mbps, 2.8920Mbps) to (3.4800Mbps, 3.5400Mbps)
in this case. The power spectra is similar to that resulted from
ISB. With more than 2 users, however, the benefit of mul-
tiuser detection turns out to be smaller.

Figure 8 illustrates the relationship between the length
of the crosstalk channel and the bit rate increase with mul-
tiuser detection. The same scenario as depicted in Figure 1 is
examined, but with a range of common ADSL line lengths.
Both direct channel lengths l1 and l2 are assumed to be con-
stant in all cases. In general, the performance gain decreases
when the ratio c1/l1 increases. The maximum gain also in-
creases with the length of the direct channel so that an 8.5%

increase for both users or 17% increase for one user is possi-
ble.

The above simulations are done with an SNR gap of 6 dB
and a margin of 6 dB. Figure 9 shows the performance gain
of multiuser detection when the gap and margin is 0 dB. In
this case, the benefit of multiuser detection goes as high as
18% for both users or 36% for one user. Thus, the ben-
efit of multiuser detection increases when the gap is low-
ered.

6.2. VDSL full duplex

The next set of simulations is for a 2-user VDSL sys-
tem, as shown in Figure 3, with full duplex transmission.
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Overlapping spectra are allowed between upstream and
downstream transmissions. The length of channel two l2 is
fixed at 2.5 kft while the length of channel one l1 varies be-
tween 1.5 and 3.7 kft. The system is transformed into an
equivalent 4-user system as described previously. Only ISB

0

10

20

30

40

50

60

C
om

m
on

da
ta
ra
te
of

al
lu

se
rs
(M

bp
s)

1600 2000 2400 2800 3200 3600

Length of channel 1 l1 (ft)

ISB
ISB with MUD

Figure 10: Achievable common bit rate as a function of l1 when l2
is fixed at 2.5 kft in a 2-user VDSL full duplex environment. The bit
rates of both users in both upstream and downstream directions are
kept to be equal.

has been attempted for this scenario because running OSB
for a 4-user system is too computationally intensive. More-
over, since the optimization involves the power spectra of
an equivalent of four users, the capacity region is four-
dimensional, which is difficult to visualize. Alternatively,
Figure 10 illustrates the performance gain of multiuser de-
tection when all 4 transmission bit rates are equal. It is found
that the performance gain is largest, 22% for all users, when
l1 is close to 2.5 kft. The reason is that NEXT is strongest
when the two channels have equal lengths. In this condi-
tion, allowing crosstalk cancellation mitigates the effect of
NEXT drastically. Interestingly, the benefit of multiuser de-
tection fades when the difference between l1 and l2 increases
to 1 kft.

The power spectrum for each transmission with and
without multiuser detection are shown in Figures 11 and 12
respectively. The channel lengths l1, l2 are 2.7 kft and 2.5 kft.
The dotted lines in Figure 11 denote the frequency bands in
which multiuser detection is turned on. Without multiuser
detection, it is interesting to see that user 1 downstream
and user 2 upstream (and similarly user 1 upstream and
user 2 downstream) operate in a frequency-division mul-
tiplex (FDM) mode. For these two pairs, FDM is optimal
because NEXT is too strong for overlapping spectra to oc-
cur. With multiuser detection, the cancellation of NEXT be-
comes a possibility. In this case, overlapping spectramay now
be allowed. The extra bits resulting from the overlapping
spectra contribute to the performance gain that multiuser
detection offers. Note that optimal power spectra are very
different from the conventional bandplan where frequency-
division duplex is used to separate upstream and down-
stream.
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Figure 11: Power allocations for 2-user VDSL downstream with the joint multiuser detection and iterative spectrum balancing algorithm.
The channel lengths are set to l1 = 2.7 kft and l2 = 2.5 kft. The four resulting bit rates are equal. The dotted line denotes the frequency band
for which the generated NEXT is cancelled by the neighbor user. Full interference detection is assumed.

7. CONCLUSIONS

This paper investigates the benefit of multiuser detection
and crosstalk cancellation in digital subscriber line systems.
Computationally efficient schemes which determine the op-
timal transmit power spectra and tone selection for mul-
tiuser detection are proposed. Multiuser detection is shown
to bring a further performance gain than that offered by ex-
isting methods. In particular, crosstalk cancellation can be
combined with the optimal spectral balancing algorithm for
determining the optimal power spectra. Multiuser detection
can also be incorporated into the iterative spectral balanc-
ing algorithm to deal with complexity concerns when the

number of users is large. The possibility of partial detection
of the interfering signal has been explored but simulation re-
sults show marginal performance gain.

An interesting immediate application of multiuser de-
tection is on VDSL full duplex systems where the in-
terference caused by NEXT is large. Existing systems use
frequency-division multiplex to separate the frequency
bands for downstream and upstream transmissions. Sim-
ulations in this paper suggests that performance gain can
be achieved by applying NEXT cancellation to overlap-
ping upstream and downstream bands and at the same
time optimally allocating power to minimize the effect of
crosstalk.



12 EURASIP Journal on Applied Signal Processing

−80

−70

−60

−50

−40
U
se
r
1
do

w
n
st
re
am

(d
B
m
)

0 5000 10000 15000

Frequency (kHz)

(a)

−80

−70

−60

−50

−40

U
se
r
2
do

w
n
st
re
am

(d
B
m
)

0 5000 10000 15000

Frequency (kHz)

(b)

−80

−70

−60

−50

−40

U
se
r
1
u
ps
tr
ea
m

(d
B
m
)

0 5000 10000 15000

Frequency (kHz)

(c)

−80

−70

−60

−50

−40

U
se
r
2
u
ps
tr
ea
m

(d
B
m
)

0 5000 10000 15000

Frequency (kHz)

(d)

Figure 12: Power allocations for 2-user VDSL full duplex system with iterative optimal spectrum balancing alone. The channel lengths are
set to l1 = 2.7 kft and l2 = 2.5 kft, respectively. The four resulting bit rates are equal.
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