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1 Introduction and summary

Non-linear sigma models on tori provide the basic examples of string theory compactifica-

tions. The study of the discrete groups of symmetries and the orbifolds of supersymmetric

torus models, both in heterotic or type II superstring theory, have been the subject of

intensive study since the eighties [1-3] (see also [4] and references therein). These models

represent both a fruitful arena for the formal understanding of string compactifications and

are of great interest from a phenomenological viewpoint.



In this paper, we focus on type II non-linear sigma models with target space four
dimensional tori 7% and classify the groups of symmetries that commute with the (‘small’)
world-sheet N = (4,4) superconformal algebra. This analysis is mainly motivated by
the relation between such torus models and non-linear sigma models on K3. There are
few K3 models for which an explicit and complete description as conformal field theories
is available; among them, torus orbifolds play a fundamental role. The interest in K3
superstring compactifications has received new impetus in the last few years with the
discovery of the Mathieu moonshine phenomenon. This conjecture, originated from an
observation of Eguchi, Ooguri and Tachikawa (EOT) in [5], proposes a connection between
the elliptic genus of K3 and a finite sporadic simple group, the Mathieu group May. After
the original EOT proposal, a considerable amount of evidence in favour of this conjecture
has been compiled [6-10] and several different incarnations of the relationship between
My, and various string compactifications on K3 have been uncovered [11-19]. Despite the
amount of work on the subject, however, no satisfactory explanation of this phenomenon
has been provided so far.

One of the most natural approaches towards an interpretation of Mathieu Moonshine
is the analysis of the groups of discrete symmetries of K3 models. Orbifolds of non-linear
sigma models on 7% provide some of the simplest examples for such an investigation [20-
22]. In [23], all possible groups of discrete symmetries of K3 models that commute with the
N = (4,4) superconformal algebra have been classified. This result can be thought of as
a stringy analogue of Mukai’s theorem in algebraic geometry [24, 25], where the groups of
symplectic automorphisms of K3 surfaces were considered. The rather surprising outcome
of this classification is that all such groups of symmetries are subgroups of the Conway
group Cog, the group of automorphisms of the Leech lattice. Although Moy itself is a
subgroup of Coy, it does not appear in the list of [23]. As a consequence, no K3 sigma
model admits May as its group of symmetries. It was observed in [26] that, for almost all K3
models, the symmetry group is actually a subgroup of Ms4 and that most of the exceptions
correspond to torus orbifolds. The analysis of [26] also showed the existence of a K3 model
represented by an asymmetric orbifold of a torus model by a symmetry of order 5.

This amount of work on non-linear sigma models on K3 led to a rather paradoxical
situation: in fact, although non-linear sigma models on T are much better understood
than K3 models, the classification of the groups of symmetries preserving the N' = (4,4)
superconformal algebra was known only for the latter. The goal of this paper is to fill in this
gap. This completes the classification for all (known) models with A" = (4,4) superconfor-
mal symmetry at central charge ¢ = ¢ = 6, that are related to type II compactifications
with (at least) 16 space-time supersymmetries. Our main result is the following:

The group G of symmetries of a supersymmetric non-linear sigma model on T* that
commutes with the (small) N = (4,4) superconformal algebra is

G= (U0 xU1)").Gy,
where Gy is one of the following finite subgroups of SU(2) x SU(2):

— Geometric groups: Co, Cyq, Cg, Ds(2), Di12(3), Tau



Ta4 Xy Toa, T120 X150 Z120, Ous X045 Oss,
— Non-geometric groups: { D12(3) X¢, D12(3), D24(6) Xy, (6) D24(6),
Dg (4) XD4(2) Dg (4)

(Here, C,, denotes the cyclic group of order n, Dy, (n) the binary dihedral group of order 4n
and Taq, Ous, L1920 the binary tetrahedral, octahedral and icosahedral groups, respectively.
Finally, L xF R denotes a subgroup of L x R C SU(2) x SU(2) of order |L||R|/|F]|.
More details about the groups Gy and the corresponding models are given in section 4 and
appendiz A).

This rather abstract description of the symmetry groups deserves some further clar-
ification (see section 2 for details). The continuous normal subgroup U(1)* x U(1)* is
generated by the zero modes of four holomorphic and four antiholomorphic u(1) currents
0X* and 0X', and contains in particular the group U(1)* of translations along the four
directions on the torus. The group Gy = G/(U(1)* x U(1)%) includes the rotations (fixed
point automorphism) of the target space. If Gy is generated only by automorphisms of
the target space, we say that the group is (purely) geometric. In this case, the require-
ment that the superconformal algebra is preserved implies that Gg is a subgroup of SU(2).
The properties of the purely geometric groups are well-known [27] and their classification
follows from a theorem by Fujiki [28]. In general, the group Gy might contain elements
that act asymmetrically on the left- and the right-moving fields (non-geometric group). In
this case, Gy is a subgroup of the product of two SU(2), acting separately on the left- and
right-moving fields. The SU(2) subgroup of geometric symmetries is embedded diagonally
in this general SU(2) x SU(2). Both in the geometric and non-geometric case, Go must act
by automorphisms on the Narain lattice I'**. This condition constrains Gy to be a discrete
subgroup of SU(2) x SU(2) that depends on the specific torus model.

In every torus model, the group G contains a central involution that flips the sign
of all target space coordinates. For a generic model, this is the only non-trivial element
of Gg. The precise classification of all possible discrete subgroups Gg, or rather of the
quotients G1 = Gy/Zs by this central involution, is better understood by considering the
action on the lattices of D-brane charges. In particular, as discussed in section 3, the
lattices Fg(,%n and Fifd of even and odd dimensional D-brane charges, are both isomorphic
to the winding-momentum (Narain) lattice. This is a peculiarity of non-linear sigma models
on four dimensional tori and is closely related to the triality automorphism of the group
Spin(4,4). The role of triality for non-linear sigma models on T# was emphasized in [29, 30].

In section 4, using this triality, we obtain a useful and suggestive characterization of
the groups G as subgroups of W (Ejg), the group of even Weyl transformations of the Eg
root lattice. More precisely, the possible groups G are precisely the subgroups W+ (FEg)
that fix pointwise a sublattice of Eg of rank at least four. This result is the closest analogue
of the classification theorem for K3 models: in this case, the possible groups of symmetries
are exactly those subgroups of the Conway group Cog that fix pointwise a sublattice of the
Leech lattice of rank at least four [23]. Whether the appearance of the Leech and of the
FEg lattice and their group of automorphisms is just an accident or if it has some physical
meaning is still an open question.



Finally, in section 5, we discuss the orbifolds of torus models by cyclic groups of
symmetries. By construction, these orbifolds, if consistent, must enjoy a N' = (4,4) super-
conformal symmetry at central charge ¢ = ¢ = 6, so that they are necessarily non-linear
sigma models on 7% or K3. It is easy to see that the orbifolds by cyclic subgroups of
U(1)* x U(1)* always give rise to torus models. For each symmetry g € G with non-trivial
image in Gy, we classify the nature (i.e., the topology of the target space) of the corre-
sponding orbifold model. In this sense, it is useful to think of ¢ as an element in a Zs
central extension Zo. W™ (FEg) of the Weyl group of Es. Indeed, the nature of the orbifold
only depends on the conjugacy class of g within Zy. W™ (Eg). As a consistency check of
our analysis, we verify that the classification of torus orbifolds matches perfectly with the
results of [26], where a similar investigation was considered for orbifolds of K3 models.

Possible generalizations and applications of our results are discussed in section 6. Some
technical details about finite subgroups of SU(2) x SU(2) and integral lattices are relegated
to the appendices.

2 Generalities on torus models

In this section we review the main features of supersymmetric non-linear sigma models on
T* and fix our notation and conventions.

Abstractly, a supersymmetric T#-model is defined in terms of four left-moving u(1)
currents

j*(2) = i0¢%(2)
and four free fermions 9%(z), a = 1,...,4, their right-moving analogues j*(z) =
i0¢*(2),1%(Z), as well as ‘exponential fields’ V) (z, Z) labelled by the vectors \ in an even
unimodular lattice T** of signature (4,4). The holomorphic fields have a mode expansion

PR =D ana T W) = Y e,

nez rel+v

where v = 1/2 and v = 0 in the Neveu-Schwarz (NS) and Ramond (R) sectors, respectively,
and the modes satisfy the (anti-)commutation relations

[O‘?m 0‘2] = méabém,*n ’ {¢g7 Qpls)} = 5ab67“,*s s

corresponding to the OPE

5ab
(z—w)

6ab
50 VU (w) ~

74(2)5% (w) ~ Gow? (2.1)
The anti-holomorphic fields j%(2), 1/;“(2), a=1,...,4, and their modes a¢, zﬂ? satisfy anal-
ogous relations. The chiral algebra contains, in addition to the u(1)* ‘bosonic’ algebra
generated by j% a = 1,...,4, also a ‘fermionic’ so(4); Kac-Moody algebra generated by
M (2)Yb(2):, 1 < a < b < 4, and 16 fields of weight (3/2,0) of the form :4%(2)j*(2):. In
particular, any torus model contains a (small) N' = (4,4) superconformal algebra with
central charge ¢ = ¢ = 6, that will be described in detail in section 2.1. The zero modes of



the currents generate a continuous group of symmetries of the conformal field theory. In
particular, we denote by
Uy, ULk, (2.2)

the groups of symmetries generated by the zero modes j§ and 36‘ of the left- and right-
moving currents and by
SOz, SO() 1.z (2.3)

the groups generated by the zero modes of : 9% and :¢%%, 1 < a < b < 4.

The fields V)\(z, ) are the vertex operators associated with eigenstates |A) of af and
dg, with eigenvalues A7 and )\II’%, a,b =1,...,4. In each model, the possible vectors of
eigenvalues \ = (XL; XR) = (AL, AL AL L AL form an even self-dual lattice rit =
I'* (winding-momentum or Narain lattice) with signature (4,4) and quadratic form

4
o= —Xh =) ((\D)?— (\R)2) - (2.4)

a=1

Explicitly, for each \ = (X L; X R) € Fév’ilm, the field V), is defined as

4 4
Viapsn (% 2) 1= rexp Z’ZAW(Z)“Z;*%“(Z) H O (R (2.5)

a=1
where the operators oy, A € R obey
oroy = e\ p)ory, forall A, e gt
for a suitable normalized 2-cocycle e(\, p) € {1} satisfying

e(A ) = (=1 e(u, ),
e e+ p,v) = e(\, p+v)e(p,v), (2.6)
e\ 0) = e(0,p) =1
EE(R)

EA+n)
{£1} with £(0) = 1, which can be re-adsorbed in the definition of V)(z,Z). The

OPE of the fields V) (z, Z) with the fermions is non-singular, while

These conditions determine the 2-cocycle € up to a 2-coboundary , for any £ :

)\a
7)) Va(w,w) ~ Z_LwV)\(w,u_J), a=1,...,4, (2.7)
ACL
FE)\Va(w,w) ~ =LV, (w,w), a=1,...,4, (2.8)
zZ— W
Va(z, )V (w, @) ~ e\, X) (2 — w) e 22 (2 — @) % (Vo (w, @) +..), (2.9)

where A\, X' € T’ and ... in the last equation denotes less singular terms in (z — w) and

(z —w).
The real vector space space II = it @ R = R44 splits into an orthogonal sum

IT =TI @ IR of a positive-definite subspace IIy, spanned by vectors of the form (7r,0),



and a negative-definite I spanned by (0,7g). Each torus model is uniquely determined
by the relative position of II;, and IIp with respect to the lattice It and we obtain the
usual Narain moduli space

Mqps = O(4,R) x O(4,R)\O(4,4,R)/O(T**) .

A concrete realisation of this CFT is given in terms of a supersymmetric non-linear
sigma model on a torus 7% = R*/L with a constant antisymmetric B-field B. We fix
once and for all a set of orthonormal coordinates for the euclidean space R?*, so that the
geometry of the torus is encoded in the shape of the lattice L  R* The four scalar
fields X%(z,2z) = ¢%(2) + qBa(E), a =1,...,4, describing the target space coordinates, are
related to the CFT currents by j¢ = i0X® j* = i0X® The corresponding lattice of
(a0, Gp)-eigenvalues is given by

—

{(XL,XR) = L(m—Bl—Lm-Bl+D) | el meL*} ~Tds
where L* C R* denotes the dual lattice (here and in the following, the space R* = L ® R
and its dual (R*)* = L* ® R are identified through the Euclidean metric). The fermionic
fields 9, 1/;“ are, up to normalization, the supersymmetric partners of the scalars X®.

Each of the abstract conformal field theories, defined in terms of the relative position
of II;, and Iz with respect to the lattice F?N’ilm, is reproduced by infinitely many different
geometric descriptions in terms of non-linear sigma models. Technically, the choice of
any such description amounts to choosing two sublattices Ay, and Ay of ng’ilm, such that
AL = Ap, AL = Ay (ie., they are maximal isotropic sublattices) and Ay, @Ay, = Tyt [29].
Different choices are related to one another by automorphisms of Félv’ilm (interpreted as T-
dualities).

In particular, the choice of Ay, determines an isometry v : II;, — IIr(—1), characterised
by the property that v(Xz) = Ag for each A = (X, Ag) € Am C II;, & Iy (here, Hz(—1)
is obtained from IIg by flipping the sign of the metric). Then one can define a positive
definite lattice L* C I, 2 Ig(—1) = R* of rank four by

L= {f ERY| \}i(f*,f*) € Am} . (2.10)
The dual lattice L = (L*)* C R* is interpreted as the lattice of winding vectors, so that
the CFT can be described as a non-linear sigma model on the torus 7% := R*/L.!

Finally, the choice of a constant background B-field is encoded in the choice of the
lattice Ay. Indeed, for a given A, the most general isotropic sublattice Ay, C A
satisfying Ay @ Ay = Tt is of the form

1 - o
A= —(=Bl+I,-BI -0y |leL} .
(G -or-11722)

From a different viewpoint, given the interpretation of a left-moving current j¢ as a derivative i9X®

of a scalar field, the isometry « : I, — IIgr(—1) determines which right-moving current j* = ~(j¢) should
correspond to 10X .



Here, the linear map B is given by a real antisymmetric matrix B;; = —Bj; as
Bl ==Y Bl
J

in terms of a basis l—i, ey I; of L and of the dual basis l_:kl, ey I*4 of L*. The matrix Bi;,
and consequently the lattice Ay, is determined by the decomposition I‘é}f‘m QR =11y ®llr
and by the choice of A, = Fé‘v’ém, up to a shift by an integral antisymmetric matrix.

2.1 The ‘small’ N = 4 superconformal algebra

In the previous section, we have mentioned that every supersymmetric non-linear sigma
model on 7% contains a ‘small’ N' = (4,4) superconformal algebra. The holomorphic
N = 4 algebra is generated by four supercurrents G¥(z), G’*(z) of weight (3/2,0), the
stress energy tensor T'(z) and a su(2); Kac-Moody algebra (‘R-symmetry’) whose currents
J3(2),J*(2),J7(z) are contained in the ‘fermionic’ so(4);. It is useful to introduce the
complex fields

0Z0() =M@+ i), 020 @) =N i), @)
02 (2) :=12(j2(z) +ij(2)), 02" (2) :zé(ﬂz) —ij*(2), (2.12)
and
X' (z) = 12(w1(z) +i’(2)), X(z2) == \2(1&1(2) —i)’(2)), (2.13)
CE) = SO+, X @ -wl). e
Then, the holomorphic AN/ = 4 supercurrents are given by
GT(2) = V2i (:x*1(2)0Z2M (2): + :x*2(2)02P) (2):) | (2.15)
G (2) = V2i (: X (2)0ZV* (2): 4+ :x2(2)0Z2P *(2),), (2.16)
G (2) = V2 (=" (2)0Z2P*(2): +:x*2(2)02 W " (2):) (2.17)
G (2) = V2 (:x (2)0Z2P) (2): — :x2(2)02W (2).) (2.18)
and the su(2); ‘R-symmetry’ currents by
@) = 5 (X X )+ xR (2.19)
JT(2) =i (2) x*2(2):, J7(2) =i (2) X2(2): . (2.20)

We denote by SU(2) ; and SU(2) ;7 the R-symmetry groups, i.e. the groups of symmetries
of the CFT generated by the zero modes J3, Jgﬂ and by their right-moving counterparts
J3, JE. Tt is also useful to define the currents

A3() 1= 2 (NN (B — XA K)) (2.21)
AT(2) =i (2) X2(2):, A7 (2) =i (2) X2 (2): . (2.22)



and their right-moving counterparts Ag,fl%. These currents form a second su(2); affine
algebra commuting with (2.19)-(2.20). The zero modes A3, AT and A3, AT generate the
groups of symmetries SU(2)4 and SU(2) 4, respectively, that commute with SU(2); and
SU(2) ;. Altogether, these groups generate the whole fermionic symmetries (2.3)

SO(4)5,1 = (SU2),xSU2)4)/(~1)8F48 | SO(4) 1k = (SU(2) ;xSU(2) 5)/(~1)78+48 |

where we notice that the central elements (—1)%0+48 € SU(2); x SU(2) 4 and (—1)%+48 €
SU(2) 7 x SU(2) ;5 act trivially in the NS-NS sector.

2.2 A first classification of symmetries

Our goal is to classify all possible groups G of symmetries of the OPE that fix the small
N = (4,4) superconformal algebra. We focus only on symmetries that act non-trivially on
the NS-NS sector; the induced action on the R-R sector is discussed in section 3.1.

Let us consider first the symmetries that act trivially on the fermionic fields 1%, ¢®
as well as on the bosonic currents ja,ja, a=1,...,4, so that the N = (4,4) algebra is
automatically invariant. These symmetries act non-trivially only on the fields V) and the
only linear transformations preserving the OPE (2.7)—(2.9) are

Va(z, 2) o 2MOLA=TRAR) Y, () 5) = 278 Za VLI —vRIO YV, (2, 7) | (2.23)

for some (U, vr) € (I'** ® R)/T**. Therefore, the normal subgroup of G fixing the fields
Yo%, 5% 5% a=1,...,4, is the group U(1)}] x U(1)% generated by j& and j& as in (2.2).
Thus, G can always be written as a product

G = (U} x U)%).Go, (2.24)

where G := G/(U(1)] x U(1)%).

We have reduced our problem to the classification of the possible groups Gy that act
non-trivially on the fundamental w(1) currents and fermions. In order to preserve the
OPEs (2.1) and to fix the supercurrent

1

V2

and its right-moving analogue, a symmetry g must act by a simultaneous orthogonal trans-

4
(G2 + G (2) =D 9 (2)i(2):,
a=1

formation on the fermions and on the u(1) currents, i.e.
ja(z) = Z(QL>abjb(z> ’ ja(z) = Z(QR)abjb(z) ) (2'25)
b b
P(2) = Y (9)an(2), (2) = Y (9r)ad"(2), (2.26)
b b

where gr,,9r € O(4,R) are real orthogonal matrices. We denote by O(4)r, x O(4)r the
group of transformations (gr,, gg). In order for the 7%V, OPE to be preserved, g must act
on the fields V) by

Va(2,2) = E(N) V10 (2, 2) A e (2.27)



where

—

g O, Ag) == ((g1) "L, (9r) " XR) (X, Ag) e T* C I, @ 1y . (2.28)
The function &, : T4* — {41} satisfies

-1 —1 §g(N)Eg (1)
€A p) =elg™ (A, g™ (n) €0t ) (2.29)
for all A\,u € T'™%. Since both e(g71(\), g7 (1)) and €(\, 1) obey (2.6), a function ¢,
satisfying (2.29) always exists. In turn, eq.(2.29) determines &, up to composition with
elements of order two in the group U(1)} x U(1)% of (2.24).2

The transformations (2.25), (2.26) and (2.27) define a symmetry of the CFT if and
only if the transformation (2.28) is an automorphism of the lattice T'*#, i.e. an element of
O(I'**). The condition that a certain pair (gz,gr) of orthogonal transformations of the
spaces 1I; and Ilg of left- and right-moving momenta induces an automorphism of the
lattice I'** clearly depends on the moduli.

So far we have only required the transformation g to preserve the OPE and fix one holo-
morphic and one antiholomorphic supercurrent. In order for g to fix the whole N = (4, 4)
superconformal algebra, a necessary condition is that the currents (2.19)—(2.20) be invariant
under g. Notice that if det g, = —1, then the orthogonal transformation (2.26) exchanges
the two su(2); algebras (2.19)—(2.20) and (2.21)—(2.22); a similar exchange occurs for the
right-moving currents when det gz = —1. Therefore, it is sufficient to consider symme-
tries (2.26)—(2.28) within SO(4)r x SO(4)g. With this restriction, it is easy to see that the
group of transformations (2.26) fixing the currents (2.19)—(2.20) is the SU(2)4 x SU(2) 4
group generated by the zero modes A3, A of the currents (2.21)-(2.22) and their right-
moving analogues fl%, Zlf)t.

We conclude that a transformation (gr,,gr) € O(4)r, x O(4)R, acting on the fields as
in (2.25), (2.26) and (2.27), fixes the N' = (4,4) superconformal algebra if and only if it
belongs to a SU(2);, x SU(2)r subgroup of O(4)r, x O(4)r, whose action on the complex

fields (2.11) and (2.13) is
*1 x1
X w [ X
YA 2.30
(X 2) (9z) <x 2) (2.30)

1 1
<§2> = p(gL) <§2> ,

YA EYASS o7 (a7
(a Z(2>> = plgL) <8 7@ | 970+ | 7 PUL | g @ | (2.31)
vl o1 oxl ~%1
X ~ X X ~ « [ X
- | /> Plg - ) . | = olg o , 2.32
<X2> (9r) <X2> (X 2) (9R) (X 2) ( )
A 5 BYAL) 571 [z
(32(2)) — lgr) (az(z) ’ 572+ 7 PR | 500 | - (2.33)
2Technically, eq.(2.6) determines the cohomology class of the cocycle € in H*(T'**, Zs) = H?(Z§, 7o) =

8
ZgQ), where ' is isomorphic to Z® as an abelian group. Thus, €(g()\), g(1)) must differ from e(\, 1) by a

2-coboundary d¢,. The cochain £, is determined up to a 1-cocycle, i.e. a homomorphism I'** — Z§.



Here, p(gr) and p(gr) are SU(2) matrices and p(gr)* and p(gr)* are their complex conju-
gate. It is straightforward to verify that these transformations leave all generators of the
N = (4,4) superconformal algebra invariant.

It is also useful to give a description of the group SU(2)z, x SU(2)g in terms of quater-
nions. Let i, j, k be imaginary units satisfying the usual quaternionic multiplication rule

ij=—ji=k, jk=-kj=i, ki=—-ik=j, i?=jF=k>=-1.
We have the standard identification of the space of quaternions H with R*
H = {a; + asi + azj + ask | (ay,...,a4) € R} =R,
so that we can think of I'** as a lattice within H @ H by
N Ar) = (AL + A2+ A2j+ MLk Ay + A% i+ M\hj+ ARK) .
Furthermore, the group unit quaternions forms a copy of SU(2)
SU2) = {( 44 ey | a®+b°+*+d* = 1} = {a+bit+cj+dk € H| a®+b°+*+d* =1} .

Under this identification, the pair (gr,gr) € SU(2)r, x SU(2)g can be regarded as a pair
of unit quaternions and the action on the fields is simply given by (left) multiplication

P+ PP+t otk = gt + P+ ) + k), (2.34)
PP+ 'k = gr( %+ 03+ 90k), (2.35)
VR o B e S/ P RN A SRt I (2.36)
PP % = grG A+ I+ K), (2.37)
V)\ — 59()\)‘/9—10\) s (2.38)

where
9(AL, Ar) = (9L, GRAR) » (AL, Ag) ET* CHOH . (2.39)

Once again, eqs.(2.34)—(2.38) (or, equivalently, (2.30)—(2.33)) define a symmetry of the
CFT if and only if the induced transformation (2.39) is an automorphism of the lattice
I'*4. This condition constrains the group Gy to be a discrete subgroup of SU(2), x SU(2)g.
We stress that the action (2.38) of (g1, 9r) € Go on the fields V) is only defined modulo
U(1)} x U(1)% transformations.

To summarize, we have found the following characterization of the group G:

Theorem 1 The group G of symmetries of a supersymmetric non-linear sigma model on
T* preserving a small N' = (4,4) superconformal algebra generated by (2.15)~(2.20), is
given by a product

G = (U(1)} x U(1)4).Go .

The normal subgroup U(1)} x U(1)%, is generated by the zero modes of the bosonic currents
3%,7% a=1,...,4, and the quotient Go = G/(U(1)4 xU(1)%) is the finite group of elements
(91, 9r) € SU(2), xSU(2) g such that (2.39) is an automorphism of the winding-momentum
lattice T%*. In particular, (g1, gr) € Go acts as in (2.34)—(2.38) on the fields.
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In other words, Gy is the intersection of the compact group SU(2); x SU(2)g and
the discrete group SO(I'**), when both groups are embedded in the orthogonal group
SO(4,4,R) acting on II;, @ Iz = R**. Clearly, these embeddings and therefore the inter-
section GGy depend on the moduli, i.e. on the relative position of the subspaces II;, and I1g
with respect to the lattice I'%4.

The group Gy always contains a central Zs subgroup generated by the involution
(—1,—1) € SU(2)1 x SU(2)g that flips the signs of all bosonic currents and all fermions;
this is indeed a symmetry of all torus models. On the other hand, a generic deformation
of the model will break any symmetry g € Gy not contained in this central Zy subgroup.
We conclude that the generic symmetry group G is

G=(UW)ixUMDE) :Zs .

In the following sections, we will give a complete classification of the possible discrete
subgroups Gy C SU(2)1, x SU(2)r and of the corresponding torus models.

3 Ramond-Ramond sector, D-branes and triality

In this section, we consider the action of the symmetry group GG on the Ramond-Ramond
fields and on the lattice of D-brane charges. This will lead to a useful characterization of
the possible symmetry groups G in section 4.1.

3.1 Representation of the symmetries on the Ramond-Ramond sector

The Ramond-Ramond sector of the sigma model forms a representation of the algebra
of fermionic zero modes 1/18,1;8. In particular, the ground states have conformal weight
(%, %) and span a 16 dimensional space H. A convenient basis is given by simultaneous
eigenvectors

‘81,82;51,§2>, 81, 82,81, 82 € {:l:%},

of  the  generators  J3, A3, J3, A3 of  the  ‘fermionic’  su(2);  alge-
bras (2.19), (2.20), (2.21), (2.22), such that

J3|s1, 82581, 82) = (81 + s2)|s1,82; 81, 82),  Ad|s1,52;81,52) = (51 — s2)|51, 59 81, 52)
J3|s1,82; 81, 82) = (51 + 82)|s1,82; 81, 52),  Ad|s1,s2;51,52) = (51 — 52)|s1, 52; 51, 52) -

The left- and right-moving world-sheet fermion number operators are defined by

(1) = (1% = (~1)17%2 = aydedyiui, (3.1)
(—1)TR = (=1)7 = (=155 = 4R g3e, (3.2)

and are preserved by the ‘fermionic’ SO(4)7 1 x SO(4)¢ g transformations. We denote by
Heven and Il,qq the subspaces of R-R ground states with (—1)2+% = 1 and (—1)f2+F'r =
—1, respectively.

Let us consider the action of the group G on the R-R ground states. Clearly, the
normal subgroup U(1)7 x U(1)% acts trivially on this space, so we can focus on the quotient

— 11 —



(=) | (=1)"™ Eigenvalues of ¢

-1 -1 1, 1, 1, 1,

+1 | +1 (Clry LR, CilRh, (LCH
+1 ) -1 L, . NGt
-1 ] 1 Cr, Cr. Cp'y (R

Table 1. The eigenvalues of g on the eigenspaces of (—1)f% and (—1)%=.

Go. An element g = (g9r,9r) € Go acts by an SU(2)4 x SU(2) ; transformation on the
fermionic fields 1%, 1) and the action is represented by some SU(2) matrices p(g1.), p(gr) as
in (2.30)—(2.33). In order to preserve the OPE, g has to act by the same SU(2) 4 x SU(2) ;
transformation also on the R-R ground states. Assume, for the sake of simplicity, that this
transformation is contained in the Cartan torus generated by Ag and flg If the eigenvalues
of p(gr) and p(gr) are (r, Cgl, (R Cﬁl, then the action of g in the R-R sector is given by
caoay _ AY AR L3 S\ S1—S2 8182 .3, 3
gls1,82; 51, 52) = (. °CRr"|s1,82: 51, 82) = (] % 7?|s1, 52351, 82) -
Thus, the eigenvalues of g on the eigenspaces of (—1)2 and (—1)¥% are as in table 1. Notice
that the eigenspace with (—1)f7 = (~1)f® = —1 is fixed pointwise by g. Furthermore,
the central involution (—1,—1) € SU(2)1 x SU(2)g acts trivially on the whole space Ieyen
with positive total fermion number (—1)f2T#r = 41, Thus, the group acting faithfully on
Meven is G1 = Go/(—1,—1) which is a subgroup of (SU(2)r x SU(2)g)/(—1,—1). These
conclusions are valid even when the action of g on the fermions is not generated by A} and
A3, since by a suitable conjugation within SU(2) 4 x SU(2) i one can always reduce g to this
Cartan torus while preserving the eigenspaces of (—1)~ and (—1)¥&. As will be described
in the following sections, it is easier to characterize the possible groups G of symmetries
by considering their action on the eigenspace Heyen with (—1)F2+F& = 41,

In the above derivation we have been slightly naive in the identification of the action of
g on the R-R sector. In general, a SO(4)y,1 x SO(4) ¢ r transformation on the fundamental
fermions in the NS-NS sector determines the transformation on the R-R sector only up to a
sign — the symmetries (—1)7+4 and (_1)jg+gg act trivially on the NS-NS sector and by
a minus sign on the R-R sector. Therefore, for a generic subgroup G of SO(4) 1, xSO(4)f,r
acting on the NS-NS sector, the induced group acting on the R-R sector and preserving
the OPE is a Zo-central extension of G.

However, the groups Gy we are considering are actually contained in the subgroup
SU(2) 4 x SU(2) 5 of SO(4) s 1 x SO(4) 1.r generated by A3, AT A3 AT so that their central
extension in the R-R sector is always the trivial one Zs x Gy. Therefore, we do not lose any
information if we simply focus on the component of Zs x G that fixes the four R-R states
with (—1)f2 = (=1)f® = —1. The fields associated with these four states are the generators
of a spectral flow isomorphism relating the NS-NS and the R-R sectors. In the context
of compactification of type II superstrings, the presence of these fields in the spectrum of
the internal CFT is related to unbroken space-time supersymmetries. In particular, the
requirement that a symmetry g commutes with space-time supersymmetry implies that
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these spectral flow generators be fixed by ¢g. An analogous condition was considered in the
classification of the groups of symmetries of K3 models in [23].

3.2 D-branes and triality

Fundamental D-branes are defined, in a given geometric interpretation of the torus model,
by imposing either Neumann or Dirichlet boundary conditions in each direction. Each of
these boundary conditions preserve a particular bosonic u(1)* subalgebra of the original
u(1)} ®u(1)%. For example, consider a geometric realization of the model, as described in
section 2, associated with a maximal isotropic sublattice Ay, = spang{A1,..., A} C '™,
which determines the lattice L* of space-time momenta on a torus R*/L as in eq.(2.10).
Then, the Dirichlet boundary conditions describing a DO0-brane in the Ramond-Ramond
sector are enforced by

(XiL'an_XiR'dfn)‘:u;Am,n»207 TLGZ, i:]-a"'a4’ (33)
NL - Ur 4 inXig - V)| Ay ) =0,  r€Z, i=1,...,4. (3.4)

Here, n € {£1} and A, determine which A" = 4 and which u(1)* subalgebras are preserved
by the boundary conditions, y = %(l_;‘, I ) € A, with [* € L*, labels the distinct represen-
tations of this preserved u(1)* subalgebra and |u; Am,n) denotes the Ishibashi state in the
corresponding sector. The boundary state |a; Ay, 7)) is then obtained by a superposition

of the Ishibashi states for the different values of p € Ay,

las Ammym) = N~ €27 | s A, )

UEAmM

The modulus a € (Ay ® R)/Ay, represents the position of the DO-brane on the four-
dimensional torus and N is a suitable normalization. The treatment of the NS-NS sector
is analogous, the only difference being in the boundary conditions (3.4), where the fermion
modes ., 1/;_r are defined for r € % + Z. In a full ten dimensional superstring theory,
space-time supersymmetric D-branes are obtained by tensoring these boundary states with
the analogous D-brane states in the remaining 6 space-time directions and considering a
suitable GSO projected combination of NS-NS and R-R contributions.

The T-duality group O(I'**) acts transitively on the set of maximal isotropic sublat-
tices A C T'** and by enforcing the conditions (3.3) and (3.4) for a given such A one
recovers all the other fundamental D-branes with different combinations of Neumann and
Dirichlet boundary conditions. For example, if we extend the set of generators of the lattice
A above to a basis A1,..., \g, 5\1, ey A4 of T4 such that

A=) e\ =0, Ai® A =05, (3.5)

then the isotropic sublattice generated by M, ..., A4 is associated with a D4-brane and
the lattice generated by A1, Ao, 5\3, 5\4 is associated with a D2-brane extended in the 34
directions. Thus, the set of fundamental D-branes can be described, via (3.3) and (3.4),
as the set of maximal isotropic sublattices of I'*. This description makes no reference to
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a choice of a geometric interpretation of the model; the latter just amounts to choosing
which element in this set should be considered a D0-brane and which one a D4-brane.

The Ramond-Ramond charge of a D-brane corresponds to the ground state component
of the boundary state |a;A,n)) and is completely determined by eq.(3.4) for » = 0 up to
normalization, which in turn is fixed by the Cardy and factorisation conditions. Let us
focus on the case n = 1 and use a simplified notation |A) = |a; A,n = 1)), where we drop
the dependence on the modulus a. We denote by ¥, the R-R ground state component of
|A). For n = +1, equations (3.4) read

cN|A) =c(NWy =0, forall \e A cTh,
where the operators
c(v) == T - Yo+ iUr - b0,  v=(Tp,0) eI @R, (3.6)

generate the real Clifford algebra associated with the space I'** ® R, with anticommutation
relations
{c(v),c(w)} =T - W —Up-Wr=vew. (3.7)

The overlap between two D-branes is given by

Lo+Lg

(AI(=1) g 3 A) = (U |(—1) By (3-8)

which defines a non-degenerate bilinear form of signature (8,8) on the lattice of D-brane
charges. Since all ¢(v) anticommute with the chirality operator

c(v)(~1) R = (-1t Re(v), v e,

W must have definite chirality. D-brane charges with opposite chiralities are orthogonal
with respect to (3.8), so that the lattice of D-brane charges splits as an orthogonal sum
Fg{,in ® Fifd of lattices isomorphic to 't In a geometric description of the model,
chirality corresponds to the parity of D-brane dimensionalities and the lattices I" ven and
Fifd are identified with the even and odd integral cohomology groups H®V*"(T*,7Z) and
H°44(T47), and the bilinear form is the cup product.

Each of the 8-dimensional vector spaces

Meven = T4 O R, Moqa = Tih O R,

even

+

contains two orthogonal subspaces IIZ,.,,,

FR+1

Hfd 4 with definite signature with respect to (3.8)
corresponding to the (—1) -eigenspaces with signature +1. From now on, we denote
by T2 the lattice of winding-momenta (eigenvalues of «ag, &), to distinguish it from the
lattices of D-brane charges, and set Iy, ;=11 = F@ém R R.

From a formal point of view, this construction is completely symmetric among the three
lattices I‘é;ilm, I’g{flen and Fﬁfd, in the sense that one can start from any of the three lattices to
define the other two. More precisely, let us consider one of the three lattices, denoted by F?A

and define the Clifford algebra (3.7) based on the real vector space II; = FAILA ® R = R4,
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This Clifford algebra admits a representation as an algebra of real matrices over a 16-
dimensional real space V. As usual, the action of the group SO(II;) = SO(4,4) on the
Clifford algebra generators induces a spinorial representation of Spin(4,4) on V. More
precisely, V' is the direct sum V = IIy @ II3 of two irreducible Spin(4,4) representations
of opposite chiralities. Here, I, I3 are the 8 dimensional eigenspaces of the involution
(chirality operator)

()R =16 ¢(er) -+~ cfes)

with e1, ..., eg any oriented basis of II; with e; ® e; = %6;;.

The action of Spin(4, 4) preserves a symmetric bilinear form (-,-) of signature (4,4) on
each of the spaces Iy and II3. In order to define this bilinear form, it is useful to choose a
basis A1, ..., A4, ;\1, e My of le1,4 with standard Gram matrix (3.5). Then, there exists a

one dimensional space of states u € V satisfying
c(A)p =0, i=1,...,4. (3.9)

We choose a non-zero vector p in this space and, as usual, we define a set of generators of

~

V by acting on p in all possible ways with the operators ¢(\;)
tiyoin = c(Niy) - e )t 1<ip<...<ip <4, (3.10)
and define the bilinear form (-,-) by

0 ifr+s#4,
(v igs By enjs) = { (3.11)

Eirvn'vilvjlv"'vjs lf r + s = 47

where €;;1, is the completely antisymmetric tensor with €1234 = 1. In particular,

~ ~ ~ ~

(s c(A)e(A2)e(As)e(Ag)p) =1 . (3.12)

Notice that p has definite chirality, which depends on the orientation of the basis A1, ..., A4,
5\1, cees A4 Up to a possible exchange of A\; and A1, we can assume that (—D)FetFry = 44,
Therefore, all vectors p;, .. ;, of the basis have definite chirality (—1)", so that (3.11) defines
a bilinear form of signature (4,4) on both IIy and II3.

We define the lattice I'3* @F§’4 as the Z-span of the vectors (3.10), with I‘f’4 @R =1I;,
i = 2,3. By (3.11), I‘;M and F§’4 are mutually orthogonal even unimodular lattices of
signature (4,4). Given any other basis Aj,..., ], A’l, e /A\ﬁl, satisfying (3.5), we can
define a vector p’ satisfying (3.9) and (upon possibly reordering the sets Aj,..., A, and
Ni,..., Xy (3.12). This vector 4/ is determined by (3.9) and (3.12) up to a sign. Further-
more, 1’ depends only on the maximal isotropic sublattice A’ C F%A spanned by Aj, ..., N},
since eq.(3.12) gives the same normalization for all choices of X,,..., X, satisfying (3.5).
One finds that p' has integral product with all generators of the basis (3.10). Therefore,
by self-duality, 4’ must be also contained in I‘;A <) F§’4. As a consequence, the definition of
the lattices F3’4 and F§’4 does not depend on the choice of the basis A1, ..., Ag, A1, ..., A

Notice that also all vectors p;, . ;. in (3.10) are associated with some maximal isotropic

T
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sublattice of F%A, generated by a suitable subset of four mutually orthogonal vectors in the
basis Aq,..., )\4,5\1, .. .,5\4.

A generic automorphism g; € SO™ (F;M) of the lattice F%A lifts to some g € Spin(4,4)
transformation on Ils and II3. By (3.9) and (3.12), this transformation maps a vector
w e I‘;M @ F§’4 associated with a maximal isotropic A C T’ 11’4, to a vector =’ associated
with g(A). Thus, § maps the lattice F;M ® F§’4 into itself and since it also preserves the
chirality and the bilinear form on V', it must act by automorphisms g2, g3 on both F;LA and
Iy’

The choice of an orthogonal decomposition I} = Hf@ﬂf into a positive and a negative
definite oriented subspace yields the definition of the involutions

(—1)" =de(er) -~ clea), (=1)f" = de(er) - c(éq),

where eq,...,eq4 and éq, ..., é4 are oriented orthonormal bases of Hf and II7. In turn, this
leads to the splittings IT, = I1I] @11, and II3 = II @115 into the eigenspaces of (—1)FrT1,
Finally, this construction leads to the definition of a triality
ryt x iyt <yt = Z,
(3.13)
(3, m,  p2) > (13, c(pa)p2) ,

i.e. a non-degenerate trilinear form,?> which extends to a triality of real vector spaces I3 x
IT; x IIs — R. In particular, each pu; € Fi"4 defines two linear maps c¢(p1)23 : F;M —
(F§’4)* = F§’4 and ¢(p1)32 : F§’4 — (I’;M)* = I’;M, which are isomorphisms when 1 @ 3 =
+2. In the same fashion, for any permutation (i, 7, k) of (1,2, 3), the triality (3.13) defines
for each p; € F?A a map c(pi)jk F?A — (Fi’4)* = I‘i"l. A straightforward computation
shows that the maps c(u;) = c(wi)jr ® c(pi)k;, for all p; € F?A, generate an algebra of
matrices on the space II; @ II; that forms a representation of the Clifford algebra of I’?A.

The triality among vector spaces is preserved by the action of § € Spin(4,4)

(93(13), g1(111), g2(p2)) = (3, p1, p2) ,

where g1, g2 and g3 are the vector and the two spinor representations of §, respectively.
Therefore, the statement that an automorphism ¢; € O(F;l’4) induces automorphisms go €
O(F;LA) and g3 € O(F§’4) can also be ‘symmetrized’: for each permutation (i, j, k) of (1,2, 3)
and for each ¢ € Spin(4,4), g; and g are automorphisms of I’?A and Fi’4 if and only if g; is
an automorphism of 1"?’4. Furthermore, the description of the moduli space of torus models
as parametrizing the relative position of an even unimodular lattice I'** with respect to
a positive and a negative definite subspaces IIT, I~ with I'** ® R = IIt @, II~ holds
for any interpretation of I'** as the lattice of winding-momenta, even or odd-dimensional
D-branes [29].

This ‘democracy’ among the three lattices is characteristic of four-dimensional torus
models and is related to the triality automorphism of Spin(4,4), which permutes the vector
and the two irreducible spinor representations.

3Non-degenerate here means that every non-zero vector in one of the three lattices determines a non-
degenerate bilinear form on the other two.
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4 Groups and models

In this section, we classify all possible groups of symmetries G preserving the N' = (4,4)
superconformal algebra and describe the corresponding torus models. The main idea is to
focus on the action of G on the lattice Fg{,%n of even dimensional D-brane charges. By the
triality described in section 3.2, this analysis is sufficient to reconstruct the action of G on
the lattice I'y’m of winding-momenta and on all the fields of the theory.

4.1 Symmetries of torus models

Let G be the group of symmetries of a torus model that preserve the small N' = (4,4)
superconformal algebra. A discussed in section 3.1, the representation of G over the space
ITeven of R-R ground states with positive chirality is given by a group G; = Gp/(—1)
of orthogonal transformations of Ieye, that fix the subspace I}, with (—1)"&+!l = 1.
Furthermore, (G; must act by automorphisms on the lattice Fg{fﬁn of even D-brane charges.

Conversely, let G; C SO*(Fg"én) C SO (4,4) be a group of automorphisms of the
lattice of even D-brane charges that fix the subspace IT,, C Ieyen. Thus, G acts faithfully

by SO(4) transformations on the space II,,, of R-R ground fields with (—1)fr+! = —1.
The spin cover Spin(4) of this SO(4) group is the SU(2) 4 x SU(2) ; group generated by the
zero modes of the currents A3, AT, flg, /Nlac. Therefore, the group (7 is the representation
on the R-R sector of some group Go C SU(2)r x SU(2)p, acting on the NS-NS-fields
as in (2.30)-(2.33). The group Gy is a isomorphic to a double (spin) cover of Gy, i.e.
to the preimage of G1 C SO(T&en) C SO(4,4) under the spin covering Spin(4,4) —
SO(4,4), and acts on the space Iy, of winding-momenta in one of the irreducible spin
representations. By the triality construction described in the previous section, since G;
acts by automorphisms on the lattice Fé{én, then Gy must act by automorphisms on the
lattice I’y of winding momenta. Therefore, (U(1)1 x U(1)%).Gy is a group of symmetries
of the torus model that preserves the N = (4,4) algebra.

Thus, we have found an alternative description of the groups of symmetries G con-
sidered in section 2. In fact, as will be discussed below, there are two more equivalent

characterizations of these groups:

Theorem 2 Let Gy be a subgroup of SO(4,R) and let Zo.G1 C Spin(4) denote its preimage
under the spin covering homomorphism Spin(4) — SO(4). The following properties are
equivalent:

1. The group
G=(U)E xUWM)%).(22.Gy)

is the group of symmetries of a supersymmetric non-linear sigma model on T* that
preserves a small N = (4,4) superconformal algebra.

2. G4 1s a subgroup of SO+(F§$TL) C SO™(4,4,R) that fives pointwise a positive-definite
subspace vaen C Fﬁfen ® R of dimension four.
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3. Gy = SOg(A), where A is an even positive-definite lattice of rank at most four and
SOp(A) € SO(A) is the group of automorphisms of A that act trivially on the dis-
criminant group A*/A (A* denotes the dual of A, see appendix B).

4. Gy is the subgroup of W (FEg), the group of even Weyl transformations of the Es
lattice, firing a sublattice of rank at least four.

The equivalence of (1) and (2) has been discussed above. Let us first show that
(2) < (3). Let G; be a subgroup of SO (ejen) that leaves the subspace ITY_, pointwise
fixed. Let us denote by ré: C Fgﬁn the sublattice of vectors fixed by G
9 = {veli | gv)=vforall ge Gy},

even

and by I'g, its orthogonal complement in ng,%n

I, = {wel* |weuv=0forallvel%}.

even

Since IT

Fen € TE1®R, it follows that I'g, is an even negative-definite lattice of rank at most

4. Notice that ¢t and I'g, are primitive mutually orthogonal sub-lattices of Fg‘{én and the
direct sum I'“ @ T, has maximal rank 8. Then, by the standard ‘gluing’ construction (see
appendix B for details), there is an isomorphism (I'¢1)* /T¢1 5 (T'g,)*/Tq, of discriminant
groups that reverses the induced discriminant form and such that

Loven = {(v,w) € (T)* @ (T )" | [v] = [w]},

where for each z in (I'“1)* or (I'g,)*, [z] denotes the image of 2 in the corresponding
discriminant group. Since Gy acts trivially on the discriminant group (I'“1)*/T'¢1, then it
must act trivially also on (I'g,)*/T'q, [31]. We conclude that G; is a group of automor-
phisms of the positive-definite even lattice A = I'g, (—1) of rank (at most) four that fixes
the discriminant group A*/A.

Vice-versa, given any even positive-definite lattice A of rank at most four, there is a
primitive embedding of A(—1) in Teien (see Theorem 1.12.2 of [31]) and one can always find

a positive definite four dimensional subspace I}, C ng%n ® R such that A(—1) = r;‘f;n
(T,

Fen)’. As explained in appendix B, the automorphisms of A that fix the discriminant

group A*/A extend to automorphisms of It that fix pointwise the orthogonal space
e

The proof that (3) < (4) is completely analogous, with the lattice I'* replaced by Es.
Let A be an even positive definite lattice of rank at most 4 and let SOy(A) denotes the

group of (positive determinant) automorphisms of A that act trivially on the discriminant

This proves the equivalence of (2) and (3).

group A*/A. By a theorem by Nikulin (Theorem 1.12.4 of [31]), any even positive definite
lattice with rank at most four can be primitively embedded in Eg, the unique 8-dimensional
positive-definite even unimodular lattice. Furthermore, every automorphism g € SOg(A)
can be extended to an automorphism of Eg that fixes the orthogonal complement A+ of A
in Fg. Therefore, SOg(A) is a subgroup of the group Gy C W (Eg) that fixes the sublattice
AL C FEg.

,18,



Class| ;i my' m my' | £G #¢'  £Cr (5" |o(Ego) [rk [ det

1A 1 1 1 1 +1 +1 +1 +1 1,2 0| -

2B 1 1 -1 -1 +i Fi =) Fi 4 21 4
27 27 27i 27i 27 27

3A 1 1 e3 e 3 |+es Z£e 3 Les +fe 3 3,6 213

2A | -1 -1 -1 -1 +1 +1 F1 F1 2 4116

2E | -1 -1 -1 -1 +1 +1 F1 F1 2 4116

3E |5 e F eF e F | teF 4o B 41 +1 3,6 41 9

4A ) —1 1 —1 +i Fi +1 +1 4,4 4| 4

4C | i —i -1 -1 | +eT +e T Fer Fe 1 8 41 8
27mi 27mi 4mi 4ri 27mi 27mi 4mi 4mi

5A |es e 5 es e 5 |tes £e 5 Les e 5 | 510 [ 4] 5
27 27i 27 27i 27 —27i

6A |e6 e 6 —1 —1 |+es Z4e 3 Les te s 6 4| 4
27mi 27 27mi 271 107z 1072

6D |e3 e 3 —1 —1 |dedlz =+e 12 e 12 e 12 12 4112

Table 2. Conjugacy classes of elements § € WT(Eg) that fix a sublattice of rank at least 4. For
each class, we list the the eigenvalues 71,72,1; 1,7]2_ ! of the corresponding ¢ € G on the space

I en, the rank of (T&t,)(, and the determinant of (1 — g) on (I'kt,)(- The corresponding

even
symmetry +go € Go of the torus model is determined up to a sign. We list the eigenvalues

+(r, +(R, i(gl, i(gl (each with multiplicity 2) for the action of gy over the fermions 9%, ¥ and
the orders o(4gg) of go and —gg.

Conversely, suppose that G is the subgroup of W (FEjg) that stabilises pointwise a
sublattice A+ = (Fg)®! of rank at least 4. Then, Gy acts faithfully as a group of auto-
morphisms of the orthogonal complement A of A+. Furthermore, since G fixes (A+)* /AL,
by the gluing construction it must also fix the discriminant group A*/A of its orthogonal
complement. We conclude that G; = SOp(A).

4.2 Characterization of the groups of symmetries

In this section, we classify all possible groups G satisfying the equivalent properties (3)
and (4) of theorem 2.

Let A be an even positive definite lattice of rank r < 4 and let SOg(A) the group of
positive determinant automorphisms that act trivially on the discriminant group A*/A.
By theorem 2, there is a torus model such that G; = SOg(A). We recall that A can
always be primitively embedded in the FEg lattice and that every g € SOy(A) extends to
an automorphism § € W (Eg) that fixes the orthogonal complement of A [31]. Thus, A
can always be regarded as a primitive sublattice of Eg and we can label each g € SOy(A)
by the W (Eg) conjugacy class of g.* The group W (Fg) contains 11 conjugacy classes
whose elements fix a sublattice of rank at least 4 [32], see table 2.

For a given g € SOg(A), the conjugacy class of § in W (Fg) can be determined, in
most cases, by the eigenvalues of g on A. The only exceptions are the classes 2A and 2E,

4The embedding of A into the Eg lattice is not necessarily unique, so we are implicitly making a choice
here. Our subsequent analysis shows that the assignment of a W' (Es) class to each g € SOp(A) is
independent of such a choice.
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that have the same eigenvalues. To distinguish these cases, it is sufficient to notice that
g € SOy(A) corresponds to the class 2A if and only if it is the square of some h € SOy(A)
of class 4A.

Let A1,..., A be a basis of generators for A and @Q;; := A; - A\j be the corresponding
Gram matrix. Then g € SOg(A) acts by

T
g()\i)ZZgij)\j, iZl,...,T‘,
j=1

where g;; is an integral matrix satisfying

9Q9=Q.
Let uq,...,u, be the dual basis of generators of A*, given by
w=3 QN eA®Q, (4.1)
J

so that u; - A\j = d;;. The action of g extends to A ® Q by linearity, so that

T

wi— g(uw) = Y (Q' N — Q' a(N) =D Q7' (1 —9))iyy,  i=1,...,7,

J Jj=1

and the condition that g acts trivially on A*/A is equivalent to

Q@ '1—g)ij€Z, forallij=1,...,r. (4.2)
In particular,
det(1 — g)
7 4.3

which puts a non-trivial constraint on the possible Gram matrices @, provided that rk(1 —
g) = r. The determinant det(1— g) and the rank rk(1— g) for each possible conjugacy class
in W+ (Fg) are given in table 2. For each W™ (Eg)-conjugacy class of g, there are only few
isomorphism classes of lattices A of rank r = rk(1 — g) and satisfying (4.3) (see [33]). In
the following sections, we consider a case by case analysis of these lattices. First of all, in
section 4.3 we consider the case where G has no symmetry g with rk(1—g) = 4. In this case,
we argue that the whole group Gy is induced by geometric automorphisms of the target
space in a suitable geometric interpretation of the CFT as a non-linear sigma model on T4,

The lattices A admitting symmetries g € SOy(A) with rk(1 — g) = 4 and the W (Ey)
conjugacy classes of the associated lifts g are given in table 3. The corresponding groups
G1 = SOp(A) and their double covering G cannot be described as automorphisms of the
target space in any geometric interpretation of the model. A detailed description of the
entries of this table is provided in section 4.4.

Table 3 is derived as follows. When 1 — g has rank rk(1—g) = 4 = r, then the lattice A
is uniquely determined, up to isomorphism, by the W (Eg) conjugacy class of §. Indeed,
in this case, A is the orthogonal complement in Eg of the sublattice fixed by g and for any
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Lattice A detQ W (Fjg) classes G1 = SOy(A) Go |G

D4 4 2A, 4A, 6A [Tlg Xy T12] 7'24 Xy 7—24 192
Ay 5 5A +[Ts0 X 140 Te0] T190 X 7150 120 120
A As 8 4C +[OQ4 X 0oy 024] Oys X 048 @48 48
A% 9 3E —l—[DG(?)) Xy Dg( )] D12<3) Xey D12(3) 36
A% As 12 6D +[D12(6) XD12(6 D12(6)] D24( ) XD24(6)D24(6) 24
a1 2% £[D4(2) %pyy Da(2)] Ds(4) Xy Ds(4) 16

Table 3. Lattices A of rank 4 admitting automorphisms g € SOg(A) with rk(1 —g) = 4. For each
lattice, we give the determinant of the Gram matrix @, the W (Fjg) classes of the elements g with
rk(1 —g) = 4, the group G = SOy (A), its Zy-central extension Gy = Z,.G1 and its order |Gy|. See
section 4.4 and appendix A for a description of the lattices and groups.

two elements g, ¢’ € W (Fg) in the same conjugacy class, the corresponding lattices A and
A’ are related by a W (Eg) transformation and are therefore isomorphic.

By table 2 and (4.3), the only possible values for det @ are 4,5,8,9,12,16. When
det Q € {4,5,8,9}, there is a unique isomorphism class of lattices A for each value of the
determinant [33] and this determines the corresponding entries in table 3. When det Q = 12
or det @ = 16 there are two isomorphism classes of lattices. The analysis of SOg(A) in
section 4.4 shows that the lattices in the last two rows of table 3 admit a symmetry in
the corresponding W (Es) class. As argued above, each of the W (Fjg) classes in table 2
with rk(1 — ¢g) = 4 is associated with exactly one isomorphism class of lattices and table 3
contains all such W (Eg) classes. This implies that the lattices A in the two isomorphism
classes with det @ = 12 and det @ = 16 that do not appear in table 3 have no automorphism
g € SOp(A) with rk(1 — g) = 4.

Finally, we argue that each of the six lattices in table 3 corresponds to a unique point
in the moduli space Mz4. In other words, there is a unique torus model (up to dualities)
realizing each of the symmetry groups of table 3. In fact, the group G of a torus model is
isomorphic to SOp(A), with A one of the entries of table 3, if and only if the lattice S :=
Feven m H
A(—1) is associated with a unique torus model with symmetry group G; = SOy(A), defined
= S ® R. Thus, we have to show that any two sublattices S,S’ C Feven
with S = A(—1) = S’ are related by a O(T' even) transformation, so that the associated

Sven is isomorphic to A(—1). Vice versa, each sublattice S C I'ejen isomorphic to

by setting II_

even

torus models are related by some T-duality. Let K and K’ be the orthogonal complements
in Teien of S and S’ , respectively. Then, by the standard gluing construction, there are
isomorphisms 7 : $*/S — K*/K and +' : (5')*/S" — (K')*/K’ between the discriminant
groups such that the induced discriminant forms are inverted (see appendix B)

qs = —qK o7, qs = —qgr o7, (4.4)

and such that the lattice Fé{fin is given by

Leten = {(v,0) € 8™ @ K™ | y([v]) = [w]} = {(v,w) € (8)" @ (K')" | ' ([v]) = [w]}, (4.5)
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where [v] and [w] are the images of v and w in the corresponding discriminant groups.
The existence of the isomorphisms + and ~/ implies, in particular, that K and K’ must
be positive definite lattices of rank 4 with the same determinant as A. In all six cases
of table 3, one finds that 7,~" exist if and only if K & A = K’ [33]. Furthermore, the
isomorphisms v and 7/ satisfying (4.4) are unique up to automorphisms of S, S’, K, K'. It
follows that we can always find isomorphisms fg : S* — (S')* and fx : K* — (K')* such
that the induced isomorphisms of discriminant groups satisfy

frxoy=7"ofs.

By (4.5), this implies that fs® fx : S*® K* — (S')* @ (K')* restricts to an automorphism
of rijfgn and, by construction, this automorphism maps S to S’.

4.3 Models with purely geometric symmetry group

In this section, we will show that G contains no elements with rk(1 — g) = 4 if and only
if the whole group Gg = Zs.G1 is induced by target space automorphisms in a suitable
geometric interpretation of the torus model. We will also classify such purely geometric
groups; analogous results were obtained in [27].

Suppose that G; C SOWF@%H) contains only elements ¢ in class 1A, 2B or 3A of
Wt (Eg), so that rk(1—g) < 4 (see table 2). Let TP C T'aven be the sublattice fixed by Gy
and I'g, its orthogonal complement. The lattice A := ', (—1) is an even positive definite
lattice of rank at most 4 and such that SOg(A) = Gi; furthermore, there is no vector of
A fixed by all elements of G;. We will show that under the above condition for G1, A has
rank at most three.

Let A denote the sublattice of A generated by all its elements of squared length 2
(roots). Suppose first, by absurd, that A® has rank four. All root lattices of rank 4 are
listed in table 3, so that A® must be one of them. Now, A has the same rank as A and
its vectors have integral scalar product with all elements of A(?) so that A®) C A C (A®)*,
Furthermore, all the vectors of A of squared norm two are contained in A®. For all root
lattices A in table 3, the only sublattices of (A(Q))* satisfying these properties are the
root lattices themselves, so that necessarily A = A®). But this contradicts the assumption
that G has only elements in the classes 1A, 2B and 3A. It follows that A®) has rank at
most three and we denote by A its orthogonal complement in A.

For each g € SO¢(A), g # 1, let A9 C A be the sublattice fixed by g and A, its
orthogonal complement in A. By eq.(4.3) and table 2, A; has rank rk(1 — g) = 2 and
determinant 3 (for g in class 3A) or 4 (for g in class 2B), so that the only possibilities for
the Gram matrix of A4, up to isomorphism, are

2 -1 20
o-(27). en-(29).

In both cases, the lattice A, is generated by its elements of squared length 2, so that
Ay C A® for all g € Gy. It follows that, for all g € Gy, A is orthogonal to Ay, so that it
must be fixed by g. However, by construction, there is no sublattice fixed by all g € Gy,
so that A = 0 and A has the same rank as A® and thus at most three.
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A Rank G Go |Go| Generators of Gy
0 0 1 Co 2 (—1,-1)
A% 2 Zo Cy 4 (i,1)
Ag 2 Zs Cs 6 (e% , e%)

Al A2 3 Zg X ZQ D12(3) 12 (J,J), (eé,e%)
A3 3 Alt<4) 7-24 24 (1, 1), (w, w)

Table 4. The possible lattices A = (I'%2 ), with rk A < 4. For each such lattice, we report the

even

rank, the group G; = SOg(A) of automorphisms fixing the discriminant group A*/A, the double
covering Gy = Z3.G7 and the order and generators of Go C SU(2) x SU(2). We use the notation
e, := exp(27ir), r € Q, and w = (—1+i+j+k).

Since ', = A(—1) is a primitive sublattice of e, with rank r < 3, then by Corollary
1.13.4 of [31] the orthogonal complement I'! is isomorphic to the orthogonal sum I'** @ A,
where I'** is the even unimodular lattice of signature (s, s), with s := 4—r > 1. Therefore,
if G contains no elements g with rk(1 — g) = 4, then there exists a pair of primitive null
vectors Ay, Ay € réén with A1 @ Ay = 1 that are fixed by G1. As described in section 3.2,
two such elements of Fg‘{fén correspond to two maximal isotropic sublattices Ay, Ao C Fév’ilm,
with A1 @ Ay = I’é,’ilm, that are fixed (setwise) by Gg = Zy.G1. In turn, Aj, Ay define a
geometric interpretation of the CFT as a non-linear sigma model on some torus 7% = R*/L
(see section 2), such that the lattice L and the B-field are preserved by Go. With respect to
this geometric interpretation, G acts by SU(2) transformations (2.31), (2.33) with g1 = gr
on the complex coordinates Z(1), Z(3) on T* defined by (2.11).

The groups of automorphisms of complex tori of complex dimension 2 have been stud-
ied by Fujiki [28]. Upon a suitable choice of the B-field, each such automorphism induces
a symmetry of the corresponding non-linear sigma model, preserving a N' = (4, 4) super-
conformal algebra [27]. In particular, G corresponds to the group of fixed-point automor-
phisms of the torus. In [28], the action of these geometric automorphisms on the integral
second cohomology group H2(T*,Z) is considered; this is the exact geometric analogue of
the action of G; = Go/(—1) on even D-brane charges. More precisely, for a given geo-
metric interpretation of the CFT, the lattice Fg{,%m can be identified with the even integral
cohomology group H®**(T*,Z). In the interpretation where Gy is purely geometric, the
components of H®*(T*,7Z) of degrees zero and four are fixed, so that (Fg\’,%n)gl can be
identified with H?(T*,Z)¢,. Our analysis, therefore, naturally leads to the same result as
in Lemma 3.3 and Theorem 6.4 of [28]. The list of possible lattices A = (Fg{,tn)gl(—l),
their rank, the group G; = SOy(A) and its Zs-central extension G are given in table 4.
Notice that, since A has rank at most three, G; is actually a subgroup of SO(3) and its
spin cover Gy is a subgroup of SU(2). This SU(2) is diagonally embedded in the group
SU(2)r, x SU(2)r acting as in (2.30)—(2.33), that is Gy C SU(2)1, x SU(2)g is generated by
elements of the form (gr,9r) = (g, g) for some g € SU(2).

The torus models with a given symmetry group Gi, associated with a lattice A =
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(I’g{in)gl (—1) of rank r, form a sublocus of dimension 4(4 —r) in the moduli space. Indeed,
this is the dimension of the Grassmannian parametrizing the choice of a four dimensional
positive-definite space I, within the space (Fg’fen)Gl ® R of signature (4,4 — ).

even

4.4 Models with non-geometric symmetries

As discussed in section 4.2, there are six torus models that admit symmetries preserving
the N' = (4,4) algebra and with no geometric interpretation. They are characterized by
the condition that Teien N5, = A(—1), where A is one of the six lattices in table 3. In
this section, we provide some more details about the lattices A, the groups G; = SOy(A)
and the corresponding torus models.

For each of these six cases, we first describe the lattice A: we provide the matrix
Qij = Ai - A; for a standard choice of generators Ai,...,As of A, the determinant det @,
the structure of the discriminant group A*/A and the values of the induced discriminant
form ¢ : A*/A — Q/2Z on its generators. We also provide a definition of A C R* as a
lattice in the space of quaternions H =2 R*. Next, we describe the group Gi = SOg(A) of
automorphisms of A with positive determinant and that act trivially on the discriminant
group. In all the cases we are interested in, A is the root lattice of some Lie algebra and
SOp(A) is the group WT(A) of even Weyl transformations. Since G is a finite subgroup
of SO(4) = (SU(2) x SU(2))/(—1,—1), it can be described as G; = £[L xr R] or G| =
+[L xp R], depending on whether —1 € G or not (see appendix A). We classify the
elements of G; depending on their order and conjugacy class in W (Eg) and for each such
class we indicate the number of elements in G.

The group Gy is the preimage of G under the covering map Spin(4) — SO(4) and
it can be easily determined as described in appendix A. We provide a set of generators
(9r,9r) of Go C SU(2) x SU(2) in the form of a pair of quaternions. The corresponding
generators of Gy are the SO(4) transformations (g1, gr| = [—9L, —gr| acting by

[gL)gR}:)‘HgLAgR) AGACH) [gLagR]eGla

on the lattice A = (Teven)c, (—1).

Next, we provide a description of the winding-momentum lattice It as a lattice in
R4 >~ 1I; @ IIp = He H. In other words, we denote the elements of Fi’ém as pairs of
quaternions (qr;qr) € i, where g € T, 2 H, qr € Hp = H, so that the action of

(9r,9r) € Go C SU(2) x SU(2) is simply given by left multiplication

(91, 9r) : (a5 qr) — (9L.9L; 9RUR) (qr,qr) € T3 s (91.9r) € Gy,

as in eq.(2.39). The action of (g1, gr) on the fields of the theory is given by (2.30)-(2.33).
We also describe the sublattices Fé}i"m N II; and Féﬁm N Iz of purely holomorphic and
purely anti-holomorphic winding-momenta. If these sublattices have positive rank, then
the chiral algebra of the model is extended with respect to the one of a generic torus model.

Finally, we provide a possible geometric interpretation of the CFT as a non-linear
sigma model with target space R*/L and B-field B. The information about L and B is
given in the form of a matrix whose columns 1, ..., l4 form a set generators for L C R*, the
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quadratic from @Q;; = [; - [; and the B-field B in the form of a real antisymmetric matrix,
such that

Fé,’ilm (nzll* + wili + wiBz‘jlj* 3 nili* — wili + wiBz‘jlj*) ‘ ni,...,Nn4, wl, .. .w4 S Z} .

S

V2
Here [*, ... I** is the basis of L* dual to ly,...,ls, given by I"* = (Q~1)¥;.
4.4.1 Lattice Dy

Ap, is the root lattice of so(8)

2 -10 0 det@Q =4

-1 2 —-1-1 . -

0 -1 0 2 q(z) =q(y) =q(x+y) =1 mod 2Z
Quaternionic:

Ap, Z{a+bi+cj+dkeH]|abec,deZ,a+b+c+de2Z}

1
b2 {a+bit+cj+dkeH]| (a,bed) € Z or (Z+1)') = EADM
Automorphism group G; = SOy(Ap,):

Gy = T2 x¢, Tho] Order |1 2 2 3 4 6
WT(Eg) class [1A 24 2B 3A 44 6A
|G1] = 96 # elements | 1 1 18 32 12 32

Symmetry group Go = Ta4 X ¢y T24, order |Go| = 192, with generators

. o e . 1 ..

GO = <(171)7 (17.])7 (17 1)7 (.]7 1)7 (wuw» w = 7(_1 +1+]+ k)

2

Lattice of winding-momenta:

1
Iyt = {ﬂ<a1+a2i+a3j+a4k; by + byi+b3j+bak) | ai,b; €Z,

(2

ZaiEQZ, a1 —bi=ay—by=az3—bg3=aq4 — by mon}

Purely left- and purely right-moving momenta:
rdd Nl =rit Nlz= {\@(al +agi+azj+ask)|(ar,...,a1) € Z* or (Z + %)4} =Ap,

Geometric description as torus model on R*/L and B-field B

1 0 00 2 -10 0 00-1-1
-11 00 -1 2 —1-1 000 0
0 -111 0 -12 0 100 -3
0 0 -11 0 -10 2 103 0
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4.4.2 Lattice Ay

A4, is the root lattice of su(5)

2 =10 0 detQ =
-1 2 -1 0
= A /A = ~7
Qs 0 -1 2 -1 /A= (2) = s
0 0 -12 q(z) = q(4z) = 3, q(2z) = q(3z) = ¢
Quaternionic:

Aay={V2(a+bitcwder)|abc,d € Z} w=14(—1+i+j+k), er=1(i+=0=Lj+¥5-1x)

Automorphism group G; = SOg(A4,):

Gl = +[I60 X Iso I_G()] = Alt(5) Order |1 2 3 5
W (FEg) class |14 2B 3A 5A
|G1| =60 # elements | 1 15 20 24

Symmetry group Go = Zi20 X7, Z120 = 2.Alt(5), order |G| = 120, with generators
Go={(w,n(@)), (er,n(er))), w=3(-1+i+j+k), w=3(0+=5"Lj+Y5K)

The Q-linear map n acts by V5 — —v5, i — —i, j — —k, k — —j. It is an outer
automorphism of Zy59. In particular, n(w) = @ and n(er) = 2.

Lattice of winding-momenta:

it = 22 (1), o). Gank). (win(w),

(er;n(er)), (iersn(er)), GersnGer)), (wern(wer))),

Purely left- and purely right-moving momenta: Tt Il =0= e | R
Geometric description as torus model on R*/L and B-field B

1 0 00 2 =10 0 0-3-2-1
V2 |-11 00 2 | -1 2 —1-1 io0-1-1
5410 -1 11 Vil 0 -12 0 335 0 7
0 0 -11 0 -10 2 13 -10
4.4.3 Lattice A1A3
A4, 44 is the root lattice of su(2) @ su(4)
20 0 0 detQ =8
02 -10 . -
Quas=|,y 1 o 1 AN = (z,y) = Ly X Ly
2
00 -1 2 aly) =aqBy) =1, a2y) =1, qlaz+by) =% +q(by)
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Quaternionic:
Aayas =f{(a+bi+cj+dk)w+V2e|a+b+c+d=0, abcdecl}

Automorphism group G; = SOp(A 4, 45):

G1 = +]0g4 X0, 024] ~ Sym(4) Order |1 2 3 4
WT(Eg) class |1A 2B 34 4C
|G| =24 #elements |1 9 8 6

Symmetry group G = Oug X0, Oss = 2.5ym(4), order |G| = 48, with generators

_Jtk
V2

Go = ((w,w), (o, —t0)), w:%(—1+i+j+k), Lo
Lattice of winding momenta:

Fé/’ilm:27% <(]-7 1)7 (i7 i)7 (jaj)a (wa w)a (LO; _LO)7 (iLO; _il’O)a (jLO; _jLO)v (kLO; _kl’O)>Z

Purely left- and purely right-moving momenta: rit. no r=0= red no R
Geometric description as torus model on R*/L and B-field B

2-10 0 2 =10 0 0 0 % —3
1 1 — 11
p=-L o\/ﬁg 01 o= L |12 (2) o1 po| 0 0 =53
254 [0 0 2 — V2lo o 2 - 11 9 9
0003 0 0 -12 :-10 0
4.4.4 Lattice A3
A 4z is the root lattice of su(3) @ su(3)
det@ =9
2 -10 0 @
12 0 0 AN = (z,y) = Zs x Zs
Quz =
B alw) = (22) = aly) = (29) = .
0 0 -1 2 5
q(az +by) = q(ax) + q(by)
Quaternionic:
AA%:{\@(Q—i—be%—i—cj—i—dje%)\a,b,c,dEZ} e1 = exp(27i/3)
Automorphism group G; = SOy(A A%)‘
G1 = +[Ds(3) X0, D6(3)] = (Zs X Z3).Zo Order |1 2 3 3
WT(Es) class |1A 2B 3A 3E
G| =18 #elements |1 9 4 4

Symmetry group Go = D12(3) x¢, D12(3), order |Go| = 36, with generators

Go=((Ley), (e1.1), (3.3)) ) 1= exp(2ni/3) = — + Ui

1
3 3
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Lattice of winding momenta:

2 . . L T L 5
Iyt = {\/;(al +azer +0b1j +b2Je%; ar +azey +51J+b2Je%) | ai, bi, ai, b; € Z,
a1 +ay=a;+ay mod3, b+by= —(52 + 51) mod 3}

Purely left- and purely right-moving momenta:
Féfm N HL,R = {\/g(al(l — e%) + 3as + blj(l — e%) + 3b2j) ‘ ai,as,b1,by € Z} = AA%

Geometric description as torus model on R*/L and B-field B

1-500 2 -10 0 0-20 0
2 V3 2] = 2
L:702001 0, =212 00 B:30002
V3|0 011 310 0 2 —1 00 0-2
000 0 0 —1 2 0020
4.4.5 Lattice A?A,
A2 5, 1s the root lattice of su(2) @ su(2) & su(3)
det Q = 12
200 0 eta
020 O A*/A:<x,y,z>§ngZQ><Zg
Caza= o0 2 1
00 1 2 qz) =q(y) =1/2, q(z) =q(22) =3,
q(az + by + cz) = q(ax) + q(by) + q(c2)
Quaternionic:
Az a, = {\@(a+bi+cj+dje%) la,be,d€Z}  e1 = exp(2mi/3)
Automorphism group G; = SOy(A A2 )
G1 = +[D12(6) X p1a(6) D12(6)] Order |1 2 3 6
= D19(6) = Zy x Sym(3) W (Eg) class |1A 2B 3A 6D

Gy| = 12 #elements |1 7 2 2
Symmetry group Go = Da4(6) Xp,,(6) D24(6) = D24(6), order |Go| = 24, with generators
Go = ( (e%7e%)7 (=J.d),  (=11))

Lattice of winding momenta:

Pita =375 (((151), (5—0), (exien), (iex:
3 3
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Purely left- and purely right-moving momenta: Lt NIl r=0= it N1l R
Geometric description as torus model on R*/L and B-field B

1000 1000 0-3 00
V2 {0100 2 (0100 $0 00
3410010 V310010 00 03
0001 0001 00 —30
4.4.6 Lattice Af
A 44 is the root lattice of su(2) @ su(2) ® su(2) ® su(2)
2000 det@Q =16
0200
— AN = (z1,. .. ~ 74
QA% 0020 / <$17 ,.’E4> 2
0002 o aizi) = 34, a; €{0,1}
Quaternionic:
Ags ={V2(a+bi+cj+dk)|a,bc,deZ}
Automorphism group G; = SOp(A A%):
G1 = £[Dy(2) X Da(2) Dy(2)] = Z% Order |1 2 2
W (FEg) class |14 2B 2F
|G1| =8 # elements | 1 6 1

Symmetry group Go = Ds(2) X p,(2) Ds(2), order |Go| = 16, with generators

GO = < (17 _1)7 (i’ i)v (J,j) >

Lattice of winding momenta:

1 . . . .
Tyt = {ﬂ(a1+a21+a33+a4k; bi +bai+b3j+bsk) | ai,b; €Z, CLH—biGQZ}

Purely left- and purely right-moving momenta:
Tyin N =T34 NTg = {(V2(a + bi+ ¢j + dk) | a,b,¢,d € Z} 2= A 4

Geometric description as torus model on R*/Z* and B-field B = 0

1000 1000 0000
I_ 0100 Q) = 0100 B_ 0000
0010 0010 0000
0001 0001 0000
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5 Twining genera and orbifolds

In this section, we will discuss the elliptic genus of unitary N’ = (4,4) superconformal
models [34]. In particular, we will focus on models with central charge ¢ = ¢ = 6 whose
spectrum contains a quartet of fields generating the spectral-flow isomorphism between the
NS-NS and the R-R spectrum. As stressed in section 3.1, the latter property is related
to space-time supersymmetry for the corresponding superstring compactification. The
only (known) models with these properties are non-linear sigma models with target space
either 7% or K3 [29]. We stress that the elliptic genus can be defined for much more
general conformal field theories, in particular for models with A/ = (2,2) superconformal
symmetry; most of its properties are valid in this more general setting.
In terms of the generators of the N' = (4,4) algebra, the elliptic genus is defined as

¢(T, Z) = TrRR(qLo—Q%lqio—z%ng(_1)FL+FR) ’ q:= 627I'7:T’ y = e2miz

It is invariant under deformations and gets non-vanishing contributions only from right-
moving BPS states. For the the N' = (4,4) superconformal field theories that we are
considering, ¢(7,z) is a weak Jacobi form of weight 0 and index 1 [35]. In particular,
for non-linear sigma models on T, the elliptic genus vanishes, because the R-R BPS
states form an even dimensional representation for the Clifford algebra of the right-moving
fermionic zero modes z;g, and contributions with positive and negative (—1)¥% cancel each
other exactly.

If the CFT has a group of symmetries G preserving the N' = (4,4) superconformal
algebra and the spectral flow generators, then for each g € G one can define the twin-
ing genus o

0g(7.2) = Trrp(gq™ #igh ™21y (~1)" ),
which depends only on the conjugacy class of g in G. For a non-linear sigma model on
T* or K3, ¢4 is a weak Jacobi form of weight 0 and index 1 under a suitable congruence
subgroup of SL(2,Z), which depends on g.

One can also construct the orbifold of the conformal field theory by the cyclic group
(g9) = Zy, by introducing the g’-twisted sectors, i = 1,..., N — 1, and including in the
spectrum of the theory only the g-invariant subspace of all twisted and untwisted sectors.
The orbifold is a consistent CF'T, provided that the level-matching condition is satisfied,
i.c. that the spin h — h of the gi-twisted fields takes values in %Z, for all i € Z [36, 37]. By
construction, the orbifold is a N' = (4,4) superconformal field theory with central charge
¢ = ¢ = 6 and a quartet of spectral flow generators, so that, if consistent, it must be a
non-linear sigma model on 7% or K3 [29]. These two cases can be distinguished by the
elliptic genus of the orbifold, which is given by the formula

¢ (1,2) = Z¢99372

1,7=0

where ¢4 ; is defined as the ¢/-twining trace over the g’-twisted sector

: 3
¢9i79j (7-7 Z) = TrRR, gi-twisted(g]qLO qLO 24yJ ( 1)FL+FR) :
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In fact, in order to distinguish between a torus and a K3 model, it is sufficient to consider
the value of the elliptic genus at z = 0 (the Witten index), which is a constant equal to
the Euler number of the target space

0  for a torus model,
o(1,2=0) =

B 24 for a K3 model.

In the rest of this section, we will compute the twining genera and determine the kind
(either torus or K3 model) of the orbifold theory for all possible symmetries g € G of a
non-linear sigma model on T%.

First of all, if g acts trivially on the right-moving fermions ¢%, a = 1,...,4, then the
twining genus ¢, vanishes for the same reasons as for the elliptic genus. Furthermore, since
the fermions are included in the spectrum of the orbifold theory, also the orbifold elliptic
genus ¢° vanishes. This implies that if (g) is a finite subgroup of U(1)* x U(1)*, then the
orbifold by this group, if consistent, gives again a torus model. Therefore, it is sufficient
to focus on the elements g € G with non-trivial image go € Go modulo U(1)* x U(1)*.
It is convenient to label each gy € Go by the W (Eg) class of the corresponding ¢’ €
G1 = Gy/Zy and by the sign of the eigenvalues of the lift gy when acting on the fermions
1/1“,1;“, a=1,...,4. For example, +3A denotes an element gy which is the lift to G of
some ¢ € G1 in the WT(Es) class 3A, with eigenvalues —i—CL,—i—Cgl,—i—CR,—i—(ﬁl as listed
in table 2. For the classes acting asymmetrically between left- and right-movers, we use a
prime, as in £4A’, to denote the lift gy where the left-moving eigenvalues +(j, iCL_l and
the right-moving ones +(g, ig‘gl are exchanged with respect to the ones listed in table 2

For a given g € GG, whose corresponding image gg € G has eigenvalues (r,, CL_I, (R, (}gl,
the twining genus is given by

0g(7,2) = $3(7, 2) 05> (1, 2) by (1) ,

where the contribution from the 16 R-R ground states is

¢9%(r,2) =y (L= Cy) (1= ¢ ) (L= Cr)(L = () =2(1 — R(CR)) (™" +y — 2R(CL)),

the contribution from the left-moving fermionic and bosonic oscillators is

osc o (= Ceya™) (- ¢y (- Gy e (- ¢ty )
g (7', Z) 13 (1 _ Can)2(]- _ g;lqn)z )

and the contribution from winding-momentum is

;}ufm(T) _ Z qTLeQﬂ’inL-)\L —- @(AL)QO,U(T) . (5.1)
(XL,0)€(AL)90

Here, Ap := Ty’ N1 and v = (77, 7r) € (Ta’m ® R)/Tatn determines an element of
U(1) x U(1)% as in eq.(2.23). The choice of v amounts to choosing a lift g € G of gy € Go.
In the derivation of eq.(5.1), we also used the fact that £, can be chosen so that £,(\) =1

— 31 —



g o(g) dimHy dimHg + ... +dimH v dimH Traa(Qg) Qg
—-14 2 8 16 24 -8 2C
+34 3 6 9+9 24 -3 3C
+2B 4 6 441044 24 —4 4F
-34 6 6 I1+5+6+5+1 24 —4 6G
—4A 4 4 8+4+8 24 0 4D
+5A4 5 4 5+5+5+5 24 -1 5C
-3FE 6 4 4+2+8+2+4 24 -2 6L
+6A4 6 4 3+6+2+6+3 24 -1 6M
+4C 8 4 24+3+2+6+2+3+2 24 —2 8H
—54 10 4 1+3+143+4+3+1+34+1 24 —2 10F
+6D 12 4 1+14+2434+14+44+14+3+2+1+1 24 —2 12N

Table 5. For each W (Eg) conjugacy class of g € Go with orbifold K3, we provide the order o(g)
in Gy, the dimension of the untwisted R-R ground sector Hs, the dimensions of the g-invariant
twisted sectors Hyr, k =1,..., N —1, N = o(g), the total dimension of the space H of R-R ground
states in the orbifold (which is always 24 for a K3 model), the trace of the quantum symmetry Q,
over H and the Co class of @, as reported in [26].

for all A fixed by gg. Notice that (JS;_m(T) is the only factor of ¢, which potentially depends
on the choice of v. When the lattice Ay contains no non-zero vectors fixed by gg, we obtain
¢g =™ (1) = 1 and the dependence on v cancels.

The twining genus ¢4 can be written in terms of the eta function and theta functions

as
791 (T7 Z)2

?7(7')6 @AL,U(T)a for CL =1 (52)

$g(m.2) = (Cr+ (' —2)
or

191(7’,2 + T’L)lgl(T,z — TL)
O1(r,rp)01 (T, —rp)

dg(1,2) = (Cr+ (' —2)(CL+ (' —2) for Cp, #1 (5.3)

where r;, € Q/7Z is such that ¢, = €™ and

Oi(r,2) = —igs(y™ 7 —y2) [[(L - a1 —yg™) (1 -y "), n(r) =g [JA-q") .
n=1 n=1

From egs.(5.2) and (5.3), we obtain
0g(7,0) = (1= P = ¢ M1 = R - G&¥) -

In particular, when ¢z, =1 or (g = 1, the Witten index ¢4(7,0) vanishes. Using
Ggi g (T:0) = @ gecacijm (7, 0) 1<4,j<N,

where N is the order of g, we can easily compute the Witten index of the orbifold theory.
In particular, the orbifold is a torus model if gg is in one of the classes

+ 1A, £2A, £2F, +3E, +3E', +4A, +4A', (5.4)
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while the orbifold is a K3 model when gg is in any of the other classes. In the latter case,
the level-matching condition is always satisfied, while for the classes (5.4) it puts non-trivial
constraints on the possible lifts g € G of gy € Gy.

In [26], a similar analysis was performed for non-linear sigma models on K3: all possible
symmetries of such models were classified according to whether the corresponding orbifold
is a torus or a K3 model. As shown in [23], each symmetry of K3 models can be labeled
by a conjugacy class in the Conway group Cog, which is determined by its action on
the 24-dimensional space of R-R ground states. For each symmetry, the 'nature’ of the
corresponding orbifold theory only depends on its Cog class [26].

We can now compare the analysis of [26] with the results of the present paper. More
precisely, suppose that g € G is a symmetry of a torus model Cpa, such that the corre-
sponding orbifold theory is a K3 model Cj4. This K3 model always contains a ‘quantum
symmetry’ (), that acts by e*¥" on the g*-twisted sector. The original CFT Cps can be
re-obtained by taking the orbifold of C3 by Q4. Since we are able to compute the di-
mension dim H x = % Zf\; 1 gk 4i(7,0) of the space of g-invariant gF-twisted R-R ground
states, we can compare the eigenvalues of the quantum symmetries (), with the eigenvalues
expected for a Conway class in the 24-dimensional representation. The results, summarized
in table 5, match perfectly with the expectations from [26].°

Our argument implies that there are K3 models that are orbifolds of non-linear sigma
models on 7% by symmetries of order 2, 3,4, 5,6,8, 10, 12. The torus model with a symmetry
of order 5, together with its orbifold K3 model, was studied in [26]; it turns out that this
is the model of section 4.4.2 with symmetry group Go = Zi120 X7, Z199. Furthermore, the
torus model based on the lattice Ap, of section 4.4.1 was considered in [38], where it was
stressed that a symmetry in the class —4A exists. Its orbifold is the K3 model with the
‘largest symmetry group’ Z§ : My [38].

6 Conclusions

In this paper we consider supersymmetric non-linear sigma models with target space a
four dimensional torus 7% and classify all possible group of symmetries of such models that
preserve the NV = (4, 4) superconformal algebra. This results extends the analysis of [23] on
non-linear sigma models on K3 to include all known conformal field theories with ' = (4, 4)
superconformal symmetry at central charge 6 and containing a quartet of spectral-flow
generators. These models arise as internal CFTs in type II superstring compactifications
to six dimensions that preserve half of the total space-time supersymmetries.

One of the immediate by-products of our investigation is the description of new inter-
esting torus models with a large amount of discrete symmetries. The new results concern
mainly the models admitting left-right asymmetric symmetries with no geometric interpre-
tation. It turns out that there are only few isolated points in the moduli space where such
symmetries are realized.

5The classes 2C, 3C, 4F, 6G, 4D, 5C, 6L, 6M, 8G, 10F, 12N of Cog & Z,.Co; in table 5 map, respectively,
to the classes 2A, 3C, 4C, 6C, 4B, 5C, 6E, 6F, 8E, 10D, 12I of Co; in the Atlas notation [32].
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Some of the corresponding torus models are the usual suspects: the simplest example
is the product of four orthogonal circles at the self-dual radius, with vanishing B-field
(section 4.4.6). Another well-known example is the model with target space R*/Dy, where
Dy is the root lattice of the so(8) algebra (section 4.4.1); the discrete symmetries and
some of the orbifolds of the latter model were recently investigated in [20, 38]. The chiral
algebra in these two theories is much larger than the one at a generic point in the moduli
space M.

On the contrary, some of the new models considered in section 4 have the smallest
possible chiral algebra for a non-linear sigma model on T*. These cases include, in partic-
ular, the model with a symmetry of order 5, considered in [26]: we discover that its group
of symmetries G is actually isomorphic to the binary icosahedral group Zi20, and that the
lattice of winding-momenta is most easily described in terms of the icosian ring of unit
quaternions (section 4.4.2). Another interesting model has a symmetry group Gy isomor-
phic to the binary dihedral group D24(6) of order 24 and its lattice of winding-momenta is
based on the Eisenstein integers (section 4.4.5).

Our results can find some useful applications to the study of toroidal and K3 super-
string compactifications. In particular, it would be interesting to understand how this
investigation is related to the groups of symmetries of heterotic strings compactified on 74,
since the supersymmetric side of these models is analogous to the chiral half of the type 11
models we consider.

In the context of the Mathieu moonshine phenomenon, the analysis of the present
paper can lead to a generalization of the results of [39]. In this work, some Siegel modular
forms were constructed as the multiplicative lifts of the twisted-twining genera of gener-
alized Mathieu moonshine [11]. Many of these modular forms admit an interpretation as
partition functions for 1/4 BPS states in four dimensional CHL models with 16 space-time
supersymmetries. In [39], it was observed that there exists a particular modular trans-
formation, induced by electric-magnetic duality in the four dimensional CHL model, that
exchanges the multiplicative lifts of twining genera in two distinct K3 models, related by
an orbifold. An obvious generalization of the Siegel modular forms of [39] can be obtained
by taking the multiplicative lifts of twining genera in torus models, such as the ones con-
sidered in section 5 of the present paper. In this case, one expects the ‘electric-magnetic
duality’ to relate these forms to the multiplicative lifts of the twining genera in exceptional
K3 models, i.e. the K3 models admitting a group of symmetries not in Mayg [26]. It would
be very interesting to investigate in detail this instance of electric-magnetic duality and to
understand its physical meaning.

A somehow related open question concerns the existence of any kind of moonshine
phenomenon for non-linear sigma models on T%. By analogy with the K3 case, one would
expect the corresponding twining genera to reproduce some of the functions computed in
section 5.9

The symmetries considered in the present paper can be described in terms of topological
defects preserving a small N/ = (4,4) superconformal algebra. The orbifold procedure

5We thank M. R. Gaberdiel for discussions about this possibility.
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G C SU(2) |G| Name Image in SO(3) Generators

c (=1Cy) odd n eyclic Ch o
"(= 2Cy2) even n Cr/2 Ln
Dyn(n) = 2Day(n) 4n (binary) dihedral Dy, (n) €1 /2n,J
Tos = 2119 24 (binary) tetrahedral T i,w
Oug = 2094 48 (binary) octahedral Oy Lo, w
Ti20 = 2140 120 (binary) icosahedral Iso Ly, w
Table 6. The discrete subgroups G of SU(2), their order |G|, their name, the image in SO(3) =
SU(2)/(—1) and a set of generators in the form of quaternions. Here, e, = exp(27ir), w =
btk o, :%, sz%(i—i-#j—i—@k).

relating the corresponding torus models to K3 has also a natural interpretation in terms of
defects [40]. At the moment, only the topological defects of d-dimensional torus models that
preserve the u(1)? @ wu(1)? current algebra have been classified [41]. In the same spirit, it is
natural to ask whether the classification of this paper includes all possible defects preserving
the N' = (4,4) algebra or if more possibilities exist. In the latter case, one might obtain
new explicit descriptions of K3 models arising from the associated generalized orbifolds of
torus models [37, 42, 43].
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A Discrete subgroups of Spin(4) and SO(4)

For the classification of the discrete subgroups of Spin(4) = SU(2) x SU(2) and SO(4) =
Spin(4)/(—1,—1) we follow closely the treatment of [44]. We recall that SU(2) can be
described as the group of unit quaternions

SU@2)={a+bi+cj+dkcH|a®+b*+c*+d>=1},

and its discrete subgroups are as in table 6. Notice that C,, C SO(3), with odd n, admits
both a double and a single cover in SU(2), namely C,, and Cs,,, while all the other subgroups
of SO(3) admit only a double covering.

The simplest subgroups of SU(2) x SU(2) = Spin(4) are just direct products £ x R,

where £, R are discrete subgroups of SU(2). We denote by [I,r] = [—[, —r] the image of
an element (I,7) € £ x R under the covering map Spin(4) — (SU(2) x SU(2))/(-1,—1) =
SO(4). In particular, [I,r] = [, —r] € SO(4) acts on R* = H by

[l,r] : q— lgr, qgeH,

where 7 denotes the complex conjugate of r.

— 35—



A generic discrete G C SU(2) xSU(2) is a subgroup of a direct product group G C LXR.
Any such subgroup G can be defined in terms of two surjective homomorphisms

a:L— F, B:R—F,

from £ and R onto the same abstract group F. More precisely, G is the group of pairs
(I,7) € L x R such that [ and r have the same image in F

g={lr) e LxR]a(l)=p(r)},

for some suitable «, 5. In particular, £y := kera and Ry := ker 8 are (isomorphic to)
the normal subgroups of G generated by elements of the form (I,1) € G and (1,7) € G,
respectively, so that

LoXRoCGCLXR.

For example, when |F| = 1, we have Ly = L, Ry = R and G is simply the direct product
L X R. At the opposite extreme, when £ = F = R and «, 8 are the identity maps, then
Lo =1=TRp and G is also isomorphic to F. The groups of purely geometric symmetries
of torus models are of this kind.

In most cases, giving the groups £, R and F is sufficient to determine the homomor-
phisms « and 3 uniquely (up to conjugation of £ and R in SU(2) and up to automorphisms
of F). This justifies the notation £ Xz R for the corresponding group G. When there are
inequivalent choices for «, 3, we denote the ‘most obvious’ group by £ X R and the other
ones by some decorations, such as £ x 7 R. The precise structure of each group will be
clear from its list of generators. For example, Z190 X17,,, Z120 denotes the group where both
o, B are the identity map, while Z129 X 7,5, Zi20 denotes the group where « is the identity
map and ( is a non-trivial outer automorphism of Z199. The two groups are actually iso-
morphic as abstract groups (and isomorphic to Zj20), but they are not conjugated within
SU(2) x SU(2).

For the subgroups of SO(4) = (SU(2) x SU(2))/(—1,—1) and PSO(4) 2 SU(2)/(—1) x
SU(2)/(—1), the treatment is analogous. We denote the subgroups of PSO(4) by [L xr R],
where L, R, Lo, Ry C SU(2)/(—1) and L/Ly = F = R/Ry. Any such group has a double
covering in SO(4), denoted by +[L X R], which contains the element [1,—1] = [-1,1] €
SO(4). In particular, the elements of +[L x p R] always come in pairs [I, 7], [, —r], with the
same image in [L xp R]. In some cases, there exists an index two subgroup of +[L xr R]
which contains only one element (either [, r] or [, —r]) for each pair; we denote this group
by +[Lx g R]. Notice that +[Lx pR] C SO(4) does not contain the element [1, —1] € SO(4)
and is isomorphic, as an abstract group, to [L xp R| C PSO(4). This case can only occur
when both Lg and Ry are cyclic groups of odd order.

For each finite G C SO(4) it is easy to find its double covering G C Spin(4) (see
table 7). In the table, £, R, Ly, Ro C SU(2) denote the double coverings of L, R, Ly, Ry C
SO(3) = SU(2)/(—1), respectively, so that L/Ly = F = R/Ry. Moreover, F = Zs.F
denotes a central extension of F. More precisely, when the group +[L xr R] is defined,
there exist index 2 subgroups £, C Ly and R} C Ry that are 1-to-1 covering of Ly and
Ry, respectively, i.e. L 5 Ly and R}, 5 Ry. In this case, F is given by the quotient
L/LH=F=R/Ry.
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GCSO(4) |G| Lift GCSpin(4) |G|
:|:[L XFE R] 2% L X R %
+Lxp R B LxrR LA

Table 7. Discrete subgroups of SO(4) and their double covering in Spin(4).

B Lattices

In this appendix, we review some general properties of even lattices and their automor-
phisms, in particular the ‘gluing’ construction (see [45] and [31] for more details).

For any lattice A C R™, we denote by A* its dual and by A(—1) the lattice obtained
by changing the sign of the quadratic form. We define the determinant of A to be the
determinant | det Q| of the Gram matrix Q;; := \;-A;, for some basis A1, ..., A\, of generators
of A. The determinant is independent of the choice of the basis. From now on, we assume
that A is non-degenerate, i.e. |det Q| # 0, and we identify A ® R with A* ® R through the
induced metric. If A is integral, and in particular if it is even, then A C A* and we can
define the discriminant group A*/A. This is a finite abelian group of order | det Q|.

Let us assume that A is even. The quadratic form A — 2Z on A induces a quadratic
form A* — Q on the dual lattice A* and the discriminant form

qn : AY/A— Q/27Z,

on the discriminant group A*/A.

A sublattice A’ of A is called primitive if A/A’ is a free group, i.e. if AN (A ®@Q) = A’
Let A be a primitive sublattice of an even unimodular lattice I' and let A be its orthogonal
complement AL =T'N (A®R)L. Then, there exists an isomorphism of discriminant groups

v AN = (M)A
that inverts the discriminant quadratic form
gar 0oy =—qa mod 27Z, (B.1)

and such that
L= {(v,w) € A" @1 (A)" | [w] = y([v])} (B.2)

where for any = € A* (respectively, z € (A1)*) [z] denotes the class of = in A*/A (re-
spectively, in (A+)*/AL). Vice versa, for any pair of even lattices A and At with an
isomorphism ~ : A*/A = (A1)*/A* satisfying (B.1), the lattice I' defined by eq.(B.2) is
even unimodular. This is called the ‘gluing’ construction. Clearly, a necessary condition
for the isomorphism « to exist is that the discriminant groups have the same order, i.e. the
two lattices have the same determinant.

Any automorphism g € O(A) induces an automorphism of the dual A* and of the
discriminant group, preserving the discriminant form g5. We denote by Og(A) the subgroup
of automorphisms acting trivially on the discriminant group and by SO(A) and SOy(A)
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the corresponding subgroups of orientation-preserving automorphisms. If A and A+ are
two primitive mutually orthogonal sublattices of the even unimodular lattice I', as above,
then any element g € Og(A) extends to an automorphism of I" [31]. Indeed, g obviously
extends to an automorphism of A* @, (A+)* by (v,w) ~ (g(v),w) and since [v] = [g(v)]
for all v € A* this automorphism preserves the sublattice I.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on Orbifolds,
Nucl. Phys. B 261 (1985) 678 [INSPIRE].

[2] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on Orbifolds. 2.,
Nucl. Phys. B 274 (1986) 285 [INSPIRE].

[3] L.E. Ibdnez, J. Mas, H.-P. Nilles and F. Quevedo, Heterotic Strings in Symmetric and
Asymmetric Orbifold Backgrounds, Nucl. Phys. B 301 (1988) 157 [INSPIRE].

[4] S. Reffert, Toroidal Orbifolds: Resolutions, Orientifolds and Applications in String
Phenomenology, hep-th/0609040 [INSPIRE].

[5] T. Eguchi, H. Ooguri and Y. Tachikawa, Notes on the K3 Surface and the Mathieu group
Moy, Exper. Math. 20 (2011) 91 [arXiv:1004.0956] [INSPIRE].

[6] M.C.N. Cheng, K3 Surfaces, N =4 Dyons and the Mathieu Group M24,
Commun. Num. Theor. Phys. 4 (2010) 623 [arXiv:1005.5415] [INSPIRE].

[7] M.R. Gaberdiel, S. Hohenegger and R. Volpato, Mathieu twining characters for K3,
JHEP 09 (2010) 058 [arXiv:1006.0221] [INSPIRE].

[8] M.R. Gaberdiel, S. Hohenegger and R. Volpato, Mathieu Moonshine in the elliptic genus of
K3, JHEP 10 (2010) 062 [arXiv:1008.3778] [INSPIRE].

[9] T. Eguchi and K. Hikami, Note on Twisted Elliptic Genus of K3 Surface,
Phys. Lett. B 694 (2011) 446 [arXiv:1008.4924] [INSPIRE].

[10] T. Gannon, Much ado about Mathieu, arXiv:1211.5531 [INSPIRE].

[11] M.R. Gaberdiel, D. Persson, H. Ronellenfitsch and R. Volpato, Generalized Mathieu
Moonshine, Commun. Num. Theor Phys. 07 (2013) 145 [arXiv:1211.7074] InSPIRE].

[12] M.R. Gaberdiel, D. Persson and R. Volpato, Generalised Moonshine and Holomorphic
Orbifolds, arXiv:1302.5425 [INSPIRE].

[13] T. Eguchi and K. Hikami, Twisted Elliptic Genus for K3 and Borcherds Product,
Lett. Math. Phys. 102 (2012) 203 [arXiv:1112.5928] [INSPIRE].

[14] M.C.N. Cheng, J.F.R. Duncan and J.A. Harvey, Umbral Moonshine, arXiv:1204.2779
[INSPIRE].

[15] M.C.N. Cheng et al., Mathieu Moonshine and N = 2 String Compactifications,
JHEP 09 (2013) 030 [arXiv:1306.4981] INSPIRE].

— 38 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0550-3213(85)90593-0
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B261,678
http://dx.doi.org/10.1016/0550-3213(86)90287-7
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B274,285
http://dx.doi.org/10.1016/0550-3213(88)90166-6
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B301,157
http://arxiv.org/abs/hep-th/0609040
http://inspirehep.net/search?p=find+EPRINT+hep-th/0609040
http://dx.doi.org/10.1080/10586458.2011.544585
http://arxiv.org/abs/1004.0956
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0956
http://dx.doi.org/10.4310/CNTP.2010.v4.n4.a2
http://arxiv.org/abs/1005.5415
http://inspirehep.net/search?p=find+EPRINT+arXiv:1005.5415
http://dx.doi.org/10.1007/JHEP09(2010)058
http://arxiv.org/abs/1006.0221
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.0221
http://dx.doi.org/10.1007/JHEP10(2010)062
http://arxiv.org/abs/1008.3778
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.3778
http://dx.doi.org/10.1016/j.physletb.2010.10.017
http://arxiv.org/abs/1008.4924
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4924
http://arxiv.org/abs/1211.5531
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.5531
http://dx.doi.org/10.4310/CNTP.2013.v7.n1.a5
http://arxiv.org/abs/1211.7074
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.7074
http://arxiv.org/abs/1302.5425
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.5425
http://dx.doi.org/10.1007/s11005-012-0569-2
http://arxiv.org/abs/1112.5928
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.5928
http://arxiv.org/abs/1204.2779
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.2779
http://dx.doi.org/10.1007/JHEP09(2013)030
http://arxiv.org/abs/1306.4981
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4981

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[35]

M.C.N. Cheng, J.F.R. Duncan and J.A. Harvey, Umbral Moonshine and the Niemeier
Lattices, Res. Math. Sci. 1 (2014) 3 [arXiv:1307.5793] [INSPIRE].

J.A. Harvey and S. Murthy, Moonshine in Fivebrane Spacetimes, JHEP 01 (2014) 146
[arXiv:1307.7717] [INSPIRE].

S. Harrison, S. Kachru and N.M. Paquette, Twining Genera of (0,4) Supersymmetric
o-models on K3, JHEP 04 (2014) 048 [arXiv:1309.0510] [iINSPIRE].

T. Wrase, Mathieu moonshine in four dimensional N' =1 theories, JHEP 04 (2014) 069
[arXiv:1402.2973] [INSPIRE].

A. Taormina and K. Wendland, The overarching finite symmetry group of Kummer surfaces
in the Mathieu group Mas, JHEP 08 (2013) 125 [arXiv:1107.3834] INSPIRE].

A. Taormina and K. Wendland, Symmetry-surfing the moduli space of Kummer K3s,
arXiv:1303.2931 [INSPIRE].

A. Taormina and K. Wendland, A twist in the M24 moonshine story, arXiv:1303.3221
[INSPIRE].

M.R. Gaberdiel, S. Hohenegger and R. Volpato, Symmetries of K3 o-models,
Commun. Num. Theor. Phys. 6 (2012) 1 [arXiv:1106.4315] InSPIRE].

S. Mukai, Finite groups of automorphisms of K3 surfaces and the Mathieu group, Invent.
Math. 94 (1988) 183.

S. Kondo, Niemeier lattices, Mathieu groups and finite groups of symplectic automorphisms
of K3 surfaces, Duke Math. J. 92 (1998) 593.

M.R. Gaberdiel and R. Volpato, Mathieu Moonshine and Orbifold K3s, arXiv:1206.5143
[INSPIRE].

K. Wendland, Consistency of orbifold conformal field theories on K3, Adv. Theor. Math.
Phys. 5 (2002) 429 [hep-th/0010281] INSPIRE].

A. Fujiki, Finite automorphism groups of complex tori of dimension two, Publ. Res. Inst.
Math. Sci. 24 (1988) 1.

W. Nahm and K. Wendland, A Hiker’s guide to K3: Aspects of N=(4,4) superconformal field
theory with central charge ¢ = 6, Commun. Math. Phys. 216 (2001) 85 [hep-th/9912067]
[INSPIRE].

E. Kiritsis, N.A. Obers and B. Pioline, Heterotic/type-II triality and instantons on K(3),
JHEP 01 (2000) 029 [hep-th/0001083] [INSPIRE].

V.V. Nikulin, Integer symmetric bilinear forms and some of their geometric applications, Izv.
Akad. Nauk SSSR Ser. Mat. 43 (1979) 111.

J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson, Atlas of finite groups,
Oxford University Press, Oxford U.K. (1985).

G.L. Nipp, Quaternary quadratic forms, Springer-Verlag, New York U.S.A. (1991).

T. Eguchi, H. Ooguri, A. Taormina and S.-K. Yang, Superconformal Algebras and String
Compactification on Manifolds with SU(N) Holonomy, Nucl. Phys. B 315 (1989) 193
[INSPIRE].

M. Eichler and D. Zagier, The Theory of Jacobi Forms, Birkhauser (1985).

-39 —


http://arxiv.org/abs/1307.5793
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.5793
http://dx.doi.org/10.1007/JHEP01(2014)146
http://arxiv.org/abs/1307.7717
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.7717
http://dx.doi.org/10.1007/JHEP04(2014)048
http://arxiv.org/abs/1309.0510
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0510
http://dx.doi.org/10.1007/JHEP04(2014)069
http://arxiv.org/abs/1402.2973
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.2973
http://dx.doi.org/10.1007/JHEP08(2013)125
http://arxiv.org/abs/1107.3834
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.3834
http://arxiv.org/abs/1303.2931
http://inspirehep.net/search?p=find+EPRINT+arXiv:1303.2931
http://arxiv.org/abs/1303.3221
http://inspirehep.net/search?p=find+EPRINT+arXiv:1303.3221
http://dx.doi.org/10.4310/CNTP.2012.v6.n1.a1
http://arxiv.org/abs/1106.4315
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.4315
http://arxiv.org/abs/1206.5143
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.5143
http://arxiv.org/abs/hep-th/0010281
http://inspirehep.net/search?p=find+EPRINT+hep-th/0010281
http://dx.doi.org/10.1007/PL00005548
http://arxiv.org/abs/hep-th/9912067
http://inspirehep.net/search?p=find+EPRINT+hep-th/9912067
http://dx.doi.org/10.1088/1126-6708/2000/01/029
http://arxiv.org/abs/hep-th/0001083
http://inspirehep.net/search?p=find+EPRINT+hep-th/0001083
http://dx.doi.org/10.1016/0550-3213(89)90454-9
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B315,193

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

K.S. Narain, M.H. Sarmadi and C. Vafa, Asymmetric Orbifolds,
Nucl. Phys. B 288 (1987) 551 [INnSPIRE].

J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Defect lines, dualities and generalised
orbifolds, arXiv:0909.5013 [INSPIRE].

M.R. Gaberdiel, A. Taormina, R. Volpato and K. Wendland, A K3 o-model with Z§ : My
symmetry, JHEP 02 (2014) 022 [arXiv:1309.4127] [InSPIRE].

D. Persson and R. Volpato, Second Quantized Mathieu Moonshine, arXiv:1312.0622
[INSPIRE].

J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Duality and defects in rational conformal
field theory, Nucl. Phys. B 763 (2007) 354 [hep-th/0607247] [INSPIRE].

C. Bachas, I. Brunner and D. Roggenkamp, A worldsheet extension of O(d,d:Z),
JHEP 10 (2012) 039 [arXiv:1205.4647] [INSPIRE].

N. Carqueville and I. Runkel, Orbifold completion of defect bicategories, arXiv:1210.6363
[INSPIRE].

I. Brunner, N. Carqueville and D. Plencner, Orbifolds and topological defects,
arXiv:1307.3141 [INSPIRE].

J.H. Conway and D.A. Smith, On quaternions and octonions: their geometry, arithmetic,
and symmetry, A K Peters Ltd., Natick, MA (2003).

J.H. Conway and N.J.A. Sloane, Sphere packings, lattices and groups, Grundlehren der
Mathematischen Wissenschaften 290 3rd edition, Springer-Verlag, New York (1999).

— 40 —


http://dx.doi.org/10.1016/0550-3213(87)90228-8
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B288,551
http://arxiv.org/abs/0909.5013
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.5013
http://dx.doi.org/10.1007/JHEP02(2014)022
http://arxiv.org/abs/1309.4127
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.4127
http://arxiv.org/abs/1312.0622
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.0622
http://dx.doi.org/10.1016/j.nuclphysb.2006.11.017
http://arxiv.org/abs/hep-th/0607247
http://inspirehep.net/search?p=find+EPRINT+hep-th/0607247
http://dx.doi.org/10.1007/JHEP10(2012)039
http://arxiv.org/abs/1205.4647
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.4647
http://arxiv.org/abs/1210.6363
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.6363
http://arxiv.org/abs/1307.3141
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3141

	Introduction and summary
	Generalities on torus models
	The `small' N=4 superconformal algebra
	A first classification of symmetries

	Ramond-Ramond sector, D-branes and triality
	Representation of the symmetries on the Ramond-Ramond sector
	D-branes and triality

	Groups and models
	Symmetries of torus models
	Characterization of the groups of symmetries
	Models with purely geometric symmetry group
	Models with non-geometric symmetries
	Lattice D(4)
	Lattice A(4) 
	Lattice A(1)A(3) 
	Lattice A(2)**2
	Lattice A(1)**2 A(2)
	Lattice A(1)**4 


	Twining genera and orbifolds
	Conclusions
	Discrete subgroups of Spin(4) and SO(4)
	Lattices

