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Abstract
In this paper, we establish reverse Hölder’s inequality on time scales via diamond
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1 Introduction
The famous inequality due to Hölder can be stated as follows (see [, ]).

Theorem . (see [, ]) Let f (x) > , g(x) > , p > , /p + /q = . If f (x) and g(x) are
continuous real-valued functions on [a, b], then we have the following assertion:

∫ b

a
f (x)g(x) dx ≤

(∫ b

a
f p(x) dx

)/p(∫ b

a
gq(x) dx

)/q

. (.)

Hölder’s inequality is of great interest in the qualitative theory of differential equations
as well as other branches of mathematics.

In [], the authors obtained the delta integral Hölder inequality on time scales as fol-
lows.

Theorem . Let f , g, h ∈ Crd([a, b],R) and /p + /q =  with p > . Then we have the
following assertion:

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣�x

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p
�x

) 
p
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q
�x

) 
q

. (.)

Nabla and diamond-α integral Hölder’s inequality on time scales was established in [],
which can be demonstrated as follows.
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Theorem . Let f , g, h ∈ Cld([a, b],R) and /p + /q =  with p > . Then we have the fol-
lowing assertion:

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣∇x ≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p∇x
) 

p
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q∇x
) 

q
. (.)

Theorem . Let f , g, h : [a, b] → R be ♦α-integrable functions, and /p + /q =  with
p > . Then we have the following assertion:

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣♦αx

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦αx
) 

p
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q♦αx
) 

q
. (.)

Recently Anwar et al. [] applied the theory of isotonic linear functionals to derive the
following Hölder inequality.

Theorem . For p > , define q = p/(p – ). Let E ⊂R
n be as in Theorem . in []. Assume

that |w||f |p, |w||g|q, |wfg| are �-integrable on E. If p > , then

∫
E

∣∣w(t)f (t)g(t)
∣∣�t ≤

(∫
E

∣∣w(t)
∣∣∣∣f (t)

∣∣p
�t

)/p(∫
E

∣∣w(t)
∣∣∣∣g(t)

∣∣q
�t

)/q

. (.)

More recently Brito da Cruz et al. [] introduced diamond integral Hölder’s inequality
on time scale as follows.

Theorem . Let f , g : T→ R be ♦-integrable on [a, b]T, p >  with /p + /q = . Then we
have the following assertion:

∫ b

a

∣∣f (x)g(x)
∣∣♦x ≤

(∫ b

a

∣∣f (x)
∣∣p♦x

)/p(∫ b

a

∣∣g(x)
∣∣q♦x

)/q

. (.)

The purpose of this paper is to establish a reverse version and some generalizations of
inequality (.). Some other related results are also considered. This paper is organized as
follows. In Section , we introduce basic definitions and some preliminary results which
are necessary in the sequel. Namely, we briefly introduce the nabla and the delta calculus
[, ]. We also present the notions of diamond-α integral and diamond integral which
is defined as an ‘approximate’ symmetric integral on time scales, respectively [, –]; in
Section , we give the main results; in Section , we establish some further generalizations
and refinements of diamond integral Hölder’s inequality; in Section , a subdividing of
Hölder’s inequality is obtained.

2 Preliminaries
A time scale T is an arbitrary nonempty closed subset of real numbers and has the topol-
ogy that it inherits from the real numbers with the standard topology. Let T be a time
scale. We consider two jump operators. The forward jump operator σ : T → T denoted by
σ (t) := inf{s ∈ T : s > t} with inf∅ = supT (i.e., σ (M) = M if T has a maximum M); and the
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backward jump operator ρ : T → T denoted by σ (t) := sup{s ∈ T : s < t} with sup∅ = infT

(i.e., ρ(m) = m if T has a minimum m). Let

T
κ =

{
T \ supT if supT is finite and left-scattered,
T, otherwise,

Tκ =

{
T \ infT if infT is finite and right-scattered,
T, otherwise.

We set Tκ
κ := Tκ ∩T

κ .

Definition . ([]) Let T be a time-scale and f : T →R. f is delta differentiable at t ∈ T
κ

if there is a number f �(t) with the property that for all ε > , there exists a neighborhood
U of t such that

∣∣f (σ (t)
)

– f (s) – f �(t)
(
σ (t) – s

)∣∣ ≤ ε
∣∣σ (t) – s

∣∣

for all s ∈ U . f �(t) is called the delta derivative of f at t. If f is delta differentiable for all
t ∈ T

κ , then f is said to be delta differentiable.

Definition . ([]) Let T be a time-scale and f : T→R. f is called nabla differentiable at
t ∈ Tκ if there is a number f ∇ (t) with the property that for all ε > , there exists a neigh-
borhood V of t such that

∣∣f (ρ(t)
)

– f (s) – f ∇ (t)
(
ρ(t) – s

)∣∣ ≤ ε
∣∣ρ(t) – s

∣∣

for all s ∈ V . f ∇ (t) is called the nabla derivative of f at t. If f is nabla differentiable for all
t ∈ Tκ , then f is nabla differentiable.

In what follows, assume that a, b ∈ T with a < b, [a, b]T = {t ∈ T : a ≤ t ≤ b}.

Definition . ([]) A function F : T →R is said to be a delta antiderivative of f : T →R

if F�(t) = f (t) holds true for all t ∈ T
κ . We may define the delta integral of f from a to b

(or on [a, b]T) by

∫ b

a
f (t)�t = F(b) – F(a).

Definition . ([]) A function G : T →R is said to be a nabla antiderivative of g : T →R

if G∇ (t) = g(t) holds true for all t ∈ Tκ . We may define the nabla integral of g from a to b
(or on [a, b]T) by

∫ b

a
g(t)∇t = G(b) – G(a).

For the properties of the delta and nabla integrals, please refer to [, ].
For a function f : T →R, we define f σ (t) = f (σ (t)) and f ρ(t) = f (ρ(t)).
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Definition . ([]) Assume that t, s ∈ T, μt,s = σ (t) – s and ηt,s = ρ(t) – s. A function
f : T → R is called diamond-α differentiable at t ∈ T

κ
κ if there is a number f ♦α (t) with the

property that for all ε > , there exists a neighborhood U of t such that, for all s ∈ U ,

∣∣α[
f σ (t) – f (s)

]
ηt,s + ( – α)

[
f ρ(t) – f (s)

]
μt,s – f ♦α (t)μt,sηt,s

∣∣ ≤ ε|μt,sηt,s|.

If f ♦α (t) exists for all t ∈ T
κ
κ , then f is called diamond-α differentiable.

Theorem . ([]) Let  ≤ α ≤ . If f is both nabla and delta differentiable at t ∈ T
κ
κ , then

f is diamond-α differentiable at t and

f ♦α (t) = αf �(t) + ( – α)f ∇ (t). (.)

Remark . ([]) If α =  in (.), then we obtain the delta derivative; if α =  in (.),
then we obtain the nabla derivative.

Remark . The diamond-α derivative was defined by equality (.) in [].

Definition . ([]) Assume that a, b ∈ T, a < b, h : T →R and α ∈ [, ]. We may define
the diamond-α integral (or ♦α-integral) of h from a to b (or on [a, b]T) by

∫ b

a
h(t)♦αt = α

∫ b

a
h(t)�t + ( – α)

∫ b

a
h(t)∇t,

where h is both delta and nabla integrable on [a, b]T.

For related results concerning the diamond-α integral, please refer to [–] and the
references therein.

In [], the authors defined the real function γ by

γ (t) := lim
s→t

σ (t) – s
σ (t) + t – s – ρ(t)

.

The above function is very important in the definition of diamond integral (Definition .).
We see that γ is well defined,  ≤ γ (t) ≤  for all t ∈ T, and

γ (t) =

{

 if t is dense,
σ (t)–t

σ (t)–ρ(t) if t is not dense.

Definition . (see []) Assume that f : T → R and a, b ∈ T, a < b. We may define the
diamond integral (or ♦-integral) of f from a to b (or on [a, b]T) by

∫ b

a
f (t)♦t =

∫ b

a
γ (t)f (t)�t +

∫ b

a

(
 – γ (t)

)
f (t)∇t,

where γ f is delta integrable and ( – γ )f is nabla integrable on [a, b]T. The function f is
said to be diamond integrable (or ♦-integrable) provided f is ♦-integrable on [a, b]T for
all a, b ∈ T.
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The ♦-integral has the following properties which are introduced in [].

Theorem . (see []) Assume that f , g : T →R are ♦-integrable on [a, b]T. Let c ∈ [a, b]T
and λ ∈R. Then the following assertions hold true.

.
∫ a

a f (t)♦t = ;
.

∫ b
a f (t)♦t =

∫ c
a f (t)♦t +

∫ b
c f (t)♦t;

.
∫ b

a f (t)♦t = –
∫ a

b f (t)♦t;
. λf is ♦-integrable on [a, b]T and

∫ b
a λf (t)♦t = λ

∫ b
a f (t)♦t;

. f + g is ♦-integrable on [a, b]T and
∫ b

a (f + g)(t)♦t =
∫ b

a f (t)♦t +
∫ b

a g(t)♦t;
. fg is ♦-integrable on [a, b]T;
. for p > , |f |p is ♦-integrable on [a, b]T;
. if f (t) ≤ g(t)for all t ∈ [a, b]T, then

∫ b
a f (t)♦t ≤ ∫ b

a g(t)♦t;
. |f | is ♦-integrable on [a, b]T and |∫ b

a f (t)♦t| ≤ ∫ b
a |f (t)|♦t.

For more properties of the ♦-integral, please refer to [].

3 Main results
In the section, we establish and prove our main results.

Theorem . (Diamond integral Hölder’s inequality) Let f , g, h : T → R be ♦-integrable
on [a, b]T, p >  with q = p/(p – ). Then we have the following assertion:

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣♦x ≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q♦x
)/q

. (.)

Proof This proof is the same as the proof of Theorem  in []. Therefore, we omit it here.
�

Remark . For h(x) =  in Theorem ., inequality (.) reduces to inequality (.).

Theorem . (Diamond integral reverse Hölder’s inequality) Let f , g, h : T → R be
♦-integrable on [a, b]T,  < p <  with q = p/(p – ). If gq is ♦-integrable on [a, b]T, then
we have the following assertion:

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣♦x ≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q♦x
)/q

. (.)

Proof Without loss of generality, we assume that

(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣q♦x
)/q

�= 

and let

ξ (x) =
∣∣h(x)

∣∣∣∣f (x)
∣∣p/∫ b

a

∣∣h(τ )
∣∣∣∣f (τ )

∣∣p♦τ

and

γ (x) =
∣∣h(x)

∣∣∣∣g(x)
∣∣q/∫ b

a

∣∣h(τ )
∣∣∣∣g(τ )

∣∣q♦τ .



Chen and Wei Advances in Difference Equations  (2015) 2015:180 Page 6 of 20

Since both functions ξ (x) and γ (x) are ♦-integrable on [a, b]T, applying the following re-
verse Young inequality (see [])

x

p y


q ≥ 

p
x +


q

y, x, y > ,  < p < , /p + /q = 

with equality holds if and only if x = y, we have

∫ b

a

|h(x)|/p|f (x)|
(
∫ b

a |h(τ )||f (τ )|p♦τ )/p

|h(x)|/q|g(x)|
(
∫ b

a |h(τ )||g(τ )|q♦τ )/q
♦x

=
∫ b

a
ξ /p(x)γ /q(x)♦x ≥

∫ b

a

(
ξ (x)

p
+

γ (x)
q

)
♦x

=

p

∫ b

a

( |h(x)||f (x)|p∫ b
a |h(τ )||f (τ )|p♦τ

)
♦x +


q

∫ b

a

( |h(x)||g(x)|q∫ b
a |h(τ )||g(τ )|q♦τ

)
♦x = .

This leads to the desired inequality. �

Remark . For h(x) =  in Theorem ., inequality (.) is a reverse version of inequality
(.).

Combining Theorem . and Theorem ., we can establish the following generaliza-
tion.

Corollary . Let h, fj : T → R, pj ∈ R, j = , , . . . , m,
∑m

j= /pj = . If h and fj are
♦-integrable on [a, b]T, then the following assertions hold true.

() For pj > , we have

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≤
m∏
j=

(∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣pj♦x
)/pj

. (.)

() For  < p < , pj < , j = , . . . , m, f pj
j are ♦-integrable on [a, b]T, we have

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≥
m∏
j=

(∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣pj♦x
)/pj

. (.)

Theorem . (Diamond integral Minkowski’s inequality) Let f , g, h : T → R, and p>. If
f , g and h are ♦-integrable on [a, b]T, then we have the following assertion:

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x
)/p

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x
)/p

. (.)

Proof This proof is the same as the proof in Theorem  in []. So we omit it here. �

Remark . For h(x) =  in Theorem ., inequality (.) reduces to Theorem  in [].
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Theorem . (Diamond integral reverse Minkowski’s inequality) Let f , g, h : T →R, and
 < p < . If f , g and h are ♦-integrable on [a, b]T, then we have the following assertion:

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x
)/p

≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x
)/p

. (.)

Proof For  < p < , let 
s = p, 

t =  – p, ak = mp
k , bk = n/p–

k , applying the following Hölder
inequality []:

n∑
k=

akbk ≤
( n∑

k=

as
k

)/s( n∑
k=

bt
k

)/t

, s > ,

s

+

t

= ,

we have

n∑
k=

mp
kn/p–

k ≤
( n∑

k=

mk

)p( n∑
k=

n/p
k

)–p

. (.)

Let

M =
∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x, N =
∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x,

W =
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x
)/p

= M/p + N /p.

Applying inequality (.), we have

W = M/p + N /p

= M/p–
∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x + N /p–
∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x

=
∫ b

a

∣∣h(x)
∣∣(∣∣f (x)

∣∣pM/p– +
∣∣g(x)

∣∣pN /p–)♦x

≤
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p(M/p + N /p)–p♦x

=
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣pW –p♦x = W –p
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x,

from the above result, we immediately arrive at Minkowski’s inequality and the theorem
is completely proved. �

From Theorem . and Theorem ., the following generalization is obtained.

Corollary . Let fj, h : T → R, j = , , . . . , m. If fj and h are ♦-integrable on [a, b]T, then
the following assertions hold true.
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() For p > , we have

(∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∑
j=

fj(x)

∣∣∣∣∣
p

♦x

)/p

≤
m∑
j=

(∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣p♦x
)/p

. (.)

() For  < p < , we have

(∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∑
j=

fj(x)

∣∣∣∣∣
p

♦x

)/p

≥
m∑
j=

(∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣p♦x
)/p

. (.)

Next, we give an analogue of Corollary ..

Corollary . Let fj, h : T → R, j = , , . . . , m. If fj and h are ♦-integrable on [a, b]T, then
the following assertions hold true.

() For p > , we have

∫ b

a

∣∣h(x)
∣∣
( m∑

j=

∣∣fj(x)
∣∣
)p

♦x ≥
m∑
j=

∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣p♦x. (.)

() For  < p < , we have

∫ b

a

∣∣h(x)
∣∣
( m∑

j=

∣∣fj(x)
∣∣
)p

♦x ≤
m∑
j=

∫ b

a

∣∣h(x)
∣∣∣∣fj(x)

∣∣p♦x. (.)

Proof () For p > , let s = p, r =  in Jensen’s inequality [], we obtain the following in-
equality:

∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣ ≥ (∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p)/p,

from the above inequality, we obtain

∣∣h(x)
∣∣(∣∣f(x)

∣∣ +
∣∣f(x)

∣∣ + · · · +
∣∣fm(x)

∣∣)p ≥ ∣∣h(x)
∣∣(∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p),

by integrating the above inequality with respect to x, we obtain the desired result.
() For  < p < , let s = , r = p in Jensen’s inequality [], we have

∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣ ≤ (∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p)/p,

it follows from the above inequality that

∣∣h(x)
∣∣(∣∣f(x)

∣∣ +
∣∣f(x)

∣∣ + · · · +
∣∣fm(x)

∣∣)p ≤ ∣∣h(x)
∣∣(∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p),

by integrating the above inequality with respect to x, the desired result is obtained. �

Now, we establish some improvements of diamond integral Minkowski’s inequality in
the following theorem.
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Theorem . Let f , g, h : T →R be ♦-integrable on [a, b]T, p > , s, t ∈ R\{}, and s �= t.
() Let p, s, t ∈R be different such that s, t >  and (s – t)/(p – t) > . Then

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x

≤
[(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣s♦x
) 

s
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣s♦x
) 

s
]s(p–t)/(s–t)

×
[(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣t♦x
) 

t
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣t♦x
) 

t
]t(s–p)/(s–t)

. (.)

() Let p, s, t ∈R be different such that  < s <  and  < t <  and (s – t)/(p – t) < . Then

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x

≥
[(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣s♦x
) 

s
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣s♦x
) 

s
]s(p–t)/(s–t)

×
[(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣t♦x
) 

t
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣t♦x
) 

t
]t(s–p)/(s–t)

. (.)

Proof () We have (s – t)/(p – t) > , and

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x =
∫ b

a

∣∣h(x)
∣∣(∣∣f (x) + g(x)

∣∣s)(p–t)/(s–t)(∣∣f (x) + g(x)
∣∣t)(s–p)/(s–t)♦x,

by using Hölder’s inequality (.) with indices (s – t)/(p – t) and (s – t)/(s – p), we have

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣s♦x
)(p–t)/(s–t)(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣t♦x
)(s–p)/(s–t)

. (.)

On the other hand, by using Minkowski’s inequality (.) for s >  and t > , respectively,
we can see that the following assertions hold true:

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣s♦x
) 

s

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣s♦x
) 

s
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣s♦x
) 

s
(.)

and

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣t♦x
) 

t

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣t♦x
) 

t
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣t♦x
) 

t
. (.)

From (.), (.) and (.), we obtain the desired result.
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() We have (s – t)/(p – t) <  and

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x

=
∫ b

a

∣∣h(x)
∣∣(∣∣f (x) + g(x)

∣∣s)(p–t)/(s–t)(∣∣f (x) + g(x)
∣∣t)(s–p)/(s–t)♦x,

by using reverse Hölder’s inequality (.) with indices (s – t)/(p – t) and (s – t)/(s – p),
respectively, we have

∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x

≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣s♦x
)(p–t)/(s–t)(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣t♦x
)(s–p)/(s–t)

. (.)

On the other hand, in view of reverse Minkowski’s inequality (.) for the cases of  <
s <  and  < t < , we can see that the following assertions hold true:

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣s♦x
) 

s

≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣s♦x
) 

s
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣s♦x
) 

s
(.)

and

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣t♦x
) 

t

≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣t♦x
) 

t
+

(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣t♦x
) 

t
. (.)

By (.), (.) and (.), we get the desired result. �

Remark .
() From Theorem ., for p > , letting s = p + ε, t = p – ε, when p, s, t are different,

s, t > , and letting ε → , we obtain (.).
() From Theorem ., for  < p < , letting s = p + ε, t = p – ε, when p, s, t are different,

 < s, t < , and letting ε → , we obtain (.).

Theorem . (Diamond integral Dresher’s inequality) Let f , g, h : T→ R and  < r <  < p.
If f , g and h are ♦-integrable on [a, b]T, then we have the following assertion:

(∫ b
a |h(x)||f (x) + g(x)|p♦x∫ b
a |h(x)||f (x) + g(x)|r♦x

)/(p–r)

≤
(∫ b

a |h(x)||f (x)|p♦x∫ b
a |h(x)||f (x)|r♦x

)/(p–r)

+
(∫ b

a |h(x)||g(x)|p♦x∫ b
a |h(x)||g(x)|r♦x

)/(p–r)

. (.)
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Proof Based on ♦-integral Hölder’s inequality (.) and Minkowski’s inequality (.), we
have

(∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x
)/(p–r)

≤
((∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x
)/p)p/(p–r)

=
((∫ b

a |h(x)||f (x)|p♦x∫ b
a |h(x)||f (x)|r♦x

)/p(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣r♦x
)/p

+
(∫ b

a |h(x)||g(x)|p♦x∫ b
a |h(x)||g(x)|r♦x

)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣r♦x
)/p)p/(p–r)

≤
((∫ b

a |h(x)||f (x)|p♦x∫ b
a |h(x)||f (x)|r♦x

)/(p–r)

+
(∫ b

a |h(x)||g(x)|p♦x∫ b
a |h(x)||g(x)|r♦x

)/(p–r))

×
((∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣r♦x
)/r

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣r♦x
)/r)r/(p–r)

. (.)

From Theorem ., we get

((∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣r♦x
)/r

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣r♦x
)/r)r

≤
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣r♦x. (.)

From (.) and (.), we get (.). �

Corollary . Let fj, h : T → R,  < r <  < p, j = , , . . . , m. If |fj| and h are ♦-integrable
on [a, b]T, then we have the following assertion:

(∫ b
a |h(x)||∑m

j= fj(x)|p♦x∫ b
a |h(x)||∑m

j= fj(x)|r♦x

)/(p–r)

≤
m∑
j=

(∫ b
a |h(x)||fj(x)|p♦x∫ b
a |h(x)||fj(x)|r♦x

)/(p–r)

. (.)

Theorem . (Diamond integral reverse Dresher’s inequality) Let f , g, h : T → R and
p ≤  ≤ r ≤ . If f , g , f p, gp and h are ♦-integrable on [a, b]T, then we have the follow-
ing assertion:

(∫ b
a |h(x)||f (x) + g(x)|p♦x∫ b
a |h(x)||f (x) + g(x)|r♦x

)/(p–r)

≥
(∫ b

a |h(x)||f (x)|p♦x∫ b
a |h(x)||f (x)|r♦x

)/(p–r)

+
(∫ b

a |h(x)||g(x)|p♦x∫ b
a |h(x)||g(x)|r♦x

)/(p–r)

. (.)

Proof Let α ≥ , α ≥ , β > , and β > , and – < λ < , using the following Radon
inequality (see[]):

n∑
k=

ap
k

bp–
k

≤ (
∑n

k= ak)p

(
∑n

k= bk)p– , ak ≥ , bk > ,  < p < ,
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we have

αλ+


βλ


+
αλ+



βλ


≤ (α + α)λ+

(β + β)λ
. (.)

Let

α =
(∫ b

a

∣∣h(x)
∣∣|f |p♦x

)/p

, β =
(∫ b

a

∣∣h(x)
∣∣|f |r♦x

)/r

, (.)

α =
(∫ b

a

∣∣h(x)
∣∣|g|p♦x

)/p

, β =
(∫ b

a

∣∣h(x)
∣∣|g|r♦x

)/r

, (.)

and let λ = r
p–r , from (.) to (.), it follows that

αλ+


βλ


+
αλ+



βλ


=
(
∫ b

a |h(x)||f |p♦x)(λ+)/p

(
∫ b

a |h(x)||f |r♦x)λ/r
+

(
∫ b

a |h(x)||g|p♦x)(λ+)/p

(
∫ b

a |h(x)||g|r♦x)λ/r

=
(∫ b

a |h(x)||f |p♦x∫ b
a |h(x)||f |r♦x

)/(p–r)

+
(∫ b

a |h(x)||g|p♦x∫ b
a |h(x)||g|r♦x

)/(p–r)

≤ (α + α)λ+

(β + β)λ

=
[(
∫ b

a |h(x)||f |p♦x)/p + (
∫ b

a |h(x)||g|p♦x)/p]p/(p–r)

[(
∫ b

a |h(x)||f |r♦x)/r + (
∫ b

a |h(x)||g|r♦x)/r]r/(p–r)
. (.)

Since – < λ = r
p–r < , we may assume p <  < r, and by Theorem . and  < r ≤ , we

obtain

[(∫ b

a

∣∣h(x)
∣∣|f |r♦x

)/r

+
(∫ b

a

∣∣h(x)
∣∣|g|r♦x

)/r]r

≤
∫ b

a

∣∣h(x)
∣∣|f + g|r♦x. (.)

For p < , by reverse Hölder’s inequality [], we obtain the reverse version of inequality
(.) as follows:

n∑
k=

mp
kn/p–

k ≥
( n∑

k=

mk

)p( n∑
k=

n/p
k

)–p

.

Assume that f (x) and g(x) are nonzero, let W , M, N be as in the proof of Theorem .,
from the above inequality, we have

W =
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x
)/p

+
(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x
)/p

= M/p + N /p

= M/p–
∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣p♦x + N /p–
∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣p♦x

=
∫ b

a

∣∣h(x)
∣∣(∣∣f (x)

∣∣pM/p– +
∣∣g(x)

∣∣pN /p–)♦x

≥
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p(M/p + N /p)–p♦x

=
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣pW –p♦x = W –p
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x.
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That is,

W ≥ W –p
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x.

Hence, we have

W p ≥
∫ b

a

∣∣h(x)
∣∣∣∣f (x) + g(x)

∣∣p♦x.

Based on the above inequality, we obtain

[(∫ b

a

∣∣h(x)
∣∣|f |p♦x

)/p

+
(∫ b

a

∣∣h(x)
∣∣|g|p♦x

)/p]p

≥
∫ b

a

∣∣h(x)
∣∣|f + g|p♦x. (.)

From (.) to (.), we obtain reverse Dresher’s inequality and the theorem is com-
pletely proved. �

Corollary . Let fj, h : T →R, p ≤  ≤ r < , j = , , . . . , m. If fj, f p
j and h are ♦-integrable

on [a, b]T, then we have the following assertion:

(∫ b
a |h(x)||∑m

j= fj(x)|p♦x∫ b
a |h(x)||∑m

j= fj(x)|r♦x

)/(p–r)

≥
m∑
j=

(∫ b
a |h(x)||fj(x)|p♦x∫ b
a |h(x)||fj(x)|r♦x

)/(p–r)

. (.)

4 Some further generalizations of Hölder’s inequality
The aim of this section is to derive some new generalizations and refinements of Hölder’s
inequality on time scales.

Theorem . Assume that T is a time scale, a, b ∈ T with a < b and pk > , αkj ∈ R (j =
, , . . . , m, k = , , . . . , s),

∑s
k=


pk

= ,
∑s

k= αkj = , fj, h : T →R. If h and fj are ♦-integrable
on [a, b]T, then the following assertions hold true.

() For pk > , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≤
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+pkαkj♦x

)/pk

. (.)

() For  < ps < , pk <  (k = , , . . . , s – ), f
+pkαkj

j is ♦-integrable on [a, b]T, one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≥
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+pkαkj♦x

)/pk

. (.)

Proof () Let

gk(x) =

( m∏
j=

f
+pkαkj

j (x)

)/pk

. (.)
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Based on the assumptions
∑s

k=


pk
=  and

∑s
k= αkj = , from a direct computation, it is

obvious to show that

s∏
k=

gk(x) = g(x)g(x) · · · gs(x)

=

( m∏
j=

f +pαj
j (x)

)/p( m∏
j=

f +pαj
j (x)

)/p

· · ·
( m∏

j=

f +psαsj
j (x)

)/ps

=
m∏
j=

f /p+αj
j (x)

m∏
j=

f /p+αj
j (x) · · ·

m∏
j=

f /ps+αsj
j (x)

=
m∏
j=

f /p+/p+···+/ps+αj+αj+···+αsj
j (x) =

m∏
j=

fj(x).

From the above result, we can obtain

s∏
k=

gk(x) =
m∏
j=

fj(x).

Hence, we have

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x =
∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x. (.)

It follows from Hölder’s inequality (.) that

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x ≤
s∏

k=

(∫ b

a

∣∣h(x)
∣∣∣∣gk(x)

∣∣pk ♦x
)/pk

. (.)

It follows from (.) and (.) that inequality (.) holds true.
() The proof of inequality (.) is similar to the proof of inequality (.), by (.), (.)

and (.), we have

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x ≥
s∏

k=

(∫ b

a

∣∣h(x)
∣∣∣∣gk(x)

∣∣pk ♦x
)/pk

. (.)

Based on (.) and (.) , it follows that inequality (.) holds true. �

Remark . Taking s = m, αkj = –/pk for j �= k and αkk =  – /pk , inequalities (.) and
(.) are respectively reduced to (.) and (.).

It is easy to see that many existing inequalities related to Hölder’s inequality are special
cases of inequalities (.) and (.). For example, we have the following.

Corollary . Under the assumptions of Theorem ., taking s = m, αkj = –t/pk for j �= k
and αkk = t( – /pk) with t ∈R, the following assertions hold true.
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() For pk > , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x

≤
m∏

k=

(∫ b

a

∣∣h(x)
∣∣
( m∏

j=

∣∣fj(x)
∣∣
)–t(∣∣fk(x)

∣∣pk )t♦x

)/pk

. (.)

() For  < pm < , pk <  (k = , , . . . , m – ), one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x

≥
m∏

k=

(∫ b

a

∣∣h(x)
∣∣
( m∏

j=

∣∣fj(x)
∣∣
)–t(∣∣fk(x)

∣∣pk )t♦x

)/pk

. (.)

Theorem . Assume that T is a time scale, a, b ∈ T with a < b and pk > , r ∈ R,
αkj ∈ R (j = , , . . . , m, k = , , . . . , s),

∑s
k=


pk

= r,
∑s

k= αkj = , fj, h : T → R. If fj and h are
♦-integrable on [a, b]T, then the following assertions hold true.

() For rpk > , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≤
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

. (.)

() For  < rps < , rpk <  (k = , , . . . , s – ), f
+rpkαkj

j is ♦-integrable on [a, b]T, one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≥
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

. (.)

Proof () Since rpk >  and
∑s

k=


pk
= r, we get

∑s
k=


rpk

= . Then by (.) we immediately
obtain inequality (.).

() Since  < rps < , rpk <  and
∑s

k=


pk
= r, we have

∑s
k=


rpk

= , by (.), we immedi-
ately have inequality (.). This completes the proof. �

From Theorem ., we obtain the following corollary.

Corollary . Under the assumptions of Theorem ., and let s = , p = p, p = q, αj =
–αj = αj, then the following assertions hold true.

() For rp > , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x

≤
(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpαj♦x

)/rp(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣–rqαj♦x

)/rq

. (.)
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() For  < rp < , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x

≥
(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpαj♦x

)/rp(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣–rqαj♦x

)/rq

. (.)

Now we present a refinement of inequalities (.) and (.), respectively.

Theorem . Under the assumptions of Theorem ., the following assertions hold true.
() For rpk > , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≤ ϕ(c) ≤
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

, (.)

where

ϕ(c) ≡
∫ c

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣♦x +

s∏
k=

(∫ b

c

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

is a nonincreasing function with a ≤ c ≤ b.
() For  < rps < , one has

∫ b

a

∣∣h(x)
∣∣
∣∣∣∣∣

m∏
j=

fj(x)

∣∣∣∣∣♦x ≥ ϕ(c) ≥
s∏

k=

(∫ b

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

, (.)

where

ϕ(c) ≡
∫ c

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣♦x +

s∏
k=

(∫ b

c

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

is a nondecreasing function with a ≤ c ≤ b.

Proof () Let

gk(x) =

( m∏
j=

f
+rpkαkj

j (x)

)/rpk

.

By rearrangement and the assumptions of Theorem ., we can obtain

m∏
j=

fj(x) =
s∏

k=

gk(x).

Next, we prove that ϕ(c) is a nonincreasing function with a ≤ c ≤ b. Applying the fol-
lowing Hölder inequality []:

n∑
i=

s∏
k=

aik ≤
s∏

k=

( n∑
i=

aqj
ik

)/qk

, qk > ,
s∑

k=


qk

= ,
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we can obtain

∑
i=

s∏
k=

aik =
∑

i=

aiai · · ·ais

= aa · · ·as + aa · · ·as

≤ (
arp

 + arp


)/rp(arp
 + arp


)/rp · · · (arps

s + arps
s

)/rps

=
s∏

k=

( ∑
i=

arpk
ik

)/rpk

, (.)

where
∑s

k=


rpk
= , rpk > .

Let

ak =
(∫ c

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

, k = ,  . . . , s

and

ak =
(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

, k = ,  . . . , s,

by inequality (.), we have

s∏
k=

(∫ c

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

+
s∏

k=

(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

≤
s∏

k=

(∫ c

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x +
∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

. (.)

Let a ≤ c < c ≤ b, by inequalities (.) and (.), we obtain

ϕ(c) ≡
∫ c

a

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣♦x +

s∏
k=

(∫ b

c

∣∣h(x)
∣∣ m∏

j=

∣∣fj(x)
∣∣+rpkαkj♦x

)/rpk

=
∫ c

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x +
s∏

k=

(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

=
∫ c

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x +
∫ c

c

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x

+
s∏

k=

(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

≤
∫ c

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x +
s∏

k=

(∫ c

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

+
s∏

k=

(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk
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≤
∫ c

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x

+
s∏

k=

(∫ c

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x +
∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

=
∫ c

a

∣∣h(x)
∣∣
∣∣∣∣∣

s∏
k=

gk(x)

∣∣∣∣∣♦x +
s∏

k=

(∫ b

c

∣∣h(x)
∣∣∣∣gk(x)

∣∣rpk ♦x
)/rpk

= ϕ(c),

that is,

ϕ(c) ≤ ϕ(c).

It follows from the above result that ϕ(c) is a nonincreasing function with a ≤ c ≤ b. Hence
ϕ(b) ≤ ϕ(c) ≤ ϕ(a), we obtained the desired result.

() The proof of inequality (.) is similar to the proof of inequality (.), so we omit
it here. �

5 A subdividing of diamond integral Hölder’s inequality
In this section, we give a subdividing of Hölder’s inequality as follows.

Theorem . Let f , g, h : T → R be ♦-integrable on [a, b]T, and s, t ∈ R, and let p = (s –
t)/( – t), q = (s – t)/(s – ).

() If s <  < t or s >  > t, then

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣♦x

≤
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣sp♦x
)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣tq♦x
)/q

×
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣tp♦x
∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣sq♦x
)/pq

. (.)

() If s > t >  or s < t < ; t > s >  or t < s < , then

∫ b

a

∣∣h(x)
∣∣∣∣f (x)g(x)

∣∣♦x

≥
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣sp♦x
)/p(∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣tq♦x
)/q

×
(∫ b

a

∣∣h(x)
∣∣∣∣f (x)

∣∣tp♦x
∫ b

a

∣∣h(x)
∣∣∣∣g(x)

∣∣sq♦x
)/pq

. (.)

Proof () Let p = s–t
–t and in view of s <  < t or s >  > t, we have

p =
s – t
 – t

> ,
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by Hölder’s inequality (.) with indices s–t
–t and s–t

s– , we have

∫ b

a
|h||fg|♦x =

∫ b

a
|h||fg|s(–t)/(s–t)|fg|t(s–)/(s–t)♦x

≤
(∫ b

a
|h||fg|s♦x

)(–t)/(s–t)(∫ b

a
|h||fg|t♦x

)(s–)/(s–t)

. (.)

On the other hand, from Hölder’s inequality again for p = s–t
–t > , it follows that the

following two inequalities are true:

∫ b

a
|h||fg|s♦x ≤

(∫ b

a
|h||f |s(s–t)/(–t)♦x

)(–t)/(s–t)(∫ b

a
|h||g|s(s–t)/(s–)♦x

)(s–)/(s–t)

(.)

and

∫ b

a
|h||fg|t♦x ≤

(∫ b

a
|h||f |t(s–t)/(–t)♦x

)(–t)/(s–t)

×
(∫ b

a
|h||g|t(s–t)/(s–)♦x

)(s–)/(s–t)

. (.)

From (.), (.) and (.), it follows that the case () of Theorem . holds true.
() Let p = s–t

–t and in view of s > t >  or s < t < , we have

p =
s – t
 – t

< 

and t > s >  or t < s < , we have  < s–t
–t < , by reverse Hölder’s inequality (.) with indices

s–t
–t and s–t

s– , we have

∫ b

a
|h||fg|♦x =

∫ b

a
|h||fg|s(–t)/(s–t)|fg|t(s–)/(s–t)♦x

≥
(∫ b

a
|h||fg|s♦x

)(–t)/(s–t)(∫ b

a
|h||fg|t♦x

)(s–)/(s–t)

. (.)

On the other hand, from reverse Hölder’s inequality again for  < p = s–t
–t <  or p = s–t

–t <
, it follows that the following two inequalities are true:

∫ b

a
|h||fg|s♦x ≥

(∫ b

a
|h||f |s(s–t)/(–t)♦x

)(–t)/(s–t)(∫ b

a
|h||g|s(s–t)/(s–)♦x

)(s–)/(s–t)

(.)

and

∫ b

a
|h||fg|t♦x ≥

(∫ b

a
|h||f |t(s–t)/(–t)♦x

)(–t)/(s–t)

×
(∫ b

a
|h||g|t(s–t)/(s–)♦x

)(s–)/(s–t)

. (.)

From (.), (.) and (.), it follows that the case () of Theorem . holds true. �

Remark . For T = R, Theorem . reduces to the results in [].
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5. Anwar, M, Bibi, R, Bohner, M, Pec̆arić, J: Integral inequalities on time scales via the theory of isotonic linear functionals.

Abstr. Appl. Anal. 2011, Article ID 483595 (2011). doi:10.1155/2011/483595
6. Brito da Cruz, AMC, Martins, N, Torres, DFM: The diamond integral on time scales. Bull. Malays. Math. Sci. Soc. (2014).

doi:10.1007/s40840-014-0096-7
7. Bohner, M, Peterson, A: Dynamic Equations on Time Scales. Birkhäuser Boston, Boston (2001)
8. Kaymakcalan, B, Lakshimikantham, V, Sivasundaram, S: Dynamic Systems on Measure Chains. Kluwer Academic,

Dordrecht (1996)
9. Sheng, Q, Fadag, M, Henderson, J, Davis, JM: An exploration of combined dynamic derivatives on time scales and

their applications. Nonlinear Anal., Real World Appl. 7(3), 395-413 (2006)
10. Rogers, JW Jr., Sheng, Q: Notes on the diamond-α dynamic derivative on time scales. J. Math. Anal. Appl. 326(1),

228-241 (2007)
11. Sheng, Q: Hybrid approximations via second order combined dynamic derivatives on time scales. Electron. J. Qual.

Theory Differ. Equ. 2007, 17 (2007)
12. Malinowska, AB, Torres, DFM: On the diamond-alpha Riemann integral and mean value theorems on time scales.

Dyn. Syst. Appl. 18(3-4), 469-481 (2009)
13. Sidi Ammi, MR, Ferreira, RAC, Torres, DFM: Diamond-α Jensen’s inequality on time scales. J. Inequal. Appl. 2008,

Article ID 576876 (2008)
14. Mozyrska, D, Torres, DFM: Diamond-alpha polynomial series on time scales. Int. J. Math. Stat. 5(A09), 92-101 (2009)
15. Sidi Ammi, MR, Torres, DFM: Hölder’s and Hardy’s two dimensional diamond-alpha inequalities on time scales. An.

Univ. Craiova, Ser. Mat. Inform. 37(1), 1-11 (2010)
16. Brito da Cruz, AMC, Martins, N, Torres, DFM: Hahn’s symmetric quantum variational calculus. Numer. Algebra Control

Optim. 3(1), 77-94 (2013)
17. Brito da Cruz, AMC, Martins, N, Torres, DFM: Symmetric differentiation on time scales. Appl. Math. Lett. 26(2), 264-269

(2013)
18. Xing, J-S, Su, K-Q, Tao, P-F: The applications of Young inequality and Young inverse inequality. J. Zhoukou Norm. Univ.

24(2), 37-39 (2007) (in Chinese)
19. Zhao, C-J, Cheung, W-S: On subdividing of Hölder’s inequality. Far East J. Math. Sci.: FJMS 60(1), 101-108 (2012)

http://dx.doi.org/10.1155/2011/483595
http://dx.doi.org/10.1007/s40840-014-0096-7

	The diamond integral reverse Hölder inequality and related results on time scales
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Some further generalizations of Hölder's inequality
	A subdividing of diamond integral Hölder's inequality
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


