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ABSTRACT: We consider solutions of massive ITA supergravity corresponding to the half-
BPS intersection of D8/D4-branes with fundamental strings. The 1 + 1-dimensional in-
tersection preserves the symmetry D(2,1;7;1) x SO(4). We give a reduction and partial
integration of the BPS equations for this symmetry group. We then specialize to the cases
of enhanced supersymmetry corresponding to v = —1/2,—2 or v = 1. In the first case,
we show that the only solution with enhanced symmetry is given by the AdSg geometry
describing the near horizon geometry of D8/D4-branes in the presence of an O8-plane. In
the second case, we identify novel solutions corresponding to fundamental strings ending on
D8-branes and a second set of novel solutions corresponding to fundamental strings ending
on an O8-plane. In both cases, the fundamental string geometry contains an asymptoti-
cally flat region where the string coupling goes to zero. We also show that there are no
solutions corresponding to 14 0-dimensional CFTs, which one may have hoped to construct
by suspending fundamental strings between D8-branes.
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1 Introduction

The study of defects, interfaces or boundaries allows one to explore many interesting phe-

nomena. A magnetic impurity in a material can be viewed as a defect, facilitating the

description of the Kondo effect, which involves the screening of said impurity at low tem-

peratures [1]. If one puts a boundary in a system describing a superconductor, one may

hope to describe surface superconductivity [2]. Topological insulators are constructed by

joining two systems with different topological invariants along an interface [3-5]. A Wilson

line operator, which measures the interaction energy or self-energy of charged particles,



can also be viewed as a defect. There is a great deal of interest in understanding these
types of effects in strongly coupled systems where standard perturbative approaches are
no longer valid.

The AdS/CFT correspondence allows one to study strongly coupled systems, by in-
stead, studying weakly coupled dual gravitational systems. One may hope to understand
the aforementioned phenomena in strongly coupled regimes by studying dual gravitational
systems with defects, interfaces or boundaries. Restricting to systems with large amounts
of supersymmetry, large classes of geometries have been explicitly constructed. These in-
clude geometries describing Wilson lines [6, 7], surface operators [8], defect theories [9, 10]
and theories with boundaries [11]. These explicit geometries have been used to provide
non-trivial checks of the AdS/CFT correspondence [12, 13]. They have also been been
used in holographic realizations of the Kondo effect [14] and topological insulators [15].

A particularly interesting AdS/CFT correspondence arises in the context of 5-
dimensional gauge theories. In general, 5-dimensional gauge theories are non-
renormalizable and it is believed that additional degrees of freedom must be added to
make the theories well defined. One may even try to argue that such theories are never
well defined and this is one of the reasons we live in 4-dimensions. However, a proposed
counter-example to this argument is provided by a class of 5-dimensional supersymmetric
gauge theories which are conjectured to be UV-complete [16-18]. Evidence for the existence
of a non-trivial UV fixed point is provided by the existence of a gravitational dual [19-21].
Evidence that the 5-dimensional gauge theory captures the UV fixed point physics has been
provided by finding agreement between the S° partition function of the gauge theory and
dual gravitational system [22]. Tt is still an open question if the non-perturbative effects
are sufficient to cure the UV-divergences or if additional degrees of freedom are necessary.

Recently, the partition function result has been extended to comparing the vacuum
expectation value of the half-BPS Wilson line for totally symmetric and anti-symmetric
representations [23]. In [24] this result was generalized to squashed 5-spheres. In the
cases considered, the vacuum expectation value can be well approximated on the gravity
side using probe branes. To go further, one must include the backreaction of the probe
branes. In terms of branes, the background 5-dimensional gauge theory arises as the low
energy limit of parallel D4-branes and D8-branes along with an O8 orientifold projection.
Introducing a Wilson line in the fundamental representation corresponds to introducing a
fundamental string perpendicular to the D4/D8-brane system. Rank M Symmetric repre-
sentations arise from introducing an additional D4-brane and stretching M fundamental
strings between the D4-brane and the D4/D8-brane stack. Rank M anti-symmetric repre-
sentations arise by introducing a perpendicular D4-brane and M fundamental strings. The
brane configurations are summarized in table 2. In general, the BPS-Wilson line reduces
the superconformal symmetry of the 5-dimensional gauge theory from F'(4;2) x SU(2) to
D(2,1;2;1) x SO(4).!

An analogous system exists in M-theory which consists of intersecting M2/M5-branes
with supergroup D(2,1;v;1) x D(2,1;7;1). In fact, the M-theory system is the M-theory

1For supergroups, we follow the conventions of [25].



uplift of the above configuration after removing the D8-branes and O8-plane. In this case
the 5-dimensional gauge theory of the D4-branes becomes a 6-dimensional CFT at the UV
fixed point and the Wilson line operators in the gauge theory become surface operators in
the 6-dimensional CFT. The general M-theory solutions with D(2,1;v;1) x D(2,1;v;1)
symmetry were constructed in [26, 27]. The specific solutions describing the 6-dimensional
CFT with surface operator insertions were constructed in [28].

In addition to solutions describing the Mb-brane solutions, additional solutions cor-
responding to the effective theory on the M2-branes were also found. These correspond
to the Janus solutions of [29, 30] and solutions which describe M2-branes ending on M5-
branes of [31]. A natural question is whether there are analogous solutions after introducing
the D8-branes and possibly the O8-plane. Does the case of fundamental string ending on
D8-branes admit a good decoupling limit?

With the task of finding backreacted geometries describing these Wilson lines in mind,
we study general solutions of massive ITA supergravity with D(2,1;7;1) x SO(4) symmetry.
We give a partial reduction and integration of the BPS equations, including obtaining
algebraic expressions for the metric factors in terms of spinor bilinears. These results are
summarized in section 3.3.

In order to better understand the structure of the BPS system, we study the special
cases of enhanced supersymmetry, which corresponds to setting certain fluxes to zero and
setting v to specific values. In general there are two distinct cases of enhanced supersym-
metry, one given by setting 7 = —1/2, —2 and the second given by setting v = 1. In the
first case, we show the most general solution is given by the AdSg geometries of [19], which
is simply the dual of the 5-dimensional gauge theory without the half-BPS Wilson line.

The second case corresponds to fundamental strings ending on D8-branes.? We iden-
tify three types of solutions. The first, given in section 5.1, we interpret as a stack of
fundamental strings in the presence of D8-branes, i.e. in a background with Fy # 0.> The
second two, given in section 5.2, we interpret as fundamental strings ending on a stack of
D8-branes or an O8-plane. In all three cases the geometry contains an asymptotically flat
region, which suggests that the geometry does not admit a decoupling limit. However, we
note that the string coupling tends to zero in the asymptotically flat regions.

We also consider solutions where Fj is allowed to jump across an interface, correspond-
ing to the presence of a stack of D8-branes. This allows for a large family of solutions,
parameterized by the number of such jumps. However, we find that there is no way to
glue D8-brane caps or O8-plane caps together. Consequently, we argue that there are no
solutions dual to 1 4+ 0-dimensional CFTs.

In both cases, we identify a holomorphic (1,0)-form, which is a ubiquitous ingredient
in half-BPS solutions. In almost all known solutions, the holomorphic (1,0)-form is a
homogenous polynomial of the spinor variables. In the current case, the degree of the
polynomial is different for the two distinct cases of enhanced symmetry. This means that
for the general solutions, the holomorphic (1,0)-form, if it exists, is not a polynomial of

2We note this system was studied in [32] without the assumption of conformal symmetry.
3We denote the mass parameter of Roman’s massive ITA supergravity by Fo.



011234567 |8]9]10
M2 | X | X X
M5 | X X|X|X|X X
M5 | X XX |X|X|X

Table 1: Intersecting M2/Mb5-branes, preserving half of the maximal number of super-
symmetries.

the spinor variables. This suggests that the resulting BPS structure is different than the
analogous M-theory system.

The paper is organized as follows. In section 2, we give a further discussion of the
brane configurations of interest in this paper. In section 3, we present our reduction of
the BPS system for D(2,1;7;1) x SO(4) invariant geometries, including a summary of the
reduced equations. In section 4, we solve the BPS system for the special case v = —2 with
enhanced supersymmetry. This corresponds to the case of D4/D8-branes. In section 5,
we solve the BPS system for the special case v = 1 with enhanced supersymmetry. This
corresponds to the case of fundamental strings ending on D8-branes or an O8-plane.

2 Probe brane description

In this section, we consider brane configurations which preserve D(2,1;7v;1) x SO(4)
symmetry. We first summarize results from an analogous system in M-theory with
D(2,1;7v;1) x D(2,1;v;1) symmetry, which corresponds to intersecting M2/M5-branes.
Compactifying to type IIA and introducing D8-branes and an O8 orientifold projection
leads to the symmetry group D(2,1;v;1) x SO(4).

We start by considering a related system in M-theory. We consider intersecting
M2-branes and Mb5-branes, with the configuration given in table 1. The intersection
preserves 16 supersymmetries, where we count also the super conformal supersymme-
tries. The bosonic symmetry preserved by the brane configuration in the conformal limit
is given by SO(2,2) x SO(4) x SO(4). The corresponding superconformal group with
SO(2,2) x SO(4) x SO(4) bosonic symmetry and 16 supersymmetires is not unique but
comes in a one-parameter family, D(2,1;v;1) x D(2,1;7;1). In [26], the problem of finding
solutions of M-theory with D(2,1;v;1) x D(2,1;7;1) symmetry was reduced to a single
linear partial differential equation. At three special points, the D(2,1;+;1) supergroup
reduces to a classical supergroup

D(2,1;v;1) = OSp(4[2, R) v=1. (2.1)

Furthermore, at each of these three special points, the superconformal group becomes a
subgroup of a larger superconformal group. This group structure leads to a large and
interesting family of solutions.

We consider first the special values v = —1/2,—2. In this case we have
D(2,1;-1/2,0) x D(2,1;-1/2;0) C OSp(8“4) and D(2,1;—-2;0) x D(2,1;-2;0) C



OSp(8*]4). The extended symmetry OSp(8*|4) corresponds to having only a single stack
of Mb-branes and is realized as the superisometry group of the near horizon geometry
AdS7 x S*. Tt is conjectured that the dual field theory is given by the 6d (2,0) SCFT
with OSp(8*|4) symmetry, although no completely satisfactory construction of this theory
exists. It is believed that this theory admits supersymmetric surface operators (also known
as the self-dual string), which preserve half of the supersymmetries and break the symme-
try to OSp(4*|2) @ OSp(4*|2).* These operators arise from introducing the M2-branes of
table 1. A single M2-brane produces a surface operator in the fundamental representation
of the gauge group, while multiple M2-branes produce a surface operator in a higher rank
representation. Dual supergravity solutions describing the surface operators have been
constructed in [28].

For the special value v = 1, the extended symmetry is OSp(8|4,R) and corresponds
to having a stack of M2-branes, whose near horizon geometry is AdSy x S”. The dual field
theory is given by a 3d A/ = 8 SCFT. A Lagrangian description of this theory is given
by ABJM theory, although only N’ = 6 supersymmetry is manifest in the Lagrangian.
Consider now the brane configuration of table 1. Naively, the intersecting M5-branes gives
rise to a 2d defect preserving half of the supersymmetries, although such a superconformal
defect has yet to be constructed either directly in the field theory or in the dual supergravity
solutions.

Instead of inserting the Mb5-branes as a defect, we can also consider the case where
the M2-branes end on the M5-branes. In the dual field theory, this corresponds to putting
ABJM theory on a half-space with supersymmetric boundary conditions, possibly coupled
to 2d degrees of freedom localized on the boundary. Such supersymmetric boundary con-
ditions were studied in [33-35] and dual supergravity solutions were constructed in [31],
although a precise holographic dictionary has yet to be constructed. Since the M2-branes
end on the Mb5-branes, the supersymmetry does not necessarily need to be a subgroup of
OSp(8|4,R), as there is no way to remove the M5-branes and recover the full M2-brane
theory. Indeed the solutions of [31] have D(2,1;v,0) x D(2,1;7,0) symmetry with v < 0.

The above story can be reduced to type IIA string theory after compactifying and
dimensionally reducing along the 10-direction. The resulting type IIA brane configuration
is given in the top half of table 2. The M2-branes become a fundamental string, while the
Mb5-branes become D4-branes.

We now move on to the system of interest in this paper. Starting with the above
ITA configuration, we introduce D8-branes, along with an orientifold projection, as in
the lower half of table 2.° The D8-branes/O8-plane reduce the supersymmetry further

4The surface operators can be thought as a generalization of Wilson loops.
5The symmetry projections of the branes given in table 2 are given by

F1 — string € = ['a3456789€ , D4 — brane € = I'1g789€,
!

D4" — brane € = I'12345¢€, D8 — brane e=1T11e¢,

DO — brane € = I'123456789€ .

The fundamental string projection breaks the number of supersymmetries from 32 — 16, while the D4-
brane projection further breaks the number of supersymmetries to 8. Introducing the D8-branes further



011|234 |5|6]7|8]9
F1 X | X
D4 | X XX |X|X
D4 | X XX |X|X
08/D8 | X XXX X|X|X|X|X
Do | X

Table 2: Intersecting D4-branes and F1-strings, preserving half of the maximal number
of supersyminetries.

and only 8 supersymmetries remain. The D8-branes source the Roman’s mass and we
work in massive ITA supergravity. Note that we may also introduce DO-branes without
further reducing the symmetry. The bosonic symmetry in the conformal limit is given by
SO(1,2) x SO(4) x SO(4). The corresponding superconformal group again comes in a one
parameter family, D(2,1;v;1) x SO(4), where we have an extra bosonic symmetry which
is not part of the supergroup. As in M-theory, for three special values of v, we find that
D(2,1;v;1) x SO(4) is a subgroup of an extended supergroup:

D(2,1:7; 1) x SO(4) € F(4;2) x SO(3) y=-1/2,-2,
D(2,1;v;1) x SO(4) € OSp(8|2,R) v=1. (2.2)

We see a group structure analogous to the one encountered for M-theory and it is a natural
question to ask what the enhanced symmetry points correspond to.

For the special values 7 = —1/2, —2, the extended symmetry F'(4;2) x SO(3) corre-
sponds to a single stack of D4-branes in addition to the D8-branes/O8-plane. The low
energy field theory consists of a 5-dimensional N' = 2 gauge theory with gauge group
USp(2N), a single antisymmetric hypermultiplet and Ny fundamental hypermultiplets,
where there are 2N D4-branes and Ny D8-branes.% It is believed that this theory is ul-
traviolet complete with a 5d N' = 2 ultraviolet superconformal fixed point. Field theory
arguments for this conjecture are given in [16-18]. Dual solutions of massive IIA super-
gravity have been constructed in [19], which provide further evidence for the existence of
the ultraviolet fixed point.

We now consider what happens when we introduce the fundamental strings. Intro-
ducing the fundamental string reduces the supersymmetry by half and in the field the-
ory corresponds to introducing a half-BPS Wilson line. The superconformal symmetry is
broken to OSp(4*|2) C F(4;2), while the SO(3) bosonic symmetry remains unbroken,
since the Wilson line is neutral. To see this, note that a time-like Wilson line pre-
serves an SO(4) = SO(3) x SO(3) rotational symmetry and translations in time, which
in the conformal limit are enhanced to SO(1,2). This gives a full bosonic symmetry

reduces the supersymmetries by half, so that the resulting theory preserves 4 Poincaré supersymmetries.
In the conformal limit, the total number of supersymmetries doubles.

5The antisymmetric hypermultiplet arise from D4-D4 strings stretched across the O8-plane, while the
Ny fundamental hypermultiples come from D4-D8 strings.



SO(1,2) x SO(4) x SO(4), which can be seen in table 2. The dual supergravity solutions
have yet to be constructed but fall within the ansatz studied in this paper.

The special value of v = 1 corresponds to the extended symmetry OSp(8|2, R). This
symmetry arises as the superconformal symmetry associated with fundamental strings end-
ing on or intersecting the D8-branes/O8-plane. This can be seen in table 2, where the SO(8)
symmetry acts on the directions 2 through 8, while Sp(2, R) ~ SO(1,2) arises as the su-
perconformal group of time translations. The putative dual field theory would correspond
to a 2-dimensional boundary or defect CF'T and would be the massive IIA analogue of the
M2-brane near horizon geometry. Additionally, we may include the DO-branes without loss
of symmetry. In this case, the fundamental strings can be stretched between the D8-branes
and the DO-branes.

3 D(2,1;7;1) x SO(4) invariant geometries

We consider first the most general solutions of massive ITA supergravity which preserve the
symmetry D(2,1;7;1) x SO(4). The bosonic subalgebra so(1,2) x so(4) x so(4) is naturally
realized on the 10-dimensional space-time AdSy x S3 x 52 x 3y, where 35 is a 2-dimensional
space. The metric takes the form

ds® = ffdsidsg + fidsks + fidsks + ds%Q. (3.1)
It will be convenient to introduce the frames

em = f1é™ m =0, 1, e = foé i=2,3,4,

el = f3é i =5,6,7, e? a =8,9, (3.2)

where é™ are frames on the unit AdSs, é' and ¢! are frames on the two unit S3’s and 2
are frames on Ys. The dilaton ¢ and the warp factors f; are restricted to be functions of
Y. The 4-form flux takes the form

Fy = hye®189 |y 20 | g (5670 (3.3)
while the 2-form gauge potential and corresponding 3-form field strength take the form
By :boé()l + b1€89, Hs =dBy = dbg N e, (34)

The coefficients hi, hg, ga, bo and by are all functions of ¥9. The Romans mass [36] is
denoted Fj.

In order to preserve the supersymmetries, the supersymmetry variations of the
fermionic fields must vanish. From [36] we get the following BPS equations modulo some
redefinitions, spelled out in appendix A

1 PMNPQ)
96

) 5 ¢
0= (DM¢)FM+ZF063¢+ 64(FMNPQ

3 1
- gFoe%BMNFMNFH — Eff%HMNPFMNPFn €,
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32 2
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1 e 2
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Our conventions for I-matrices are defined in appendix B.

Since the Bs field has a mass in massive IIA supergravity, the theory is no longer
invariant under gauge transformations of By. In [36], this fact has been used to absorb
the Ramond-Ramond 2-form, F5 into the definition of Bs. In order to connect back to
the massless IIA supergravity, we make the replacement By — By — F0_1F2 and C3 —
Cs — (2Fy)"*A; A Fy with dFy = 0 and Fy = dA;. The theory then enjoys the symmetry

By — By +dA, Fy — Fo+ FydA, C3—2ANFy+2C1 AdA 4+ 2Fy A N dA, (36)

where A is a 1-form. To obtain massless ITA supergravity, we simply take Fy = 0.

The fluxes of our ansatz have the following interpretation in terms of the brane con-
structions discussed in section 2. The h, and g, components of Fj; correspond to the
D4-brane and D4’-branes of table 2. In massless type IIA theory, the fundamental string
sources the NS-NS three form Hs, while the D0-branes source the Ramond-Ramond two
form Fy. In massive ITA supergravity, the gauge transformation (3.6) mixes them. A related
effect occurs in the brane description. When one pulls a D0-brane through a D8-brane, a
fundamental string is created which stretches between the D8-brane and the D0-brane [37].
The D8-branes can be interpreted as a magnetic source for the scalar field strength Fj.
Since we are interested in the brane configurations of section 2 and the D4 brane sources
the Fy field strength only magnetically, we set h; to zero. Similarly, the fundamental string
sources the By gauge potential only electrically so we set by to zero.

3.1 BPS equations

Our first step is to reduce the BPS equations (3.5) to a two-dimensional system. This
is carried out as follows. First the supersymmetry parameter, €, is decomposed using a
basis of Killing spinors for the symmetric spaces AdS, and S2. We denote by Xn1,m2,m3
a basis of Killing spinors on AdSs x S3 x S3, where n; = +1. These can be explic-
itly constructed following [38] and satisfy the Killing spinor equations (C.6). The basis,
Xn1,m2,m3+ 18 actually overcomplete so without loss of generality, we impose the conditions
Xmimzms = (B(l) ® B(g) ® B(S)) X o 20 Xy mogms = (Pohe I5) X~y mams- Note that
these conditions are consistent with the Killing spinor equations (C.6). We then write the
10-dimensional supersymmetry parameter as

1 . 0
<n17773a773 ® <0) +<7717773a773 ® <1)] ’ (37)

where the coefficients of the decomposition, (y, ns.ns and G, 5.5, are collections of two-

€= : : X771777277]3 ®
71,M2,M3

component spinors. The type ITA reality condition €* = Be relates the coefficients ¢ and



ﬁ by é* = i09(. The BPS equations can then be written as equations on (, the coeffi-
cients of the decomposition. This is carried out explicitly for the first equation of (3.5)
in appendix C. The final result is summarized in equations (C.5)—(C.11). In giving these
expressions, we have written ¢ as a single 16-component spinor with the 7;-labels corre-
sponding to spin indices. We also introduced the notation 7(7%) = ¢ @ 67 ® 0¥, where the
i-th Pauli matrix acts on the 7; index.

To simplify the problem, we first look for symmetries of the equations (C.5)—(C.11).
Both 7039 and 7(093) commute with the BPS equations. In the special case by = h; = 0,
730053 also commutes with the BPS equations. We are interested in the brane configura-
tions discussed in section 2 and correspondingly set by = h; = 0 throughout the rest of the
paper. The reduced BPS equations for general values of b; and h; are given in appendix D.
As a result of the three symmetries, we can impose the following projections on ¢ without
loss of generality

¢ =1 7B0a3¢ ¢ =vpr(®0¢ ¢ =vgrO¢, (3.8)

where the v; are each a sign choice for the projection. The last two projections simply
project onto the components of ¢, 5,5, With 12 = 15 and 73 = v3. The first projection is

solved for the case v; = +1 by setting (_y = (4_ = 0, where the first index corresponds
to 11 and the second to the spinor index. In this case, we may group the remaining
components into a variable £ = ((4+,(—_). In the case v; = —1, we have (1 =(__ =0

and we group the remaining components into a variable & = ({_4,(4—).
After imposing the above projections, the BPS equation (C.5) reduces to

0= z¢ 36 + F€5¢/4 5

2xf 8v2 8v2
3

bo 1 Dbo
L3 pesernbo o o/2 Db 3.9
syalee pr e st e (3:9)

The equations (C.7)—(C.9) reduce to

—— e (ho%" + g.o'EY)

o3 1 1 56/4 3 et 3¢k
0=— 2f £+ Dlnfla§—32Fe §+16 5 (ih.&" + g.0°E")
7 et by 3e %2 Dby
—F 3 2 200 . 92 .x
+ 1670 9 fQ + 8 2 f2 107",
w2 g 1 5¢/4 3 e/t 3ok D
0=— 2f o &+ D 1nf20§ 3*F0€ £+ET g,0°& _Zghzf
B i 3(25/4 bO 3 1e=%/2 D .bo 0-26*
1677 2 f1 S8 2 f1
1 3 b4 [ . 5 .
0=-— sz o€ + D I fso'¢™ — = Foe5¢/4g+ TR <ng —3gza3g)
1 3¢/4b 1e %2 Db
~ —Fp Do — 2 - Sioe". (3.10)

60 2 27°78 2 2



Note that these equations are algebraic in . The remaining equations (C.10)—(C.11)

reduce to
1 3 e?/4 .8 8 1e 92 Db
0=D.¢ —-D,(1 == lich,o'¢ +i-g.0%¢| — = SR
£ = g Da(lnp) €t 7o [23 0 L +izg:0 5] 2 2 2%
1 1 . 3t T2 2
0 =Dt + §D2(ln p)€E — 1—6Foe5¢/401§ + 65 [zghzalg + 1392025}
1 e3/*p 1e=%/2 Db
bioFy e N2 = C 0 53 (3.11)

80 2 275 a7
which are differential in €.

We now examine the number of supersymmetries present in the system. Each xy, 1,15
has 8 parameters and leads to 8 supersymmetries. The projections (3.8) project onto
specific values for 7o and 73 so that 7o = 15 and 13 = v3, while the components with
different values of 7y are related by the constraint Xy, moms = (02 @ Io @ I2)X—n1.no.ms-
Taking the background fields fixed, we will have 8 supersymmetries for each independent
solution of £ to the above equations. Generally we expect only one such solution. To look
for cases with enhanced supersymmetry, we first look for symmetries of the equations and
consider sending ¢ — M¢. Requiring M to commute or anti-commute with the first two
terms of (3.9) leads to the possibilities M = o', i0? and io3. As a result we find the
following three symmetires

& — 01§ bo — —bo 9z — —0z V13) — —V1(3)»
£ =o€ bo — —bo h. — —h. Vi(2) = —V1(2) »
§— iagf 9z — —9z hy = —h; Va(3) = —V2(3) - (3’12)

Note that in general these are not symmetries of the background fields, since we are required
to flip the signs of the fluxes. However, we can see that whenever two of the fluxes vanish, we
will double the number of supersymmetries. This is in agreement with the brane discussion
of section 2.

In appendix E, we carry out a further reduction of the equations. We first integrate
the equations of (3.10) which are differential in the f;. We obtain

fi = 25*5, fo= Z—js*a%, f3= Z—js*alg, (3.13)

where the 1v; are sign choices and the ¢; are constants. Using the remaining equations
of (3.10), we obtain an algebraic constraint for the ¢;

c1—2c+2c3=0, (3.14)
and an expression for by
gefe 1 3 3 1
bo = ——=e 3 [ Zep — Sy + Seg 4+ —Fpeietoie ) 3.15
0 Focfe 5C1 — ge2+ g3+ g Foe §'o°¢ (3.15)

We introduce the notation b, = D,by/ f12 and treat b, as an independent variable from
bo. We show that the BPS equations correctly enforce the differential relation between
them. The final summary of reduced equations is given in section 3.3. There we denote
the components of £ by a and S.
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3.2 Equations of motion and Bianchi identities

In general the BPS equations are not sufficient to determine a valid supergravity solution.
Namely, there can be additional constraints arising from the Bianchi identities and equa-
tions of motion. With this in mind, we first look at the Bianchi identities. Since we give
an ansatz directly for By, the Bianchi identity for Hs is automatic. The Bianchi identity
for F, takes the form

0: (f3phz) — 0z (f3phz) =0, (3.16)
0. ‘

dFy =0
! - { 0- (f3pgz) — 0= (f3pg-) =

We solve these equations by introducing the real functions o1 and @9 as ds¢1 = vaf3phs
and Ozp2 = v3f3pgs. The Bianchi identities then become integrability conditions for the
fields ;.

Next we check that the Bianchi identities and BPS equations imply the equations of
motion. In [39], it was shown that supersymmetry, together with the Maxwell equations and
Bianchi identities imply that the dilaton equation and most of the Einstein equations are
automatically satisfied. More specifically, if we denote the Einstein equations collectively
by Earn, one finds that Eyny = 0 provided Fgpy = 0 for M # 0. Since our solution has
an AdSs isometry, we have Ep,;, X 9y, and Ep; = E - = F,, = 0 and the condition is
automatic. As a result, we need only to check the Maxwell equations.

The Maxwell equations are given by

0=Vp (eﬂbHPMN) _ F2012BMN F06¢/4%FMNPQBPQ
11

4 75 MNPQRSTUVW FrorsFrovw ,
11
0=Vo <e¢>/2FQMNP> i iiEMNPQRSTUVWFQRSTHUVW _ (3.17)

Using our ansatz, these equations reduce to a set of three equations’

0 = D,bs + Dsb, — D,¢bs — Dsb, + ihzg.e? — ih,gse®

b
+b.D:1n (f3 f3p) +b:D.In (f3 fip) — 2F2 f%&w :
1

0 = D;hz+ Dzh, + %D,ﬂbhz + %Dzﬁbhz +ibsg.e ¢ —ib.gze =/
+hoDzIn (i f3p) + h=D-In (f{f5p) ,
0 = Degs + Dsge + 3 Dogs + 5 Dsdge — ibshoc™ 4 ib.hse™
+9:DzIn (7 f3p) + g=D=1n (7 f3p) - (3.18)
To check these equations, we employ the following strategy. We use the algebraic equations

to eliminate g,, by and b, in terms of h,, «, [ and ¢. The Bianchi identities, (3.16),
are then used to obtain expressions for 0,hz and its complex conjugate. Along with the

"We are using the notation b, = Dzbo/ff.

- 11 -



BPS equations, (3.9) and (3.11), this allows us to eliminate all derivative terms appearing
n (3.18). The computations are straight forward but tedious and we do not present them
here. The net result, once all derivatives have been eliminated is that the Maxwell equations
are all automatically satisfied. Thus in our case, it is sufficient to keep only the BPS
equations and Bianchi identities.

3.3 Summary of equations

We give a summary of the remaining BPS equations and Bianchi identities. The constraint
for the ¢; and the Bianchi identities are

V9 122
c1—2c0+2c3=0, h, = —=0,p1, gr = 0,02 (3.19)
f3p fip
The metric factors are given by
v v v N N
fi=g (ol +182), =B —a"8),  fy=_(aB"+a"5). (3.20)

where a and [ are spinor components. There are three equations algebraic in v and

F b 1 3 3 1
0=- ges¢/47g (la* +18) + ge1 = Jea + Jes + cFoc®* (ol — |8%).
0 =2(cz + c5) + e”/*g. ((a*)* + w*)?) —ie?/*h, ((0*)? = (8)?) |
0=-— %Foe‘r"i’/4 (Jef* = 181?) + (261 — 3¢ + 3c3)
#/4 e—%/2
= S5 [os (@) + (8?) + ik (@) = (897)] -

b.a*f*. (3.21)

There is an equation involving the derivative of the dilaton

b 1
0 _; L pat + iF0e5¢/45+ —e?/*h, 3" — ¢/4g B+ 3F 30/4208 — 5(f<f>/21yzoﬁ.
1

(3.22)
Finally, there are four equations which involve derivatives of o and
1 10 { 1 1
0= ; £10 B 5 pzp a+ 16¢/4hzﬂ + 7e¢/4gzﬁ — Z€_¢/2bza’
1 10.p i 1 1
_; zﬁ—* £14 B+ ¢/4h0[ 4 ¢/4gza+1€_¢/2bzﬂ,
0—*8z0é+2p2 —6F 15— et + ey
3 4 —b/2
1 0 7 1
= - zﬁ Zp,B EF@@“%Ma — E€¢/4hza* — Ee<i>/4gzoé*
b
16F 6345/4 f0a+ . e /2p, G*. (3.23)
1
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The quantities by and b, appear only algebraically and can be eliminated. The remaining
variables are then given by ¢, ©1, 2, p and the two spinor components o and 3. In total
this gives 4 real variables and 2 complex variables. The equations possess a conformal
symmetry, with the following weighting

1 11

avﬁ:(i7_7) ,0(5,5

4 ) gzahmbz : (LO) bo, ¢, P1,P2 ¢ (070) . (3'24)

We also note that the equations have a real scaling symmetry under o — Ao, 8 — AS and
¢; — A%c;, where ) is an arbitrary real number. This allows us to fix one of the ¢; without
loss of generality, by absorbing it into the definition of v and 8. There is also a symmetry
under z — —z, ¢; — —c¢; and Fy — —Fy.

Next we consider the case Fy = 0. As discussed below (3.5), in order to make the limit
Fy = 0 well defined, we first make the replacement By — By — F{ LF,. This introduces
the closed two form Fy = b;1€%!, where by is a constant. Note that A; A Fy = 0 and so Cs
remains unmodified. Sending By — Bs — F»/Fy amounts to sending by — by — b1/ Fy. The
massless limit is then obtained by setting Fy = 0.

4 Enhanced supersymmetry: v = —1/2, —2 and D4-branes

We consider the case of supersymmetry enhancement which occurs by setting h, = by = 0.
This corresponds to the second line in (3.12) and we shall see that the supersymmetry
is enhanced to F'(4;2) x SO(3). The first line is equivalent to this case. The algebraic
equations (3.21) combine to give the constraint 5¢; — 7eo + 8¢ = 0, which together with
c1 — 2ca 4 2¢3 = 0, implies

2

Cl = —Cy = —§C3 . (4.1)

We combine « times the first equation of (3.23) with 5 times the second to obtain

2 2
a, O”Lﬁ):o, 42
& -

which implies the existence of a holomorphic (1,0)-form x,

_ 14
K = a2 T ﬁz . (43)
The first and second algebraic constraints in (3.21) are solved to give ¢ and g,
2(ca + ¢ 1 —_o/ak
eo/t _ Heztcs) g = —2(ca +cz)e /42 (4.4)

5Fy a2 =82

We now rewrite the four equations in (3.23) as follows. First we differentiate the
conjugate of (4.3) and use the last two equations of (3.23) to eliminate derivatives of a*
and §*. This leads to a differential equation for p

c2 + c3 1

1 0> c3f3
—0,In— = . 4.5
P T 20 JaP —1BE vs (4:5)

~13 -



Using this, as well as the equations (3.23), we find that the 0,¢ equation leads to the
constraint bc; — 7eo + 8¢cs = 0 and is automatically satisfied. We rewrite the first two
differential equations of (3.23) as

2 2
(%) - 5

2 2
183 (a ;B > = 2(02—{—03)0;5. (4.6)

For the final equation we use the combination
) C3K
0. (o> = |8*) = §(02 + C3)%3f3- (4.7)

We now move on to solving the equations as follows. The strategy will be to introduce
h and h by (co + ¢3)k = 0.h = id,h, integrate the equations (4.6) and use their results to
find expression for o and . This will introduce a new holomorphic function which we will
fix in terms of h and h through equations (4.5) and (4.7). With a and g fully determined
we can then write down the full solution.

The general solution to (4.6) is given by

af 1 h + ih h+ih
o —5.7:1 sin 5 ) + Fa cos( 5 ),
2_p? h h+ih
o =5 _ Fi cos( al ) + 2F sin( al ), (4.8)

where F7 and F» are functions of Z only. For later convenience, we redefine

1 /@ 1 1 /@ 1
1w 1 _ (v 1,
F1 2<n+w/<a>’ F2 4z’<n w/i)’ (4.9)

where w and k are arbitrary holomorphic functions. We will show below that this definition
is consistent with (4.3). It is convenient to work with the complex combinations

o\ /2 h—ih 12 pih
a+if=p'/? (%) ed, a-if=p"? <1> e 4. (4.10)

Wk

Multiplying these together reproduces (4.3). We are now ready to turn to the differential
equation for p, we will use this equation as well as 0, = 0 to constrain the holomorphic
function w. Using the above expressions for a and 3, (4.5) becomes

1 2 d(cate3)w— we—ih

p
—0,In— = =, 4.11
Eaz n ‘K,|2 20 wt wefih ( )

Differentiating this equation with respect to z, multiplying by x and requiring the result
to be real leads to the condition

1 1 .
zgﬁg\wP + Z;@z\w\z = 4(ca + ¢3)i0;,|w| = 0. (4.12)
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The condition 0;|w| = 0 leads through 0. = 0 also to dpf, = 0, where we defined
w = |w|et,
Next we note that the differential equation for |a|? — |B]?, (4.7), can be combined with

the p-equation, (4.5), to give

2
9. In <|Z|2(|ay2 - ,3|2)2/25> = 0. (4.13)

This is easily integrated to give

) ~
p h
w2 AP (ja] — |B)¥? = Acos'/1? (Qw - 2) ()

where A is a real constant. Turning to the differential equation for p, we require (4.14) to
- 1

be a solution. Plugging in we find that 6, = %Oh and also |w| = e~ 10". Note that we have

absorbed integration constants into the definitions of h and h.

We have now solved the system and give the final expressions for the supergravity
fields. The metric factors are given by

~ 1/ 2 2 . - -
1= YL q1/2 COSl/24(%h)* el 4 e 5, f3 = _ DB p12 COSl/24(%h) sin(%h),
c1 2 c3
2
Y2 a2 2403701 (2 _2y P~ 1/24/37F
=-——A 2h)=(e5" —e 5 — = 2h).
f2 o cos /(5 )2 <e e SR cos/“*(gh)
(4.15)
The dilaton and flux are given by
2c0+c ~ 5A%2 (2o + 3\ O ~
5p/4 _ £C2TC8 q1/2  —25/24(3] _ 2 £C T 4/3(37)
° 5 Iy cos TGN, w2 =g s (5 F0A1/2> cos™"(5h)
(4.16)

with g, = v3(0:2)/ f3p-

This metric reproduces exactly the AdSg solution of [20]. This can be seen by intro-
ducing the new coordinates x and y by h = 5x/2 and h = 5y/3. We also introduce the
overall radius R by AY/? = %(cz + ¢3)R. In these coordinates, the metric is given by

4
ds? = R2 cos1 Yy (dm2 + cosh? x d5?4d52 + sinh? dsgg) + 9 (dy2 +sin®y ds?gg,) . (4.17)

The terms in the first set of parenthesis combine into an AdS, x S3 slicing of AdSg,
whereas the terms in the second set combine to make an S*. The dilaton and flux in these
coordinates are

e/ = (RFy)™Y/° cos ™2/ y, g = %RB(RFO)U5 cos?/3y. (4.18)
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4.1 The case F, =0

There are no solutions with Fy = 0. To see this we first take the Fy — 0 limit of the BPS
equations of section 3.3. Since we are interested in solutions with the only non-vanishing
flux given by g., we may simply take Fy = 0. In this case, the algebraic equations (3.21)
become

0 = 2¢1 — 3¢ + 3c¢s, (4.19)
0= 2(ca+c3) + e¢/4((a*)2 + (5*)2)
0 = 6(2¢1 — 3¢z + 3¢3) — €4 ((0*)? + (8)?).

Along with the original constraints, we obtain a total of three constraints on the ¢;

co+c3 =0, 2c¢1 — 3¢y + 3c3 =0, c1 — 2¢co 4+ 2¢3 =0, (4.20)

from which it follows that ¢; = 0.

5 Enhanced supersymmetry: v = 1 and fundamental strings

In this section we consider the case in which supersymmetry is enhanced by setting g, =
h, = 0. This corresponds to the third line in (3.12) and we shall see that the supersymmetry
is enhanced to OSp(8|2,R).

The second equation of (3.21) yields the condition ca = —c3, which together with the
constraint ¢; — 2¢o 4+ 2¢g = 0, implies ¢; = 4co = —4c3. Next, we combine [ times the
first equation of (3.23) with a times the second to yield the vanishing of a total derivative,
0.In(af/p) = 0. This implies the existence of a holomorphic (1,0)-form ,

R = cQa—pﬁ. (5.1)

The factor of ¢ has been chosen for convenience. We write the remaining three independent
equations of (3.23) as

8,0 =22e?/29, In <g> :

9. In (a(8*)?/7) =~ <1+ bo —¢/2> B 5/4P%

fi g
0-In (B(a")*v/p) =3 (1 - ;i’ ¢/2> Foe5¢/4g—€, (5.2)

where we have used b, = (9.bo)/fZp. We solve these equations to give by and ¢ as functions
of the remaining variables. The remaining equation for 9,bg is then automatic. After
substituting in the above solutions for by and ¢ and eliminating § in terms of k, the first
equation of (3.21) becomes

2o [EPlal (@*)? s p* o
0 = |k +2/€[ = 0, In p2 ’48 In (a*)2p2 . (5.3)

|wP? |
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Next we take the sum of the first equation in (3.21) and third equation in (3.21) and again
eliminate by, ¢ and 8 to obtain

0=0.In </{2(O;;)4> — 2. (5.4)

The final remaining equation is given by (3.22).

We integrate (5.4) as follows. We parameterize the magnitude and phase of o by the
quantities A and 6 as o = \/@Al/ e /\/k. We also introduce a real harmonic function h
by i0,h = k. In terms of these quantities, (5.4) becomes

h=40. (5.5)

With this we can write (5.3) as a differential equation for p in terms of A and k

2 2 2

p 1 (3A2-24+3 1 /144
ohn|—|=—-|——5— - | ——)9.InA. 5.6
Zn(w) 4( —az ) ta\a—ae) (56)
Using the above equation, we can eliminate p from the equations and cast the remaining
system as a pair of first order differential equations for ¢ and A. The first is obtained the last
two equations in (5.2) after eliminating by. The second is the differential equation (3.22).

It will be slightly more convenient to introduce a new variable G for the dilaton, defined
by the equation

vl

I aG?

. 5.7

e

Note that G must have the same sign as the product p Fy. In terms of G and A the
remaining first order system is given by

5A+1 A? —14A+1
az In (G) - — m@z ln(A) - Wﬁ,
4 2
kG = — Tkt 1_A821n(A). (5.8)

Our approach will be to solve equations (5.8) to obtain expressions for A and G. We
then integrate (5.6) to obtain p. The metric factors, dilaton and fluxes are then determined
uniquely in terms G, A, p and h. The metric factors are

2 2 2
2 P —1)2 o 4p” o (D 2 4p 2 (D
— A ]. A = — — - — .
fl 16|/€|2 ( + ) ’ 2 ‘/{|2 S (2) ) 3 |/€|2 COs (2 ) (5 9)
while the dilaton ¢ and flux by are given by
3¢
5o |k|2 AG? e 1 p _1 1-A
L Wl bp= ——— (A2 4+ A1) [1-—=@G) . 1
TR TR (a2 a12) ¢ (5.10)

From these expressions, we can see the presence of an SO(8) symmetry as follows. By a
conformal transformation, we may pick h as a coordinate. Introducing the dual coordinate
h as k = 0,h, this corresponds to the choice z = h 4 ih with £ = 1/2. With this choice
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of coordinates, the differential equations (5.8) imply that A and G depend only on h.
Similarly, (5.6) implies p only depends on h. As a result, we find the metric is given by

~ dh? h h
d82 = f12d52Ad52 + 4p2dh2 + ].6p2 |:4 + Sin2 <2> dSég + COS2 (2> d5§3:| . (511)
The metric in brackets is that of 7-sphere with unit radius, whose isometry group is SO(8).
As a consequence, we find that the full symmetry group is OSp(8|2,R), as advertised.

5.1 Linear dilaton

We present a simple solution to the equations (5.8) obtained by taking A constant. As-
suming A is constant leads to the condition A? — 144 4+ 1 = 0. This has two solutions
A = 74 4+/3 with the corresponding G given by G = —2 =4 (4/+/3). For constant A, the p
equation (5.6) becomes

P’ 5

To integrate, we introduce h so that k = 8,h. Integrating then gives p? = L2‘H‘2€i%h,
where L is an integration constant.

We are still free to make conformal transformations and by a local change of coordi-
nates, we can choose z = h + ih. This corresponds to using a conformal transformation to
set k = 1/2. Finally, it will be convenient to introduce the rescaled variables x and 6 for h
and h so that z = 4(4v/3/5)x + 2i6.

The dilaton and flux are given by

3 2L 2/5
¢392 — Pr2p2er bo = 3310 (22)  giw (5.13)
4 Fy

The metric factors are given by
fi=1%", f2 = 4L%sin?()e”, f3 = 4L%cos®()e”, (5.14)

and the metric becomes

48

d2:L2x
° e<25

dz® + ds%gg, + 4ds§7> . (5.15)

As x — o0, the geometry becomes asymptotically flat and the string coupling tends to
zero. As x — —o0, the geometry becomes strongly curved and the string coupling becomes
large. Note that in (h, h)-coordinates, the two solutions are simply mirrors of each other.

5.2 General solutions

In this section, we study general solutions to the system of equations (5.8). The differential
equations have singularities at A = 0,1,00. We start by analyzing the solution in the
neighborhood of each of these points.
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We start by obtaining a solution to (5.8) in the large A limit. Using the second
equation of (5.8) to eliminate 0, In A in the first equation and then dropping terms which
are sub-leading in the large A limit, the equations reduce to

A
0. In(A) ~ —§I€G+ 2K, 0:InG ~ —gHG + K. (5.16)

The right equation can be easily integrated by again introducing h as 9.h = K, to give

QCleiL

G~ —
1 +5C1€h

(5.17)

where C; is a real integration constant.

Turning now to the first equation, we first assume that G is finite in the large A limit.
In this case, we can neglect the second term on the left and side and the equation is easily
integrated to give

1 1 i
oL (1+5Ce") +co, (5.18)

where Co is another real integration constant. We introduce a new coordinate A by h =
In[(e52~5% — 1) /5C;]. Expanding around A = 0 leads to the following asymptotic behavior

Casel : A~ G ~ 6, (Co =0)
Casell : A~ G ~ Gy, (Cy #0) (5.19)

where Gy = 2(1 — €°2)/5. For the case C2 = 0, we find that AG is of order one and so
we must keep the second term in the first equation of (5.16), which then yields the correct
factor of 6.

By alocal change of coordinates, we can again pick z = h+ih, corresponding to setting
k = 1/2. Expanding the differential equation (5.6) for p to leading order and integrating,
we find that the metric on 39 has the asymptotic form

- d\?
Casel : 4p%(dh? 4 dh?) ~ L2T + L2X\dh?,
3 4
Casell : 4p?(dh? + dh?) ~ L2\t <dh2 + G%d>\2> , (5.20)

where L is an integration constant. The warp factors behave as

, L7 2 2y 2 (P 2 2 2 (h
Casel : fi~—=, fo ~4L*XAsin” | = |, f3 ~4L"Xcos” | = | ,
16 2 2
2
Casell : f ~ L3, f3~ AL2\T sin? <h> e ALY cos? <h> . (5.21)
16A1 2 2

For case I, we change coordinates to h = 20 and A = r2 and for case II, we introduce
h = 26. In these coordinates, the asymptotic metrics take the form

1
Casel : ds® ~ L? (16d5124d52 + 4dr® + 4r2d5é7> )
Casell : ds? o L2AF [ —ds? 1 A2 4 4ds? 5.22
asell : 57 ~ 16N SAdSQ"‘CT% +4dsgr | - (5.22)
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The asymptotic values of the dilaton and flux are given by

1
5¢ 36 5/( L% \3
Ca.se:[: eQNLTFbQ, bON8<63_F702> y
1
G2 1 [(GZL8\5
Casell : e%wios, bow( 02 ) . (5.23)
LQFOQ)\Z 16N \ Fj

For case I, we see that as r — 0 the geometry caps off smoothly. Furthermore, the
dilaton, ¢, and flux, by, both remain finite. For case II, the geometry is singular as A — 0,
while the dilaton, ¢, and flux, bg, both diverge. We note that the metric is regular in string
frame, although the coupling still diverges.®

Next we examine the solution near A = 0. Assuming A ~ 0 and eliminating G in favor
of a second order equation for A, we obtain the approximate equation 24 + 9, A — 8,314 =
0, whose general solution is given by A ~ Cse ™" + C4e?". Since we are in the A ~ 0
approximation, this equation implies the following allowed behaviors: A ~ e as h — —00,
A~ e as h — oo or A has a first order zero in h. The first case is an exact solution with
G = 0. This leads to a solution with e? = 0 and a divergent by. The other two cases have
the following asymptotics

Case 1T : A~ G~ —6, (A ~ e*ﬁ)
CaselV : A~ G~ Go\!, <A ~ %1} - C;Oim) (5.24)
where for case III, we introduced A by h = — In A and for case IV, G and hy are integration

constants and we have introduced A by A = Go(h—hg)/2. It turns out that the asymptotic
geometry takes the same form as in the A ~ oo cases. Namely case III leads to the
same asymptotics given in (5.22) and (5.23) for case I, while case IV leads to the same
asymptotics for case II.

For the special point A = 1, we find that A admits a series expansion as a polynomial
in h. G can have one of either two behaviors. Either it admits a regular series expansion,
with the value of G arbitrary at A =1 or GG has a linear divergence at A = 1 such that

2
CaseV : A~T1, G~ g)\_l ) (5.25)

where A\ = (ﬁ — ?lo) and h is the location of A = 1. For this case, we change coordinates
to h = 260 and A = 2r. In these coordinates, the asymptotic metrics take the form

1

CaseV : ds® ~ L?r1z (ds%yg, + 16dr® + 16ds3r) . (5.26)

The asymptotic values of the dilaton and flux are given by

1 5 /63L8\ 5
T S by ~ — <2> T
26L2F2ri 4\ Iy

8This is easily seen by recalling that dsfmng = e¢/2ds2Einstein.

vl
@i

CaseV : e (5.27)
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This solution is singular as » — 0. However, we observe that the singularity is of the same
type as that which occurs for the AdSs solution given in (4.17) and (4.18). In the AdSs
case, the singularity was attributed to the presence of an O8-plane [20]. Since we observe
the same singularity structure, we interpret this solution as describing a fundamental string
ending on an O8-plane. The first type of behavior corresponds to a regular interior point
and yields the behavior given in figure 4.

The above analysis parallels nicely with the brane picture. We associate the case I
behavior with a string ending on a stack of D8-branes from the left, where we have used
k to define the orientation. The case III behavior can be associated with a fundamental
string ending on a stack of D8-branes from the right. The case V behavior contains two
disconnected solutions. For the first, we take h > hg with G > 0, this corresponds to
a string ending on an OS8-plane from the left and for the second we take h < hg with
G < 0, corresponding to a string ending on an O8-plane from the right. Given these
identifications, it is natural to identify the simple solution of section 5.1 with an infinite
string in the presence of a non-zero Roman’s mass. We note that each of the previous
solutions interpolates from a cap to the asymptotics of the simple solution. Since we
identify the cap (r = 0) with the presence of a D8-brane or O8-plane, the other end
(r — 00) is naturally identified with the free end of the string. The solution of 5.1 can then
be thought of as the far D8-brane limit of these solutions, i.e. a free string in the presence

of Roman’s mass.

5.3 Numerics

For each of the cases in the previous section, one can work out the series solution to any
finite order. However, we find the series expansion always breaks down for some finite
value of h. In order to understand the global structure of the solutions, we therefore solve
the differential equations numerically. To do so, we first find approximate series solutions
for each of the singular points, corresponding to cases I-V of the previous section. We use
these series solutions to generate initial data for A and G away from the singular points.
Finally, we use this initial data to numerically solve the pair of differential equations given
in (5.8).

For case I, the differential equations admit the series solution

o
A=a_re " +ag+aie +...= Z ane™
n=-—1
~ ~ 0 ~
G=gie + gpe®h + ... = Z gne™ (5.28)
n=1

where the coefficients a; and g; are constants and by a choice of coordinates we can set
a_1 = 1. The equations (5.8) can be written as

0=A(1 — A%)3;G + G(5A+ 1)9; A+ A(A2 — 144+ 1)G,
0=A(1—A)G +4A4 - 20; A, (5.29)
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Figure 1: Plot of A (left) and G (right) for case I. The solid line is the numerically
generated solution. The dot-dashed horizontal line is the constant solution of section 5.1.
The dashed line is the series solution (5.28) truncated at order n = 2.

where we have used 8.h = r and dropped an overall factor of x from the equations.
Plugging in the series expansion, one can recursively solve for all the remaining coeflicients
in terms of a_;. Since the differential equations are non-linear, it is difficult to obtain a
closed form expression for the recurrence relation. However, one can explicitly solve for
the coefficients to any given order. We have used MATHEMATICA to solve for the first
fifty coefficients, with the first few given by

a_1 = 1, apg = 15, a; = —12, as = 144,
g1 =6, go = —114 g3 = 2166 gq = —41250. (5.30)

Near h ~ —3, the series expansion exhibits rapid oscillations and appears to break down.
To obtain the behavior beyond this point, we solve the equations (5.29) numerically. We
use the series expansion to generate the initial data. Starting at hy = —15, we find from
the series solution that A(hg) = 3.27 x 105 and G(hg) = 1.84 x 1076, The result of this
numerical solution is shown in figure 1. We see a nice agreement between the numerical
solution and the series solution up to h ~ —3. Beyond that we see the numerical solution
smoothly interpolates to the constant A and G solution of section 5.1. We conclude that
case I, provides a smooth, weakly curved geometry.

The remaining cases proceed in a similar manner. For case III, there is a unique
numerical solution as in case I. For case V, two numerical solutions can be generated, one
from taking data to the right of the A = 1 point and the other by taking data from the
left. The results of cases I, III and V are shown together in figure 2. In all three cases, the
solutions asymptote to the constant A and G solution of section 5.1. Note that case III is
a reflected version of case I, while the left and right solutions of case V are reflections of
each other.

For case II, there is a one parameter family of solutions, which are shown in figure 3
for positive values of Gy and in figure 4 for negative values of Gg. Again, we observe that
the solution asymptotes to the constant A and G solution. Case IV is a reflected version
of case II. We note that cases II and IV are both singular and do not necessarily have a
brane interpretation.

—99 _



1074+ N

Figure 2: Plot of A (left) and G (right) versus h. The black solid (dashed) line corresponds
to case I (IIT) while the blue solid (dashed) line corresponds to the right (left) extension of
case V. The dot-dashed horizontal line is the constant solution of section 5.1.

Figure 3: Plot of A (left) and G (right) versus & for case II Gy = (0.1,0.2,0.3,0.6,5). The
dot-dashed horizontal line is the constant G solution of section 5.1.

100+

10¢

0.1¢

Figure 4: Plot of A (left) and G (right) versus h for case IT with Gy = (—0.2, —1, —2, —5).
The dot-dashed horizontal lines are the constant G solution of section 5.1.
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In all cases, we observe that the solutions asymptote to the constant A and G solution.
This is consistent with the brane interpretation of the previous section. Namely, the fact
that all the solutions asymptote to the constant A and G solution corresponds to the fact
that the fundamental strings are all semi-infinite.

5.4 Patching solutions with jumping Fj

In this section, we consider D8-brane domain walls, where the value of Fj jumps across
the D8-brane. The physical fields are required to be continuous across the D8-brane [40].
In particular, the metric and gauge potentials are required to be continuous functions. We

parameterize the jump with a real parameter A such that Fj = )\F(;F . Where F, )

]
the value of Fy on the left (right) side of the D8-branes. Assuming that p is continuous,
the expressions (5.9) for the f; are continuous if and only if A is continuous. For p, we
note that it is determined by the differential equation (5.6) and we may always choose the
integration constant so that p is continuous. The expression for the dilaton in (5.10) is
continuous if and only if we assume G jumps across the domain wall so that G— = A\G™.

At first sight, it seems that B cannot be made continuous across the interface. However,
this is due to our choice of gauge for the B field. We first introduce a constant parameter by
and make the gauge transformation given by sending Ba — Ba— (b1 /Fy)é®t and Fy — b1é°t.
This amounts to introducing F» and taking

bo = egfp(Al/erAl/?) ol Ag) (5.31)
7 4R |k 4 Fo '

Note that C3 does not transform since A; A F» = 0. Working in the h and k coordinates,
we consider inserting the D8-brane at some value of h, which we denote by hi. In order to
obtain a solution with a continuous By and F, we take

_39¢

e 1. p -1/2 1/2
= — (A A
b 4 k| < + )

(5.32)

h=h;
We note that the presence of the D8-brane selects a particular gauge for Bs, for which the
fields are continuous.

An example for a type II solution with Gy = 1 is show in figure 5. We have chosen
A > 0 so that the value of Fj is the same on either side of the D8-brane. We see that the
solution always interpolates to the constant solution for any value of the jump. This just
means that we are gluing together two type II solutions. In figure 6, we consider the same
initial function but now take negative values for A. Note that since both G and Fy are
negative after the jump, their product and more specifically, the sign of p, are positive. If
p had flipped signs across the jump, it would be discontinuous. In this case, we again find
that we are gluing together two type II solutions, now one with positive G and one with
negative G. In this case, the geometry does not approach the asymptotically flat solution
of section 5.1, but rather at each end the geometry caps off as the asymptotic type 11
solution of (5.22).

In general, one could also start with the type I solution or right type V solution and
introduce a jump. We encounter similar behavior with positive values of A\ yielding a
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Figure 5: Plot of A (left) and G (right) versus h. The black line is a type II solution
with Go = 1. We take Fj to jump at h = 0 with jump coefficient A = (0.1,0,5,5,10). The
dot-dashed horizontal lines are the constant G solution of section 5.1.
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Figure 6: Plot of A (left) and G (right) versus h. The black line is a type II solution with
Go = 1. We take Fyy to jump at A = 0 with jump coefficient A = (—=0.1,-0.2,-0.5,—1).
The dot-dashed horizontal lines are the constant G solution of section 5.1.

geometry which asymptotes to the constant solution and negative values of A resulting in a
type II cap. The type III, IV and left V geometries yield reflected versions of the previous
cases.

One may wonder whether we can construct solutions which interpolate from the smooth
cap of the type I solution to the smooth cap of the type I1II solution or to the O8-caps of the
type V solutions. Unfortunately, this does not seem possible. One necessary requirement
to patch together two different solutions is for their A values to overlap at some point.
Examining figure 2, we observe that the type I, III and V solutions are disconnected, with
their A values never overlapping. Thus there are no solutions which yield geometries of
the form AdSs x Mg with Mg compact.

5.5 The case Fy =0

It turns out there are no solutions with Fy = 0. To see this we first take the Fy — 0
limit of the BPS equations of section 3.3. As discussed at the end of the section, we send
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bop — bo — b1/ Fy and then take Fy = 0. We solve (3.21) to obtain expressions for by and b,:

b ———25*¢“;;;figgf@c —3cy+3c3), b _3e” (2¢1 — 3¢ + 3c3) (5.33)
along with ¢3 = —co. The differential equations (3.23) can be reduced as before to yield

R = p/aB, b. = (2¢%2/p)d. In (a/8) and

0. In (a(B*)%y/p) = — }bie—¢/2e5¢/4&

8 f2 B*
9. In (B(a*)?\/p) :;;126_(]5/265(]5/4/;[3 . (5.34)

We eliminate 8 using the definition of k. Requiring b; to be constant, we can obtain alge-
braic expressions for 0,«a, 0,a*, 0,p and 0,¢. Upon plugging these expressions into (3.22),
we obtain an algebraic equation which over constrains the system. To exhibit this explicitly,
it is convenient to pick local coordinates so that x = K = 1/2. Then (3.22) yields

4p° + |af* = 0, (5.35)

which has no solutions other than p = a = 0.

6 Summary

We studied D(2,1;7;1) x SO(4) geometries in massive ITA supergravity and reduced the
BPS-equations to a two-dimensional system. This two-dimensional system has three points
of supersymmetry enhancement. Two of these lead to the AdSg solution of [19] which we
rederived as the only solution. The remaining point of supersymmetry enhancement leads
to novel solutions.

We found a solution describing a fundamental string in the Fy background (constant
A and G solution), a set of solutions corresponding to fundamental strings ending on D8-
branes (case I and III) and another set of novel solutions corresponding to fundamental
strings ending on an O8-plane (case V). We briefly discussed glueing solutions with different
values of Fy together using D8-brane domain walls. In all cases there seems to be no
decoupling limit, as the geometries contain asymptotically flat regions. Finally, we find
that there are no geometries of the form AdS, x Mg with Mg compact such that there are
no solutions corresponding to 1 + 0 dimensional CFTs.
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A Massive ITA supergravity

We follow the conventions of [36], with the following replacements ¢ — —¢/2, £ — e~ #/4,
GMNP — HMNP/27 FMNPQ — FMNPQ/2 and m — F(). The action is given by

1 1 e®/2 e ®
Srra :W/dmif\/jg(R - 5(@M<I>)(3Mq>) - KFMNPQFMNPQ — EHMNPHMNP

32/2 52/ 1
— OQTBMNBMN — F022) + 471%2 /leZE <d03 AN dC3 N\ By

+%F0 ng/\BQ/\Bg/\Bg—FQ—lOFg BQ/\BQ/\BQ/\BQ/\BQ) .
The field strengths are related to the gauge potentials by
H3; =dBs, Fy :ng—i—%Bg/\Bg, (A.1)
while Fy is step-wise constant. The field strengths satisfy the following Bianchi identities
dHs =0, dFy = Fy Ba A\ Hs. (A.2)

In ITA supergravity, the spinor satisfies the reality condition €* = Be, with B given in (B.5).
The BPS equations in Einstein frame are given by [36]°

5 1
oA = [(DM¢)FM + ZF0€%¢ + %e%(FMNPQFMNPQ)
3 1
- glu},e%gMNrMNrn - me—ﬁﬂMNprMNPrn]e =0, (A.3)
s
1 5 1 e4 20
| py L g der 1 ex 1. NPer _ 205 NpPQR
Snr [ M~ gotoet Ty + 50— NPor(I M 3 O )
36
Lo ed NP NP
R Bap(Ta NP — 1460 TP
32 2
1 e_%
UTICN Hypo(TyNF9 — 95MNFPQ)F11] €e=0.

In this formulation, one cannot explicitly take the massless limit, Fy — 0. However,
the massless ITA limit can be recovered by first making the gauge transformation By —
By — F0_1F2 with dFy = 0 and C3 — C3 — (2F0)*1A1 A F5. Note that F} is invariant under
these combined transformations. One can then take Fy — 0.

Massive ITA supergravity coupled to D8-branes and O8-planes was formulated in [41].
We denote their quantities with hats. In their notation, the BPS equations are given in

9Compared to [36], we have redefined A by a multiplicative factor of 21/2.

—97 —



string frame by

. 1
o\ = <FM(DM(;5) + 12I’IMNPFMNpFl1) €

1 3 1
+ Z€¢ <5G(0) + §G§\24)NFMNF11 —+ %Ggé)NPQFMNPQ> €,
. 1 .
6tar =(Dns + érllHMNPFNP)E
Lo [ A 1 @ P 1 ) NPQR
+ 53¢ (GO + GG Tl + o Gpgpl ™ 9T e (A)

where the fluxes G are given by
G(O):F07 G<2):dA1+FOB2a

. N N Fy - -

with A; a 1-form and Cj a 3-form and Fy is the Romans mass. To compare to (A.3),
> R ?tm’ngA: €¢/2d82Einstein’ and
substitute in for the G*®). We introduce Fy = dC3 + (Fo/2)Ba A By. After transforming

the above equations to Einstein frame, they can be mapped to (A.3) by the following field
10

we first go to Einstein frame, related to string frame by ds

1 0 '

. 1 . .
C3 =C3 + TFOAl NFy. (AG)

B Gamma matrix conventions

We choose a basis for the Clifford algebra which is well-adapted to the AdSs x S3 x 53 x 3y
space.

M=q"eLoLcl m=0,1

=97 @Lo(c'®h) i=2,3,4

=00 hL®y @ (0®® ) i=5,6,7
M=0®hLehoy" a=38,9, (B.1)

where a convenient basis for the lower Clifford algebras is as follows,

P =0l =~2 =40 B8 =03 ® ol
A= g2 =3 = b A9 = 3 @ o?
0'3:")/4:’)/7. <B2)

0Upon going to Einstein frame, the dilaton enters into the expression for 6'@M. To eliminate this
contribution, we introduce ¥ = e¢/21/1M — (FM/8)6¢/2/\ and \ = e?/2)\.
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The 10-dimensional chirality matrix in this basis is given by
[l — 0123456789 _ 3 o I o [, @ 0° @ o . (B.3)

The complex conjugation matrices in each subspace are defined by

(Y™)* = +B(1)’YmB(_§ (Bay)*Buy =+l By =o°
(V)" =-Bu'By  (Ba )* I, By =0’
(v)" =-Ba ' By (Bw)'Be=-L B =od
(v = +B(4)’YGB(_§ (B1))"Bay = +12 By = ol (B.4)

where in the last column we have also listed the form of these matrices in our particular
basis. The 10-dimensional complex conjugation matrix B is defined by (I')* = BrM¥pB-!
and BB* = 1, and in this basis is given by

B=B1)®Bg®Bs®c’®0° =000 00’ Q5° Q0. (B.5)

C Reduction of BPS equations to two dimensions

We introduce complex frames e* for the components along ¥, defined so that p, = ps —

0 p.
P = (p_%) . (C.1)

We begin by reducing the first BPS equation given in (3.5):

1pg and

0 = DyoTM + \5[}7 ebo/4 4 6¢/4FMNPQFMNPQ

<2f
F063¢/4BMNFMNF11

192\/5

e ¢/2HMNPFMNPF11> (C.2)
= Da¢(03 @I ® I ® 7(1) Z Xn1,m2.m3 &

1 2 0
<n1,773,773® 0 +<771,773,773® 1
71,712,713
= Z Xn,m2,m3 &

Dz¢ 2 0
o ms s © ( 0 > + 0% s ® <D ¢>]
71,712,713 z

Do A 0
- Z Xn1,m2.m3 @ T<100)03<ﬁ1,n3,n3 ® - + 7'(100)‘73%1,7737713 ® )
0 D.¢

1,712,713
(C.3)

16f

The first term is decomposed as

24[

DydTMe = D, opT%

where we have written the expression so that Xy, 1,1, is an overall coefficient. In the last
line, we have used the 7(¥%) notation introduced in section 3.1. Proceeding in a similar
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manner for each term and requiring (C.2) to hold independently for each Xy, y,.n, yields
two equations

) .
0= f Dugr1 o’ C + == Foe™i¢ + =5 \/5 (il + hoo®( — g:0'()
3 bo ) 1 _.5D,b a
. F083¢/4 <03C + Z1917_(1()0)0.3C ¢/2 (100 C
8\/§ It 4\@ ft
0= 2[ 2¢7_(100 3C + 8\5/5 5¢/4C N 8\/» ¢/4( ihl’f (100) <+ hEUQC —gzUlo
3 b A 1 Dzb
SN L <—fga3§+zblr(1°° a3g> vt e (C.4)
1 1

Next we use the type IIA reality condition ¢* = ioa( to eliminate ¢ from the above two
equations. After doing so, we find that the equations are complex conjugates of each other,
thus it is sufficient to keep only one. As a result, (C.2) is equivalent to the single equation

5 1
0= L pr(100) 3¢ 0 P 50/4;52¢ _ /41y r(100) 20 4y + g0
2x/7 D.¢t ¢ 35 0e’? %o C 8\/56 (hat ¢ o’ C* + g.o'C)
3 bo 1 .D.bo
i Fre30/4 ( 1(+zb ~(100) 1C> o—0/222%0 (100)C ‘ c5
8v2 " 1 w2° P (©5)

We proceed in a similar manner for the second equation of (3.5). Note in general that
this equation is differential in the spinor parameter €. First we consider when the index M
is along the symmetric spaces. In this case, the equation reduces to an algebraic equation
in e. This is achieved by making use of the Killing spinor equations for the X, 7.1

= (é"mﬁu - %7771 ®I® I2> Xn1,m2,m3
0= (éf@ — Z*IQ @7 I2> Xn1,m2,m3 >
0= (ég@u — Z?IQ RIL® ’YE) Xn1,m2.m3 (C.6)

and noting that ¢ and g: only depend on ¥5. We use the relation between ¢ and f to rewrite
the equations in terms of (. The result is a reduction to a system of three equations, one
for each symmetric space,

0= — L 60 Ly g 000,10 F065¢/4<
2f1 2
3 e?/4 5 1 e3¢/t b
o e * x .9 (100) = . 3_(100) o o3
+ 6 2 (thC + g,0°C z3h17' C) 16F0 5 [zbla T ¢ — f1 C]
3e%/2 Db
~(100),
8 2 7 . (C.7)
0= 2f —01 7(030) ¢+ D In for (100) ol¢r — F e5¢’/4C
2
3 %/4 1 e3¢/4 Ty
o e L (100) 306 9, .x) L 0 3 (100)
+ 6 2 (zth ¢+ g.,0°C z3th > 16F0 5 [fl C+iby a3 C]
le —9/2 D b(_)
+(100),
S A (C3)
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_ L (003) } (100) 1 0% i 5¢/4
0 2f3027 ¢+ 2Dz In f37 o ¢ 32Foe ¢

3 e?/4 5 1 e/ p
o er o (100) R R p R 0 3 (100)
+16 5 <zh17 C+1ih.C 3gza(> T [fl C—i—zbaT ¢
1e %2 D.b g
32 7 =20 7 (100)j 52 0% (C.9)
1

Finally, we reduce (3.5) for the components along 5. In this case, the equations remain
differential in € and are given by

1 3 e/t 8 8 1e=#/2 D.j,
=D, -D,(1 == |iZh,otr(100) i~ g, 02 (100) 0,3
0 C 9 (np)(—i—lﬁ 5 |:23h0'7' <+2390_7— C 2 5 fl
(C.10)
= 16 6 2 |'3 39z
10 1 e3/* by 1e=%/2 D_b,
S o' |+ 2 (100)j52¢* — 7o ?(* o? C.11
+ig 10C}+802 [f1 ioC 102%¢ 1T C. (C.11)

D The general case

3

In the case when by or h; no longer vanish, 73%¢3 no longer commutes with the BPS

equations. It is still useful to decompose the BPS equations in terms of eigenstates of

7(300) 53 We denote the two eigenstates by £+. The equations then reduce to

0 :ﬁDzGﬁUgfi + ﬁFOGM)MZU%i - 8\756(]5/4(1%02@} +9.0'EL)
3 bo 1 _,D.bg
40 Rt e 6/2
8\/5 € fl U g:l: 4\/56 éi

3 36/4..
— W€¢/4h10—2£:‘: + 87\/§F0€5¢/47,b10' g:': . (Dl)
The gravitino equation reduces to the algebraic equations
(£1) 53 56,/4 3 e?/t
0=—"7770%+ SD-Mn fio! si—g Foe®/ e + 2o (ih=€L + g:0°€%)
7 e 3¢~?2D,b 5 e?/4 1 et
+ 1—6Fo 5 f;) ot 3 f1 Cio?€ — % 2 ihi&s — 76505 i,
0= 2016 + 5D.n foo'6L — o Foe™®les + = (gt i el
2/ 32 16 2
1 e39/4 b 1e9/2 Dby . . 3 e?/4 1 3¢/4.
1600 2 f? 75 f%owz T RS TR U
0=—-— szl — F —— | th,£L — =g,
2f302fi + n fso &L ~ gpte §+ + 6 2 \' & 3920 €1
1 &3/ Le=®2 Dby . 3 ed/4 1 e
~ 16 09— fl o? + s 2 2 fl 2§i+ 16 2 ——thi§g — 6F0 5 ZblUS&F’
(D.2)
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and the differential equations

2 2

1 3 e/t 18 8 1e=%/2 D.p
0 szi_ﬁD (lnp)£i+ﬁT 3hz0'1£i+13950'2§i:| 12003 L,

1 3 e/t [ 2 2
:Dg *Dgl - F 5¢/4 1 '*hg 1 ) — z 2
0 &+ (Inp)és 1gLoe & e 0§i+2390§i
) 1e %2 Dsby
F 2 3

g RS Ty e T
5 e®/4 7 e

+§72 zhla 5 éF[) bio 51 (D3)

E Decoupling the BPS equations

In this appendix we further reduce the BPS equations (3.9), (3.10) and (3.11). We obtain
algebraic expressions for the metric factors f;. We obtain an algebraic expression for by
and show that no further constraints arise from differentiating this expression. This allows
us to treat by and D,by as independent variables, since the BPS equations will enforce
the differential relation among them. We find it convenient to introduce the notation
b, = D,by/ f12 and treat by and b, as independent. Finally we derive an algebraic constraint
relating the ¢;. The net result is the reduction of (3.9) and (3.10) to the expressions for
the metric factors (E.3), the four algebraic equations (E.5), (E.8), (E.10) and (E.11) and
a differential equation for the dilaton.

To solve for the metric factors, we first use (3.11) to compute the following derivatives
of spinor bilinears

3e” /Db0£T3

e?/4
DL(El) =1 Foc®?/Heloe fT[mzs* e +igsel | + 1

/
D.(€l0%€) =1 Foe™l et — 24[ ho£lo¢ + ig. 5*5}

i e39/4 bo 4 ie” /DboJrl
+§F02f§§42f5§,
f ey 1 |59/ e 3 1 /b0t3
Dz(faf)— gre — 87 th§§—§9z505 +§ 5 fg 3
ie ¢/2Dzb0T2

To obtain equations involving only the metric factors, we multiply the three equations
given in (3.10) respectively by &ol, —i¢lo® and ¢'. Combining the resulting equations
with the above equations yields

DZ({%) :Dz(ln fl)gf* )
D.('0%¢) =D.(In f2)¢0%¢ |
D.(¢'0'¢) =D.(In f3)¢To'e. (E.2)
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These equations are integrated to give
12! V2 V3
hi=—¢le, fa= =gl fs=—¢lo'e, (E.3)
Cc1 C2 c3

where the ¢; are real constants. The factors of v; have been introduced for convenience.

We now move on to solving algebraically for by. We start by combining the first
equation of (3.10) with three-halves of the second and third equations. Multiplying the
resulting equation by ¢7o? gives

3 v 3v e3P b
- te o 2 72 ¢t 2 3 ol F 5¢/4¢t 43 F 0 ¢t E.A4
op et ap et Gpptlote - gRe e RSl 1)
Using the above expressions for the metric factors, we solve this equation for b
855 -3 3 3
b @/4 9 2 F 5¢/4¢F 3 E.
0= R’ 20 g2 gt gl et (E:5)

Next we show that the derivative of by is automatically reproduced by the BPS equa-
tions. To do so, we first differentiate the above expression

8 3 3
Dobo — D(T 73¢>/4) 242 1 50/agt 3
=g e S0 g2t e+ S Foe”EloTE

§he
+ ge 3¢/4p, <e5¢/4§TU3§) . (E.6)
Next we show that the BPS equations imply this equation is automatic. We first use (3.9)
and (3.11) to compute
D, (e5¢/4£Ta3§> _30/4 D;Qbofo — Fpe bo 5750157
1
D, (£fge™34) =Fye?/2etole . (E.7)

Using these expressions to eliminate D, (e5¢/ detode ) and D, (& T§€*3¢/ 4), as well as the first
equation of (E.1) and the expression (E.5) for by, we find that (E.6) is automatic. As a
result, we may introduce b, as b, = D,by/ f12 and treat b, and by as independent variables.
The BPS equations will correctly enforce the relation between the two variables.

In total the system of equations (3.9) and (3.10) provides 7 algebraic equations and one
equation differential in ¢. Three of these equations are used to solve for the metric factors
and a fourth equation gives by. We exhibit the remaining three equations as follows. We
first obtain a simple equation relating g, and h,. To do so, we first take the difference of
the second and third equations appearing in (3.10) and multiply the resulting expression
by £fo® to obtain

0=2(ca+c3)+ e?g.eter — et h etoder . (E.8)

Next, we use the BPS equations to obtain an algebraic constraint amongst the ¢;. To
do so, we multiply the first equation of (3.10) by ¢T03 and use (E.5) to eliminate by

_ 13 n sesagt, 3 oo/ (gt 3
0= ger+ o R/ 1glob 4 > o9/ (g.616" + inuglo’c”)
+ 1g (201 = 3c2 + 3c3) + E(f<f>/2z)zghflg* : (E.9)
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Taking (3.9), multiplying by ¢fo! and using (E.5) to eliminate by gives

1 3 6/4
0=— ZF065¢/4§T 0%€ + 7 (201 — 3oz +3c5) — % <gZ§T £ 4 ihnga?’g*)
)2
¢ —hugller. (E.10)

Adding 4/3 of the first equation to the second equation then gives
c1 —2co+2c3=0. (Ell)

Finally, we take (E.10) for the last algebraic equation. This constraint is similar to the one
encountered in [26] for M-theory, where the values of ¢; controlled the D(2,1;~;1) group
parameter 7.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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