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1 Introduction
The following theorem was proved in [1] (1912) by Hardy and Littlewood (see also [2],
Theorem 1.1.2).

Theorem A Suppose that a function x(t) is defined for t > 0 and its second derivative x” (t)
exists for t > 0. Let f(t) and g(t) be positive functions (both decreasing or both increasing).
Then (as t — +00) the following statements hold:

1. Ifx(t) = O(f (£)), &' (£) = O(g(t)), then
x(8) = O(Vf(O)g(®).

2. Ifx(t) = o(f (1)), 2" (£) = O(g(t)), then
x(8) = o(V/f(£)g(2)).

3. Ifx(t) = O(f (1)), ' (t) = 0(g(t)), then
« () = o(Vf (£)g(®)).

This theorem had a great impact on formation of the whole field of problems connected
with inequalities between derivatives. To confirm this, it is sufficient to note that funda-
mental possibility of inequalities for upper bounds of derivatives of functions defined on
the whole real line or half-line can be easily derived from this theorem (see [2], p.18).

In 1928 Mordell [3] (see also [2], Theorem 1.4.1) proved the following refinement of

Theorem A for non-increasing functions.
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Theorem B Let f(t) and g(t) be positive non-increasing on the half-line R, functions. If a
function x(t) is defined on the half-line R, and for all t > 0 there exists x"(t) such that

)] <f@),  |&"@®)|<g®),
then forall t >0
%' (6)] < 2v/f ()8 ().

Let I be a finite interval, the whole real line R, or a positive half-line R, . Denote by C"(I)
(m € Z,) the set of all m-times continuously differentiable (continuous in the case m = 0)
functions x : I — R; by Lo (/) we denote the space of all measurable functions x: [ — R
with finite norms

[[%]| oo := €8S sup{ |x(t){ (te I}.

Suppose that X is C(I) or Ly (I),f € C(I) is a positive non-increasing function. For x € X,
set

7
f0)

llllxf 2= -
X

For positive functions f,g € C(I) and natural r, set

L (1) = {x € CUI) : Ixll cyr < 00,477 € ACioe,

) “qu),g < oo},

W ()= {x e L] (1) : |« lioie =1}

In the case when f =1 and g =1, we write L, (/) instead of L},g(l).
Using above notations, the result of Theorem B can be rewritten in the following way:

1 1
”x/”a&),\/g = 2||x||é(R+>f||x//||L2m(1R+),g' @

In the case when f(£) =1 and g(¢) = 1, from (1) one can obtain Landau’s inequality [4]
established in 1913:

1 1
”x/”c(nm = 2”x”é(R+) Hx”HLZOO(RQ' (2)

Similar to (2), sharp inequalities for functions defined on the whole real line are also, in
fact, contained in [4] (see [2], Section 1.2).

Later inequalities of type (2) for functions defined on R and R, were generalized in many
directions by many mathematicians. One of the brightest and the most important results
in the whole field is Kolmogorov’s inequality [5—7] for functions defined on the real line R.
After this result inequalities of type (2) are called Kolmogorov type inequalities. In articles
[8-13] and monographs [2, 14], one can find a detailed overview of classical results about
sharp inequalities for derivatives and further references. Articles [15] and [16] are devoted
to inequalities between derivatives on classes with non-constant restrictions on the higher
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derivatives; in [17] and [18] inequalities for derivatives on classes of functions defined on a
finite interval are considered; in [19] discrete analogues of inequalities are considered; in
[20] and [21] one can find results connected to inequalities for fractional derivatives and
further references.

We discuss some of the results for functions defined on the half-line in a more detailed
way.

Let 7T,(¢) := cos rarccost, t € [-1,1], be Chebyshev polynomials of the first kind. Matorin
in 1955 proved the following theorem (see [22]).

Theorem C Letk,r € N, k <r. For arbitrary functionx € L, . (R,), the following inequal-
ity holds:

()
k

1-k k
o 1%]l0c ”x(r) r
[T (D]

[+l = S

3)

In the cases r = 2 and r = 3, the inequality above is sharp.

For r > 3, inequality (3) is not sharp. Sharp inequality that estimates [x®|c,) using
Ilxllcr,) and ||x(r)||LOO(R+) for functions x € L (R,) was received by Schoenberg and
Cavaretta (see [23, 24]) in 1970 (see also [2], Section 3.3).

The function

w(8) = a)(Dk,S) = sup ||x(k) ||C(1), §=>0, (4)

xeWF (D)%l e <

is called modulus of continuity of kth order differentiation operator on the class Wf”g(l )
(k=1,2,...,r—1), where, as before, I denotes a finite interval, the whole real line R, or a
positive half-line R,.

Note that in the case r = 2 Theorem B gives an estimate for the modulus of continuity
w(DY,8) < 283,58 > 0.

The result by Schoenberg and Cavaretta gives a sharp Kolmogorov type inequality for
arbitrary orders of derivatives k < r. The exact constant C(k, r) in this inequality is given
implicitly in terms of a limit of a perfect splines sequence. In the case when f = g =1, the
sharp Kolmogorov type inequality is equivalent to the equality (D, §) = C(k, r)él‘é ,8>0.
So we can think that in the case of constant f and g this result gives the value of (D, §)
for all § > 0 (although rather implicitly). Theorem C gives w(DX,8), § > 0 for r < 3 (with
explicit constant).

Information about the connection between modulus of continuity of differentiation op-
erator and Kolmogorov type inequalities and further references can be found in [2], Sec-
tion 7 and Chapter 7.

The aim of this article is to study the function w(D,$) for arbitrary k,r € N, k < r and
non-increasing continuous positive functions f and g.

The article is organized in the following way. In Section 2 some auxiliary statements and
in Section 3 main statements are given. Sections 4 and 5 are devoted to proofs.

2 Auxiliary results
Let a positive function g € C[a, b] be given. A function G € C"™[a, b] is called a perfect
g-spline of order r with knots a < t; < - - - < ¢, < b if the following conditions hold:
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(a) the derivative G exists for all £ € (¢, 141), i = 0,1,..., 1, where ¢y := a and £,,1 := b;
. (r) . ,
(b) there exists € € {1, -1} such that Gg(t()t) =c¢-(-1)forte(t;,ty),i=0,1,...,n

Denote by F;,g[O, a] the set of all perfect g-splines G defined on [0, ] of order r with not

more than # knots.
Below f and g will denote continuous positive non-increasing on [0, co) functions.
The next theorem proves existence and some properties of the perfect g-spline G, 1, €
F;yg[O,a] that least deviates from zero in || - || cjo,41; NOrm.

Theorem 1 Let numbersa>0,r €N, n € Z, be given. Then there exists a perfect g-spline
Grufa €1,,00,a] that has n + r + 1 oscillation points, i.e., such that there exist n +r +1

points 0 <t <ty <+ <ty = a such that
Gr,n,f’a(ti) = (_l)HrJrl”Gr,n,f,a”C[O,a],f f(tl); i= 17 2)~~rn +r+1 (5)

Fora>0,set ¢,u5(a) := |G nfallcloas Then ¢, .r(a) is a continuous and non-decreasing
function of a € (0, 00).

Remark We do not prove the uniqueness of the spline G, .1, € Ffl,g[O,a] satisfying (5).
However, from arguments similar to the ones used in the proof of Theorem 2, it follows
that if two splines G;, G, € Fzyg[O,u] satisfy (5), then G(lk)(O) = G(Zk)(O) forallk=1,...,r-1.

The role of perfect g-splines becomes clearer due to the following theorem.

Theorem 2 Letr € N, n € Z, and § > 0 be such that ¢,,s(a) = § for some a > 0. Then, for
k=12,...,r-1,
k (k)
w(D ’8) = ”Gr,n,f,a ”C[O,u]'
3 Main results
If f(t) =1 and g(¢t) = 1, then ¢,,,/(00) := lim,_, 00 @y ur(@) =00 forall e N, n € Z,. In
the case when f, g are arbitrary positive non-increasing continuous functions, this is not

always true.
Set gi(t) := fotgk,l(s) ds, k=1,2,...,r, where g; := g. The following theorem holds.

Theorem 3 Let numbers n € Z, and r € N be given. ¢,.,r(00) < 0o if and only if the fol-
lowing conditions hold:

Ay ::/ g(t)dt < oo,
0

oo [ k-1 ( l)k—s—lA (6)
A= S TSkl (R (f) |dE< oo, k=1,...,r—1
k /0 [; (k—s—1)! + 1 e ):| oo R "

and

1 (—1)"—s-1 e
120 S + (g @)l
sup < 00. (7)
te[0,00) f(©®




Babenko and Kovalenko Journal of Inequalities and Applications (2015) 2015:295 Page 5 of 16

Remark From Theorem 3 it follows that for all € N, n € Z,, ¢,,,s(00) < o0 if and only if

@r0,(00) < 00.

In the case when conditions (6) hold, set

Pi(t) := 3 ﬂtk*‘l ), k=12 8)
k '_Z(k—s—l)! + gi (L), =1,2,...,7.
s=0

The functions Py have the following properties. Py is kth primitive of the function g, which
does not change sign on [0, 00) (positive for even k and negative for odd k), k =1,2,...,r;
P =Py, k=2,...,1; Pk(0) = (1) Ar_1, k=1,...,7.

If ,,0,,(00) = 00, then, in virtue of Theorems 1and 3, forallr € N, n € Z, and § > 0, there
exists a number 8, ,, = §,,,(6) > 0 such that [|G,. .1, | clo,5,,.15 = 8 (if such number 6., is not
unique, we can take the minimal value). In this case, for all § > 0, the function w(DX, ) is

characterized by the following theorem.

Theorem 4 Let r € N and ¢, (00) = co. Then, for all § >0 and k =1,2,...,r -1,
k : (k)
olDh9) = im [, O).

Information about the function w(DX, §) in the case when ¢, f(00) < 0 is given by the

following theorem.

Theorem 5 Letr € N, n € Z, and ¢,,0(00) < 0c. Then, forall k=1,2,...,r -1,
k . ®)
(D', @1y (09)) = lim |G, (0)]-

In the case when ¢, r(00) < 00, information about asymptotic behavior of the function
@rnys(00) as n — oo and fixed r is given by the following theorem.

f@)

=00 |Pp(2)]

Theorem 6 Letr € Nand ¢, 5(00) < 00.1imy,_. o0 ¢r,1,r(00) > 0 ifand only if lim
00, where the function P,(t) is defined in (8).

<

4 Proofs of the auxiliary results

4.1 Proof of Theorem 1

Proof of existence and uniqueness of the perfect g-spline G, 1, uses ideas that were used
to prove Theorem 3.3.1 in monograph [2].

In the space R/*! consider the sphere §” with radius a, i.e.,
n+l
S"=1E=(Enby bn): Y lEil=ay.
i=1
For each & € §”, consider the partition of the segment [0, 4] by points

n+l

£:=0, &l l&l+l&lL ., Y &L Y lEl=a
i=1 i=1
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Set I := (Zf:ol &1, Zf:o |&1), k=1,2,...,n+1.For each of the partitions, consider the func-
tion

Gg(t): 1)'/ (t- )" (u) du,

where gf () = g(¢) sgn &, on each segment [y, k=1,2,...,n +1.

Then we have (G“) "= = g¢ and hence G is a g-spline with knots at the points of partition.
Let Q,W @) = Z"”_ {(E)t' bethe polynomlal onwhichinfq,,, , |G = Quir1llcloa,s over
all polynomials of degree less than or equal to # + r — 1 is attained. Consider the mapping
¢:8" > R", ¢p(&) :=(a,(&),...,an,1(£)). From the definition of ¢ and properties of poly-
nomials of the best approximation, it follows that ¢ is continuous and odd. Hence from

Borsuk’s theorem it follows that there exists & € S” such that ¢(&j) = 0. This means that

0.0
n+r-1

the polynomial Q has order less than or equal to r — 1. Therefore, for the function

Grufai=Geg — Q** |, we have G = gz, Due to the generalization of Chebyshev’s the-

rnf,a
orem about oscillation (see, for example, [25,26], Chapter 9, Section 5) G, s, hasn+r+1
oscillation points 0 <t <ty < -+ < ty4rs1 < a and hence at least n + r sign changes. Thus,

in view of Rolle’s theorem, G) . has at least  sign changes (and hence exactly # sign

rn,l,a
changes due to construction). T];us means that G, is a perfect g-spline with exactly #
nodes, in particular, G,,1,, € I';, [0, a].

Let us prove that £,,,,1 = a. Assume the converse Since f is non-increasing, we get that

»nfa N1as 1+ 1 sign changes and hence Gr nf.a has 7 +1 sign changes. However, this is
impossible. Multiplying, if needed, the function G,.,,r,, by —1, we get a perfect g-spline for
which equalities (5) hold.

The fact that for fixed » € Nand # € Z, the function ¢, is non-decreasing follows from
its definition. The continuity of the function ¢;,,, s follows from the continuity of functions

f and g. The theorem is proved.

4.2 Proof of Theorem 2
We need the following lemma.

Lemmal LetreN,ne€Z,,a>0andx €Ly, [0,a] be given. Assume that a function x
has at least n + r sign changes, x") has not more than n sign changes and x is non-zero
almost everywhere. Then, for all s =0,1,...,r -1,

sgnx¥(0) = —sgnx**1(0). )

Remark Notation sgnx”(0) = -1 means that there exists & > 0 such that sgnx")(¢) = &1
almost everywhere in the interval (0, ¢).

From conditions of the lemma it follows that the function x*) has exactly # + r — s sign
changes, s = 0,1,...,7. Hence the function ¥ changes sign on each of its monotonicity
intervals, s =0,1,...,7 — 1. This implies that x29(0) #0,5=0,1,...,r—1, and that equalities
(9) hold. The lemma is proved.

Let us return to the proof of the theorem. Assume the converse, let a function x €
W7 (R,) be such that |lx|cjo,c0f < & and |l Bl cro.00) > IIGrnfallc[oﬂ). We can assume that

)] > |G, 0] (10)
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(if this is not true, then there exists a point t, > 0 such that |x®(¢,)| > ||G512 f,a”C[o,a)
and instead of x(¢) we can consider the function y(£) := x(¢ + £)); then y € \/Vf”g(RJr) and
7]l co,00) < 8; moreover, we can assume that [|x||co,00), < 8 and |4 || (0,00)¢ < L; other-
wise we can consider the function (1 — ¢)x instead of the function x with & > 0 so small that
inequality (10) remains true. Further, multiplying, if needed, functions x and G,.,.f,. by -1,

we can suppose that
x00)> G (0)>0. (11)

Set A(t) := x(t) — G,,uy,4(t). Note that in view of construction for g-splines G, r.(%),

functions A(t) and G, 1,,(¢) have not less than  + r sign changes (G, . 7,4(¢) has exactly n+r
(r)

rnf,a
the g-spline G,.,,4(¢), and hence not more than # sign changes. From assumptions above

sign changes); functions A" (¢) and G (£) can have sign changes only in the knots of
it follows that the function A" (¢) is non-zero almost everywhere. From Lemma 1 and (11)

we get
(-G r.a(0) > 0. 12)

Due to (12), (—1)’(G,,,,,fﬂ(t1) > 0, where ¢, is the first oscillation point of G, s4. This
means that (-1)A(t;) < 0. Since all sign changes of the function A are located inside the
interval (¢, a), we get (—1)¥A(0) < 0, and hence, in virtue of Lemma 1, we get A®(0) < 0.

But this contradicts (11). The theorem is proved.

5 Proofs of the main results

5.1 Proof of Theorem 3

We prove first that the statement of the theorem is true in the case # = 0. In the case n = 0,
we write ¢, r instead of ¢, and G, s, instead of G,.o . To prove the theorem, we need
the following lemma.

Lemma 2 Let conditions (6) hold. Suppose M > 0 and h,,(t) is the mth primitive of the
function g(t) on the interval [0, M] that has m zeroes (1 < m < r). Denote by a,, the first
zero of the function h,,(t). Then the following inequalities hold:

|mn(@)| < |Pu(t)|,  t € [0, 0]

and

|Pn(t) = Pu(0) + 1 (0)] < |(2)

» [0, Yml,
where vy, is the unique zero of the function P,,(t) — P,,(0) + h,,(0).

We will proceed using induction on m in order to prove the first inequality.

Let m = 1. Py(t) = —Ap + gi(¢). Since conditions (6) hold and P;(0) = —Ag, we have
P, (00) = 0. Since the function /1;(¢) = g1(¢) + C has one zero, C € (—Ay, 0]. This means that
|/11(2)] < |Py(2)| for all £ € [0, ar1].

Let the statement of the lemma hold in the case m = k < r —1. We will show that it holds
in the case m = k + 1 too.
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To be definite, assume that the number k + 1 is even. Then P;,1(0) > 0, and in view of
Lemma 1,

h1(0) > 0. (13)

Assume the converse, let a point £y € [0, ax,1) such that /g, () > Pri1(to) exist. Since
the function /,1(¢) has k + 1 zeroes, the function h,((lﬁl)(t) = g(t) does not have zeroes, we
have that the function /1, (¢) has k zeroes, and hence, in virtue of induction assumption
and Py, (¢) = Pi(t), we get that |/, (£)| < |Px(¢)| Vt € [0, B], where B is the first zero of the
function /(). Hence, due to (13) for all £ € [0, 8], the following inequality holds:

0> i () > Pi(t). (14)

In view of Rolle’s theorem, B > . This means that inequality (14) holds for all ¢ € [0, o ].
Since hk+1 (ak+l) =0< Pk+1(ak+1)y we have Pk+1(t0) _Pk+1 (ak+l) < hk+1 (tO) - hk+l(ak+l); on the
other hand, inequality (14) holds, and hence

Ukl Ok+1
Pearlto) - Pent(egar) = — / Pt dt > - / I, (6)dt

to Lo

= I (to) — Mg (@)

Contradiction. The first inequality is proved.

From Lemma 1 it follows that sgn /,,,(0) = sgn P,,(0). From the proved part of the lemma
it now follows that the function P,,(t) — P,,(0) + 4,,(0) has exactly one zero. The second
inequality in the statement of the lemma can be proved using arguments similar to the
ones used in the proof of the first inequality. The lemma is proved.

Let us return to the proof of the theorem in the case when n = 0.

Let conditions (6) and (7) hold. Set K := sup,.(o ) % Assume the converse, let
@, s(00) = 0o. This means that there exists M > 0 such that ¢, (M) > K,. Due to Lemma 2
the inequality |G, s,; ()| < |P(£)] holds on the interval [0,aM]. Moreover, |P,(2)| < K,f(t) <
@rf(M)f(t). Thus, on the interval [0,a], the inequality |Grrm(®)| < @rp(M)f(£) holds.
However, in this case G, (£) has not more than r oscillating points. Contradiction. Suf-
ficiency is proved.

Let now ¢, r(00) < co. This means that for all 2 > 0, ¢ € [0,a] we have |G, ,(f)] <
@rf(00)f(t) < @, f(00)f(0). Passing to the limit as @ — oo, we get existence of bounded
on [0,00) primitive Q, of order r of the function g(¢). Really, for each a > 0, we have
Grra(t) =g (t) + Z,:t cx(a)t*, where ¢y are real functions, k = 0,...,7 — 1, and g, is some
(fixed) primitive of order r of the function g. For a,¢ > 0, set R(a; t) := ;j, cx(@)tk. From
Markov’s inequality for polynomials we get that for k = 0,...,r — 1 there exists a constant
Ni independent of a such that

|ck(zz)| = |R(k)(a; 0)} < max |R(k)(a; t)| < Nj max |R(a; t)|
te(0,1] te(0,1]
< Nif max g, (0)] + ¢rs(c)f(0)|

Hence the functions c¢; are bounded, k = 0,...,r — 1. This means that there exists a se-
quence {a,}52,, lim,_, « a, = 00 such that all the sequences c(a,) have finite limits ¢, :=



Babenko and Kovalenko Journal of Inequalities and Applications (2015) 2015:295 Page 9 of 16

lim,_ oo ck(ay), k = 0,...,r — 1. For the function Q,(¢) := g(£) + Y__ cktk fixed t > 0 and

all natural # such that a, > t, we have

|Qr(t)| =

r-1 r-1 r-1
&)+ Y clant + Y at* = crlan)tt
k=0 k=0 k=0

-1
Z ok — clan)) "
k=0

< |g()+ ch an)t*
k=0

r-1

Z ok — cilan))t*

k=0

= |Grf,a,7 (t)|

Since # can be arbitrarily large and all the functions G, 1., 4 > 0 are bounded on [0, 4], by
an absolute constant ¢, s(00)f(0), we get that Q, is a bounded on [0, 00) primitive of order
r of the function g.

Since functions f(¢) and g(¢) are bounded, we get that all functions ng)(t), k=1,...,r-
1, are also bounded on [0, c0). Note that the only bounded on [0, 00) primitives of the
function g(¢) of order k € N are functions Pi(£) + Ci, where Ci € R, and only in the case
when corresponding conditions (6) hold. This means that conditions (6) hold. Necessity
of conditions (6) are proved.

Note that from arguments above it follows that the following lemma holds.

Lemma3 LetreN,r> 2 and ¢.f(c0) < 0o. Then |Gr}§4n( )| — Ax and(xﬁl — 00 when

M — 00, where o} is the first zero of the function Grrff/ll ,k=0,1,...,r=2.

We will prove that condition (7) also holds. If f(co) > 0, then condition (7) holds always

when conditions (6) hold. Below we will assume that
f(oo) =0. (15)

From Lemma 2 we get

oM
‘ / P(t)dt
0

> |G t(0) ~ Grpaa ()|

>

YM
[P0 -2+ 6y 0] )

where y, is zero of the function P,_;(t) - P,_1(0) + G, f, w(0).
In view of Lemma 3 (with k =7 -2, M — 00) we get

oM
/ P, 4(t) dt‘ —
0

hence

o0
/ P,_(t) dt‘ =A, —-P,_1(0) + G;,fM(O) — 0,
0

ym — 00 and

YM
[ 1020+ G )]t > A
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From Lemma 3 and equality (15) we get G, f,M(otffl) — 0 and hence

G m(0)] > Ay, M — oo (16)

We will show that ¢,,£(00) > sup,c(g ) ?’(—(tg) Assume the converse. Suppose that a point

to such that |P,(£o)| > ¢, s(00)f (£o) exists. We can choose & > 0 in such a way that
|P,(t0) — & sgn[P(0)]| > @rs(00)f (fo). (17)
In virtue of (16) and Lemma 2, we can choose M > 0 big enough, so that
’P,(t) —¢ sgn[P,(O)]| < |G,fM(t)| < |P,(t)| vVt e [0,v],

where y is zero of the function P,(t) — & sgn[P,(0)]. Since inequality (17) holds, we have
¥ > to, and hence |G, s(f0)| > ¢,r(00)f (to). Contradiction. Thus condition (7) is proved.
The theorem is proved in the case when n = 0.

Let n be an arbitrary natural number now.

We will prove that for all r,# € N, ¢,.,,s(00) < 00 if and only if ¢,.r(c0) < co.

It is clear that ¢, (M) > ¢, (M) for all M > 0, and hence @,s(c0) < co implies
Grng(00) < 0.

Assume that ¢, (00) < 0co. Denote by tfx[k the kth knot of the g-spline G, m(t), k =
L,2,...,n Set t)f := 0, £ . := M. Let 1 < k < n +1 be the smallest number of the knots
of the g-spline G,.,, s (t) for which the set {tﬁfk : M > 0} is unbounded. We can choose an
increasing sequence {M;}{°,, M; — oo as [ — oo such that tﬁ’ — t,s<00,s<k-1and
ty,ﬁ — 00 as [ — oo.

Denote by fo w(t) the primitive of order r of the function g that least deviates from

zero in norm || - ||cix k- Set

M) = [ Grin | cpcscomn -

tnk-1 o My M . ..
Then, for all [, |G, .fm, ”c[ty,f_l,tf,f]f > ¢, (t,x = t,x-1)- Passing to the limit as [ — oo,
we get goi}‘k’l (00) < @y,r(00) < 00. Note that from the case when # = 0 proved above, it

follows that for all K > 0, (pf}(oo) < oo if and only if ¢, r(00) < 0o. The theorem is proved.

Remark In the case when f = 1, for all natural 7, ¢,.r(00) < co implies ¢,_;(00) < 00. At
the same time not for all functions f, ¢,.r(00) < 0o implies ¢,_; r(00) < oo. In particular this
implies that for non-constant functions f,

sup ||x(
xeWL Ry llxll ey <8

k)
e
may be infinite for all § > 0.

Really, in the case when f = 1, condition (7) holds always when conditions (6) hold. If

g(t) = [—1 + (t + \/§)2]67 (t+\2/§)2




Babenko and Kovalenko Journal of Inequalities and Applications (2015) 2015:295 Page 11 of 16

and

(t++/3)?
2 )

ft)=e

then

(t+v3)?
2 )

Pi() =-[(t+V3)]e

(t+v/3)%
Pyt)y=e 7,

and condition (7) holds when r = 2 and does not hold when r = 1.

5.2 Proof of Theorem 4
To prove Theorem 4, it is sufficient to prove that for all § > O there exists a g-spline G, s =
G, 5(-.f,g) of order r defined on [0, co) with infinite number of knots y; (k=1,2,...),0 =
Yo <Y1 <+ <Yk <+, Yk — 00 (k — 00), with the following properties:
L |G, sllcio00)f = 8 and either G% =gor Gi’; = —g on the intervals (yx, y:1)
(k=0,1,2,...).
2. For all ¢ > 0, the sequences {Gil,(r)lf,a,,,, %o (k=0,1,...,r —1) (whose elements are
defined on [0, ¢] for big enough #) converge to Gikg uniformly on [0, c].
Really, from Theorem 2 it will follow that w(D*,8) = |G£]2(O)|, and from condition 2 it
will follow that

lim |G (0)] = [G3(0)].

{81} is @ non-decreasing sequence. Moreover, this sequence is unbounded because
otherwise we would get a perfect g-spline G with arbitrarily close oscillating points; this
is impossible because the functions G and G") (and hence G') are bounded.

Denote by t,x (k=1,...,n,n=1,2,...) the knots of the g-spline G, . 5,,,. We can choose
a sequence 1, (n; — 00 as s — 00) such that every sequence {Eng i} sk (k=1,2,...)hasa
(finite or infinite) limit. B

Let 0 <y <y < --- beall distinct finite limits of these sequences, ordered in an ascend-
ing way. The number of the nodes y; is infinite since from the statement of the theorem,
we have ¢, r(0c0) = oo forallm e N.

For all i € N and for all small enough ¢ > 0, there exists N = N(i, ¢) such that for every
n>N(,e¢), Gi‘r) Fibun =8 OT ngz,f,sr,n = —gonli(e) := (yi.1 + &, — €). In other words, for each
i € N starting with some #n = N(i, &), the restriction of the g-spline G, .y s,,, to the interval
I;(e) is a primitive of order r of g or —g. Since ¢ > 0 is arbitrary, on each interval (y,_1,;)
we get existence of point-wise limit lim,_.oc G,uss,, =: Grs; moreover, on the intervals
Wi Yis1)» G% =gor Ggr; =-g(i=1,2,...). Itisclear that |G, | c[o,c)f = 8. Using arguments
similar to the ones used to prove that lim,,_, « 3,,, = +00, we can prove that yx — oo (k —
00).

Let us fix some ¢ > 0. Starting with some #, all g-splines G,.,.1,s,,, are defined on [0, c].
From || G, 5., | cl0,.]f = § and the fact that f is non-increasing (and hence is bounded) it
follows that the sequence {G,,1,s,,, }7o is uniformly bounded on [0, c]; from |G£TZI o @) <
g(t) almost everywhere on [0,00) and the fact that g is non-increasing (and hence is
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bounded) it follows that sequences {Gy;z £ ine0rk =0,...,r—1,are uniformly bounded on
[0, ¢] and equicontinuous. The later implies uniform convergence on [0, c] of the sequence
Grnf,srn t0 Grr. The theorem is proved.

5.3 Proof of Theorem 5

Let n > 0. We can choose an increasing sequence {M;}p2,, My — o0 as k — oo in such a
way that all sequences tfx[f ,1<s<mn(asabove, tﬁ,ﬂk is the sth knot of the g-spline G, ,1,1,)
have limits (finite or infinite). Let t,; < - - - < £,,, be all distinct finite limits of these se-
quences in ascending order. Analogously to the proof of Theorem 4, we get uniform on
each segment [0,c], ¢ > 0 convergence of the sequence G, s, to the g-spline P, .7 )
with m knots (defined on the whole half-line) together with all derivatives up to the order
r — Linclusively. For brevity we will write P, instead of P, . r,(ar,}.

Let the function x(f) be such that

%1l c10,00),f < @rynf(00),

" (18)
”x § ”Lm(o,oo),g = L
We will show that foralls=1,2,...,r -1,
15 0.0y = 1Pions | o0 (19)

Assume the converse, let for some s, [[x9]c[o,00) > IIPSZ, rllcto.co)- Then there exists & > 0
such that || cfo,00) > (1 + €) IIPSZ,JIIC[O,OO). We can suppose that |x(0)| > (1 + s)|PS})q,f(0)|
(if this is not true, then there exists a point £, > 0 such that [x¥)(¢)| > ||(1 + S)Pfl f||c[0,oo)
and instead of the function x(¢) we can consider y(£) := x(t + £y). Moreover, since the func-
tions f and g are non-increasing, conditions (18) and (19) are not broken and uniform
norms of the function x and its derivatives do not increase). Moreover, we can assume
that

x9(0) > (1+2)P) (0)>0 (20)

(if this is not true, we can multiply x and (or) Py, . r by —1). Set Ar(£) := x(£) — (1 +&) Py 1,01, (£),
t € [0, My]. We can choose k so big that

x9(0)> (1 +2)PY) .\, (0) (21)
and
(1 + €)rnf (M) > @rnf(00). (22)
From Lemma 1 we get
(<1)* Py, (0) > 0. (23)

In view of (22) and (23) (-1)*Ax(0) < 0, and hence due to Lemma 1 we get A,(f)(O) <0.
However, this contradicts (21).

In virtue of property (19) proved above, the limit limy, ., oo |G§2 1My (0)| does not depend
on the choice of the sequence {M}7?;. This finishes the proof of the theorem.
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5.4 Proof of Theorem 6
We will need the following lemmas.

Lemma 4 Suppose that ¢, (00) < 00 and Q,, € L, (R,) is a g-spline of rth order de-
fined on half-line [0,00) withn € Z, knots 0 =: ty < t; < - - - < t,,. Then there exists € € {-1,1}
such that fors=1,2,...,r,

QY1) =ePO(t), t=>t,. (24)

We will prove the lemma using induction. In the case s = r, equality (24) holds. Let it be
true for s = k > 2. We will prove that it is true for s = k — 1 too. In view of the induction
assumption ny,),(t) = eng)(t), t > t,. Moreover, Qg{(,f 1)(oo) = Pﬁkil) (00) = 0. Then, for t > ¢,

o0 o0
—Q(rl; V(t) = / Qy;l(s) ds=¢ f Pﬁk) (s)ds = —ePﬁk’D(t).
t t

The lemma is proved.

piGk
Pr(t)

of the g-spline P, s tends to infinity as n — 0.

Lemma 5 Let ¢, r(00) < 00 and lim;_, = 00. Then the number of oscillation points

Let some # € N be fixed. Suppose that M > 0 is such that for all £ > M, % > ni(oo)'
Let the g-spline P, ,, s have k oscillating points 0 < a; < ay < --- < a;. Denote by 0 < b; <
by < - -+ < by all oscillation points of the g-spline G, s, where K is chosen so big that
sgn G, 1,k (bs) = sgn Py, r(by), s = 1,2,...,k, bi.1 > max{ay, M} and @,.,,r(K) > %(p,,nf(oo).
Choose ¢ > 0 so small that (1 - &)@, ,r(K) > %go,,,,f(oo).

Set A(t) := Ppuy(t) — (1 - €)G, sk (t). Then sgn A(a,) = sgn P, p(as), s = 1,2,..., k, since

’Pr,nf(ﬂs)| = (pr,nf(oo)f(ﬂs) > (1 - 8)(pr,nf(1<)f(as) > (1 - 8)|Gr,nf,1<(ﬂs)"

Hence the function A(z) has k — 1 sign changes on the interval [0, ax]. Moreover, for s =
k+1,...,n+r+1,

1Py (by)| < %(o@f(bs) <= )P (KI (b)) = (1= 8)| Gy (B)].
This means that sgn A(b;) = sgn G, (bs), s =k +1,...,n +r + 1. Hence the function A(t)
has n + r — k sign changes on the interval [by,1, 4], and hence at least # + r — 1 sign changes
on the whole interval [0, K]. This means that the function A" (¢) has at least # — 1 sign
changes, and hence the g-spline P, has at least # — 1 knots.

Let tX,s=1,...,n, be the knots of the g-spline G, s x. Note that forall s = 1,2,..., 7, the
g-spline G, . has at least s oscillating points on the interval [0, tﬁ,s]. Really, assume the
converse, suppose for some 1 < s < u that the g-spline G, s x has less than s oscillation
points on the interval [0, tffy ;). Then the g-spline G,,,, s x has more than 7+ r+1-s oscillation
points on the interval (£X, K], and hence more than 7+ r — s sign changes. This means that

the function G% FK has more than n —s sign changes on the interval (tfs, K]. However, this
is impossible.
This means that the limiting g-spline P, s has at least #—1 oscillation points. The lemma

is proved.
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Lemma 6 Foralls=1,2,...,r and all t > 0 (almost everywhere is the case when s = r), the

following inequality holds:
[P, 0] < [PP(@)]. (25)

We will prove the statement of the lemma using induction. In the case s = r, inequality
(25) holds with equality sign. Let inequality (25) hold with s = k > 2. We will prove that it
is true for s = k — 1.

Assume the converse. Let

T:={te[0,00): |p§f;})(t)| > [PED ()|} #0.

Denote by 0 < £ < - - - < ¢ all knots of the g-spline P,,, . Then, due to Lemma 4, T C [0, ;)
and

P77 @)] = [P @), (26)

Leta e T. Then

[P () - PE D (a)| =

7] 7]
fPﬁ")(t)dt‘:/ |PO@)|dt

17} t
> / \Pﬁ{‘,zf(t)|dtz / pﬁfgf(t)dt’
a a

= P8P ) - P D a)

’

this is impossible in virtue of (26), and the facts that sgnPﬁk_l)(tl) = sgnPﬁk_l)(a), function
|P(,k_1)| is non-increasing and a € T. Contradiction. Hence T = ¢ and the lemma is proved.
Let us return to the proof of the theorem.
Let

fw
Im o)

=:1c< 00, (27)

Then, in view of Theorem 3, ¢ > 0. We will show that ¢, ,r(c0) > % Vn. Assume the con-

verse, let a number 7y such that

1
(pr,nof(oo) < 2_C (28)

exist. Denote by 0 < #; < #; < - - < f all knots of P, . Then, due to Lemma 4, P;)no f(t) =
£P,(t), t > t. In virtue of (28) we have

@)
’Pr,no,f(t)| < %

forall £ > 0. f(oc0) = 0 since (27) holds. Then P, s(c0) = 0, and hence

Pr,nof(t) = ipr(t);
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t > tr. But then |P,(2)] < %, ie.,

which contradicts (27). Sufficiency is proved.

We will prove the necessity now. lim,_.cc ¢r,,r(00) = § > 0. Assume the converse, let

lim, | ‘ I{r((?)l = 00. Then there exists a number M > 0 such that for all £ > M the inequality
fO 1
|P:(2)] 8

holds; this is equivalent to

|P,(t)| < 8f (o).

In view of Lemma 6, for all #, the following inequality holds:

M M
P d p,_ dt. 29
[ 120l < [ e )

Choose 7 so big that

M
n-f(M) > / |P,1(0)| d. (30)
0

Choose m such that the g-spline P, ,, r(£) has at least n + 1 oscillation points (this is possible
due to Lemma 5). Denote by 0 < a; < ay < -+ < a,41 the first oscillation points of the
g-spline P, r(¢). Then, in virtue of (30), and by the facts that f is non-increasing function,
\/34 P = foM |P;,m,f(t)| dt and (29), we get thata,, > M. Thus a,,1 > a,, > M are oscillation
points of the g-spline P,.,,,s(t), and we get

|Pr,mf(an+l) - Pr,mf(dn)| = ¢r,mf(oo) : (f(anﬂ) +f(an))
> 8- (flan) +f(an)) > 8f (@)
> Pan| = [ |Peato) at.

On the other hand, in view of Lemma 6,

An+l
|Pr,mf(an+l) - Pr,mf(an)| = / |P;,«,m,f(t)| dt
a

n

< [ pa]a

< / |P,_1(2)| dt.

n

Contradiction. The theorem is proved.
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