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Abstract: Let V be a vertex operator algebra satisfying certain reductivity and finiteness
conditions such that Cy, the category of V-modules, is a modular tensor category. We
study open-closed field algebras over V equipped with nondegenerate invariant bilin-
ear forms for both open and closed sectors. We show that they give algebras over a
certain C-extension of the so-called Swiss-cheese partial dioperad, and we can obtain
Ishibashi states easily in such algebras. The Cardy condition can be formulated as an
additional condition on such open-closed field algebras in terms of the action of the mod-
ular transformation S : t —% on the space of intertwining operators of V. We then
derive a graphical representation of S in the modular tensor category Cy. This result
enables us to give a categorical formulation of the Cardy condition and the modular
invariance condition for 1-point correlation functions on the torus. Then we incorporate
these two conditions and the axioms of the open-closed field algebra over V equipped
with nondegenerate invariant bilinear forms into a tensor-categorical notion called the
Cardy Cy|Cygy-algebra. In the end, we give a categorical construction of the Cardy
Cy|Cygv-algebra in the Cardy case.
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0. Introduction

This work is a continuation of the works [HKo1-HKo03,Ko1,Ko2] and a part of an open-
string extension of a program on the closed conformal field theory via the theory of
vertex operator algebra. This program was initiated by I. Frenkel and largely developed
by Huang [H1]-[H11]. Zhu’s work [Z] is also very influential in this development.
Segal defined the (closed) conformal field theory [Sel] as a projective monoidal
functor from the category of finite ordered sets with morphisms being the conformal
equivalent classes of Riemann surfaces with parametrized boundaries to the category
of locally convex complete topological vector spaces. This definition is very difficult to
work with directly. Taking advantage of the theory of vertex operator algebra, Huang
suggested to first construct all necessary structures on a dense subspace of the relevant
complete topological vector space [H3], then complete it properly later [H5,H6]. This
idea guided us in all our previous works [HKo1-HKo3,Ko1,Ko2], in particular in our
formulation of the notion of algebra over the Swiss-cheese partial operad which catches
only some genus-zero information of the whole structure on the dense subspace. This
seemingly temporary structure on the dense subspace does not necessarily follow from
that on the complete topological vector space, thus has its own independent values and
is worthwhile to be formulated properly and extended to a theory of all genus. We will
call such a theory on the dense subspace a (closed) partial conformal field theory.
More precisely, a partial conformal field theory is a projective monoidal functor
F : RS — GV between two partial categories RS, GV in which the compositions of
morphisms are not always well-defined. RS is the category of finite ordered sets, and
Morrs(S1, S2) for any pair of such sets Si, 5> is the set of the conformal equivalent
classes of closed Riemann surfaces with |S| positively oriented punctures and local
coordinates and |S>| negatively oriented punctures and local coordinates [H3], and the
compositions of morphisms in RS are given by the sewing operations on oppositely
oriented punctures ([H3]), where the sewing operations are only partially defined. GV is
the category of graded vector spaces with finite dimensional homogeneous spaces and a
weak topology induced from the restricted dual spaces. For any pair of A, B € Ob(GV),

Morgy (A, B) is the set of continuous linear maps from A to B :=[], Gy B, where

the abelian group G p gives the grading on B. For any pair of morphisms A 5B

and B 5> Cin GV, using the projector P, : B — B, we define f o g(u) :=
ZneGB f(P,gm)),Vu € A, and f o g is well-defined only when the sum is absolutely
convergent for all u € A. We remark that by replacing the surfaces with parametrized
boundaries in Segal’s definition by the surfaces with oriented punctures and local coor-
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dinates in RS we have enlarged the morphism sets. Thus a Segal’s functor may not be
extendable to a functor on R.S.

The above definition can be easily extended to include open strings by adding Rie-
mann surfaces with (unparametrized!) boundaries and both oriented interior punctures
and punctures on the boundaries to RS. We will call this open-string extended theory
an open-closed partial conformal field theory. We denote the graded vector spaces asso-
ciated to interior punctures (closed strings at infinity) and boundary punctures (open
strings at infinity) by V,; and V,,, respectively.

The sets of all genus-zero closed surfaces (spheres) with an arbitrary number of pos-
itively and negatively oriented punctures form a structure of sphere partial dioperad K
(see the definition in Sect. 1.1). It includes as a substructure the sphere partial operad
[H3], which only includes spheres with a single negatively oriented puncture. The sphere
partial dioperad allows all sewing operations as long as the surfaces after sewing are
still genus-zero. Hence to construct genus-zero partial conformal field theory amounts
to construct projective K-algebras or algebras over a certain extension of K. In [HKo2],
we introduced the notion of a conformal full field algebra over V' ® VR equipped
with a nondegenerate invariant bilinear form, where VL and VR are two vertex operator
algebras of central charge ¢’ and c* respectively and satisfy certain finiteness and reduc-
tivity conditions. Theorem 2.7 in [Ko1] can be reformulated as follows: a conformal full
field algebra V,; over VL ® V& equipped with a nondegenerate invariant bilinear form

canonically gives on V; an algebra over Re" @ ReF , which is a partial dioperad extension
of K.

The sets of all genus-zero surfaces with one (unparametrized!) boundary compo-
nent (disks) and an arbitrary number of oriented boundary punctures form the so-called
disk partial dioperad denoted by DD (see the definition in Sect. 1.1). F restricted on D
induces a structure of algebra over a certain extension of D on V,,,. In [HKo1], Huang
and I introduced the notion of an open-string vertex operator algebra. We will show in
Sect. 1.3 that an open-string vertex operator algebra of central charge ¢ equipped with a
nondegenerate invariant bilinear form canonically gives an algebra over D¢, which is a
partial dioperad extension of D.

The sets of all genus-zero surfaces with only one (unparametrized!) boundary com-
ponent and arbitrary number of oriented interior punctures and boundary punctures form
the so-called Swiss-Cheese partial dioperad S (see the definition in Sect. 2.2). A typical
elements in S is depicted in Fig. 1, where boundary punctures are drawn as an infinitely
long strip (or an open string) and interior punctures are drawn as an infinitely long tube
(or a closed string). Let V be a vertex operator algebra of central charge c satisfying the
conditions in Theorem 0.1. We will show in Sect. 2.3 that an open-closed field algebra
over V, which contains an open-string vertex operator algebra V,,, and a conformal full
field algebra V,,, satisfying a V-invariant boundary condition [Ko2] and equipped with
nondegenerate invariant bilinear forms on both V,,, and V,;, canonically gives an algebra

over SC, which is an extension of S.

Note that all surfaces of any genus with an arbitrary number of boundary compo-
nents, interior punctures and boundary punctures can be obtained by applying sewing
operations to elements in S. Therefore, except for some compatibility conditions com-
ing from different decompositions of the same surfaces with higher genus, an algebra
over S if extendable uniquely determine the entire theory of all genus. In particular,
the famous Ishibashi states [I] can be obtained in an open-closed field algebra equipped
with nondegenerate invariant bilinear forms. An Ishibashi state is a coherent state i
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Fig. 1. A typical element in the Swiss-Cheese partial dioperad S

in V,; such that (LY (n) — LR(—n))y¥ = 0,Vn € Z. In physics, Ishibashi states are
obtained by solving the above equation. In Sect. 2.4, we show how to obtain Ishibashi
states constructively and geometrically from vacuum-like states in V.

Other surfaces which are not included in S only provide additional compatibility con-
ditions. In 2-d topological field theories, only three additional compatibility conditions
are needed to ensure the consistency of a theory of all genus [La,Mol,Se2,MSeg, AN,
LP]. The first compatibility condition says that both V,, and V,; are finite dimensional.
This guarantees the convergence of all higher genus correlation functions. The second
condition is the modular invariance condition for 1-point correlation functions on torus.
It is due to two different decompositions of the same torus as depicted in Fig. 2. This
condition is automatically satisfied in 2-d topological field theories, but nontrivial in
conformal field theories. The third condition is the famous Cardy condition which is
again due to two different decompositions of a single surface as shown in Fig. 3.

Fig. 2. Modular invariance condition for 1-pt correlation functions on torus

Fig. 3. Cardy condition




Cardy Condition for Open-Closed Field Algebras 29

Now we turn to the compatibility conditions in conformal field theory. In this case,
both V,; and V,,, in any nontrivial theory are infinite dimensional. We need to require the
convergence of all correlation functions of all genus. This is a highly nontrivial condition
and not easy to check for examples. So far the only known convergence results are in
genus-zero [H7] and genus-one theories [Z,DLM,Mil,Mi2,H9]. We recall a theorem
by Huang.

Theorem 0.1 ([H10,H11]). If (V, Y, 1, w) is a simple vertex operator algebra V satis-
fying the following conditions: 1. 'V is Ca-cofinite; 2. V, = 0 forn < 0, V() = C1,
V' is isomorphic to V as V-module; 3. all N-gradable weak V -modules are completely
reducible, then the direct sum of all inequivalent irreducible V -modules has a natural
structure of intertwining operator algebra [H4], and the category Cy of V-modules has
a structure of vertex tensor category [HLI [-[HL4, H2] and modular tensor category
[RT,T].

For the intertwining operator algebra given in Theorem 0.1, Huang also proved in
[H7,H9] that the products of intertwining operators and their g-traces have a certain nice
convergence and analytic extension properties. These properties are sufficient for the
construction of genus-zero and genus-one correlation functions in closed partial con-
formal field theory [HKo2,HKo3]. Since the modular tensor category Cy supports an
action of mapping class groups of all genus, it is reasonable to believe that the above
conditions on V are also sufficient to guarantee the convergence of correlation functions
of all genus.

Assumption 0.2. In this work, we fix a vertex operator algebra V with central charge c,
which is assumed to satisfy the conditions in Theorem 0.1 without further announcement.

Besides the convergence condition and the axioms of projective K-algebra, Sonoda
[So] argued on a physical level of rigor that it is sufficient to check the modular invari-
ance condition in Fig. 2 in order to have a consistent partial conformal field theory of all
genus. This modular invariance condition was studied in [HKo3]. In the framework of
conformal full field algebra over VL ® VX, it was formulated algebraically as a modular
invariance property of an intertwining operator of VX @ VR,

For an open-closed theory, besides the convergence condition, the axioms of algebra
over S¢ and the modular invariance condition, Lewellen [Le] argued on a physical level
of rigor that the only remaining compatibility condition one needs is the Cardy condi-
tion. The Cardy condition in an open-closed conformal field theory is more complicated
than that in topological theory and has never been fully written down by physicists. In
Sect. 3.1, we derive the Cardy condition from the axioms of open-closed partial confor-
mal field theory by writing out two sides of the Cardy condition in Figure 3 explicitly in
terms of the ingredients of an open-closed field algebra (see Definition 3.4). Using results
in [H9,H10], we can show that the Cardy condition can be reformulated as an invariance
condition of the modular transformation S : 7 +— —% on intertwining operators.

There are still more compatibility conditions which were not discussed in [So,Le].
One also need to prove a certain algebraic version of uniformization theorems (see
[H1,H3] for the genus-zero case). Such results for genus larger than 0 are still not avail-
able. But it seems that no additional assumption on V is needed. They should follow
automatically from the properties of the Virasoro algebra and intertwining operators.
This uniformization problem and convergence problems are not pursued further in this
work.
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In order to take advantage of some powerful tools, such as the graphic calculus in ten-
sor category, in the study of the modular invariance condition and the Cardy condition,
we would like to obtain categorical formulations of these conditions. It requires us to
know the action of the modular transformation S in Cy . Although the action of SL(2, Z)
in a modular tensor category is explicitly known [MSei3,V,Ly,Ki,BK2], its relation to
the modular transformation of the g-trace of the products of intertwining operators of
V is not completely clear. This relation was first suggested by 1. Frenkel and studied
by Moore and Seiberg in [MSei3] but only on a physical level of rigor. Using Huang’s
results on the modular tensor category [H10,H11], we derive a graphical representa-
tion of S in Cy. This result enables us to give categorical formulations of the modular
invariance condition and the Cardy condition. We incorporate them with the categorical
formulation of open-closed field algebra over V equipped with nondegenerate invariant
bilinear forms into a tensor-categorical notion called the Cardy Cy |Cygy-algebra. As
we discussed in previous paragraphs, it is reasonable to believe that open-closed partial
conformal field theories of all genus satisfying the V -invariant boundary condition [Ko2]
are classified by Cardy Cy |Cy gy -algebras. However, to construct the high-genus theo-
ries explicitly is still a hard open problem which is not pursued in this work. In the end,
we give an explicit construction of Cardy the Cy |Cygy-algebra in the so-called Cardy
case in the physics literature (see for example [FFRS]).

Note that this work is somewhat complementary to the works of Fjelstad, Fuchs,
Runkel, Schweigert [FS,FRS1-FRS4,FjFRS1,FjFRS2]. We will leave a detailed study
of the relationship between these two approaches to [KR].

The layout of this work is as follows: in Sect. 1, we introduce the notion of a sphere
partial dioperad and disk partial dioperad and study algebras over them; in Sect. 2, we
introduce the notions of the Swiss-cheese partial dioperad S and its C-extension S¢, and
show that an open-closed conformal field algebra over V equipped with nondegenerate
invariant bilinear forms canonically gives an algebra over S¢, and we also construct
Ishibashi states in such algebras; in Sect. 3, we give two formulations of the Cardy con-
dition; in Sect. 4, we derive a graphic representation of the modular transformation S;
in Sect. 5, we give the categorical formulations of the nondegenerate invariant bilinear
forms, the modular invariance condition and the Cardy condition. Then we introduce
the notion of the Cardy Cy |Cy gy -algebra and give a construction.

Convention of notations: N, Z, Z,, R, R,, C denote the set of natural numbers, inte-
gers, positive integers, real numbers, positive real numbers, complex numbers, respec-
tively. Let H = {z € C|Imz > 0} and H = {z € C|Imz < 0}. Let R, C and H be the
one point compactification of real line, complex plane and up-half plane (including the
R-boundary) respectively. Let R, and C* be the multiplication groups of positive real
and nonzero complex numbers respectively. The ground field is always chosen to be C.

Throughout this work, we choose a branch cut for logarithm as follows:

logz =log|z| +iArgz, 0 <Argz <2m. (0.1)

We define power functions of two different types of complex variables as follows:

Fi=etlrr =ttt Wy eR 0.2)

1. Partial Dioperads

In Sect. 1.1, we recall the definition of (partial) dioperad and algebra over it, and intro-

duce sphere partial dioperad K, disk partial dioperad ID and their extensions R ® KTR,
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D¢ as examples. In Sect. 1.2, we discuss an algebra over KCL ® KTR from a conformal
full field algebra over VL ® VR In Sect. 1.3, we discuss an algebra over D¢ from an
open-string vertex operator algebra.

1.1. Partial dioperads. Letus firstrecall the definition of dioperad given by Gan [G]. Let
S, be the automorphism group of the set {1, ..., n} forn € Z,.Letm = m+---+m, be
,,,,, my) € Sm 18 the permu-
tation which permutes n intervals of lengths m 1, . .., m,, in the same way as o permutes
I,...,n.Leto; € Sp;,i =1, ..., k. Weviewtheelement (o7, ..., 0k) € Sy X+ - XS,
naturally as an element in S, by the canonical embedding S,,,; x - -+ x S, <> S,,. For
anyo € Spand1 <i < n,wedeﬁneamapf AL o,n—1} > {1, ...,n}byzA'(j) =]
if j <iandi(j)=j+1if j >iandanelementi(c) € S,_; by
i(0)(j) =i oo 0o 1))

Definition 1.1. A dioperad consists of a family of sets {P(m, n)},, nen with an action of
Sm X Sy on 'P(m, n) for each pair of m,n € Z,, a distinguished element Ip € P(1, 1)
and substitution maps

P@n,n) x Plki, 1) x -+ x Plky, L) ——[—"1> Pm—n+ky--+ky, [1 +---+1)

(PP Py) > Yy (Ps PLyeo s Py) (1.1)

Jorm,n, by, ..., [, eNky,....ky € Zyand 1 <ij <kj, j=1,...,n, satisfying the
following axioms:

1. Unit properties: For P € P(m,n),
(a) left unit property: y;)(Ip; P) = P for1 <i <m,
(b) right unit property: yq,.. 1)(P;Ip,...,Ip) = P.
2. Associativity: for P € P(m,n), Q; € Pk, l;)),i =1,...,n, R; € P(sj, 1)),
j=1,...,0l=1l1+---+1,, we have
Yaroa) Vo1 (P Q1 oo, On)i Ris ooy R1) = Y(p1,op) (P Pry oo Py)
(1.2)

where Pi = V(q11+...+;,._|+1 ..... q11+m+1l.)(Qi; Rl|+~~+l,'_1+1’ cee Rl|+-'-+l,')f0ri = 15 e,
3. Permutation property: For P € P(m,n), Q; € P(k;,l;),i =1,...,n, (0,7) €
SmXSm (O-ivti)eskiXSli7i=11~--an)

Vit oein) (0, TY(P); Q15 ..., On)

= (0, Ty =1, kg =1))s Ty ool iz (1) emiz ) (B3 Qr(1)s -+ o5 Q)
Vityonin) (P5 (01, T1)(Q1), - - ., (00, T)(QOn))

= ((ld’ ;1 (O’]), ey ;n(an))v (T17 ceey Tn))y(a,l—l(il) Un_](in))(P; Q17 ceey Qn)

.....

We denote such a dioperad as (P, yp, Ip) or simply P.
Remark 1.2. We define compositions io; as follows:
Pioj Q:=vya,.1,j1,.0PIp,....Ip, 0, Ip,..., Ip).

Itiseasy tosee that y(;, .. ;) can bereobtained from o, . In [G], the definition of dioperad
is given in terms of ; o; instead of y(;, .. i.).
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Definition 1.3. A partial dioperad has a similar definition as that of dioperad except the
map Y.,....i,) 0r i0; is only partially defined and the same associativity holds whenever
both sides of (1.2) exist. A (partial) nonassociative dioperad consists of the same data
as those of a (partial) dioperad satisfying all the axioms of a (partial) dioperad except
the associativity.

The notion of homomorphism and isomorphism of a (partial pseudo-) dioperad are
naturally defined.

Remark 1.4. In the case of a partial dioperad, the definition using y(;,,....i,) Or io; may
have subtle differences in the domains on which y;,. .. ;) orio; is defined (see Appen-
dix C in [H2] for more details). These differences have no effect on those algebras over
partial dioperads considered in this work. So we will simply ignore these differences.

Remark 1.5. Notice that a (partial nonassociative) dioperad {P(m, n)},, neN naturally
contains a (partial nonassociative) operad {P (1, n)},eN as a substructure.

Definition 1.6. A subset G of P(1, 1) is called a rescaling group of P if the following
conditions are satisfied:

1. Foranyg,gi,...,8 € G,Q € P(m,n), yi)(g; Q) and ya,..1)(Q; &1, -, 8n)
are always well-defined for 1 <i < m.

2. Ip € G and G together with the identity element Ip and multiplication map y(1) :
G x G — G isa group.

Definition 1.7. A G-rescalable partial dioperad is a partial dioperad ‘P such that for
any P € P(m,n), Q; € Pk, l;),i = 1,...,n there exist gi € G,i = 1,...,n such
that ...y (P3 ¥i)(815 Qs - s Yiin) (8n: On)) is well-defined.

The first example of partial dioperad in which we are interested in this work comes
from K = {K(n_, ny)},_ »,en [Ko2], a natural extension of the sphere partial operad
K [H3]. More precisely, K(n_, ny) is the set of the conformal equivalent classes of a
sphere with n_ (n.) ordered negatively (positively) oriented punctures and local coor-
dinate map around each puncture. In particular, K(0, 0) is an one-element set consisting
of the conformal equivalent class of a sphere with no additional structure. We simply
denote this element as C. We use

0= (Goriaf " A oy rag " A
@ial’, ADY @ al™ A g, (13)

where z; € C, a(()i) e C*,AD e C®fori = —n_,...,—1,1,...,ny, to denote a
sphere C with positively (negatively) oriented punctures at z; € Cfori =1,....n4
(i = —1,...,—n_), and with local coordinate map f; around each puncture z; given
by:
fi(w) = e=i=t"J & (ay ') ax x if z; € C, (1.4)
X=w—2z;
00 @) _j+l d ; d
= 2= A (g x if z; = oo. (1.5)
-1
X=—

w
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We introduce a useful notation Q defined as follows:

0= (Goriay D AED), ., Gy ag " AT
1 _
Gia AD) . G o AT ), (16)
where the “overline” represents complex conjugations.

We denote the set of all such Q as Tg(n—, ny). Let Tg := {Tx(n—, ns)}y_ n,eN-
There is an action of SL(2, C) on Tg(n_, ny) as Mobius transformations. It is clear that

K(n_,ny) =Tg(n-,ny)/SL2,C). (1.7)
We denote the quotient map 7g — K as w. The identity I'x € K(1, 1) is given by
Ix = mr((oc0, 1,0)((0, 1, 0)), (1.8)

where 0 = (0,0, ...) € [[;2, C. The composition ; o; is provided by the sewing oper-
ation ;00-; [H3]. In particular, for ny,mp > 1, P € K(m,ny) and Q € K(ma, na),
P.co—; Q is the sphere with punctures obtained by sewing the i positively oriented
puncture of P with the j® negatively oriented puncture of Q. The S, x Sy, -action on
K(n_,ny) (or 7 (n_, ny)) is the natural one. Moreover, the set

{((00,1,0)[(0,a, 0))]a € C*} (1.9)

together with multiplication 1001 is a group which can be canonically identified with
group C*. It is clear that K is a C*-rescalable partial dioperad. We call it sphere partial
dioperad.

The C-extensions of K, such as K¢ and KCL ® ]KTR forc, cL, ¢® € C, are trivial line
bundles over K with natural C*-rescalable partial dioperad structures (see Sect. 6.8 in

[H2]). Moreover, we denote the canonical section K — Re" ® Ke* as VK.

The next example of partial dioperad is D = {D(n_, n4)},_ »,eN, which is an exten-
sion of the partial operad of a disk with strips Y introduced [HKol1]. More precisely,
D(n_, ny) is the set of conformal equivalent classes of disks with ordered puncture on
their boundaries and local coordinate map around each puncture. In particular, ID(0, 0)
is an one-element set consisting of the conformal equivalent class of a disk with no

additional structure. We simply denote this element as . We use

0= ((ron_: b BE")) L (roy: SV, BEY))
(r1; b(()l), B(l)) v (s b(()n+), B("+)) D, (1.10)

where r; € R,a(()i) e R,,BO e R® fori = —n_,...,—1,1,...,n4, to denote a

disk H with positively (negatively) oriented punctures at r; € Rfori =1,....n4
(i =-1,...,—n_), and with local coordinate map g; around each punctures r; given
by:

@) _j+1 d
gi(w) = e2m1 B ¥ e (p0 )3t x ifr; €R, (1.11)

X=w-—r;

(@) +ld
DI B (pDyrid x ifri=oo.  (1.12)

=e

w
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We denote the set of all such Q as Tp(n_, ny). Let Ip := {Ip(n—, ny)},_ ,,eN. The
automorphism group of H, SL(2, R), naturally acts on Tp(n_, ny). It is clear that

D(n—, ny) = Tg(n—, ny)/SL(2, R). (1.13)
We denote the quotient map as rrpy. The identity I € D(1, 1) is given by
Ip = np( (o0, 1,0)[(0, 1,0)). (1.14)

The composition ;o; is provided by the sewing operation ;co—; [HKo1]. In particular,
forny,my > 1, P € D(m_,m,) and Q € D(n_, ny), Pico-; Q is the disk with strips
obtained by sewing the i positively oriented puncture of P with the j™ negatively ori-
ented puncture of Q. The S,,_ x S, -action on D(n_, ny) (or 7 (n_, n,)) is the natural
one. The set

{((00,1,0)[(0,a,0))|a € Ry} (1.15)

together with multiplication 1001 is a group which can be canonically identified with
group Ry. Itis clear that D is a R, -rescalable partial dioperad. We call it the disk partial
dioperad.

D can be naturally embedded to K as a sub-dioperad. The C-extension D¢ of D for
¢ € Cis just the restriction of the line bundle K¢ on D. D¢ is also a R,-rescalable partial
dioperad and a partial sub-dioperad of K. We denote the canonical section on D — D¢
as yp.

Now we discuss an example of a partial nonassociative dioperad which is important
for us. Let U = @,csU) be a graded vector space and J an index set. We denote the
projection U — Uy, as P,. Now we consider a family of spaces of multi-linear maps
Ey = {Ey(m, n)}; nen, where

Ey (m, n) := Homc(U®™, U®). (1.16)

For f € Ey(m,n), g; € Ey(k;,lj) anduf) € U, 1 < p; <1;, j=1,....n, wesay
that

1
i (F1 810 g () @ - @ u™)

= z f(Pslgl(u(ll)®~-~®M1(11))®"'®Rvngn(“in)@’"'@”l(n)))

n
S1yesSn€J

is well-defined if the multiple sum converges absolutely. This gives rise to a partially
defined substitution map, for 1 <i; <kj;,j=1,...,n,

iy Ey(m,n) @ Ey k1, 11) ® - - - @ By (k, 1) = Ey(m +k —n, 1),

where k = ky+---+k, andl = I} +--- + [,,. In general, the compositions of three
substitution maps are not associative. The permutation groups actions on Ey; are the
usual one. Let I' = {I';, _; }. Itis clear that (Ey, I, idy) is a partial nonassociative
dioperad. We often denote it simply by E;.

Definition 1.8. Let (P, yp, Ip) be a partial dioperad. A P-algebra (U, v) consists of a
gradedvector space U and a morphism of partial nonassociative dioperadv : P — Ey.
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When U = ®,cjU(y) is a completely reducible module for a group G, J is the set
of equivalent classes of irreducible G-modules and U, is a direct sum of irreducible

G-modules of equivalent class n € J, we denote Eyy by Eg

Definition 1.9. Let (P, yp, Ip) be a G-rescalable partial dioperad. A G-rescalable
‘P-algebra (U, v) is a P-algebra and the morphism v : P — Eg is so that v|g :
G — End U coincides with the given G-module structure on U.

1.2. Conformal full field algebras. Let (VE, Yy, 15, o) and (V R, Yyr, 1%, wR) be
two vertex operator algebras with central charge ¢’ and ¢® respectively, satisfying the
conditions in Theorem 0.1. Let (V,;, m¢, tc7) be a conformal full field algebra over
vE ® VR, Abilinear form (-, -)o; on V,; is invariant [Kol1] if, for any u, wy, wy € Vi,

(w2, Y ¢ (u; x, X)wy)er

_ (Yf(e—xLL(l)x—ZLL(O) ® e—)ELR(l)i—2LR(0) u: em'x—l’ e‘”ii_l)wz, W1l
(1.17)
or equivalently,
(Y (us €™ x, e X)wo, wi) el
= (), Y (e Wy 25O @ (TLEMg=2LRO) 1y =1 =1y (1.18)

We showed in [Ko1] that an invariant bilinear form on V,; is automatically symmetric.
Namely, for u1, uy € V., we have

(w1, u2)er = (U2, uy)el. (1.19)

Vi has a countable basis. We choose it to be {e;};cn. Assume that (-, )¢ is also
nondegenerate, we also have the dual basis {e'};cn. Then we define a linear map A :
C — V, ® V, as follows:

A 1> Ze,- Re. (1.20)
ieN

The correlation functions maps mi';) n € N of V,; are canonically determined by Y

and the identity 1 := 1 (1% ® 1%) [Ko2].
For Q € Tx(n_, ny) given in (1.3), we define, for 1 € C,

ver MYk (TR (Q))) (U1 @ - -+ @ Up,) (1.21)

in the following three cases:
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Ifzx #oofork=—n_,...,—1,1,...,n4, (1.21) is given by
() LEACD)—LRATD), (—hy -t D L @
DD B PR R (s W) iy,
i1yeney in_eN
— LR
o e HEACT) LB () 1) ) ¢ )ei,,,,
~0 LR
e_Lf(A(l))_L-IS(A(U)(a(()l))_LL(O)a(()l) ui,
n+4 n __LR(O)
. o LE (AU —LE(AC +))(a(g"+))—LL(0)a(()n+) i,
Tl Tl T T T R e Ty Tny)) g € ® e @ €
(1.22)
where LL(A) = > A;LE(j) and LR(A) = > A;LR(j) for
A= (A, A, ...) GH?O:NC;
If 3k € {—n_, ..., —1} such that zz = oo (recall (1.5)), (1.21) is given by the
formula obtained from (1.22) by exchanging 1.; in (1.22) with
B Lo
e_L_e(A(k))_Lf(A(k))(a(()k))_LL(O)a(()k) €i i (123)
If3k € {1, ..., ny} such that 7 = oo (recall (1.5)), (1.21) is given by the formula

obtained from (1.22) by exchanging 1.; in (1.22) with

LE(A®)_LRA®Y), (k) LLOW_LR(O)
e Ly ATD=LE AT (i) L O g8 u. (1.24)

The following result is proved in [Kol].

Proposition 1.10. The map v, is SL(2, C)-invariant.

. ~.L _ =R x L
Hence v, induces a map K¢ ® Ke® — ]E%, which is still denoted as v.;. Some

interesting special cases are listed below:

v (Y (©) = (e, 1) aide,
v (Y (T (( (00, 1, ) DK)) = Loy,
ver (Y (e (([(00, 1, 0), (0, 1,0))k))) ( ® v) = (u, v)er,
v (YK (T (( (00, 1, 0), (0, 1, 0))K))) = Ac,
Ve (Y (g (((005 1, 0)[(z3 1, 0), (0; 1,0))5))) (4 ® v) = Y(us 2, D)v,

where C is the single element in K (0, 0).

Definition 1.11. A K¢ ® Kﬁ—algebra (U, v) is called smooth if

1.

2.
3.

U = @y.nerRUin,n) is a completely reducible C*-module, where z - u = z2"7"u,
Vz e (CX, u e U(m,n)~

dim Uy ) < 00, Vm, n € R and dim Uy, ) = 0 for m or n sufficiently small.

v is linear on fiber and smooth on the base space K.

Theorem 2.7 in [Ko1] can be restated as the following theorem.

Theorem 1.12. (V;, vy) is a smooth Re" ® ]KCfR—algebra.
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1.3. Open-string vertex operator algebras. Let (Vyp, Yop, 15p, wyp) be an open-string
vertex operator algebra. For » > 0 and vy, v2 € V), we define Y, (vi, —r)v2 by

Yop(v1, =)y := e "LEVY, (02, r)vy. (1.25)

Remark 1.13. Taking the analogy between the open-string vertex operator algebra and
associative algebra, Y, (-, —r)- corresponds to the opposite product [HKol1].

An invariant bilinear form on an open-string vertex operator algebra V,,, is a bilinear
form (-, -)op on V,,, satisfying the following properties:

LD =2LO) gy s, ), (1.26)

L2l Oy ) g (1.27)

(v3, Yop(vl’ V)U2)0p = (Yop(e
(ng(vl, r)U}, v2)0[7 = (U3a YOp(e
forr > 0 and vy, vz, v3 € Vpp.

Lemma 1.14.

(v1, v2)0p = (v2, vl)op (1.28)
Proof. The proof is exactly the same as that of Proposition 2.3 in [Kol]. O

We further assume that (-, -),, is nondegenerate. Let { f;};cr be a basis of V,, and
{fi}ieR its dual basis. We define linear map A,, : C — V,; ® V,; as follows:

App: 1> fi® fl. (1.29)
ieR
The open-string vertex operator algebra (V,p, Yop, 1op, wop) naturally gives a bound-

ary field algebra (V,p, mop, dop, Dop) in which the correlation-function maps mf)';,),

n € N are completely determined by Y, and 1,, [Ko2].
For any Q € Tp(n_, ny) given in (1.10). Let « be a bijective map

(—n_, . =11, e S {1, one+ny) (1.30)
so that 51, ..., S;_4n,, defined by s; = Fa=1(i)» satisfy oo > §1 > -+ > 8, 44, > 0.
Then we define, for A € C,
Vop MY (T () (v1 ® -+ - ® vy,) (1.31)
as follows:
1. Ifrg #o00,Vk=—n_,...,—1,1,...,ny, (1.31) is given by

A Z (10,,,mé’},‘J’"*)(wl,...,wn,+n+;s1,...,sn,+n+))0pfi‘®---®fi”*,

il’---vin, eR

(1.32)

where wy(p) = e’L‘f(B(m)(b(()p))’L(O)pr and wy(g) = e~ LB (pI)~LOy, for
p=—1,---—n_andg =1,...,ny;

2. If3ke{—n_,...,—1,1,...,ns}suchthatry = oo, (1.31)is given by the formula
obtained from (1.32) by exchanging the 1,, with wq ).
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Proposition 1.15. v,, is SL(2, R) invariant.

Proof. The proof is the same as that of Proposition 1.10. O

Hence v, induces a map D¢ — ]E%{;, which is still denoted as v,),. Some interesting
special cases are listed explicitly below:

Vop (Y (D) = (Lop, Lop)opidc,
Vop (U (Tp (( (00, 1, 0)])))) = 1,p,
Vop (WD (Tp(([(00, 1, 0), (0, 1, 0) ) (4 ® v) = (i, V),p,
Vop (YD (TD(( (00, 1,0), (0, 1,0))))) = Agp,
Vop (U (T (((005 1, 0)| (5 1, 0), (05 1,00 ) (1 @ v) = Yop(ut, 1),

where H is the single element in (0, 0) and r > O.

Definition 1.16. A D"-algebra (U, v) is called smooth if

1. U = @,erUw) is a completely reducible R,-module, where r - u = r'"u,
Vr e Ry, u € U ny-

2. dim Uy < 00, Vn € R and dim U,y = O for n sufficiently small.

3. v s linear on fiber and smooth on the base space D.

Theorem 1.17. (V,,, vop) is a smooth Iﬁ)c-algebm.

Proof. The proof is same as that of Theorem 1.12. O

2. Swiss-Cheese Partial Dioperad

In Sect. 3.1, we introduce the notion of a 2-colored partial dioperad and algebra over
it. In Sect. 3.2, we study a special example of a 2-colored partial dioperad called a
Swiss-cheese partial dioperad S and its C-extension S¢. In Sect. 3.3, we show that an
open-closed field algebra over V equipped with nondegenerate invariant bilinear forms
canonically gives an algebra over S¢. In Sect. 3.4, we define boundary states in such
algebra and show that some of the boundary states are Ishibashi states.

2.1. 2-colored (partial) dioperads.

Definition 2.1. A right module over a dioperad (Q, yo, o), or a right Q-module,
is a family of sets {P(m, n)}, neN with an S,, x S,-action on each set P(m,n) and
substitution maps:

Pm.n) x QU 1)) X -+ x Ok, Iy) ™ Dl ky -y — 10y + -+ +1,),

(P, 01, 0n) = Vi..in(P; Q1,..., On) (2.1
form,n,ly,.... [, eNky,....,ky €Zyand1 <i; <kj,j=1,...,n,satisfying the

right unit property, the associativity and the permutation axioms of dioperad but with
the right action of P on itself in the definition of dioperad replaced by that of Q.
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Homomorphism and isomorphism between two right Q-modules can be naturally

defined. The right module over a partial dioperad can also be defined in the usual way.

Definition 2.2. Let Q be a G-rescalable partial dioperad. A right Q-module is called
G-rescalable if for any P € P(m_,my), Q; € Q(n(_l), ngrl)) and 1 < j;i < n(_l),
i=1,...,my, thereexistg; € G, j =1, ..., my such that

Yiteime) (P ¥ (&1 QD s Vi) @mys Om,)) (2.2)
is well-defined.

Definition 2.3. A 2-colored dioperad consists of a dioperad (Q, yg, 1g) and a family
of sets P(n8, nf Inl, ni) equipped witha S, 5 X Snf X 8,1 % Sni-actionfornﬁ, nli eN,
a distinguished element Ip € P(1, 1|0, 0), and maps

Pm_,miln_,ny) x PED kDD 10y x s PE k10 1m0

Pm— —my+k_,kyn_+1_,ny+1y),
a1 (D (ny) _(n)
Pm_,myiln_,ny) x Q(p>7, pi°) x--- x Q(p_*, py”)

A Pn, maln = ni+ po, po), (23)
where ki = kil) +--- +k(im*), ly = l(il) + - +lim+) and p+ = pil) +--- 4+ pi’*),for
1 <i, < k(f),r =1,....my 1 < js < p(f),s = 1,...,ny, satisfying the following
axioms:

1. The family of sets P := {P(m_, my)},_ m,eN, Where
Pm_,my) = Un,,nJreN,P(m—a myln_,ny),

equipped with the natural S,,_ x Sy, -action on P(m_, m,.), together with identity

2. The family of maps y! = {)/(Ijl F )} gives each P(m_,my) a right Q-module
sees Jng
structure form_,my € N.

We denote such a 2-colored dioperad as (P|Q, (y 2, y!)). The 2-colored partial
dioperad can be naturally defined. If the associativities of yg, v 8, ¥! do not hold, then
it is called a 2-colored (partial) nonassociative dioperad.

Remark 2.4. If we restrict to {P(1, m|0, n)},, nen and {Q(1, n)}, N, they simply gives
a structure of 2-colored (partial) operad [V,Kont,Ko2].

Now we discuss an important example of the 2-colored partial nonassociative dio-
perad. Let Jy, J> be two index sets, U; = ®pey; (Ui) @y, i = 1,2 be two graded vector
spaces. Consider two families of sets,

Eu, (m, n) = Homg (U™, US™),

Ev, v, (m—, miln_, ny) = Homg(UE™ @ US™, UP™ @ US"),
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for m,n,my,ny € N. We denote both of the projection operators U; — (Ul)(n),
Uy — (U)(n) as P, forn € Jyor Jp. For [ € Ey,ju, k=, kell—, 14), gi € EU1|U2(m
mOnD nY i =1, ke and h; € By, (pY, p7), j =1,... 1, we say that

1
.. ik+><f:g1,...,gk+><u§>®---®vn@>®vl®---®w

= > ( Pogiu’ ®---® u% ®v ®---®v1)®

@ Py g WY e @ uff{,l) v e...® v‘k(;j)) U ® vz+)
1 1
Dl (il ) @ @u, @uw @ @ w<<+,3))

= > f(u1® ‘Qui, ® Pyhi(w’ @ ®w(1()1))

t,..ti€Jr
1 I
® - @P hw e . ® w(j,i)))

for u" ) e U, vy), w;i) € U,, are well-defined if each multiple sum is absolutely

convergent. These give rise to partially defined substitution maps:
1 ke)p (ki) (ke
Eu, v, (ke kell—, L) ®Ey, 0, (Dm0 0y ®. .. @Ey, ju, ™, mE 1n® nl+)

(ll ..... i
—+>EU1\U2(1<_ —ky+m_,my|l_+n_,ny),

. I
Ev, v,k kell_, 1) @ Eg, (0", pi) @ -+ ®Euz(p9>,pi )

ROSIAN Evyjuy ko kelle = L+ p0 oot p D g pl),
where my = mg) +oet mgg" and ny = ni) + ngf"). In general, Fgl ‘‘‘‘ i) and
r (] ity do not satisfy the associativity. Let

Evv, = {Euyju,(m—, myn—, n)bmy noeN,
Ey, = {Eu,(m)}neN, ré .= {F(u ’’’’’ i”)} and I'! .= {F(]l ____ jn)}' It is obvious that

(IFL‘U”U2 Eu,, ('8, 1)) is a 2-colored partial nonassociative operad.

Let U; be a completely reducible Gi-module and U; a, completely reducible
G-module. Namely, Uy = @y, ey, (U))@)), U2 = @nyes, (U2) (n,) Where J; is the set of
equivalent classes of irreducible G;-modules and (U;) ) is a direct sum of irreducible

G;-modules of equivalent class n; fori = 1, 2. In this case, we denote E¢, ¢/, by I[*ZUllllgz2

Definition 2.5. A homomorphism between two 2-colored (partial, nonassociative)
dioperads

(PilQi, (v v i =1,2
consists of two (partial, nonassociative) dioperad homomorphisms:
VP11Qi :P1r— Pa, and Vo, : 91— D

such that vp, g, : P1 — P2, where P, has a right Q1-module structure induced by a
dioperad homomorphism vg,, is also a right Q1-module homomorphism.



Cardy Condition for Open-Closed Field Algebras 41

Definition 2.6. An algebra over a 2-colored partial dioperad (P|Q, (y5, y")), ora
‘P|Q-algebra consists of two graded vector spaces Uy, Uy and a2-colored partial nonas-
sociative dioperad homomorphism (vp|g,vg) : (P|Q, B, yh) - Ev, v, I Ey,,
(IB, T1Y). We denote this algebra as (U1 |Ua, VP|Q, V).

Definition 2.7. If a 2-colored partial dioperad (P|Q, y) is so that P is a G -rescalable
partial operad and a G,-rescalable right Q-module, then it is called G ||G;-rescalable.

Definition 2.8. A G|G2-rescalable P|Q-algebra (U;|U, vp|g, vo) is a P|Q-algebra

so that vp|g : P — ]Egllllgzz andvg 1 Q — Egzz are partial nonassociative dioper-

ad homomorphisms such that vp)g : G1 — End Uj coincides with the G1-module
structure on Uy and vg : Gy — End U, coincides with the G,-module structure on Us.

2.2. Swiss-cheese partial dioperads. A disk with strips and tubes of type (m_, my;
n_, ny) [Ko2] is a disk consisting of m4 (m_) ordered positively (negatively) oriented
punctures on the boundary of the disk, and n, (n_) ordered positively (negatively) ori-
ented punctures in the interior of the disk, and local coordinate map around each puncture.
Two disks are conformal equivalent if there exists a biholomorphic map between them
preserving order, orientation and local coordinates. We denote the moduli space of disks
with strips and tubes of type (m_, my; n_,ny) as S(m—, my|n_, ny).
We use the following notation:

[((r_m_,b(;m’, BU™), (1. by ' B |
(r1, b6, B, ..., (rmy, by, BU™)) |
(Gon_vay" AT"), L coray ' AT |
@1.ab, AV, s al, A(m)))]s
(2.4)

where r; € R b(') c R*, B(l) € Rand z; € H, a(()J) e C*, A(J) e C for all
i = —-m_, l 1, , My, ] = —n_, —-1,1, ,ny and k, l € Zs, to rep-
resent a disk w1th strlps at r; with local coordmate map fl and tubes at z; with local
coordinate map g; given as follows:

() + i
fiw) = Xk B G GOy e x| Ly, i € R, (2.5)
@) k+ P d
= ek B e pD il iy = oo, (2.6)
() Kkl d
gj(w) = XA (@§ ) k. 2.7)

We denote the set of all such disks given in (2.4) as 7s(m—, m4|n_, ny). The auto-
morphisms of the upper half plane, whichis SL(2, R), change the disk (2.4) to a different
but conformal equivalent disk. It is clear that we have

Stm—, my|n—, ny) = Ts(m—, myln_, ny)/SL(2, R). (2.8)
LetS = {S(m_,myln_, n)}m_m, n_.n,eN. The permutation groups

(Sm_ X Smy) X (Sp_ X Sp,)
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act naturally on S(m_, my|n_, ny). There are so-called boundary sewing operations
[HKo1,Ko2] on S, denoted as ; 005 ;> which sews the i th positively oriented boundary
puncture of the first disk with the j™ negatively oriented boundary puncture of the second
disk. Boundary sewing operations naturally induce the following maps:

Stm_,myln_,ny) x S, kWD 1Dy 5o S@E) | gm0 | glmey

B
Yy seime)

S(mf — my +k7,k+ |n7 +l7, ny +l+),

where ky = k) 4 4k 1 =1 441 for 1 <ip <k r =1, my Tt
is easy to see that boundary sewing operations or V(il i) together with permutation

group actions on the order of boundary punctures, provide S with the structure of a
partial dioperad.

There are also so- called interior sewing operations [HKo1,Ko2] on S, denoted as
ool . ;» which sew the i™ positively oriented interior puncture of a disk with the j® nega-
tively oriented puncture of a sphere. The interior sewing operations define a right action
of Kon S:

1
Stm_,myln_,ny) x K(p, py x - x K(p"™, p{™)

1
Yt oeng)

Stm_,my|ln_ —ny+p_, py), 2.9)

Whereping) +p$*) for 1 < j; §p(_‘v),s=1,..
right K-module structure.

Lety? ={y2 . yandy' ={y}

., n4. Such action gives S a

in) }. The following proposition is clear.

.....

Proposition 2.9. (S|K, (y2,y")) is a Ry|C*-rescalable 2-colored partial
dioperad.

We call (S|K, (y8, y!)) Swiss-cheese partial dioperad. When it is restricted on

= {S(1,m|0, n)},, neN, it is nothing but the so-called Swiss-cheese partial operad
[HKo1,Ko2].

In [HKo1,Ko02], we show that the Swiss-cheese partial operad & can be naturally
embedded into the sphere partial operad K via the so-called doubling map, denoted
as § : G — K. Such doubling map § obviously can be extended to a doubling map
S < K, still denoted as 8. In particular, the general element (2.4) maps under § to
(Gorrad " ACD), e ag " AT,

Goroaf U ACD), G al " AT,
(s by D BED) o by B,
@al’, AD), L @y al™, AT),
Groal) AD), ... Go,.af) AT,
1, bo”, BD), . (g 0™, B ). (2.10)

The following proposition is clear.
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Proposition 2.10. Let P; € S, m 100 n'), i = 1,2 and Q0 € K(m_, my,). If
P]iooijz and Pyrool, Q exists for 1 <i < mil), 1<j< m(_z) and 1 < k < nil),
1 <! <m_, then we have

8(P1 1008 Py) = 8(P1) 0,000, 8(P2),

8(P1 k00!, Q) = (8(P1) k001 Q) ) 0o-1 Q. @2.11)

By the above Proposition, we can identify S as its image under § in K with bound-
ary sewing operations replaced by ordinary sewing operations in K and interior sewing
operations replaced by double-sewing operations in K as given in (2.11).

The C-extension S¢ (m_,my|n_,ny) of S(m_, my|n_, ny) is defined to be the pull-
back bundle of K¢ 2n_+m_,2n, +m,). We denote the canonical section on SC, which
is induced from that on K¢, as ¥s. The boundary (interior) sewing operations can be nat-
urally extended to S¢. We denote them as 508 (&7) and the corresponding substitution

+m4—1+k

maps as 78 (!). There is a natural right action of K¢ ® K¢ on S¢ defined by /.
The following proposition is also clear.

Proposition 2.11. (§¢|Ke ®ﬁ, 7B, 71)) is a Ry |C*-rescalable 2-colored partial dio-
perad.

We will call the structure (§¢|K¢ @ K¢, (78, 71)) a Swiss-cheese partial dioperad
with central charge c.

Definition 2.12. An algebra over S¢ viewed as a partial dioperad, (U, V), is called
smooth if
n

1. U = @,erUw) is a completely reducible R,-module, where r - u = r"u,
Vr e Ry, u € Ugy,py.

2. dimUg) < 00, Vn € Rand dim U,y = 0 for n sufficiently small.

3. v is linear on fiber and smooth on the base space S.

Definition 2.13. An gcl]f{c ® @-algebm (U1|Us, v
Uy,

~ = =, V. =) is smooth if both
SelRe@Ke’ KU@K(‘” i

V. - =)and (Uy, v =) as algebras over partial dioperads are smooth.
Sc\Kl@KC) (U2 KL‘@KC) g

2.3. Open-closed field algebras over V. Let (Vop, Yop, top) be an open-string vertex
operator algebra over V and (V,;, Y, ¢,;) a conformal full field algebra over V ® V. Let

((Ver, Y, ter), (V{)[n Yopatop)vycl—op) (2.12)
be an open-closed field algebra over V [Ko2]. We denote the formal vertex operators asso-

ciated with Y,,, and Y as YOJ; and Y/ respectively. Let ol = 1(0®1), of = 1(1Qw)
and w,p = typ(w). We have

Y/ (" x5 =Y (" x) =D Loy @ 1x ™2,

nez
¥/ (x5 = Y (F 5 = D 1@ Lii "2,
ne
Yip(@op. %) = D Lm)x "2, (2.13)

nez
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We also set LE(n) = L(n) ® 1 and LR(n) = 1 ® L(n) forn € Z.

For u € V, we showed in [Ko2] that Y¢;_op(tej(u @ 1);2,2) and Y op (1 (1 ®
u); z, z) are holomorphic and antiholomorphic respectively. So we also denote them
simply by Ycl—ap (tei(u ®1), 7) and Ycl—op (ter(1 ® u), ) respectively.

By the V-invariant boundary condition [Ko2], we have

Yer—op(@h, 1) = Yop(@op, 1) = Yei—op(@®, 7). (2.14)

We assume that both V,,, and V,; are equipped with nondegenerate invariant bilinear
forms (-, -)op and (-, -)¢s respectively.

Lemma 2.14. For any u € V¢ and vy, v2 € V,), and z € H, we have
(v2, Yei—op (U5 2, 2)V1)0p
= (Ye—gp(e ?EWz72LO0) @ o 2Lz 2ROy =1 27Dy v1)gp. (2.15)
Proof. Using (1.26), for fixed z € H, we have,
(v2, Yer—op (U5 2, 2)01)0p

= (v2, Ycl—op(W 2, E)Yop(l’ r)vl)op
= (v2, Yop(Yei—op(u; 2 — 1,2 — 1)1, r)v1)0p
-1 _
= (e Yo (o, T he OO oy (us 2 =12 = 1)1 vigp

(2.16)

for |z| > r > |z — r| > 0. Notice that e LD ¢ Aut(vop), Vr € C. By taking
vy = 1, it is easy to see that

et W2l Oy w2 =12 =) (2.17)

is a well-defined element in V(,p for |z] > r > |z — r| > 0. Because of the chirality
splitting property of Y¢;_,p (see (1.72), (1.73) in [Ko2]), it is easy to show that (2.17)
equals

Yd_op(e—zL(l)Z—ZL(O) ® e Lz =2LO), =1 _ =1 =1 2=1yp (9 gy

forr > |z —r| > 0. By the commutativity I of the analytic open-closed field algebra
proved in [Ko2], we know that for fixed z € H,

- _ _ _
e 1 1)Yop(v27r 1)Yclﬂ)p@ zL(l)Z 2LO)
®e—ZL(1)Z—2L(0)u’ Pl Z_l, P Z_l)l
and
-1
e’ L(—Dyd_op(e—zL(l)Z—2L(0)
®e Wz 2Oy p=t — 7l T - 2T Y (v, r I
- _ _
— e L UYclfop(e zL(l)Z 2L(0)

e TLWZ=2LO), =1 =1 =1 Zfl)er*IL(fl)v2 (2.19)
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converge in different domains for r, but are an analytic continuation of each other along

a path in r € R,. Moreover, using the L(—1) property of the intertwining operator and

chirality splitting property of Y;_,, again, the right hand side of (2.19) equals
Yd_op(e—zL(l)Z—ZL(O) @ e HMZ=2LO), _ =1 _z=ly,,

for |r=! — z71| > |r~!|. Therefore, both sides of (2.15) as constant functions of r are

analytic continuation of each other. Hence (2.15) must hold identically for all z € H. O

For uy,...,u; € Vy,vi,...,v, € Vo, ri,...,7, € Rori > --- > r, and
Z1, ..., 2 € H, we define
m(l;") (u U v Uns Z 2 )
Cl—()]] 17"'3 l) 11"'7 nleles"'aZlvzls la"'v n
. —rpL(=1) (I;n) . . =
= ¢kl >mcl_0p(u1,...,u1,vl,...,vn,zl—r,,,zl—rn,...,
U =T U —Tns L — Ty ooy Tnel — 1, 0). (2.20)

We simply extend the definition of mf_ll;ff)p to adomain where some of r; can be negative.

Note that such a definition is compatible with L(—1)-properties of nic;_op.

Lemma 2.15. For uy,...,u; € Vg,v,v1,...,v, € Ve, r1, ..., € R,ry > -+ >
rm=0andz,...,z1 € H,
(v, mf,l,;f()jp(ul,...,ul;vl,...,vn;Z1,Zl,...,zz,Zl;rl,...,rn))op
= (v, mgl;flp(F]ul, o Flupyv, Grug, ..., Groqvp—;
=g o = D), (221)
where
F = e—ziL(l)Z;ZL(O) ® e—ziL(l)Z:2L(0)’ i=1,....1,
Gj=e kO MO o -1 (2.22)

Proof. By Lemma 2.14, (2.21) is clearly true for / = 0, 1;n = 0, 1. By (1.26) and
(1.27), (2.21) is true for I = 0, n = 2. We then prove the lemma by induction. Assume
that 2.21)istrueforl =k >0,n=m >2orl=k>1,n=m > 1.

Let/ = k and n = m + 1. It is harmless to assume that 0 < r,_1, |zi| < rn—2,

i=0L+1,...,]for some/; <I. Using the induction hypothesis, we obtain
(v, mg,;fz,p(uh..-,uz; ULy ey Uns 215 2o s 25 205 Pl oo o5 Fn)op

= (v, mglll_;';;l)(ul, e UL UL, ey Up, mill:l;];f) (Upy+1s « s UL Une1, Ups
L+l Lytls o0 2 25 =15 005 21, 20, o5 200 2045 715 -+ 5 T2, 0))op

= (mgl'_;'z;l)(Flul, vy Fryup v, Grog, oo, Groqvp—;
T TR s AT U R )
mgl:lu';z)(uml, oo UL Up— s Uns Zhds 2yl - -5 205 205 Tn—15 0))op

=m0 Fy g, B m& D (Fug, L g

cl—op cl—op
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[ 1 . .
v’le]5"'7Gn71vl’L717_Z] 7_Z] 5""_le a_le 709_r1 LEEECECIE) n 2)
S T 1 a1, -1
Gn-1vp-1; L T T > T ; 0, _rn_])a vn)op
-1 -1 .
- L(=1) (I—11:2) . - L(-1)_ (I—l;;n—=1)
=D (e MM P (B, - Frags Pe™ 2P0 m G700 (R,
seR
Frup;v,Gro Gu_1v 1+r1 A
I l] l[v ’ 1Vl « vy n—1Vn— 17 —2 Zl n—2°
T s T —1 -1 1, 1
> 7Ly, +rn—2’_zll T 2T T +rn—2""’_rn—3+rn—2’0)

S| -1 -1 -1

Gna1Vn—15 =211 H 721 =2y H 10
-1, -1 -1, -1
IR T I n,po) Un)op- (2.23)
—1

Note that the position of P and e 21D can not be exchanged in general. Because
if we exchange their position, the sum may not converge and then the associativity
law does not hold. We want to use analytic continuation to move it to a domain such
that we can freely apply the associativity law. By our assumption on V, both sides
of (2.23) are restrictions of the analytic function of the z;,41, {41, ..., 21, &, Fr—1 ON
S+l = Zy4ls -5 & = Z1. Let 2y 41, . . ., 21, Fp—1 satisfy the following conditions:

|- ~—1 -1 =1 -1 1

- -1 -1 -1
Ty— 2|’rn—l ) >|_Zi T 2|’ n-2"T; T2 (2.24)

foralli=1,...,1,j=1,...,n—3and p =11 +1,...,[. Note that such a condition
define a nonempty open subset on H' x R,. Choose a path y; in the complement of the
diagonal in H! from initial point (zj;+1, ..., 21) t0 (Zj;+1, ..., 2) and a path y» in R,
from r,,_1 to 7,,—1. We also denote the complex conjugate of path y; as y, which is a path

.=l . — . . _ _
in H . Cor_nblne Y1, Y1 Yv1th y2, we obtain a path y from (z;,+1, Zpy+1, - -+, 20, 20, Fn—1)
t0 (Z1y+1, 21,415 - - - » 215 21, Tn—1). Analytically continuing the right hand side of (2.23)

along the path y, we obtain, by the properties of mg]fip [Ko2],

(I=li;n=1)

~—1
- L(—l) (I-ly;
G cl—op

2) .
Mep_op (Frsnttnsr, oo, Frugs Psm

. -1 -1 -—1 -1
v,lel,...,Gn_lvn_1,—Z1 tr, 5, =2 tr, o

B s L 1, -1 ~1 ~1
I TR e P ST i SO P S R T? 0),

(Fiuy, ..., Friug;

~ e -1 z-1 -1
Gn1Vn—1; =21 0 + 715 =2y 0 s

a1, —1 =1, —1 . =1 -1
s = T = R = 10225 0), Vn)op, (2.25)

where G, = e "*ILU)F”__ZIL(O). Using the associativity of open-closed field algebra

and L(—1)-properties of m¢;_,p, we see that (2.25) further equals

(l;n+1)

) ~ R R
(m gy (Fruy, s Fup; v, Grog, oo, GuoiVp—15 =21 5 =2y 5 e e,

-1 =1 _==1 -1 -1 o1, —1 ~—1
=2 T8 T Tt 8 =g 500 = =T ), Un)op.
(2.26)

By analytically continuing (2.26) along the path —y, which is y reversed, we obtain
the right hand side of (2.21). Hence (2.23) and the right hand side of (2.21) are analytic
continuation of each other along path (—y) o (y) which is a constant path. Hence (2.21)
holds forl =k, n =m + 1.
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Now let! = k+1, n = m. The proof is similar to the case l = k,n = m+ 1. We only
point out the difference. Using the smoothness of m ¢, it is enough to prove the case
when |z;| # |zj] fori, j =1,...,l andi # j. Without losing generality, we assume
that |z1] > --- > |z| > 0. Letn1 < n be the smallest so that 0 < r; < || for j > nj.
Then we have

(sn) . . - -
(U, m(,‘l—{)[)(ul’ L] ulv vl» REEELE ] Uns Zl» Zl» .. '1Zlv Zl» rls e arn))ap
(I=L;ny) . (Ln—ni+1) .
= (v, Mol op (ul,...,ul_l,vl,...,vnl_l,md_op M1 Vnys oo s Uns
22 Tags oo s Tn)3 210 205 v ey 215 2= 15 F Ly - o5 Ty —1))op - (2.27)

We can then apply (2.21) as in (2.23) for the case | < k,n < m, which is true by
our induction hypothesis. The rest of the proof is entirely the same as that of the case
l=k,n=m+1. O

We define a map, for z, £ € Cand z # ¢, tej—op(2, ) : Ve — Vap as
lCl—Op(Zv Ou) = Ycl—op(’/t; Z, é-)lop-
We denote its adjoint as L:l_op(z, ). Namely, le—op (2, 8): Vop = V,; is given by

(te1—op (@ W), et = (W, ter—op (2, £)(U))op (2.28)

forany u € Vi and w € V.

Let Q be an element in Tg(n_, ny|m_, my) of form (2.4). Let & be the map (1.30)
so that s1, ..., Sy_4n,, defined as 5; := Ta—1(i)s satisfy oo > s1 > -+ > §,_4,, > 0.
Then we define

Vel—op(AYs(O)N(U1 ®@ -+ @y, @ V1 @ -+ Q Up,) (2.29)
as follows:
1. Ifs; # 00, (2.29) is given by
)" Z (10[75 m£750;m+;n7+n+) (Mfl yeees U UL, o ety um+;
(SIS I3 J1sees Jn_
wl’ MR wn_+n+; Z*l! Z*l’ MR me_’ me_’ Zlv Zl’ AR Zm+7 Zm+;
Sy evns Sn_+n+))0p . eil R--® ein_ ® fjl R ® fjm—’ (2.30)
where
o ———LfO)
Uy = e—Lf;(A(P))—Lf(A(l’))(a(()P))—LL(O)a(()P) e,
o ——-L*0
1y = e—Li(A(”))—Lf(Awn(a(()q))—LL(O)a(()q) g,
_ ®y - (k) —
Wok) = e B )(b(() ) LOf;
_ Wy, (1) —
weqy = e ED D)L Oy, (2.31)
forp=—1,...,—n_,qg=1,...,np,k=—1,...,—m_andl = 1,...,my.
2. When ry = oo for some k = —m_,...,—1,1,...,my. Equation (2.29) is given

by the formula obtained from (2.30) by exchanging 1,, with we ).
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Lemma 2.16. v, is SL(2, R)-invariant.

Proof. The SL(2,R) is generated by the following three transformations 1. w +
aw,YVa e R"; 2. w— w—-5bVb e R;3. w — _71 That v, is invariant under
the first two transformations simply follows from the L(0)- and L(—1)-properties of
Ml —op- That v, is invariant under the third transformation is proved in Lemma 2.15.
O

Hence v¢;—,p induces a map S¢ — Eﬂéiﬁ,d, which is still denoted as ve;—,p. We list

a few interesting cases:

vei—op (Vs ([((00, 1,0)D| (1(z, 1, 00)]5)) = te1—0p (2, 2),
vel—op (¥ ([(1(00, 1,0)[ (2, 1, O])]g)) = ¢*(z. 2), (2.32)

andforb e Ry, Be R*,a e C*, A € C*® and v € V,,, we have

vel—op (Vs ([(1(00, b, B)) | ((z, a, A)])]g))

L __TR _ 00 (_1)J gL i A TR(_; _ _ _
= ¢ LM OZLRO0) = R GV IATLECDRATLE DT 2y (o~ Le(B)p=LO) ) (2.33)

Theorem 2.17. (V,,| Vs, Vei—op, Ver) is an Ry |C*-rescalable smooth §C|KC ®
K¢-algebra.

Proof. The smoothness is automatic. We showed in [Ko2] that (Vp| Ve, Ver—op, Ver) is

an R, |C*-rescalable smooth G¢|K¢ ® K ¢-algebra. The rest of the proof is similar to
that of Theorem 1.12 in [Ko1]. We omit the detail here. O

2.4. Ishibashi states. As we mentioned in the introduction, an open-closed field algebra
over V equipped with nondegenerate invariant bilinear forms for both open theory and
closed theory contains all the data needed to grow to an open-closed partial field theory
of all genus. Without adding more compatibility conditions, itself is already an interest-
ing object to study. We show in this subsection that the famous “Ishibashi states” [I] can
be studied in the framework of such an algebra. Throughout this subsection, we fix an
open-closed algebra over V given in (2.12) and equipped with nondegenerate invariant
bilinear forms (-, -)¢; and (-, -)op-

For u € V,, and zg € H, we define the boundary state B, (u) € V,; associated with
u and zp by

1) = _1n=—"—"L© -
By(u) = "V — 200" @ @ eH N — 20 Vi, (20 200 @), (2.34)

Proposition 2.18. If u € V,, is a vacuum-like vector [LL], i.e. L(—1)u = O, then, for
z0 € H, B;,(u) is an Ishibashi state, i.e.

(LE(n) — LR(=n))B,y(u) =0, Vn e Z. (2.35)
Proof. For v € V, the following two functions of z:

(u, Ycl—op (CUL, z+20)Y(v; zo, ZO)lop)op»
(u, Ycl—op(a)R; 7 +20)Y(v; zo, ZO)lup)op (2.36)
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can be extended to a holomorphic function and an antiholomorphic functionin {z|z+z¢p €
H, z # 0} respectively by our assumption on V. We denote the extended functions by
g1 (@, z) and g2(wk, 7) respectively.

The following two limits:

4
lim (1—_ < ) g1, 2),

z+z0—>r 20 — 20
z 4
lim (1 - — ) 82", 2) (2.37)
z+z0—>r 20 — 20

exist for all » € R. Using (2.15), it is easy to see that the above two limits also exist

for r = 0o € R if and only if u is vacuum-like. Hence, by V-invariant (or conformal
invariant) boundary condition, we have

4 4
lim (1—_ ‘ )gl(a)L,z)z lim (1—_ ‘ )gz(a)R,z) (2.38)

rzo—>r 20 — 20 +zo—>r 20 — 20

for all » € R when L(—1u =0.
On the other hand, for |z + zg| > |zo|, we have
(, Yei—op(@", 2+ 20)Yei—op (Vi 20, Z0)Lop)op
= (u, Yer—op(Y(@", 2)v: 20, Z0)oplop)op
= (U, tei—op(20, 20)(Y(@", 2)0))p
= (t1_op(20, 20) (W), Y(@", 2)v)cr
= (Boy(u), ¢"V(Eo — 2020 @ E D70 =20 " OV (W, D). (2.39)

Note that one should check the convergence property of each step in (2.39). In particu-
lar, in the last step, the convergence and equality follow from the convergence of early

- = —L(0 —
steps and the fact that (zo — zg)_L(O)e_L(_l) ® 20 — 20 ( )e_L(_l) € AutV,. For
0 < |z| < |Imgzogl, it is easy to show that

_ _ — 10
et (zg — 20)FO @ L W7 =7 ( )Y(wL, 2)v
. —2LL©0)
- L
= Y(e(l - LM (1 - ;) :
720 — 20
_ 7L 1 z
(20 — 20) L Ol —— Ul
W0—z01~— Z20—20
Z -4 1 Z
= (1 — ) (Zo — 20) *Y(w, —— v, (240)
20 — 20 I el
L(0)

where v; = eLM(Zg — 20)FO @ V7 —zo
and |z + zo| > |zo|, we obtain

v. Hence, for all 0 < |z| < |Imzg|

L . =
(u, Ycl—ap (0™, z+ ZO)Ycl—op (v; 2o, ZO)lap)op

—4
= (B (), (1 — = ) (Zo — 20) 2V (@5, f(@)v1)ar, (2.41)

20 — <0
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where f is the composition of the following maps:

(w+z0) —z0 1 w
(w+z0)—20 20—2z0!1—

W w40 — =

20—20

which maps the domain H — zq to the unit disk. Since g;(w’, z) is analytic and free of
singularities for z + zg € H\{zo}, the right hand side of (2.41) can also be extended to an
analytic function in z € H — 7o\ {0}. If we view f(z) as a new variable &, then the right
hand side of (2.41) can be extended to an analytic function on {£|1 > |&§| > 0}, which
has a Laurent series expansion. By the uniqueness of Laurent expansion, the right hand
side of (2.41) gives exactly such a Laurent expansion and thus is absolutely convergent
in {£]1 > |&| > 0}. Moreover, lim_,,,_,, g1(wh, 7) exists for all r € R. By the prop-
erties of Laurent series, the right hand side of (2.41) must converge absolutely for all
f(2) € {£]|€| = 1} to the function given by lim_,;,—, g1 (@*, 2), 7 € R.
Similarly, for all 0 < |z| < [Imzp| and |z + zo| > |zo], we have

R —F/— . p=
(u, Ycl—op (0", 72+ ZO)Ycl—op(U» 20, ZO)lop)up

—_— J— _——LO -
= (B, (), ¢!V (Eo — 20070 @ LWZ — 20 “OY(0F, D)

(I-== LR ¢\ O LR©), R
= (B (u), Y(e 00 (1 — = ) (z0 — Z0) L Dk, g@)v1)e
20 — 20
z —4
= (1 - = ) (z0 — 20) "7 (Bzy (), Y(@®, g@)v1)er. (2.42)
20 — 20
where g is the composition of the following maps:
. (w+Z2o) — 20 (w +20) — 20 1 w
W w+p> ———————— > — - = _ -
(w +20) — 20 (w+2z0) —z0 20 —Z201— =

which maps the domain —H — Zzg to the unit disk. Moreover, the right hand side of
(2.42), as a Laurent series of g(z), is absolutely convergent for all g(z) € {£]|§| = 1} to

lim gy, gg(a)R, z),r € R
Also notice that

g(r —70) = ﬁ e (10 <6 <27} (2.43)

for all r € RR. Using (2.38) and by replacing z in (2.41) by r — zp and z in (2.42) by
r — Zo, we obtain the following identity:

(B (), Y(w, Y1) = (Byyw), Y@, e 1) e, (2.44)

where ¢/? = f(r —zp), for all 0 < 6 < 2. Notice that the existence of both sides of
(2.44) follows directly from (2.38), which further follows from the condition of « being
vacuum-like. Then we obtain

D (Beyw), LEmyvn)e €92 =" (Boy(w), LR (—nyvi)er "2
nez nez

for all 0 < 6 < 2m. Notice that v can be arbitrary. Therefore, we must have (2.35)
when L(—=1Du =0. O
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In physics, boundary states are usually obtained by solving Eq. (2.35). The solutions
of such equation was first obtained by Ishibashi [I]. They are called Ishibashi states. The
definition of boundary states we give in (2.34) is more general. Boundary conditions
are also called “D-branes” in string theory. If u is not a vacuum-like vector, the bound-
ary state (2.34) associated with u is also very interesting in physics (see for example
[FFES1]). Such boundary states are associated to the geometry on D-branes. In the end
of Sect. 5.2, we will give a more natural (or algebraic) definition of D-brane.

3. Cardy Condition

In this section, we derive the Cardy condition from the axioms of open-closed partial
conformal field theory by writing out the algebraic realizations of the both sides of Fig. 3
explicitly. Then we reformulate the Cardy condition in the framework of the intertwining
operator algebra. Throughout this section, we fix an open-closed field algebra over V
given in (2.12) equipped with nondegenerate invariant bilinear forms (-, -),p and (-, -)¢;.

3.1. The first version. In the Swiss-cheese dioperad, we exclude an interior sewing
operation between two disks with strips and tubes and a self-sewing operation between
two oppositely oriented boundary punctures on a single disk. The surface obtained after
these two types of sewing operations can be the same cylinder or annulus. The axioms of
open-closed partial conformal field theory require that the algebraic realization of these
two sewing operations must coincide. This gives a nontrivial condition called Cardy
condition (recall Fig. 3).

Although the Cardy condition only involves genus-zero surfaces, its algebraic real-
ization is genus-one in nature. This fact is manifest if we consider the doubling map §.
A double of a cylinder is actually a torus. Hence the Cardy condition is a condition on
the equivalence of two algebraic realizations of two different decompositions of a torus.
This is nothing but a condition associated to modularity.

That an annulus can be obtained by two different sewing operations is also shown in
Fig. 4. In particular, the surface (A) in Fig. 4 shows how an annulus is obtained by sewing
two oppositely oriented boundary punctures on the same disk with strips and tubes in
S(1, 3]0, 0), and surface (C) in Fig. 4, viewed as a propagator of the close string, can be
obtained by sewing an element in S(0, 1|1, 0) with an element in S(0, 1|0, 1) along the
interior punctures. We only show in Figure 4 a simple case in which there are only two
boundary punctures and no interior puncture. In general, the number of boundary punc-
tures and interior punctures can be arbitrary. However, all general cases can be reduced
to this simple case by applying associativities. Notice that the two boundary punctures
in this simple case can not be reduced further by the associativities. We only focus on
this case in this work.

The conformal map f between the surface (A) and (B) and g between the surface
(C) and (B) in Fig. 4 are given by

1
f(w) = —logw,
2mi

g(w) = —= logw. 3.1)
2mi

. . i i(—1
It is also useful to know their inverses f~'(w) = 2™, g~ (w) = e2rit=w

— eZm’(—

. For any

. 1 . .
z € C, we set g, := ¥ and p. : ©)2 The radius of the outer circle of the
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f S2

(A) £ (B)

Fig. 4. Cardy condition: two different sewings give same annulus

surface (C) in Fig. 4 is | ps,| = 1 and that of the inner circle is

Pl = P =g '/2. (32)

As we have argued and will show more explicitly later, the Cardy condition is deeply

related to modularity. In [H9], Huang introduced the so-called geometrically modified

intertwining operators, which is very convenient for the study of modularity. He was

motivated by the fact that it is much easier to study modularity in the global coordinates.

Namely, one should choose the local coordinates at s1, s in surface (B) in Fig. 4 as
simple as possible. More precisely, we choose the local coordinates at s1, 52 as

w e%i (w — s51),
W e (w—s)) (3.3)
respectively. Correspondingly, the local coordinates at punctures gy, , g5, are

9
X=w—qs,

i 1 1
=e2 —1 1+ —
qul (w)=e 2mi o8 ( qs, x)

i 1 1
Jg, (W) = e 2 i log (1 + — x) (34)

qs; X=W—¢s,

respectively.
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Notice that both local coordinates f,  (w) and fq (w) are real analytic. Hence
3B e R, b’ € R,.i = 1,2 such that

j+l d d
9
X=w—qs,

oo p(l)
Fopy (w) = X2 B Dyl

J 1B 2)x]+l d ( (2)))( (3‘5)

dx x

fa,,(w) =e

X=W—(s,
Then the algebraic realization of the surface (A) gives a map V,, ® V,, — C. We

assume 1 > |g5,| > |gs,| > |g:| > 0. By the axiom of open-closed conformal field
theory, this map must be given by (recall (1.25))

v ®@v > Try, ( Yop(Tgs, 01, qs)) Yop (Ty,, v2, qu)qL(O)) (3.6)
where
Ty, =e DI B.?”“J?(b(()l))—L(O)’
Ty, = pIp Bﬁ-z)L(A/)(b((f))fL(O)' 37

We need to rewrite qu1 and quz. Let Aj, j € Z,, be the complex numbers defined
by

+1
Z/ lA!yj ,[‘

log(l+y) =e Y

Itis clear that A; € R. Hence we also obtain:

1 1 j+l d
5 log (1 + gx) = v eXiem AN d Q)X e (3.8)
Lemma 3.1.
Ty, = = (g5 Qe TR ALD )L O~ FLO)
Ty, = (@5) e S5 AL (1)L (O) =27 L(0) GBLO) (3.9)

Proof. By results in [BHL], if e2i=1 C-/L(j)cé(o) = X D-"L(j)dé(o) for any C;,
D; € C,co,dp € C, we must have C; = D; and c¢o = dp. Therefore, by moving

the factor (g, YLO) 1o the right side of e~ 25 ALG) in (3.9) and similarly moving the
factor (qu)L(O) in (3.9), we see that it is enough to show

(b(]))L(O) (s, )L(O)(zm)L(O) ’L(O)

(b(l))L(O) (gs Z)L(O)(Zﬂl)L(O) 2711L(O)e”2’L(0) (3.10)

Using our conventions (0.1)(0.2), it is easy to check that the above identities hold. O
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Let W be a V-module. Huang introduced the following operator in [H9]:
Ux) 1= xLO = X2 AILD (271)LO) ¢ (EndW){x).

Thus (3.6) can be rewritten as follows:
v @ vy > Try,, (ng(l/l(qsl)vi, Gs)) Yop U(gsy)e 2T EOy) qu)qf(O)), 3.11)

where v] = e~ 2 L0y, and vy = e L0y,

Now we consider the algebraic realization of the surface (C) in Fig. 4 obtained
from an interior sewing operation between an element in S(0, 1|1, 0) and an element in
S(0, 110, 1).

Lemma 3.2. Vr € (0, 1) C Ry, the surface C in Fig. 4 is conformally equivalent to a
surface Q1 1007 0y, where

1. Q1 € S(0, 110, 1) with punctures at 71 € H, oo € R and local coordinates:

forws (B 222 (3.12)
r/ow-—2z
OF (=2 ) 10g 2 3.13
Diwe (27”,) og (3.13)
2. Q> € S(0, 111, 0) with punctures at zo € H, co € R with local coordinates
fo i w i (_—r) v (3.14)
Psy w—22
Dy e s (Z5) 100 Y _22. 3.15
oo - W€ (Zm') Ew— 22 ©.15)

Proof. Let us first define two disks D1 and D,. Dg is the unit disk, i.e. Dy := {z €
Cl|z| < 1}, which has punctures at py,, 0 and local coordinates:

i [ —T
8py, W e? (2_711 logw —sl), (3.16)

g0 W > rlw. 3.17)

D> is the disk {z € @Hzl > | ps, |} which has punctures at py,, 0o and local coordinates:

8py, T W > e*ﬂTi (2__7:1 logw — sz), (3.18)

oo T W > — (3.19)
w

It is not hard to see that the surface C in Fig. 1 can be obtained by sewing the puncture
0 € D; with the puncture oo € D; according to the usual definition of the interior
sewing operation. Then it is enough to show that Dj and D, are conformally equivalent
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to P and Q respectively. We define two maps A1 : Q1 — Djand hy: Q> — Dj as
follows:

w— 271
hi:w— pg —,
w—1z
w—22
hy :w — py, .
w — 22

It is clear that i1 and &, are both biholomorphic. We can check directly that /2; and h;
map punctures to punctures and preserve local coordinates as well. O

Using (2.33), we obtain the algebraic realization of the annulus C in Fig. 1 as follows:
v ® vy = (T @ T &y, (1, 2D(Ta)), (T3 @ TH* iy, (22, 22) (Tavy))
(3.20)

where TL R , Ty, T3L’R Ty are conformal transformations determined by local coordi-
nates fz,, foo (2) D2, and (TF ® TR)* is the adjomt of TF ® T} with respect to

the bilinear form (-, -); fori = 1, 3, and v1 =e" L(O)vl and v2 —e7 L(O)vz.

Lemma 3.3. Recall the convention (0.2), we have

—L(0) . ————L(0)
T = @ —2)H Ot (B) T = Gr—ay Ve O (B) L 62
r r
) 1\L©
Ty = Wz — 27 Ou() (——) ; (3.22)
T
5\ L(O) _ 7N LO
= G-t (B2) T rf =G et (B2) L 323
r r
1 L(0)
Ty = LW (7, — 7)) LOu (1) (——) . (3.24)
T
Proof. From (3.12) and (3.14), we obtain
L
faiwis @ =i el (B
r X=w-—2z]
d
el
foriw s (22— ) Ve (&) " x (3.25)
r X=w—22

Then (3.21) and (3.23) is obvious. Notice that the expression (3.21) is independent of
our choice of branch cut as long as we keep the convention (0.2).
From (3.13) and (3.15), we obtain

d
-x 5

W) = e I () — 7)) ¥ eZict A iy e (_l) ‘
T

d
x5

1
FRw) = 2 (2 — ) v X A (2m)—xddx(——) e
T
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Recall that fo(g), 0(3 ) are both real analytic. Similar to the proof of Lemma 3.1, to show
(3.22) and (3.24) it is enough to show that

L(0) ,
B0 = @ =2 HOri) O (—1) e MO, (3.28)
T
1 L(O) i
B = (2 — 20)7FO Qi) EO (——) e tO (3.29)
T

for some bc(,lo) , bC%) € R,. Using our convention (0.1) and (0.2), it is a direct check that
(3.28) and (3.29) holds. O
Combining (3.11), (3.20) and additional natural factors q; 2N q:?4 (see [Z,HI9]),

which is due to the determinant line bundle on torus [Sel,Kr], we obtarin the following
formulation of the Cardy condition:

Definition 3.4. The open-closed field algebra over V given in (2.12) and equipped with
nondegenerate bilinear forms (-, -)op and (-, -) is said to satisfy Cardy condition if
the left hand sides of the following formula, ¥z1, 2o € H, vi, v2 € Vyp,

Trv,, (Yop@(@s)01. ) Yop U(gs)e ™ vy, ) g EO=24)

_ —c/24 _
= ((TIL ® T,y (21, 20 (v, ¢ (T ® Tf)*zj,op(m,zz)(nvz))

4 cl

(3.30)

converge absolutely when 1 > |qs,| > |gs,| > |gz| > O, and the right hand side of

(3.30) converge absolutely for all s1, so € H satisfying Res; = 0, Re sy = % Moreover,
Egq. (3.30) holds when 1 > |qg | > |qs,| > lgz| > 0.

Remark 3.5. The dependence of z1, z2, r of the right hand side of (3.30) is superficial
as required by the independence of z1, z», r of the left hand side of (3.30). We will see
it more explicitly later.

Using the definition of boundary states (2.34), (3.30) can also be written as follows:

TI‘V,,p (Yop (u(q‘vl)vla CIsl)Yop (U(CISZ)E_zﬂiL(O) v2, QSZ)Q£(O)_C/24)

) L(0) _P L(0) "

K s —c

= Bz1 (T2U1)7 ( 2 ) & (_2) q_i/ Bzz(T4U2) . (331)
~Psi “Psi ! cl

3.2. The second version. In this subsection, we rewrite the Cardy condition (3.30) in
the framework of the intertwining operator algebra.

Since V satisfies the conditions in Theorem 0.1, it has only finite number of
inequivalent irreducible modules. Let Z be the set of equivalence classes of irreduc-
ible V-modules. We denote the equivalence class of the adjoint module V as e, i.e.
e € I. Let W, be a chosen representative of a € 7.
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For any V-module (W, Yy ), we denote the graded dual space of W as W/, i.e.
W' = @pec(Wny)*. There is a contragredient module structure on W’ [FHL] given by
a vertex operator Yy, which is defined as follows:

—xL(1) , =2LO), _y=lyy (3.32)

foru e V,we W,w' e W.(W,Yy},) (or simply W) is the only module structure on
W' we use in this work. So we can set Yy := Yy,. We denote the equivalent class of
W/ as a’. It is harmless to set W, = W,,. Moreover, W” is canonically identified with
W.Hence a”’ = afora € T.

By assumption on V, V/ = V, ie. ¢’ = e. From [FHL], there is a nondegenerate
invariant bilinear form (-, -) on V such that (1, 1) = 1. This bilinear form specifies a
unique isomorphism from V to V'. In the rest of this work, we identify V' with V using
this isomorphism without mentioning it explicitly.

For any triple V-modules W1, W, W3, we have isomorphisms

(Y (u, x)w', w) = (w', Yw (e

LW w:
Q, : VW?WQ — VW;WI, VreZ
given as follows:
QW) (w2, Dwi = VY (wy, P 2wy, (3.33)
forY e V‘YVVfWZ and w; € W;,i = 1, 2. The following identity
QoQ 1 =Q_,.10Q,=id (3.34)

is proved in [HL3].
For Y € Vu“,/f% and r € Z, a so-called r-contragredient operator A,()) was intro-

duced in [HL3]. Here, we use two slightly different operators Ar()) and Ar (J) intro-
duced in [Ko1] and defined as follows:

(A, ) (wr, e DTEywh wo) = (wh, (e FDx=2EOwy x ),
(A, V) (wi, )wh, wa) = (wh, V(e EDx 72Oy oCrebmiy=lyypy - (3.35)
for Y e V‘;,VTWZ and w; € Wi, wy € Wp, wy € Wj. In particular, when W; = V and
Wy = W3 = W, we have 4, (Yw) = A, (Yw) = ¥}, = Yy, Vr € Z.IfY € V)

Wi Wy
~ N W
then A, (), Ar()) € VW12W§

AroAy(V) =4, 0A,(V)=D. (3.36)
Let) € ngaz. We define 0123 := 2, o Ar. It is easy to see that

forr € Z and

(W) Y(Way, X)Way)
= _ _ _
= (e Vo)), x e WOy, wy,) (337

for wa, € Wy, wa, € Wy, wy, € W, . Ttis also clear that o123 is independent of r € Z.

as:’
It is proved in [Ko1] that 01323 =1idya . We also denote 013]3 as 013». Clearly, we have
ayaz

o132 = AAr ] Q,r,1 and
(o132(V) (w1, x)wh, wo)
= (W e LEDY(wy, x e LM 2LO)y, ) (3.38)

/ /
for wa, € Way, wa, € Way, wy, € W,
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For any V-module W, we define a V-module map 0y : W — W by

Ow : w > e 2TLO,, (3.39)

For W,, we have Oy, = e 2mih
W,.
We denote the graded dual space of V,; and V,, by V/, and V(jp respectively. Let
Oc1 2 Ve —> chl and @,p @ Vop — V(ﬁp be the isomorphisms induced from (-, -); and
(-, -)op respectively. Namely, we have

“idw,, where h, € C is the lowest conformal weight of

(1, u2)er = {@er(uy), uz),
(v1, v2)op = (@op(v1), V2) (3.40)

foruy, uy € Ve and vy, v2 € V.
V. as a conformal full field algebra over V ® V can be expanded as follows:

Ve = &) Wiy i) @ Wi, (3.41)

where rp,rg 1 {1,..., Ny} = Z.Fora € Z, we choose a basis {€,.q }qen Of W, and a
dual basis {e/. }4en of W,. Then

{er, ()0 ® erp(i).pli=1,....Nu,a,peN (3.42)

is a basis of V,; and
{(PC_II(E;L(i);a &® e;R(i),ﬂ)}izl,.‘.,Nd,a,ﬁeN (3.43)

is its dual basis with respect to the nondegenerate bilinear form (-, -);.
Let T : Cygy — Cy be the tensor bifunctor. We showed in [Ko2] that there is a
morphism tej—op : T(Vey) = Vop in Cy (see (3.81),(3.82) in [Ko2] for the definition).

We define a morphism L’Cl_op : T(Vc’l) — Vyp as a composition of maps as follows:

—1
T(‘ﬂcl ) Lel—op

tpop TV ———= T(Ve)) — Vop . (3.44)

By the universal property of the tensor product X [HL1-HL4], V;)VVI"WZ and Homy (W) X
W,, W3) for any three V-modules Wi, W, W3 are canonically isomorphic. Given a
morphism m € Homy (W) X W;, W3), we denote the corresponding intertwining oper-
ator as ),. Conversely, given an intertwining operator ), we denote its corresponding
morphism as my. Therefore, we have two intertwining operators ylc,_op and y[&_w
/

corresponding to morphisms t¢;—p and ¢;_, »

respectively.

Lemma 3.6. For z € H, we have

tel—op(2, D) (ery(iy.a ® erpii.p) = € TVV L, (€r ()00 2 — Derg(iya-  (3.45)
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Proof. 1t is proved in [Ko2] that

mYc‘/—()’) = erg) o (lcl—op X idvap). (3.46)

Using (3.46), whenz € H, ¢ € Hand || > |z — ¢| > 0, we have

tel—op (2> §)(erp (i),a @ erg(i),p) = Yci—op(€r,(i).a @ erg(i).p 2 ) 1op
= (‘)I;(ytdfop (erp(i),ar 2 — §)erg(i),p 9] |
= €CL(71)yL(-I—op (erp(iy,as 2 = Oergy,p- (3.47)

By the convergence property of the iterate of two intertwining operators, the right hand
side of (3.47) is a power series of ¢ absolutely convergent for [{| > |z — ¢{| > 0. By
the property of power series, the right hand side of (3.47) must converge absolutely for
all z € H, ¢ € H. Because analytic extension in a simply connected domain is unique,
we obtain that the equality (3.47) holds for all z € H, ¢ € H. When ¢ = Z, we obtain
(345). O

Now we consider both sides of the Cardy condition (3.30) for an open-closed field
algebra over V. On the left hand side of (3.30), we have g5, < 0. Using (1.25) and (3.33),
we obtain, Yvz € V,,,

YopU(Gsy)v2, g5y)v3 = e 1921EED Y (03 1g, 1) Ugsy) v
= Q1 (Y] UGsy)v2, €™ g5, 3. (3.48)

Hence we can rewrite the left hand side of (3.30) as follows:
Trv,, (Yop @G5 01, 45) Q-1 (V) Ugs)e™ O, ™1,y g0 ~/) - (3.49)

for g5, > lqs,| > Ig<| > 0.
We have the following result for the right hand side of (3.30).

Proposition 3.7. For s1,s» € H,Res; =0,Resy =0,

(TF @ T )y 21, 20)(T2v1), q_ 1T @ TS iy, (22, 22) (Tav2)) e

T

N,

o _ 1\L©
_ TrWrR(i) e~ 2mLO) 5, (U(q_isl) (—;) V1, q—in)

i=l
1\ O LO)— £
yz(M(CIlsz) (——) v,q 1, Ja_ . (3.50)
T T T T

: . Wi e ) W
where Y| and Y are intertwining operators of types (Vap W;Lu)) and (V(,,, WL’rRu)) respec-

tively and are given by

Y= 0123(37[;,_0]7) o (@op @ idyr ), (3.51)

20

V1 = Q0132Viy)) © @op ®idw, ) (3.52)
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Proof. Let z3 :=z1 — 71 and z4 := 72 — Z». By (2.28) and (3.45), the left hand side of
(3.50) equals

(T @ T iy, 21, 20T, (T8 ®@ T iy (22, 22) (Tav2)) e

Nei
> ((T3L ® T)* 15y (22, 22)(T4v2), €1, (1).0 ® erR(i),ﬂ)
i=1 a,p

(w;l(e;L(,-),a ® e ip) (TF @ T iy, (1, Zl)(T2U1))

cl

cl
Ne

z Z (T4U2, tel—op (22, 22) (T €1y iy ® T3RerR(i),ﬁ))
i=1 op

(lcl—op(zl , 21)(‘PC_11(T]L3;L(,')’Q ® TlRe;R(i)’ﬂ)), T2U1)

Nei

Z Z (T4v2 DY (T ey y.an 22 — Zz)T3RerR(i)»/3)0p
i=1 a,p

(ezlL(—ny/

Lel —op

op

op

L = R
(Ti e, .00 20 = 20T €y o TZ“I),,,,
Ne
D {@op(Tyva), VY, (T er, y.ar 22 — 22) T erpin.p)
i=1 o,p

(MDY, (e iy e 21 = 2T ) g Cop(Tav)

Nei
— -1 — -z "
> 2 (e oV, ) (gop e DV Tav), 2

i=1 a,p

Z—2L(0)efz;1L(l)T3L

4 erp(irar T3 erg(i).p)

— _l — —7 —
(TlRe;R(,'),ﬂ, e~ L 1)0123(3}1217017)((/701)(6 ZlL(l)TZ”])a 23 1)
—2L(0) —z;'L() L
5 Vern T e ) o)

Nei

-z —1y,—2L(0) —z;!
22(0123()@,_0,,)(%[)(6 LD T), 702 Ve EO T e, i) s
i=1 a.p

eZZIL(l)T3R (T]R)*e—z;IL(—l) .

/
erg(i).p) <erR(i),f3’

-z —1\_—2L0) —z7!
o3V, ) @op(e Vv, 25z Ve s H T ) )

Nei

“lr—1)_—2L©0) 7 ! 2L(0
ST eriran (T e EDO 45 0 01030, ) (75 ED RO
i=1 a,p

- . —1 -
Gop(e™ 2 D Tyva), e za)e™s FOTR e p) (g0 ()77 D

_z “1\_—2L(0) 7!
0123V, ) (@op(e ALy, 27 Oemsn EDle . (3.53)

rp(i),a
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We define two intertwining operators as follows:
0 :
yl = 0123 (y‘/cl—np) o (@op ® ldWr,L(O)’
0 n .
WO = A0(0123 Vi) © (Pop ®idyy; ). (3.54)

Using (3.21),(3.22),(3.23) and (3.24), we further obtain that the left hand side of (3.53)
equals

Ncl
P \LO _ Z2L(0
ZZ(erL(i),a, (i) (z2 — Zz)L(O)Z4 O,

n r
i=1 a,p

0),_2L(0) L(O 1\*© ;
Yy (24 (52—22)_()?/1(1)(—;) v2, €™ z4)

_ L(0) ( Ps» LO / Dsi _L(O)—_L(O)
22— 122 — erg(i),8)(€rp (i), — (z1 — 21)

L(0) —L(O)
0), —L(© 1 1\ _—L(0) { P
Jé)(z3 Ou) (—;) v1, 23 )23 ()(—;1) €y i)

N,

cl
=2 Ty D Ups) (=10 v, ENE P Ups ) (=1/0) P vr, py),
i=1
(3.55)

_ R,
where E| = p, (22 — 22)z,4 €' z4 and

- —2L0)y=——~LO)—L0)—— —L0) —L0) —
Ey = pE0 @ — )02 Ry R e T 23 ( )Ple(O)-

For E, since zZl is obtained by operations on the intertwining operator where z4 is
- T
treated formally, z, ! really means |z4] 1e=13  Therefore, we have

3mi

E| = pSzeTe_”"e”"e% = eznip‘gz. (3.56)

For E;, keep in mind (0.1) and (0.2), we have

2L(0)
1Z - - = L(0) —L(0) -
Ey = p—Yz G -2)"%@ -2 0% - @ - @ - Y
S1
_ qf(lO) ¢ 3TL(0) ,~2% L(0) ,— 5L L(0) ,~ B L(0) ,~ 5 L(0)
= ¢" V) Lo, (3.57)

T

Therefore, we obtain that the left hand side of (3.53) further equals

Nei

2.1)(0) 1@
TrWr/L(i)QO(yz ) U(Psz) (_;) V2, Dsy
i=1

LO) —27iL(0) ~)©) 1@
g e © ViV U(psy) (—;) V1, Psy s (3.58)
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where we have used the fact that Y(-, e2"ix)- = Q%(y) (-, x)- for any intertwining oper-

24
_1
T

ator ). By using the property of trace, it is easy to see that (3.58) multiplying g is

nothing but the right hand side of (3.50). O

Remark 3.8. 1t is easy to check that the absolute convergence of the left hand side of
(3.53) by our assumption easily implies the absolute convergence of each step in (3.53).
Notice that the absolute convergence of the right side of (3.50) is automatic because V
is assumed to satisfy the conditions in Theorem 0.1. Hence, by tracing back the steps in
above the proof, we see that the absolute convergence of the left hand side of (3.50) is
also automatic.

Now we recall some results in [H9,H10]. We follow the notations in [HKo3]. We
denote the unique analytic extension of

. . L=
TI'W yalv(l)(u(eZHlZ)wa’e27TlZ)qt( ) 24

a1 aay;i

in the universal covering space of 1 > |g.| > 0 as

. . . 0)— <
E(Try, Yol D U@ ywg, 75)q; ™),

aay;i
By [Mi2,H9], above formula is independent of z. Consider the map: for w, € W,,

WD) g = E(Trw, YD U g, 715 ),

aay;i aay;i

(3.59)

We denote the right hand side of (3.59) as W O/a“(l))(wa; Z, 7). Notice that we choose

to add z in the notation even though it is indgf)gllldent of z. We define an action of
SL(2,7Z) on the map (3.59) as follows:

((Z Z) (\111(3);’;;15})))) (wg; 2, T)

—ElT ap; (1) u 2miz 1 Lo 2miz L(O)—ﬁ 3.60
- rszlyaal;i (e ) ‘T +d Wy, € qr/ , ( . )

ab

where 7/ = ?;:s and 7/ = crz+d’ for (C d) € SL(2,Z) and w, € W,. The following

theorem is proved in [Mi2,H7].

Theorem 3.9. There exists a unique A%@ € C for as, a3 € T such that, for w, € W,

ap; (1) 2miz 1 Lo 2miz LO)—x
E\ Trw, Y, | Ule ) T+ d Wq, € q.

ij .2 ; oy LO)—%
= > Adar E(Tryy, V2D U@ ywg, g ), (3.61)
a3€Z
where v/ = 2T and 7/ = =
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01
—10
automorphism on @, EIVZ’},I , denoted as S(a). Namely, we have

In particular, the action of § = ( ) on (3.59) induces, for each a € Z, an

ST QDY) = W (S@ QD). (3.62)

ay;i ay;i

Combining all such S(a), we obtain an automorphism on @, 4, ez Vak .- We still denote it
as §,i.e. S = @ ez S(a). Then S can be further extended to amap on @mdvg% V4
given as follows:

S(yafﬁ;(l) ® ytl;(z) ) = S(J}“B;(l)) ® ya;(z) (363)

aaz;i ajaz; j aaz;i ajaz;j’
There is a fusing isomorphism map [H4]:
. a a = a4 b
F éBtlEIVafa ® Vazus — EBbEZVbag ® Vuwz (3.64)
for ay, az, az,as € I. Using the isomorphism F, we obtain a natural action of S on

as b
Bb.asVarp ® Vras. . . . .
It is shown in [H7] that the following 2-points genus-one correlation function, for

ai,ar,az,as €Z,i =1,...,Nggy, j =1, ooy Ny and wg, € Wy k =2,3,
:(1 12 L(0)— 53
Tri,, Vot U@) Vo2 i (Way, 21 = 22)Way, 422)q5 > (3.65)

is absolutely convergent when 1 > [¢27%2| > |g;| > Oand 1 > [e27i@I—22)| 5
and single-valued in the chosen branch. It can be extended uniquely to a single-valued
analytic function on the universal covering space of

M? ={(z1,22,7) € C*|lz1 £ 220+ pT +q.¥p,q € Z, T € H}.

This universal covering space is denoted by M 12 We denote this single-valued analytic
function on M 12 as
(1 12 L(0)—57
E(TI‘W“I ys,lllgi)(u(qzz)ya @ ~(wa2» i1 — Zz)wag, qu)QI 24)~

azas;j

We denote the space spanned by such functions on M 12 by Gi.2.
For Yy () ¢ Vas, and V4D pa

aay:i was: j araz» WE NOW define the following linear map:

. . 2
WD @ VED @y, ez Wi, @ Wy — Gia

aay;i aas;j

as follows: the map restricted on Wy, ® W), is defined by 0 for by # ay or b3 # a3, and
by

. . L0)—5
E(Tryy, V5D U VED (w21 = 2w g)ar ), (3.66)

aaiii azasz;j

for all wy, € W, k = 2, 3. The following identity was proved in [H9]:

15 B .
V2V ®y’12“3?1) ( r) Wa, ® ( t) Was ( tZl’ rzz’ t)

= (w2 P @ VED D (way ® war)) (21, 22, D). (3.67)

aai;i aas;j
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One can also produce 2-point genus-one correlation functions from a product of two
intertwining operators. It is proved in [H7] that Vw,, € Wy, k=1, 2,

;(1 (2 L(0)—»57
Trw,, Vot U@z way, a:) Ve U@z Way 42)ge

azay; j

(3.68)

is absolutely convergent when 1 > |g;,| > |gz,| > |gz| > 0. Equation (3.68) has a
unique extension to the universal covering space M 12, denoted as

(1 2 LO)—%
E(TrWa4 ny;g;,?(U(qm)wal » 4z )ygjai:}(u(‘kz)waza q:)4r ). (3.69)
Such functions on M 12 also span G1.2. We define a map
(1 ;2
W (Ve @ Vi) s @y, byerWoy ® Wiy — G (3.70)

as follows: the map restricted on W, ® W), is defined by O for by # ay, by # a», and
by (3.69) for w,, € Wy, wa, € W,,.

It was proved by Huang in [H7] that the fusing isomorphism (3.64) gives the following
associativity:

(1 12 L(O)—5
E(Trw,, Vol N UGz ) way, 4:) Ve U@ Wasr s 4)as )
_ ag; (1) az;(2)  ,as;(3) as; (4)
- Z Z F(y01a32i ® yaza4:j’ ya5a4;k ® yalsaz;l)
a5€I k,l
HE (4 L(0)—»
E(Trw,, Vo8 Ug) Ve (way. 21 — 2)Way. g)ge 2. (371)
where F (yjjjaglf ® yj;afi, yg;‘af,i ® nyu?;) is the matrix representation of  in the
. () a3y e (4
basis (V') @ Vei D) (Ve @ Vi Y. Therefore, Vg, € Wa, k = 1,2, we
obtain
L(0) L(0)
a;(1) o 1 (2) 1 1 1 (I
(\Ilz(yala;i ®Vras: ) ((—;) Wa; ® (—;) waz)) (—;Zl, T T
= (wy(S az; (1) a;(2) 3.72
= V2SOV i ® Vppay: i) (Way ® Way) ) (21, 22, T). (3.72)

Combining (3.49), (3.50), (3.51), (3.52) and (3.72) and Remark 3.8, we obtain a
simpler version of the Cardy condition.

Theorem 3.10. The Cardy condition can be rewritten as follows:
(W 001230, ) 0 (90p @ idiyy. ) ® (R0(0132 Vi) © (Pap @ i)

=571 (v} ® (21004 0 (v, ®idy,,))) (3.73)

4. Modular Tensor Categories

This section is independent of the rest of this work. The tensor product theory of mod-
ules over a vertex operator algebra has been developed by Huang and Lepowsky [HL1]-
[HL4,H2]. In particular, the notion of vertex tensor category is introduced in [HL1].
Huang later proved in [H11] that Cy is a modular tensor category for V satisfying con-
ditions in Theorem 0.1. In Sect. 4.1, we review some basic ingredients of the modular
tensor category Cy. In Sect. 4.2, we show how to find in Cy a graphical representation
of the modular transformation S : 7 — —% discussed in Sect. 3.2.
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4.1. Preliminaries. We recall some ingredients of vertex tensor category Cy and those
of modular tensor category structure on Cy constructed in [H11].
There is an associativity isomorphism .4,

A: Wi XK (W X W3) - (W) K W,) K W3,

for each triple of V-modules Wi, W», W3. The relation between the fusing isomorphism
F (recall (3.64)) and the associativity isomorphism .4 in Cy is described by the following
commutative diagram:

Dase7Vlas ® VI3, —— Homy (Wo, B (W, ) W), Wo,) .1

lf l(Al)*

@aGEIVg§a3 ® vgfaz ; HomV((Wal Ig Waz) IE Wag,a Wa4)

where the two horizontal maps are canonical isomorphisms induced from the universal
property of X.
We recall the braiding structure on Cy . For each pair of V-modules Wy, W», there is

also a natural isomorphism, for z > 0, Rf(Z) : Wi Wp) Wo — W Kp(,) Wy, defined
by

RLD (wy Bp) wa) = eXDT, (wy Bp(zy wy), (4.2)

where y; is a path from —z to z inside the lower half plane as shown in the following
graph

—z 0 z

(4.3)
The inverse of Rf @ is denoted by Rf(Z), which is characterized by
R (wy Mpey wi) = e"CVT,_ (wy Rp—y wo), 4.4)
where y_ is a path in the upper half plane as shown in the following graph
—z 0 z 4.5)

‘We denote Ri(l) simply as R . The natural isomorphisms R+ give Cy two different
braiding structures. We choose R as the default braiding structure on Cy. Sometimes,
we will denote it by (Cy, R+) to emphasize our choice of braiding isomorphisms.

Notice that our choice of R follows that in [Ko2], which is different from that in
[H8,H11,Kol]. For each V-module W, (3.39) defines an automorphism 6y : W — W
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called a rwist. A V-module W is said to have a trivial twist if 6y = idw. The twist 0
and braiding R satisfy the following three balancing axioms

O, = Ra 0 Ry 0 (B, K bw,), (4.6)
Oy = idy, 4.7)
Bwr = (Ow)", (4.8)

for any pair of V-modules Wy, W.

Let {)¢,} be abasis of V¢, forall @ € Z such that it coincides with the vertex operator
Yw,, which defines the V-module structure on W, i.e. Vi, = Yw,. We choose a basis
{Vi,} of Vi, as follows:

Vie = Q1(Vz)- (4.9)
We also choose a basis {J¢ } of V¢ , as
Ve = Vo = Ao(V8,) = o122 (VE,). (4.10)

Notice that these choices are made for all @ € Z. In particular, we have
Ve = Q1) Vo =V, = AoV,
The following relation was proved in [Kol].
Vo = MQo(Ve) = e (Ve (4.11)

For any V-modules Wy, Wy, W3 and ) € VVV“,]]}WZ, we denote by my the morphism
in Homy (W X W,, W3) associated to ) under the identification of two spaces induced
by the universal property of X.

Now we recall the construction of duality maps [H11]. We will follow the conven-
tion in [Ko1]. Since Cy is semisimple, we only need to discuss irreducible modules. For
a € 7, the right duality maps ¢, : W, X W, — Vandi, : V — W, X W, fora e T
are given by

eq =myr, , My Oig = dima idy,

where dima # 0 for a € T (proved by Huang in [H10]). The left duality maps ¢/, :
WCR W), — Vandi),: V — W, K W* are given by

e; =mye , mye o i(’l =dima idy.

In aribbon category, there is a powerful tool called graphic calculus. One can express
various morphisms in terms of graphs. In particular, the right duality maps i, and e, are
denoted by the following graphs:
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the left duality maps are denoted by

a a
A /o
1y = €q =

a a ,

and the twist and its inverse, for any object W, are denoted by

W‘ WL
O = Ot =

wl

The identity (4.11) proved in [Ko2] is nothing but the following identity:

a’ﬂa aga’ a Ra’ : (4.12)

This formula (4.12) is implicitly used in many graphic calculations in this work.
N{l3

| v

A basis {yjf;g,?}i;“l”z of Vara, for ai, az, a3 € T induces a basis {e;’, .} of Hom
(Wy; X Wg,, Wy,). One can also denote eraz;i as the following graph:
ag
1
ax az . 4.13)

Note that we will always use a to represent W, and a’ to represent W, in graphs for
simplicity. By the universal property of K p(,), the map Q20 : Vaija, = Vaya, induces a
linear map Qo : Homy (W,, X W,,, W,,) — Homy (W,, X W,,, W,,) given as follows:

Q.
as 3

Qo : — i

“ 2 ay a . (4.14)

a

Naja
Let us choose a basis { f(la;.ajz } j=11 2 of Homy (Wg;, W,, X W,,), denoted by

ay . ag
J

g =
as , (4.15)

such that
as

ay as = 6LJ

as as . (4.16)
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The following identity is proved in [Kol]

aq as (4.17)
We prove a similar identity below.
Lemma 4.1.
a
>3 G
dim b
as€Z 1
as (4.18)

Proof. Using the first balancing axiom (4.6), we have

7)) R

(4.19)
Then the lemma follows from the following relations:
Q4
k
dim a4 o 1 /
dim b b = Timp U b
[
Gy
4 (420
_ 1 / _
= Tmo B u = Ok
b
ay Q4
4.21)
O

Similar to o, Ao, o123 and o137 can also be described graphically as proved in [Kol].
We recall these results below.
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Proposition 4.2.

as
AN() : " =
i
aq a9
(4.22)
as
0123 A\ =
i
ay [¢5)
(4.23)
as
0132 : A =
ay a9
(4.24)
4.2. Graphical representation of S : T —%. In [HKo03], we defined an action of «, 8
on W (y;z[l,l(;) ® y;’zf,? ,)- More precisely,
(YD @yr@ ). g Way, ® Way > G (4.25)
aay;p wazq’’ + Par,a3€l Way az 1;25 :
BV @ VR )t @ayaser War ® Way — Gz (4.26)
are defined by
; (2
(@ (W Vi) @ Vi) 1)) (wr ® w3)
_ ar; (1) a;(2) . .
= (V2Voay;p B Vipari)) w2 ® w3t 21,22 — 11 7),
(1 (2
B @ Vi )) (w2 @ w3)
= (W @ VIR ) (wr @ wsi 21,22+ 73 T) (4.27)

if w, ® w3 € Wy, ® Wy,, and by 0 if otherwise.
We also showed in [HKo3] that @ induces an automorphism on EBaeIVgél ® Varas
given as follows:

:ad 12 —2mi - ;1 v :3 (4
yal (_)®ya()"_> Z Z e 2mha3F 1(ya| (')®ya() .ygzlbfk)®y53z(n3l)

adaip;t azasz;j adap;t a2a3;j’
b,ce Ak, p,q
ai;(3) 2 b;(4) . ya1:(5) c; (6)
F(yazb;k ® Q—l(yasalzl)’ ycal:p ® yazas;q)
ai;(5) c:(6)
ycalip ® yﬂzﬂ}ﬂ;' (4.28)

We still denote this automorphism and its natural extension on @, g4, e Vaa, @ V2 by

«. The following lemma follows immediately from (4.28). e
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Lemma 4.3. « can also be expressed graphically as follows:

ao as [~ \\(11 . (429)

For B, we prefer to use maps Ag and Ao defined in (3.35) instead of the map Ao used
in [HKo3]. We obtain the following lemma, which is proved in the Appendix.

Lemma 4.4. 8 also induces an automorphism on @a,alezvggl ® ng

ay given by

ap; (1) a;(2) —1 a1 (1) a;(2) | ja1;(3) b; (4)
yaal;i ®yazas;j e ZZZZF (yaalzi ®yazas;j’yazb;k ®yasal;l)

bel k, cel P.q
¥ HE ¥ b; (4 b’ (5 1 (6
F(Aggiih ® Ao ), Vo, @ yei® )

azay;l c aas;q

Ao, @ BOEE ). (4.30)

c azas;q

We still denote this automorphism by B.

Lemma 4.5. 8 can be expressed graphically as follows:

= D er 2

(4.31)

Proof. Using (4.30), we can see that 8 is the composition of following maps

a F-l a b Ao®Ag / al
Gaa,alefvaclll & ngcg —_— @b,meZVa;b ® Va3a1 —_— @b,alezvabza/l ® Vuglb/ (432)
l]—'
2

b c AO@QO b c
®b,ceIVcb ® Va2a3 ~ @b,ceIVCb/ ®YV,

azas”
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By the commutative diagram (4.1), (4.32) can be rewritten graphically as follows:

y
k"
a
=22 > S
bel k bel k
a9 a9 \CLg b/
=22
beZ k
(4.33)

We have introduced S, «, B all as isomorphisms on @, 4, 7 Vaa, ®Vy, 4, They satisfy
the following well-known equation [MSeil,MSei3,H10,HKo3]: \

Sa = BS. (4.34)

We proved in [HKo3] that S is determined by the identity (4.34) up to a constant S. We
will solve Eq. (4.34) for S graphically below.

Proposition 4.6.

ay

S(a) : ' — Z S¢ dimay  ap \

2 a2€T 7

a @ a N g (4.35)

Proof. Since we know that Eq. (4.34) determines S up to an overall constant S, we only
need to check that (4.35) gives a solution to (4.34).
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Combining (4.31) with (4.35), we obtain that

> sedimay

bas€l k
(4.36)
The diagram in the right hand side of (4.36) can be deformed as follows:
Qy
as / (4.37)
By (4.18), we have
ZZS:dima4 = S¢dimb
as€T k
a/ ar () ag b (438)

On the other hand, combining (4.29) with (4.35), we obtain

aj P \\b L (439)

Notice the diagram on the right hand side of (4.39) is exactly a deformation of the
diagram on the right hand side of (4.38). Hence we obtain that the map defined as (4.35)
gives a solution to the equation Soe = S. O

az asz 1 ay az

To determine S completely, we need to determine S¢. This can be done by using other
identities satisfied by S.

Proposition 4.7.

2 @)Yy = Ao D) (4.40)

aay;i aay;i
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Proof. By the definition of S-cation on yj;f? € Vab,» we have

. : —1\*©®
w1<52<a)(y;’;;5}’)><wa;z,r)=w1<y;‘;;f?>(r“°> (T) Was —2,T | (4.41)

for w, € W,. Keep in mind our convention on the branch cut for a logarithm. We have

_1 L(0) )
7',L(O) (_) Wy = emL(O)wa.
T

Hence we obtain

U (2@ DN (was 2. 1) = W QN DY@ Oy —z,7). (442)

aay;i aay;i

By (A.47), we also have

W Ve @ Owgs =z, 0)

aay;i

— E ’I‘ 3 ; : . L(0)— c
o ( rW“l yz{ll;g)(U(e—Zmz)emL(O) Wa, e_2mz)qf @ 24)
= E (T A ; i i . o LO0)—
- ( r(Wal)’AO(yZzlz’IE}))(emL(O)L{(eZ”’Z)wa, e”'ezmz)q,( ) 24)
= A ; i P (o)

E (TI'(Wal)/Ao(yal;(1))(u(62ﬂlZ)wa’ eZ;ruz)qT( ) 24)

aay;i

= W (A2 ) (wai 2. 7). (4.43)

Therefore, combining (4.42) and (4.43), we obtain (4.40). O

The following lemma is proved in [BK2].
Lemma 4.8. Let D> = Y, 7 dim? a. Then D # 0 and we have

ar_)\Ja’Q

dimas dima _
Tartogios (o =t
o \a

ar lay . (4.44)
Proposition 4.9.
(89?2 = —. (4.45)

Proof. By (4.35), we have

as \
ay a /W
S%(a) — Z (8%)* dim ay dim a3 ’ L

7 a
a 1 a az,a3€l (1@
a az. (4.46)
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Apply (4.12) to the graph in the right hand side of (4.46), we obtain

ag\\
) Bﬁ
Z dim ay dim as F@ B Z dim az d1m as a2
D2 -
az€l 1 ax€l
a as a

as . (4.47)
By (4.44), the right-hand side of (4.47) equals
ay
6a1a3 6 =
’L' !
a ay (4.48)

By (4.40) and (4.22), we obtain (4.45). O

So far, we have determined S¢ up to a sign. Now we consider the relation between
S and another generator of the modular group 7 : 7 + 7 + 1. We define a T-action on
W (Y™ Y as follows:

aay;i

T (1Y,

aay;i

D (Wa; 2, T) 1= W1 (Vg ) (Wa3 2, T+ 1), (4.49)
It is clear that this action induces an action of 7 on Vaal for all a, a; € Z, given by

Tl = e*miha=5), (4.50)

aay
where A, is the lowest conformal weight of W,,.
Lemma 4.10. S and T satisfy the following relation:

(T7'8)3 = 82 =771, 4.51)
Proof. Let w, € W,. We have

(T3 (@ ™ D)) (wg: 2. T)

aay;i

1 Y9 1\ to
= ‘-IJ (y;l‘l”(ll)) TL(O) (_1—) ( ) Wy, =2, T ). (452)

T—1

T—1

Keeping in mind our choice of branch cut, then it is easy to show that

| L(0) | L(0)
‘[L(O) - - w, = eﬂiL(O)w
=1 _ T—1 “

—1

By (4.42), we obtain the first equality of (4.51). The proof of the second equality (4.51)
is similar. O
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Proposition 4.11. Let py = >, 7 e=27 " dim? a. Then we have
Se — ieZHiC/S — Le—2ﬂ’ic/8. (453)
°op- P+

Proof. Inthe proof of Theorem 3.1.16 in [BK2], Bakalov and Kirillov proved an identity,
which, in our own notation, can be written as follows:

L misigpig o LD pmifi gy
(S9)2D? S¢ D?
By (4.51) and the fact p_ p, = D? which is proved in [BK2], we simply obtain that
Sg — Le2ﬂic/8.
pP—
Using (4.45) and p,p_ = D?, we also obtain the second equality. O

We thus define

—2mic/8

D:=p_e = pemicld, (4.54)

Notice that this notation is compatible with the definition of D?. Then the action of mod-
ular transformation S(a) on ®,, czHomy (W, X W,,, W,,) can be expressed graphically
as follows:

ay
di
S(a) o Dgper 252

a aq

(4.55)
Proposition 4.12.

ay

@ L e Seatme \
K3 K3
¢ “ a ay . (4.56)

Proof. Composing the map (4.55) with (4.56), we obtain a map given as follows:
\

1
dimas dimag
D DA !

1 1

¢ “ a a . (4.57)

Apply (4.44) to the graph in (4.57), it is easy to see that the above map is the identity
map. O

Remark 4.13. Bakalov and Kirillov obtained the same formula (4.55) in [BK2] by
directly working with the modular tensor category and solving equations obtained in
the so-called Lego-Teichmiiller game [BK1]. In our approach, we see the direct link
between the modular transformations of g-traces of the product (or iterate) of intertwin-
ing operators and their graphic representations in a modular tensor category.
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Proposition 4.14.

ay as
J
(S(@)" \%H Coser 25 L@/
aq ‘
a as
i) )/
(57H(a)" - \fJH Paer U @
aq ‘
(4.59)

Proof. We only prove (4.58). The proof of (4.59) is analogous to that of (4.58).
It is enough to show that the pairing between the image of (4.35) and that of (4.58)
still gives §;;. This can be proved as follows:

_ Z dim a; dim ag
a2  dimay D?

By (4.44), the right hand side of (4.60) equals

1 a = 5.
dimay ” - éU .

(4.58)

dim ag
Zaz D2 a

(4.60)

5. Categorical Formulations and Constructions

In this section, we give a categorical formulation of modular invariant conformal full
field algebra over VX ® VL, open-string vertex operator algebra over V equipped with
nondegenerate invariant bilinear forms and Cardy condition. Then we introduce a notion
called Cardy Cy|Cygy-algebra. In the end, we give a categorical construction of such
an algebra in the Cardy case [FFFS2].

5.1. Modular invariant Cy1 gy r-algebras. We first recall the notion of coalgebra and
Frobenius algebra ([FS]) in a tensor category.

Definition 5.1. A coalgebra A in a tensor category C is an object with a coproduct
A € Mor(A, A® A) and a counit € € Mor(A, 1¢) such that

(A®idg)oA=(ida ®A) oA, (€®ida)oA =idy = (ids®€)oA, (51)

which can also be expressed in term of the following graphic equations:

RN
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Definition 5.2. Frobenius algebra in C is an object that is both an algebra and a
coalgebra and for which the product and coproduct are related by

(idg ®@m)o (A®idy) =Aom=(m®idy) o (idg ® A), (5.2)

or as the following graphic equations:

(5.3)

A Frobenius algebra is called symmetric if the following condition is satisfied:

(54)

Let VL and V ® be vertex operator algebras satisfying the conditions in Theorem 0.1.
Then the vertex operator algebra VX @ VX also satisfies the conditions in Theorem 0.1
[HKo1]. Thus Cy gy & also has a structure of modular tensor category. In particular, we
choose the braiding structure on Cy L gy & to be R4_ which is defined in [Ko2]. The twist

0,_ for each VL @ VR-module is defined by
0, = e—szL(O) ® eszR(O)' (5.5)

Duality maps are naturally induced from those of Cy,. and Cyr.
The following theorem is proved in [Ko1].

Theorem 5.3. The category of conformal full field algebras over VL@V R equipped with
nondegenerate invariant bilinear forms is isomorphic to the category of commutative
Frobenius algebra in Cy Lgyr With a trivial twist.

Remark 5.4. In aribbon category, it was proved in [FFRS] that a commutative Frobenius
algebra with a trivial twist is equivalent to a commutative symmetric Frobenius algebra.

Let 7! and TR denote the set of equivalent class of irreducible V%-modules and
VR_modules respectively. We use a and g; for i € N to denote elements in Z% and we
use e to denote the equivalent class of V©. We use @ and @; fori € N to denote elements
in Z® and e to denote the equivalent class of V. Foreacha € It (a € I®), we choose
a representative W, (W3). We denote the vector space of intertwining operators of type

Wasy Was az 733 . . az a
(Wa1 an) and (W&l W&z) as Vg q, and Vél @ respectively, the fusion rule as Ng;,, and N iy

respectively.
A conformal full field algebra over VX ® V&, denoted as A, is a direct sum of
irreducible modules of VL ®@ V&, ie.

Acd = By_1 Wr@) ® Wi, (5.6)
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where r : {1,...,N} - ZFand 7 : {1,..., N} - IR, for some N € Z,. Let {e’, .}
and {&¢_ i .} be basis for V¢, and V?E, and { fcf’l? } and { fE‘_’?} be the dual basis respectively.
Then the vertex operator Y can also be expanded as follows:
r(ot)r(ﬂ) r(ot)r(ﬂ) r(}/):i ~r(¥)iJ
Y= D dug(Fliyi” Frori’ ) ey ® Erartpy: 5.7
a.By i,]

where dgl/ P defines a bilinear map
(VV(V) )* ® (Vr(}’) )* > C
r(e)r(B) r(e)r ()
forallee, B,y =1,..., N for some N € N. .
Since the trace function picks out y = 8 terms, we define Y2'% by

diag . r(ot)r(ﬂ) r(ot)r(ﬂ) o B SF(B)iJ
LA Z Zd r(ﬂ) i J7 PP Crer) ®e €F@)F(B) (5-8)

LetYdiag .= ngg .Of course, itis obvious to see that such defined Y#“¢ is indepen-
dent of the choice of basis. We denote the representation of the modular transformation
St _71 on @beILV 5, and EBbEIRV_b, by S¥(a) and SR (a) respectively.

In [HKo03], we defined the notion of modular invariant conformal full field algebra
over VI ® VR (see [HKo3] for the precise definition). It basically means that the n-point
genus-one correlation functions built out of g-g-traces are invariant under the action of
modular group SL(2, Z) for all n € N. Moreover, we proved the following results in
[HKo3].

Proposition 5.5. A, a conformal full field algebra over VL @ VR, is modular invariant
if it satisfies ¢ — ¢® =0 mod 24 and

SE(r(@) ® (SR ()~ vdies = ygres (5.9)
foralla =1,...,N.
We denote the morphism in

Home,, ¢ (W) ® Wi) B (Wrp) ® Wigp). Wres) ® Wip))

which corresponds to ngg by m
gorical condition:

ydiag - Then (5.9) is equivalent to the following cate-
L R/ = -1 o .
S"(r(@) ® (ST (@) mygias = myaias (5.10)

foralla =1, ,N.

Now we choose abasis (b} of Home,, » (Wa ® Wa, Act) and a basis {bfﬁa_;i}

a®a i
of Homch®VR (Aq, W, ® Wy) as follows:
Ay a®a
A - . . a®b;i . 3
R AY ba, = 1

a®a , Aa (5.11)
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satisfying the following conditions: for all « € 7L, a € IR,

a@a Acl Acl
j )
Aa| = 6 and dDowai |a®a =
¢ i
a®a Ag A (5.12)

Then the condition (5.10) can be further expressed graphically as follows:

a®a
Acl
dim a®a —
DLDE Acl - Zr(k):a@)a
A(;l \ a®a Acl

foralla € TF,a € IR, where DL and DR are the D defined by (4.54) in Cy,. and Cy #
respectively.

(5.13)

Definition 5.6. Let VL and VR be so that ¢* — ¢® = 0 mod 24. A modular invariant
CyLgyr-algebra is an associative algebra (A, |14, LA) satisfying the condition (5.13).

Some properties of the modular invariant algebra follow immediately from the above
definition, such as the following famous condition [MSei3]:

> (M@ Ny (S%@);) = Naa, (5.14)

acTl aeIR

where N,z is the multiplicity of W, ® W; in A fora € TL,a e TR We leave a more
systematic study of modular invariant Cy . g &-algebras to elsewhere.

Theorem 5.7. Let VL and VR be so that cv — ¢® = 0 mod 24. The following two
notions are equivalent:

1. modular invariant conformal full field algebra over VE @ VR equipped with a
nondegenerate invariant bilinear form,
2. modular invariant commutative Frobenius algebra with a trivial twist.

Proof. The theorem follows from Theorem 5.3 and the equivalence between (5.9) and
(5.13) immediately. O
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Remark 5.8. In the case VL = C = VR, a modular invariant commutative Frobenius
algebra with a trivial twistin Cy . & & is simply a commutative Frobenius algebra over C,
which is equivalent to a 2-dimensional topological field theory (see for example [BK2]).
In this case, the modular invariance condition holds automatically.

5.2. Cardy Cy|Cygy-algebras. For an open-string vertex operator algebra V,, over V
equipped with a nondegenerate invariant bilinear form (-, -),p, there is an isomorphism
@op : Vop = Vop induced from (-, -),p (recall (3.40)).

In this case, V, is a V-module and Yof,, is an intertwining operator. By comparing
(1.26) with (3.37), and (1.27) with (3.38), we see that the conditions (1.26) and (1.27)
can be rewritten as

Yo{z‘7 = %_pl o 0123(Yo];) o (¢op ®idy,,) (5.13)
= ¢, 0 0132(Y5) o (idop ® Gop). (5.16)

Remark 5.9. The representation theory of the open-string vertex operator algebra can

be developed. In that context, 0123(Y0";,) gives Vo’p a right V,,-module structure and
Eq. (5.15) is equivalent to the statement that ¢, is an isomorphism between two right

Vop-modules. Similarly, 0132(Y(‘,Z,) gives Vg/p a left V,,-module structure and Eq. (5.16)
is equivalent to the statement that ¢,, is an isomorphism between two left V,,,-modules.
But we do not need it in this work.

Theorem 5.10. The category of open-string vertex operator algebras over V equipped
with a nondegenerate invariant bilinear form is isomorphic to the category of symmetric
Frobenius algebras in Cy .

Proof. We have already shown in [HKo1] that an open-string vertex operator algebra
over V is equivalent to an associative algebra in Cy.

Let V,, be an open-string vertex operator algebra over V. Giving a nondegener-
ate invariant bilinear form (recall (1.26) and (1.27)) on V,,, is equivalent to giving an
isomorphism @), : Vip — V(;,, satisfying the conditions (5.15) and (5.16). If we define

Vo
V;)/p \ VOP V;)/p ‘/OP ’ (5 17)
Vor '
Vop f Vo/p Vop Vo/p Y

(5.18)
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then (5.15) and (5.16) can be rewritten as

Voo B Voo
Dop \ _ Pop
Vop Vop Vop Vop
(5.19)
Vo Vo
Po
Pop = Y
‘/op ‘/op ‘/op ‘/op )
(5.20)

Using the map ¢,, and its inverse, we can obtain a natural coalgebra structure on F
defined as follows:

ol .

op Pop
AVo;u = QDUP% 6VOP = (POP
Ve Vop : (5.21)

op

Similar to the proof of [Kol, thm.4.15], (5.19) and (5.20) imply that such defined Ay,,
and ey, give V,, a Frobenius algebra structure. Moreover, we also showed in [Ko1]
that (5.19) implies the equality between ¢, and the left hand side of (5.4). Similarly,
using (5.20), we can show that the right hand side of (5.4) also equals ¢,,. Thus V,,, has
a structure of symmetric Frobenius algebra.

We thus obtain a functor from the first category to the second category.

Conversely, given a symmetric Frobenius algebra in Cy, in [HKo1], we showed that
it gives an open-string vertex operator algebra over V. It is shown in [FRS2] that either
side of (5.4) is an isomorphism. Take ¢, to be either side of (5.4). Then (5.19) and
(5.20) follow automatically from the definition (5.17) and (5.18). They are nothing but
the invariance properties (recall (5.15)(5.16)) of the bilinear form associated with ¢,),.
Thus we obtain a functor from the second category to the first category.

It is routine to check that these two functors are inverse to each other. 0O

Now we consider an open-closed field algebra over V given in (2.12) equipped with

nondegenerate invariant bilinear forms (-, -)op and (-, -)¢;. We assume that V¢; and V),
have the following decompositions:

N¢, No
Voo = @;2 Wep i) ® Wigiys Vop = &2 Wri,

where rp, rr i {1,..., Ny} — Zandr : {1,..., Nop} — Z. We denote the embedding
V, .. i A
b(i)P : Wiy = Vop, the projection bs{zp : Vop = Wiy and b(‘l{)’ W) X Wiy —
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T (V) by the following graphs:

V;)p T(Z) T(‘/cl)
Vop _ - (l) — y Vc —
bay = L\ by, = Y1 b = AN,
r(i) Vop ri(i)l Ire(i). (5.22)

We denote the map t¢j—op : T(Ve1) — Vop [Ko2] by the following graph:

Vop

lel—op =

TVa) . (5.23)

Now we can express the Cardy condition (3.73) in graphs. The left hand side of (3.73)
can be expressed by:

Vop (re(@) (5.24)
By the universal property of tensor product, for a; € Z,i = 1,...,6, we have a
canonical isomorphism:
Bacz VS, ® Vi, = Homy (Wy, B (Wo, K Wey), Wa,)
V1 ® Vo > my, o (idw, Wmy,). (5.25)

Under this canonical isomorphism, the Cardy condition (3.73) can be viewed as a con-
dition on two morphisms in Homy (V,, X (Vo )& Wy (), Wi (iy). In particular, the left
hand side of (3.73) viewed as a morphism in Homy (Vo M (Vo X W ()), Wi (iy) can
be expressed as follows:

Tr(1)

(5.26)
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We define a morphism Lf,l_op i Vop = T (Vep) by

(Vi)
* — —1
Lclfop = T Pop T(Spcl )

Vop : (5.27)

*

cl—op» WE can rewrite the graph in (5.26) as follows:

Then using the morphism ¢

TR(i>.
(5.28)

Using (4.55), (5.26) and (5.28), we obtain a graphic version of the Cardy condition
(3.73) as follows:

_  dima

Vol v, ra(i) Vopl Vi ° a (5.29)

Using the Frobenius properties of V,,, one can show that (5.29) is equivalent to the
following condition:

Vop a
_ dima

. - = D
vl la Vi o (5.30)

The asymmetry between chiral and antichiral parts in (5.29)(5.30) is superficial. Using
(4.44), one can show that (5.30) is further equivalent to the following condition:

a L‘/op ‘/OP
dima
D j
Vop a

We recall a definition in [Ko2].

(5.31)
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Definition 5.11. An open-closed Cy|Cygy-algebra, denoted as (AoplAci, tei—op)
consists of a commutative symmetric associative algebra A, in Cygy, an associa-
tive algebra A,, in Cy and an associative algebra morphism ici—op @ T (Ver) = Vop,
satisfying the following condition:

Vop Vop
E | T
™ =]
T(Va) Vo T(Va) Vo - (5.32)
The following theorem is proved in [Ko2].

Theorem 5.12. The category of open-closed field algebras over V is isomorphic to the
category of open-closed Cy |Cy gy -algebras.

Definition 5.13. A Cardy Cy|Cygy-algebra is an open-closed Cy|Cygy-algebra
(AoplAcis tei—op) such that Aoy is modular invariant commutative symmetric Frobe-
nius algebra in Cygy and A,, a symmetric Frobenius algebra in Cy and the Cardy
condition (5.30) or (5.31) hold.

Remark 5.14. Notice that, in the case V = C, the Cardy Cy |Cy gy -algebra (using (5.31))
exactly coincides with the usual algebraic formulation of 2-dimensional open-closed
topological field theory [La,Mol,Mo2,Se2,MSeg, AN,LP]. As we discussed in the
introduction, we believe that open-closed partial conformal field theories of all genus
satisfying the V -invariant boundary condition [Ko2] are classified by Cardy Cy|Cygv-
algebras.

The following result is clear.

Theorem 5.15. The category of open-closed field algebras over V equipped with nonde-
generate invariant bilinear forms and satisfying the modular invariance condition and
the Cardy condition is isomorphic to the category of Cardy Cy|Cy gy -algebras.

Definition 5.16. A V-invariant D-brane associated to a closed algebra A in Cygy
is a pair (Aop, tei—op) Such that the triple (Ayp|Act, Lei—op) gives a Cardy Cy|Cygy-
algebra.

D-branes usually form a category as we will see in an example in the next subsection.

5.3. Constructions. In this section, we give a categorical construction of Cardy
Cy|Cygv-algebra. This construction is called the Cardy case in the physics literature
[FFFS2].

Let us first recall the diagonal construction of the close algebra V,; [FFRS,HKo2,
Ko1l,HKo3]. We will follow the categorical construction given in [Kol].

Let V,; be the object in Cy gy given as follows:

Ver = ®uez Wa @ W, (5.33)

The decomposition of V,; as a direct sum gives a natural embedding V ® V — V. We
denote this embedding as ;. We define a morphism ., € Homygy (Ve X Ve, V) by
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a|a2

el = Z Z ;3172’ aj aZ)eZ?az . ®e " (5.34)

ay,ay,azeAi,j=1

where ea i and fa; 2/ are basis vectors givenin (4.13) and (4.15) and (-, -) is a bilinear
pairing given by
a a’
1 o 2
dim as
as ay
(5.35)

Notice that V/; has the same decomposition as V¢; in (5.33). They are isomorphic
as V ® V-modules. There is, however, no canonical isomorphism. Now we choose a
particular isomorphism ¢.; : Ve; — V/; given by

E—Zm'ha

Pci = Buer dw,qw;, - (5.36)

dima

The isomorphism ¢,; induces a nondegenerate invariant bilinear form on V,; viewed as
V ® V-module.

The following theorem is a categorical version of Theorem 5.1 in [HKo3]. We give
a categorical proof here.

Theorem 5.17. (V, e, ter) together with the isomorphism @¢ gives a modular invari-
ant commutative Frobenius algebra in Cy gy with a trivial twist.

Proof. Tt was proved in [Kol] that (V,;, e, ter) together with the isomorphism ¢ gives
a commutative Frobenius algebra with a trivial twist. It remains to show the modular
invariance.

First, the bilinear pairing (-, -) given in (5.35) can be naturally extended to a bilinear
form, still denoted as (-, -), on @, 4,7 (Wa,, Wa X W,,) as follows:

!0
aal

bb
(oo Tores) = Ba Sagpy Afahs Fou 1) (537)

Then it is easy to see that to prove the modular invariance of V; is equivalent to prove
that the bilinear form (-, -) on ®, 4,7 (Wa,, Wu )X W, ) defined above is invariant under

the action of (§71)* ® §*. Clearly, when b 5 a’, (S~ (a))* 21, (S(B))* f,}) =
When b = a’, we have (using (4.58), (4.59) and (4.44))
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a
, ' J
B v raa v od! dim a3 !
(STHa) fale S@NFS) =Y.~ o b
az€l
as
dim as
= - D2
az€l

431

B dim as ' _
= 12326:1— D2 as C > bl
by

cL

60.1 b/l

dim a;

a7

O

Now we define V,,. Let X be a V-module. Let ey : XXX — Vandiy : V —
X X X’ be the duality maps defined in [Kol]. Vop = XK X " has a natural structure of
symmetric Frobenius algebra [FS] with ¢, 1= ix, ep 1= idx Mex Nidy, €,p :=ex:
and Aop = idx X ix X idx/.

Now we define a map te;—op : T(Ver) — Vop by

XXX ) X\ X’
-

a a’ a \ a’ (5.38)
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Lemma 5.18.

S
S
I
&
Q|5
IS}
S
\
S|

XXX X/ X . (5.39)

Proof. By (5.27) and (5.38), we have

/

a |a aL a a| |d
X KX XX’ XX

(5.40)

It is easy to see that the last figure in (5.40) can be deformed to that on the right hand
side of (5.39). O

Theorem 5.19. (V, Vop, tei—op) is a Cardy Cy |Cy gy -algebra.

Proof. Recall that T (V) together with the multiplication morphism pr v,y = T (fer) 0
@2 and the morphism (7 v,y = T (1¢7) © ¢p is an associative algebra. We first prove that
Lel—op 1s an algebra morphism. It is clear that tj_op o t7(v,) = Lop. It remains to show
the following identity

lel—op © LT (V) = Mop © (Lcl—op X Lcl—op)~ (5.41)

By the definition of ¢;, that of ¢ and (5.38), we obtain

_ 1
bel—op © UT (V) = Za,b,cel Zz; dime

(5.42)

(5.43)
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Using (4.17) to sum up the indices c¢; and i, we obtain that (5.43) further equals

Za,b,c €T Zj

Using (4.17) again, we obtain
X \ X’

a'( b v ,

(5.45)
the right hand side of which is nothing but 1oy 0 (te1—op K te1—op).
The commutativity (5.32) follows from the following identity:
b’ \ X
\j = \
f ™~ =Y
! /

XTXT a “ Xﬁ o o . (5.46)

In summary, we have proved that the triple (V,, Vop, tei—op) 18 an open-closed
Cyv|Cygy-algebra. It remains to show that the Cardy condition (5.30) holds. We use
(5.38), (5.39) and the definition of 1., and A, to express both sides of (5.30) graphi-
cally. Then it is easy to see that both sides are the deformations of each other. O

Theorem 5.19 reflects the general fact that consistent open theories (or D-branes)
for a given closed theory are not unique. Instead they form a category. There are many
good questions one can ask about Cardy Cy |Cy gy -algebra, for example its relation to
the works of Fuchs, Runkel, Schweigert and Fjelstad [FS,FRS1-FRS4,FjFRS1,FjFRS2].
We leave such topics to [KR] and future publications.

A. The Proof of Lemma 4.30

a as
Lemma A.1. For wi € Wy, wa € Wa, and w;,, € (Way)' and Vaia, € Vaiay, we have

(Wl VU Way s ¥)way)
— <A~r(y)(u(e(2r+l)ﬂix—l)e—(2r+1)ﬂiL(0)wal, €(2r+1)Nix_l)w;3, waz)o (A47)
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Proof. Using the definition of Ar, we see that the left hand side of (A.47) equals
(A, ) (e D20 (xywg,, @ D™ " w!  wg,). (A.48)
In [H8], the following formula
X L), 2LO) yCr+DTILO) 11y, =reDaiL©0) — 14(—1) (A.49)
is proved. Applying (A.49) to (A.48), we obtain (A.47) immediately. O
Now we are ready to give a proof of Lemma 4.4.

Proof. We have, for w,, € Wy,, wa; € W,

(W (VD @ YD ) (wy, @ was)) (21, 22 + T, T)

aay;i axas; j

— FE (TI'W yGIJ(l)(u(eZTEi(ZzFL’)).
ajy

aay;i

. . L(0)— £
_ya,(2) (Way, 21 — (22 + 7)) Wy, e2m(Z2+r))‘h © 24)

aaz; j
_ =1 ypas(l) a;(2) . a1:(3) b:(4)
- Z Z F (yaflu;i ® yazas;j’ yazlb;k ® ya3a|;l)
bel k,l
E (TrWa| yszl};fi) (u(62ﬂizl )waz , e2ni21)
y{ll??;‘(;:)l (u(EZHi(22+T))wa3 , e27Tl’(Zz+‘E))qTL(O)7ﬂ) . (ASO)
Using the L(0)-conjugation formula, we can move ¢, from the right side of yl’;;‘l‘) , to
the left side of yf}c(j) ;- Then using the following property of trace:
Try, (AB) = Trw,(BA), (A.51)

forall A : W, — W,,, B : W,, — W,, whenever the multiple sums in either side of
(A.51) converge absolutely, we obtain that the left hand side of (A.50) equals

—1 yja1;(1) a;(2) . ya1;(3) b; (4)
ZZF (yatlu;i ®) yazlb;k ®ya3a1:l)

azas; j’
beZ k,l
b: . . -3 . . L(())—L
E (Terya;g:?l(u(ezmzz)wa37 €2n122)yzzll;§k)(u(62mz])waz’ eZmz])qr 24) ]
(A.52)
Now apply (A.47) to (A.52). We then obtain that (A.52) equals
—1 ya1:(1) a;(2) , ~yya1;(3) b; (4)

Z Z F (yucln;i ® yuzaz;j’ yazlb;k ® yaaal;l)
beZ k.l

E (Tr(wh),gr(ygzll;]fz))(u(e(2r+1)me—2niz1)e—(2r+1)mL(0)wa2’ e(2r+l)m'e—2m'zl)

e b; (4 i —2mi — i i —2mi L(0)—5z
Ar(ya3£131)(u(e(2r+l)ﬂte 2mz2)e (2r+1)mL(0)wa3’ e(2r+l)ﬂte 2mzz)qr 24)'
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Now apply the associativity again and be careful about the branch cut as in [H8], then
the left hand side of (A.50) further equals to

—1 ~ar; (1) a;(2) , ~ai;(3) b; (4)
ZZZZF (yaall;i ®yazas:j’yazlb;k ®yazal;l)

beZ k,l ceZ p.q
1 HE i b; (4 b (5 (6
xF(A, QD) @ A,Q00 ), Y0 @ yo© )

a3a1 ip azaziq
L0)— 5 /. S
N (Tr(Wb)’ qr( )— 27 fb’/,(;) (u(e(2r+l)ﬂle 27[112)

6 . . _ 4 S
'372223)@(3 @rDTILO Y o7 (7 — 75))e@rHDTILO)y,  Crebmi, 271112)).

_ —1 yya1; (1) as(2) . qyai;(3) b;(4)
- ZZZZF (yaalzi ®yaza3:j’ yazb;k ®ya3a1;l)
bel k, cel P.q

e 13 e b; (4 b’ (5 (6
xF(A, V) @ A, (V) Vo) @ Ve )
L(0)—

xE (TYW,, qr A, (yb'i(S))(e(ZrH)niL(O)

cb'sp

Xy;;ig).q(e—(2r+l)ﬂiL(O)wa2’ eﬂi(zl _ ZZ))e_(2r+l)niL(0)wa3, eznizz)) . (A53)

Choosing » = 0 and using Y (-, eXmiy). = Q%(y)(-, x)-, we obtain

(WD @ YD ) (W, @ wey)) (21, 22+ T, T)

aap;i azas;j

_ —1 yya1: (1) a;(2) . ~ja1;3) b;(4)
- ZZZZF (yaal;i ®yaza3:j’ yazb:k ®ya3a1:l)
bel k, cel P.q

T ;3 T b (5 ;6
X F(AgVg?) ® Ag(Vic!), VoS @ Vet )

asay; azas;q
A6 :(6 izoy LO)—2
X E (Trw, Aoy @O ) (was. 21 = 220w, 2727 3 )
(A.54)

By the linear independency proved in [H10] of the last factor in each term of the above
sum, it is clear that 8 induces a map given by (4.30). O
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