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ABSTRACT: The problem with the U-duality transformation of membrane on T™ is recently
addressed in [arXiv:1509.02915]. We will consider the U-duality transformation rule of
membrane on 7" x R. It turns out that winding modes on 7" should be taken into account,
since the duality transformation may bring the membrane configuration without winding
modes into the one with winding modes. With the winding modes added, the membrane
worldvolume theory in lightcone gauge is equivalent to the n + 1 dimensional super-Yang-
Mills (SYM) theory in 1", which has SL(2,Z) x SL(3,Z) and SL(5, Z) symmetries for
n = 3 and n = 4, respectively. The SL(2,Z) x SL(3,Z) transformation can be realized
classically, making the on-shell field configurations transformed into each other. However,
the SL(5, Z) symmetry may only be realized at the quantum level, since the classical 5d
SYM field configurations cannot form the representation of SL(5, 7).
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1 Introduction

It is well-known that string theory compactified on 7" has the O(n,n; Z) T-duality sym-
metry, which is manifested in the classical equations of motion for both background fields
and the 2d sigma model. In [1], it has been shown that string T-duality can be realized
on the string worldsheet as a rotation of field equations into Bianchi identities. M theory
compactified on T also has the U-duality symmetry, which, when n = 3 and n = 4, are
SL(2, Z) xSL(3, Z) and SL(5, Z) respectively. Equations of motion for the 11d supergravity
are U-duality invariant. It remains to find the U-duality transformation rule of membrane
on the given supergravity background. A natural generalization of [1] in the membrane
case is to realize the U-duality transformation as the rotation of field equations into Bianchi
identities on the 3 dimensional worldvolume [2]. However, the approach has some difficulties
as discussed recently in [3]. Concretely, when n = 3, the SL(2, R) x SL(3, R) transformation
is well-defined, but for n = 4, only a subgroup GL(4, R) x R* can be realized.

Nevertheless, because M theory compactified on 7" is U-duality symmetric, there
must be a U-duality transformation rule for membrane. In this note, we will reconsider
this problem. Different from the approaches in [2, 3|, where the worldvolume theory of
membrane is covariant, we will impose the lightcone gauge, and then, after the discrete
regularization, membrane worldvolume theory becomes U(co) Matrix model. Another
difference is that in [2, 3], membrane worldvolume, including the time direction, is totally
embedded in 7™, but in our discussion, membrane lives in T x R with the time direction
identified as R. As a result, some identities in [3] are not valid here. For example, membrane
in T3 is a topological object with the winding current proportional to the momentum
current due to some algebraic relations [3]. On the other hand, membrane in 7% x R carries
dynamical degrees of freedom, while the winding current and the momentum current are
independent.



Branes in compact space contain more degrees of freedom than branes in non-compact
space, coming from the winding modes on non-trivial 1-cycles. For example, the world-
volume theory of a single D2 in 10d non-compact spacetime is the 3 dimensional U(1)
super-Yang-Mills (SYM) theory. If n transverse dimensions are compactified to 7", open
string winding modes along 7™ should also be added so that the theory is equivalent to
the (3 + n) dimensional U(1) SYM theory. Duality transformation usually makes branes
without winding modes transformed into branes with winding modes. As an instance, let
us consider the type ITA theory compactified on T* ~ 21 X 29 x 23 x 24 and a D2 wrapping
21 X x9 with no winding modes. If D2 is not translation invariant along x1 and z9, after two
successive T-duality transformations along x1 and x9, it will become a D0 with winding
modes along x1 X xo included. The further T-duality transformations along x3 and x4 give
D2, which wraps =3 X x4 and is translation invariant along x3 and x4, still including the
winding modes along z1 X xo. Similarly, we may expect that for membrane in 7", winding
modes should also be added and the U-duality transformation may make a configuration
without winding modes transform into the one with winding modes.

Membrane in 7™ x R in lightcone gauge with all winding modes included is equiv-
alent to the (n 4 1)-dimensional U(co) SYM theory in the dual T" x R. Without the
winding modes, membrane configuration is mapped to the 0-mode of the SYM field. We
will consider the SL(2, Z) x SL(3, Z) and SL(5, Z) transformations for the 4d and 5d SYM
theories, respectively. It turns out that the duality transformation does not always con-
vert the 0-mode into the 0-mode, so starting from the membrane configuration without
winding modes, the U-dual configuration may involve winding modes. For the SL(2, Z)
transformation of the 4d YM fields, based on the loop space formulation, [13, 14] gives a
prescription converting the classical on-shell fields into each other. On the other hand, the
SL(5, Z) transformation of the 5d SYM fields cannot always be realized classically. The
5d SYM theory in T x R, with all instanton configurations taken into account, could be
taken as the 6d (2,0) theory in 7° x R, which is supposed to be SL(5, Z) symmetric. Each
5d SYM field configuration carries the definite instanton number, or in other words, the
definite P5 momentum, and thus could not form the representation of SL(5, Z), except for
the SL(4, Z) subgroup on T*. Nevertheless, the SL(5, Z) symmetry may be realized at the
quantum level, for example, the partition function of the 5d SYM theory on 7% x R may
be SL(5, Z) invariant, although the explicit verification is still lacking.

The rest of the paper is organized as follows. In section 2, we review the SO(n,n)
transformation for strings on 7™, based on [1]. In section 3, we comment on the problems
for the U-duality transformation of membrane on 7", following [3]. In section 4, we review
the matrix theory description of the membrane on 7™ x R. In section 5, we discuss the
U-duality transformation of membrane on T3 x R. In section 6, we consider the U-duality
transformation of membrane on 7% x R. The conclusion is in section 7.

2 SO(n,n) transformation for string on T™

In [1], it was pointed out that string T-duality originates from transforming field equations
into Bianchi identities on the string worldsheet. Consider the worldsheet theory of the



string on 1™ with the constant background fields g, and b, the equations of motion and
the Bianchi identity can be interpreted as the conservation equations for the currents p@
and ;™

ai(g;w\/ _'Y'Yija]wy + buyéijajxy) = Z-pL =0,
0i(€90,a1) = 9,5 =0, 2.1)

where v;; = 0;2#0;2" gy, 1 = 0,1, p=1,2,--- ,n, and

pZ = gy 0ja" + b€l 0z (2.2)
JH = €99;at . (2.3)

Integrations of pL and j%* give P, and J#, the momentum and winding number of the string
in p direction. P, and J# are integers. Under the SO(n,n; Z) T-duality transformation A,

(P, J) transforms as
)

Although the exact symmetry is SO(n,n; Z), one can nevertheless first consider the con-
tinuous group SO(n,n; R), under which the infinitesimal transformation of (P, J) is

0P, = —A®, Py + CpgJ”
8J" = B"* Py + A" J" . (2.5)

A stronger requirement is that the current (pL, 4%) transforms in the same way as the
charge (P,, J"):

opj, = —A%ph + Cupi®”
5§ = BYpl, + A” 55" . (2.6)

The background fields g,,, and b,,, can be compactly written as a 2n X 2n metric G N

v+ buag b buag™
Guy = [ I Jhed w8 Bred ) (2.7)
g bV,B g

The SO(n,n) transformation rule for Gy is G — G’ = AGAT, which gives

OGuy = —Ap#gp,, — AP, gpu — blchaﬂgﬁu - glwéBaﬁbﬂv )
by = —AP by, — AP by — bua B*P b, — gua B g, + Cy - (2.8)

From (2.6) and (2.8), 60;z" is determined to be
80" = BY(—gou/—veiry 1 02" + bapOiz”) + A”Baixﬁ . (2.9)

With the equations of motion imposed, eij@-éajx“ =0, so (2.9) can be integrated to give
some dzt. dzt together with (2.8) composes the SO(n,n; R) transformation rule with the
momentum and winding number current (pz, j%) transforming as (2.6).



3 Problem for the U-duality transformation of membrane on T™

Similar to the string situation, it is naturally expected that the M theory U-dualities
originate from transforming field equations into Bianchi identities on the membrane world-
volume [2]. However, unless the target space has dimension D = p + 1, there is a problem
that is identified as the non-integrability of the U-duality transformation assigned to the
pull-back map [3].

For the worldvolume theory of membrane on 7" with the constant background fields

9w and by, the equations of motion and the Bianchi identity are
» 1 y ,
0 <g,wﬁ—wwajx” + Qpre”kaijakxp> = 0ip, =0,
Di(€7R;axt opa”) = i =0 . (3.1)

(3.1) can be interpreted as the conservation laws of the current pL and ", and the
integration of which gives the momentum P, and membrane wrapping number J#", where
i=0,1,2, p=1,2,--- ,n. P, and J* are also integers.

. . 1 g
pz = gV 777 02" + ibwpe”kajx”aka:p , (3.2)
G = IRt Ot (3.3)

For n = 3, there is the identity

g 1 g
G =YY 05" = —5\/—gewp6”k8j:r”8kxp . (3.4)
Let 1
buvp = V' —9€upb , ]L = ieu,,pjwf’ , (3.5)
also note that
ke 0,27 Opa? = —2(det Dx)y" g, 0,2 = —2|W|1/2|9|_1/27ij9uvajxy ’ (3.6)

pz and jli can be simplified as
Pl = V=191 +b)0ix" Gl == gulgl 202 (3.7)
with
P =1+l = Cj, (3.8)
The GL(2, R) = SL(2, R) x R transformation of (pz,ji) is required to be

o Pu)=(° b P} ox (0], (3.9)
jy v @ jy jy,
which can be satisfied when
6C = B+ 2aC —yC?, (3.10)
3(0; XH) = (Cy —a+ N)o;XH . (3.11)

(3.11) is of course integrable and then the defined transformation is consistent.



For n = 4, the U-duality symmetry of M theory is SL(5, Z). Let us define K, 5 = P,,
K, = %ew,pg,]p", K = (K5, K,) forms a 5 x 5 antisymmetric matrix, which, under the

action of A € SL(5, Z), transforms as
K — K' = AKAT . (3.12)

If one requires the worldvolume Lorentz invariance, the current (p , 5P will transform in
the same way as the charge (P,, J"?), and if the SL(5, Z) symmetry is relaxed to SL(5, R),
the infinitesimal transformation of (pu, iP) will be

Blugyj o

7 « 3 « 7 1
6p), = (—A L+ 4A5M> Paty

§jve = Crept ( Aol — A5"P> . (3.13)

9w and by, can also be assembled into a symmetric 5 x 5 matrix Gy with M, N=1,---,5,

_ 1 _
Guw=yg 2/5gW ’ Gus =G5, = 59 2/5g,ua€a/875b,876 7
1
Gss = g°/° (1 + 3!62> : b2 = by 0P (3.14)

Under the SL(5, R) transformation, G — G’ = AGAT,
o 5 2 Hapy aBy
5guu = —24 (ugu)o + 6 A+ EC baﬁ'y uv — C gfy(,ubu)aﬁ )

(5b;u/p = —3A [#byp]g + Z <A - BC 57baﬂ7> blujp + BMVp +C B'Ygluagyﬁgp,y ) (315)

where

€= elm"(?lx“@mx’jﬁnxpgwgugngaM ) (3.16)

V=
From (3.13), (3.15) and the constraint ~;; = 0jz"0jx" g, 00;2* is determined to be

SOt = {A”U - i <A + %Ca%am + ;e) 5E 4 ;CW%QBU} dia” + C“yp Vng
(3.17)
ijk@ 50,z = 0 does not necessarily hold when C*%7 = 0, even if the equations of motion
is imposed. This just indicates that we cannot find a dx* with (p ,j%P) transforming
as (3.13).

A possible reason is that maybe (3.13) is a too strong requirement. We may only need
the charge Ky transforming as a 5 x5 antisymmetric matrix like that in (3.12). In fact, we
do have examples for which, the U-duality transformation is implemented respecting (3.12)
but violating (3.13). Consider the membrane configuration in 7% corresponding to string
in 7%. Membrane should wrap one direction, for example, z* in T%. Decompose the
membrane worldvolume coordinate as £ = ({i, £2), i = 0,1 and the target-space coordinate
as o# = (2”,2%), i = 1,2,3. One can let €2 = 2* so that 8%.7}4 =0, dpz* = 1, and also



suppose Oozf = 0. For simplicity, assume 94p = bapp = 0. One can prove that the
transformation

80at = CPM (—gsp «/77’”6%9 2’ + bppadiz”)
50,2t = 60hat = 602t = 0 (3.18)

30

is integrable on-shell. j°#” does not transform as in (3.13) but (3.12) is respected. So for

such kind of the particular membrane configurations, the symmetry generated by C*** can
indeed be realized at the price of the violation of (3.13). Compared with (2.9), C*** ~ B
generates part of the SO(3,3) T-duality transformation for string in 7°.

Besides, there are several subtleties in the U-duality transformation of the membrane.
Consider M theory on T* and then make a dimensional reduction along z* to get type IIA
in 73. The SL(5, Z) U-duality also has its manifestation in type IIA. For example, M2
without wrapping 7% becomes D2 without wrapping 7°, which is dual to D4 wrapping 12
or 13 or 23, or equivalently, M5 wrapping 124 or 134 or 234. In this case, M2 is U-dual
to M5. M2 wrapping 23 is also D2 wrapping 23, which, after the T-duality transformation
along 2 becomes D1 winding 3 with all winding modes along 2 included, if the original
M2 configuration is not translation invariant along the 22 direction. A further T-duality
transformation along 1 gives D2 wrapping 13, or equivalently, M2 wrapping 13, which is
translation invariant along 1 but still with all winding modes along 2 included. Obviously,
the appearance of M5 and the infinite number of the winding modes after the U-duality
transformation cannot be realized in the worldvolume transformation of the membrane.

It is well-known that matrix theory [4], which is supposed to be the non-perturbative
description of M theory, is U-duality invariant [5-9]. On the other hand, matrix theory can
also arise as the discrete regularization of the membrane theory in lightcone gauge [10],
so U-duality transformation rule of matrix theory can also be translated as the U-duality
transformation rule of membrane. Moreover, matrix theory description is also complete
enough to incorporate the M5 brane as well as the winding modes.

In the following, we will consider the membrane worldvolume theory in lightcone gauge,
which is equivalent to the matrix theory. We will discuss the U-duality transformation rule
for matrix theory in 7™ x R, and then reinterpret it as the U-duality transformation rule
of the membrane theory in 7" x R. This is a little different from the approaches in [2, 3],
where membrane is the instanton in 7. As a result, some conclusions in [2, 3] do not hold
here. For example, membrane in 7% is topological with the identity (3.8) holds, while the
membrane in 73 x R is dynamical with the momentum density and the winding number
density independent.

4 A review of the matrix theory description of the membrane in T" X R

Let us consider (the bosonic part of) the supermembrane action with the background fields
Guv and by, p=10,1,---,10 [11].

S = —/d30 [\/—'y(vaﬁaa:c“({)g:c”gw — 1) 4+ gzt {z", x’\}bw,\] , (4.1)



where {2,221} = €®0,27 02, €2 = 1, Yap = Oat02" g, o, = 0,1,2, a,b = 1,2.
Suppose the membrane world-volume is of the form ¥ x R, where ¥ is a Riemann surface
of the fixed topology and R is the time direction o¢. In lightcone gauge,
+ 2V £ 210

V2

with the gauge fixing v, = 0, (4.1) is equivalent to

T (4.2)

1 ‘ . 1 o 1. .
S = V/d30 (2D0952D055Jgij - ;D0$1{$Jaxk}bijk - I/Q{xzal']}{xk)xl}gikgjl> , (4.3)

where
Doz’ = dp’ — {w, '}, (4.4)
1=1,2,---,9. In temporal gauge, we have w = 0 together with the constraint
With 21 = 09 = ¢, the Hamiltonian is
1. 1.
H = V/dQU <2x19€]9z’j + I/Q{xz7xj}{xk7xl}gikgjl> ; (4.6)
where &' = 9;2' = 9pz’. The conjugate momentum is
Lok
pi = gijd’ — ;{x , 2" Fhyj - (4.7)
The equation of motion is
4 o
3= ﬁ{{xz,x]},xj} . (4.8)
With the matrix regularization [10]
N 1 1
stono) 2 X0, {fgh -G IRG o [Pof— L, (19)
2 47 N

(4.3) with w = 0 becomes
1 . i 1 .
S = dnk /dttr <2X1ngz’j + %Xl[Xjan]bijk + W[XZaXJHXkaXZ]gikQﬂ) (4.10)

with the constraint

(X', X,]=0, (4.11)

where v/N = k. (4.10) is the matrix theory action on the background g;; and b;;;, with X*
the N x N matrix, N = co. The extension to the supersymmetric case is straightforward.
(4.10) is also the low energy effective action for N DO-branes.

When a particular transverse dimension 7 is compactified to S! with the radius Rg, X
fori =1,2,---,9 should be replaced by the infinite block matrix X¢ , with constraints [12]

Xoom = Xlm-1)n-1) = Xin—n i
X;er = X(im—l)(n—l) = X;nfn ) m 7& n (412)

Xfm . X(in—l)(n,l) = 2nmR + Xg .



X}nn can be explicitly written as

D (D (A ¢ :
Xt X{-2rR X{  Xj X}
X, X4, X Xt Xi (4.13)
X'y X'y X', X} +27R X!
X, X, X,

where Xg) is the original X i’ X,%n,n for m # n are winding modes. If there are n transverse
dimensions #° with i = 1,2,--- ,n compactified to S, we can make the replacement (4.12)
for n directions successively.

After a T-duality transformation, D0-brane with one transverse dimension compact-
ified with the radius R becomes D1-brane with one longitudinal dimension compactified

with the radius R = O//R2 = 1/(27‘(‘R%).

where
z@i = dlag( Tty *47TR;7 *QWR%a 0, QWR%, 47TR%7 e ) (415)
A = Ay = Xy (4.16)

are the momentum modes of the gauge field on the dual circle

Al =3 Al e/ (4.17)

After the successive n times T duality transformations, DO branes with n transverse dimen-
sion compactified to R’ becomes Dn branes with n longitudinal dimensions compactified to
Rii=1,--,n. (4.10) becomes (the bosonic part of) the action of the (n+ 1)-dimensional
SYM theory on the dual 7" in temporal gauge with A° = 0. The winding modes on 7" are
converted into the momentum modes of the gauge fields on the dual 7™. In the following,
we will consider two particular situations with n = 3 and n = 4.

5 U-duality transformation of membrane on T3 X R

In this case, 2t with i = 1,2, 3 are compactified to S*. {i} = {i1}U{i}, wherei = 4,6, - - - , 10,
i=1,---,4,6,---,10." R is identified with the time direction ¢, which, together with 27,
composes the 10d spacetime. (gij, biji) = (ggj.,g%;,gﬁ,b%j,%,b%j,;,bgﬁ,b;ﬁ). After three T-
duality transformations, (4.10) becomes (the bosonic part of) the action of the N'=4 SYM
theory on the dual T3 in the temporal gauge with A = 0. Let I = 0,1,2,3 and set the six

! Different from section 4, where i = 1,--- ,9, in sections 5 and 6, we will assume 4 = 1,--- ,4,6,---,10
for convenience.



transverse scalar fields X’ = 0 for simplicity, equations of motion and the Bianchi identity
for the YM fields on T3 x R are

DyF7 =0, (5.1)

TELDFrp = 0. (5.2)

The original membrane configuration x%(t, o1,09) corresponds to X %(t), which is the
zero mode A}(t) of the YM fields on T%. For the zero mode,

Fii = —j[A", V] = —i[ X", X9, (5.3)
FiO = A= XP
(5.1) and (5.2) reduce to
[A;, Al = (X, X =0, A 4[4, [AL A = X + (X, [X, X7 =0, (5.5)

which is the equation of motion in matrix theory together with the Gauss constraint, or
equivalently, the equation of motion for membrane in lightcone gauge.
Wrapping number of the membrane is mapped as

33 1 el “ e “ il
W = 1 /dQO' {z', 27} = —itr[A", AV = tr FY | (5.6)

while the momentum becomes

P, = ;/d% (g];ﬁ.g&j - i{x%,xﬁ}b%jﬁ]}> = tr(gp; AT —i[AT, AT]bys0) = tr(gy; IO — Fibs,) .
(5.7)
In (5.6) and (5.7), A is the 0-mode of the gauge field. If A is the N x N matrix with N
finite, there will be Wi = 0. In matrix theory, the non-trivial wrapping number can be
produced due to N = occ.
For the membrane configuration in 7™ x R with the topology of T? x R, one can make
a mode expansion

[e.9]
2 (t,01,00) = a'oy + blog + 't + Z d§k1’kz)(t)eikl(’1+ik2” (5.8)

kl k2=—00

with a’ and b’ windings around o; and oy respectively, which are integers and thus must
be time independent. The wrapping number is calculated to be

Wi = albi — alpt (5.9)

while the momentum is

P/Ac = gkjcj - (a’lﬂ - ajbi)bgj.,% . (5.10)
(01, 02) are also subject to a SL(2, Z) transformation, under which, W and P are invari-
ant. With the replacement

o1 — Y1 s g9 — Y2 s €iklgl+ik202 — Y(kl’k2) s (5.11)



where Y7, Y5 and Y (%) are N x N matrices with N = co and [Y1,Y2] = ilnxn, we get
the matrix configuration

i(to1,00) = X(t) = Vi + b Yo+ cit+ D di e (Y EE) (5.12)

klk2=—c0

with wrapping taken into account.

N = 4 SYM theory is expected to have the SL(3,Z) x SL(2,Z) duality symmetry.
For A%(azi) on T3, the SL(3,Z) transformation acts on both the coordinate 27 and the
index 7. For the 0-mode A% = Xt ~ x%(al,o—g), SL(3,Z) only acts on the index and
thus will manifest as a global symmetry of the membrane worldvolume, i.e., x%(al, o9) —
33/%(0'1,0'2) = Aéxi(al,ag) for A € SL(3, Z). Let us define

T =b+ilg|"/?, (5.13)

where bgj.,; = em;b, g = detg;;. Under the SL(2, Z) S-duality transformation, 7 trans-
forms as
at +b

—bc=1 . .14
o d ad — be ) a,be,de Z (5.14)

T —

The SL(2, Z) transformation is generated by the T element

T+l (5.15)

and the S element )
— ——. 5.16
o (5.16)

The T transformation makes Fy invariant, but the S transformation is quite nontrivial.
When N =1, (5.1) and (5.2) become

o;F17 =0, (5.17)
TELY  Frep =0 . (5.18)
S transformation is simply
1

FIJ—>—§€]JKLFKL . (519)

For N > 1, (5.1) and (5.2) are
oyF —ilA;, F1 ] =0, (5.20)
EIJKLa]FKL — ieIJKL[AJ, FKL] =0, (5.21)

for which (5.19) does not necessarily apply anymore.

Nevertheless, there are some special non-abelian field configurations with (5.19) valid.
One such example is when Fr; = F[J = —eUKLFKL/Z and then A; = A[. Another
example is

Al(t) = a'Yy + b'Ys + ¢t | (5.22)

,10,



which trivially satisfies the equations of motion.
FU = (@ — V) Iyen,  F%=cInen - (5.23)

The S-dual gauge field can be taken to be

Alt) = @'Yy + b'Ys + &'t (5.24)
with . .
52 = —e%jkajbk s 6%5156767 = (i (5'25)
so that the field strength transforms as
L ik L ik k0
Foi = —gaul™ . g« B = 1 (5.26)

(5.22) and (5.24) can be mapped into the membrane configuration
m%(t, o1,09) = aial + b;@ + At (5.27)

and its S-dual A A A A
it o1,09) = @'op + blog + 't . (5.28)

Both of them are 1/2 BPS configurations and the transformation law (5.25) can be verified
by considering the T-duality transformation of F1 in type ITA theory compactified on T2,
As the third example, consider the gauge fields

Al(t) =ct+ bI}/Q + Z df(07k2)€ik2(yz+t) + dﬁo’kg)eikQ(YQ_t) s

k2=—00

A2 (t) = CQt + bQ}/Q + Z d§(07k2)6ik2(y2+t) + d§07k2)6ik2(y2_t) s

k2=—0c0

As(t) = 11, (5.29)

which is a solution for the equations of motion (5.5). The dual field (A;, Ay, A3) can be
obtained via the replacement

bo = €apcs  Ca=rcapbs  dgouz) = —€apdiour)  daorn) = Capdhosey  (5-30)

and is again a solution for the equations of motion, «, 3 = 1,2. The hodge dual rela-
tion Fry = —eryrr F5F /2 is satisfied. In fact, (5.29) can be mapped to the membrane
configuration

[e.9]
r1 =t + b102 + Z df(o’kQ)eikQ(o?—*—t) + dﬁo’k2)€ik2(02_t) s

k2=—00

[ee]
Ty = ot tbaoa Y dip ™ O dffy D

k2=—00

r3 = 01, (5.31)
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which is also the string in type ITA theory compactified on 72 with 2® the M theory
direction. U-duality transformation (5.30) can be realized via two successive O(2,2;Z) T
duality transformations together with a SL(2, Z) transformation on 7°2.

For the generic on-shell non-abelian gauge field Ay, the S-dual field strength cannot
satisfy Frj = —eryrr FEL /2, since the related gauge field A; may not exist. The key point
for the S transformation is that the equations of motion for F!7 can be reinterpreted as
the integrable condition for the dual field strength £, and vice versa. Based on the loop
space formulation, [13, 14] give a prescription to get the S-dual for the generic non-abelian
gauge field. Consider the loops passing through a fixed reference point &g

C: {el(s) 15 =0 — 2m,£(0) = £(27) = &} . (5.32)

For each loop, one may define a path-ordered phase factors (Wilson loops)

2 .
Ble] = P, expig /0 dsAr(€(s)EL(s) . (5.33)
The derivatives in loop space can be defined as
1
Si(s) W) = lim —{[€) ~ w[e]} (534)
with
(s = €7(s') + As{6(s — ) . (5.35)

A new variable E7[¢|s] can be introduced as follows

Bilels] = Pc(5,0) 20 661 (5)BIe10g (5.0) (5.36)
where

Pe(s2,51) = Psexpig /82 dsAr(£(s))E(s) . (5.37)

S1
In order to guarantee the existence of Aj(z), from which, E7[¢|s] can be derived, E7[¢]s]
should satisfy the integrable condition

S1(s)Es[gls) —05(s)Er[€|s] = 0. (5.38)
Besides, to make Aj(z) satisfy the Yang-Mills equation (5.1), E7[{|s] should also satisfy
§L(s)Eql¢]s] = 0. (5.39)

(5.38) and (5.39) are the integrable condition and the equation of motion for the loop space
variable F;[¢|s]. The S-dual E; is defined as

W™ (n(®) Erfnltlw(n(t)) = _%EIJKLﬁJ(t) /5€d8 ER[g]s)g ()€ ()0(E(s) = m(t))
(5.40)

or more concretely,

o @) Fus(e)ole) =~ enms [ d6ds EXEHENSE A6~ €6) . (Ga1)
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As is required, the dual transformation is reversible apart from a sign, i.e., E = —FE. For
N =1, (5.41) gives the abelian S-dual Fy; = —2ers . FXL. From (5.40), one can prove

S'()Eflls)=0 & 5 (t)Est] — ;) Ernlt] =0, (5.42)
or(s)Ey[gls] —ds(s)Er[€]s] =0 < ' (t)Erlnlt] = 0, (5.43)
which is the non-abelian extension of
o F7 =0 o By Frp =0, (5.44)
GIJKLa]FKL =0 4 a]FIJ =0. (5.45)
Taking the trace on both sides of (5.41), we get
~ 1
tI'F[J:—§€]JKLtI'FKL . (5.46)

Thus, although the relation between F7; and its S-dual Fry may be complicated, their
i %e%ﬁ: tr FIF are
the membrane momentum and wrapping number respectively. If the original field A and
dual field A are both 0-modes, since

traces respect the simple hodge dual relation. For the 0-mode, tr F'% and

tr Fy; = f%ezjktrF% , f%egﬁtrﬁik — tp FU ) (5.47)
S transformation exchanges the momentum and wrapping number as is required. On the
other hand, (5.47) does not hold without the trace, so S transformation does not exchange
the momentum density and winding number density.

N = 4 SYM theory can be taken as the 6d (2,0) theory reduced along 4 and 5
directions. A; = By, Frjy = Hyjs. If we can find Hyj5 = FIJ, then F7; and F]J form the
SL(2, Z) doublet for T? ~ 2% x 5. In the abelian case, the 3-form strength in the 6d (2,0)
theory is constrained by the self-dual relation

1
Haﬁy = éeaﬁ’yul/AH'wj)\ . (548)

Hpjs = 6[J5KL4HKL4/2, or equivalently, F]J = —EIJKLFKL/2. In the non-abelian case,
the loop space formulation may give the dual Fy 7, which could be taken as Hyjs in 6d.
In this sense, [13, 14] also give a generalization of the self-dual relation (5.48) to the non-
abelian case when the 6d theory is reduced on T2.

It is the 0-mode A;(t) that is mapped to the membrane configuration. It remains to
see whether the SL(2,7) x SL(3, Z) transformation for N' = 4 SYM theory could map
Af(t) to A (t) which is also constant in space. For the SL(3, Z) transformation, the answer
is obviously yes, but for the SL(2, Z) transformation, there are counter-examples in U(1)
case. Consider the on-shell gauge field

Ap(t) =10, Ai(t) = Kt (5.49)
1 ”
B; = §€;£ij] =0, E, =F;=K;. (5.50)
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The dual field strength is
Bi — Ei = Kz s E% — —Bg =0, (551)

for which, the related A;(z,t) cannot be constant in space. In fact, S-transformation in 6d
theory just makes

B4E($l}’t) — B5%(.Ti€,7f) R B5%(l'l;,t) — *B4z($i€,t) . (5.52)

B,; and B.; are not independent but are related via the self-duality relation. For B,;/B.;
that is constant in space, there is no reason to expect that B,;/B,: is also constant. Espe-
cially, in the U(1) case, the self-duality relation requires

Hys; = 00 By; + 05 By + 9, Bos = 5605%3194}[] = 560523154(8331%4 + 0 By; + 84331;) , (5.53)

so if B.;(t) is time-dependent, B,; must be space-dependent. In non-abelian case, we have
examples like (5.22) and (5.29), for which, B,; and B;; can both be constant in space,
but generically, it is still expected that the SL(2,Z) transformation do not always map
the 0-mode into the 0-mode. According to (5.41), starting from Aj(t) that is constant
in space, Fjj together with Fyy are also constant. Nevertheless, there may not be the
constant A 7 with _

?

Membrane on T™ contains more degrees of freedom than that in non-compact space,
coming from the winding modes on T™. Without the winding modes included, the mem-
brane configuration corresponds to the constant gauge field of the SYM theory in 7. With
the winding degrees of freedom added, membrane is then related to the generic gauge field
in 7. When n = 3, there is a SL(2,Z) x SL(3, Z) transformation, mapping the given
Af(z,t) to A}(z,t). If the 0-mode subspace is invariant under the U-duality transforma-
tion, i.e. Ar(t) — A’(t), there will be a well-defined U-duality transformation for membrane
without the need of involving the winding modes. However, this is not quite likely to be
the case and the U-duality transformation can only be complete with the winding modes
also taken into account.

Finally, let us consider the complete picture for membrane living in 7% x R®, which has
been discussed in [3, 15-17]. In this case, membrane is not topological and it was found
that only a two-dimensional Heisenberg subgroup of SL(2) could be realized [3, 16, 17].
In lightcone gauge, the worldvolume theory of membrane in 7% x R® (with winding mode
added) is equivalent to N' =4 SYM theory in T3 x R% x R, where the last R represents
the time dimension t. For simplicity, the nonvanishing background fields in 7° x R® are
taken to be (g+— = 1,953, 957 b3 bisis Uiis bii)» Where 1 =1,2,3,7=4,6,7,89,10. All
background fields depend on the coordinates z* only. The nonvanishing dual background
on T3 x RO x Ris (g = —1,& = —1log 191 3355 957 0, b Ui Diissp) With ® the dilaton.
Both the SL(2, Z) x SL(3, Z) U duality symmetry of the 11d supergravity on 7% x R® and
the SL(2, Z) x SL(3, Z) duality of type IIB supergravity on T3 x RS x R are well established.
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Moreover, D3 coupling with the type IIB supergravity is S duality invariant, so N = 4
SYM theory in type IIB background should also be SL(2, Z) invariant.

The situation becomes complicated since the background fields may have the de-
pendence on the six transverse coordinates iLj, or in SYM theory, the six scalar fields
X%, Multiple D branes in curved background was discussed in [18]. For the term like
Tr[gﬁ(X’_“)(D%XzD;Xj)] with g;; depending on ¥, one can make a Taylor expansion

_ L - > 1 L o _
Trlg; (XM (D' XD, X7)]| =) Ea,gl - O, 95 (0)STr[D' X D, X7 X" ... X*n] | (5.55)
n=0

giving rise to an infinite number of the higher dimensional operators in the Lagrangian. We
will not consider this generic situation here, since according to the counterexample given
in [3], even for the constant background, only a two-parameter subgroup of SL(2) can be
realized in T3 x RS.

We will focus on the simplest situation: N = 4 SYM theory in 10d flat spacetime
with the constant axion-dilaton field 7 = b + ie~®. The remaining problem is to find a S
transformation for SYM fields, extending the S transformation (5.41) for YM fields. In [19],
with the 4d spacetime extended to the N/ = 1 superspace, the loop space formulation and
the S transformation for YM theory is extended to N/ = 1 SYM theory. The further
extension to the N = 4 supersymmetrty is straightforward. However, just as the YM case,
nothing could guarantee that the zero mode of the N'=4 SYM field would necessarily be
mapped into the zero mode under the S transformation. So the SL(2,7) duality cannot
always be realized at the membrane worldvolume level, in agreement with [3, 16, 17].
Nevertheless, with the winding modes on 7% taken into account, membrane worldvolume
theory on T% x R® is equivalent to the A’ = 4 SYM theory on T3 x R7, for which, the
SL(2, Z) x SL(3, Z) symmetry is definite.

6 U-duality transformation for membrane on T% X R

The situation for membrane living in 7% x R, wrapping the 2-cycles in 7% is similar. Let i =
1,2, 3,4 represent 4 directions in 7%, 7 = 6,7, - - - , 10 represent 5 uncompactified directions,
t = x( represent the time dimension. After four times of T-duality transformations, (4.10)
becomes (the bosonic part of) the N'= 2 SYM theory on the dual T* in temporal gauge
AY = 0 with the Gauss constraint A

D:F"=0. (6.1)

The T* independent background fields are denoted as 9 and bgj.,;, which will become gﬁ.
and 5; on the dual T%. § = ¢ *, IN); = %gijejmmb,%[m. In type ITA theory, i and ZN); altogether

form a 5 x 5 metric G’ﬁ with the 5th direction the M theory dimension, 1= 1,2,3,4,5.

g+~ 2566’\. 25’?
(gw _;2(% 1] ¢¢2’> . (6.2)
J

Wl

G{j = ¢_

Under the SL(5, Z) transformation, C:’;Jﬁ transforms as G — UGU !, U € SL(5, Z).
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Let I = 0,1,2,3,4 and set X' = 0 for simplicity, the equations of motion and the
Bianchi identity for YM field on T* are

DyF7 =0, (6.3)
T D Frar = 0. (6.4)

For 0-mode, (6.3) and (6.4) reduce to
A A = X, X1 =0, AT 4[4, [, A = X 4+ X, (X, X7 =0, (65)

which are the equations of motion in matrix theory together with the Gauss constraint, or
the equations of motion for membrane in lightcone gauge. Membrane wrapping number is

Wi = —itr[Al, Al) = tr | (6.6)
while the momentum is

P, = tr(gg; A —i[AT, AJby,;

) = (g F7O — Flbysr) (6.7)

The discussion is parallel to the 7% situation. A" = 2 SYM theory is the 6d (2,0)
theory reduced along x5. For simplicity, let szig =0, 9i; = 5,%3.. A; = Bys, Fry = Hyys.

Hy:s = (H:-, Hy:+) forms a 5 x 5 antisymmetric matrix. In the abelian case, according to

0257 Oz]
the self-duality relation (5.48), Hy; is determined from Hjo via H;; = Ol]kl5Hk /2, or
equivalently,
ki
HOU ‘FZJ zgle /2 (68)

In the non-abelian case, HOZ&

whose form is unknown at present. One possibility is that we can still use the prescription
in [13, 14] but with the indices restricted to the 4d space

and H%j5 may still be related by some self-duality relation,

™ @) o) = ™ (0) Py ahle) = Seyy [ 06ds BFIGSIE o) 290000 — €(5)
(6.9)
(6.9) reduces to (6.8) in the abelian case as is required. Recall that (5.41) is supposed to
determine Hs;;/Hy;; from Hy;j/Hsij when the 6d theory is translation invariant along x4
and x5, i = 0,1,2,3. The similar relation (6.9) may be able to determine H ;- from H5w
when the 6d theory is translation invariant along z¢ and x5, i = 1,2, 3,4. So, (6 9) is valid
at least for the time-independent system. For the 0-mode, tr H ;. = P; and tr H 05 = Wi

correspond to the membrane momentum and the wrapping number respectively. Ho%j

determined from (6.9) satisfies the relation tr Hy;z = €; S5l O H’;[5/2. So if (6.9) is valid,
tr Hy:z = (P, € lekl/Q) forms a 5 x 5 antisymmetric matrix.
With Hy» = Hy:s(H “5) obtained, SL(5, Z) transformation is realized as

Hes (g, 1) — UlUmHOlm(U T, t) . (6.10)
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However, for the 5d SYM theory, (6.10) is not well-defined due to a subtlety in x5 direction:
fields are translation invariant along x5 but not necessarily so in 1234 space. In fact, gauge
field configurations in N’ =2 SYM theory are classified by the instanton number

n= —;/ datr( NS Fy) (6.11)
The momentum in the 54y, direction is P; = n/R. All fields are translation invariant
along x5 carrying the definite P5; momentum and then could not form the representation
of SL(5, Z) in the sense of (6.10). Nevertheless, SL(5, Z) symmetry may have the manifes-
tation at the quantum level. Partition function of the N' =2 SYM theory on T*, with the
contribution from the instanton configurations included, may have the SL(5, Z) invariance,
although the explicit calculation is still lacking.

We are especially interested with the 0-mode Aj(¢) that could be mapped to the
membrane configuration. In this case, field strength F7; = Hjjs is constant in space. It
is reasonable to expect that Hj i, which is determined by Hj s, is constant as well. Also
suppose the instanton number n = 0, then (6.10) is well-defined and becomes

Hyi(t) — U{Ufﬂoim(t) : (6.12)

However, the SL(5, Z) transformation does not always convert the 0-mode Aj(¢) to another
0-mode A’(t), which is already manifested in U(1) situation. Consider the on-shell gauge
field

A(t) =0,  At) =Kt (6.13)

with
1 il
Hys(t) = 1, Hyg(t) = SegipH™ =0 (6.14)

The SL(5, Z) transformed field strength (H(’)%E)(t),H(’ﬁj(t)) may have H(/)Ej(t) # 0, which,
cannot be obtained from the space independent A;(t) Intuitively, the SL(5, Z) transfor-
mation on Bj; acts as
By;(wj,t) — UiUI By, (UF s, t) - (6.15)

The components in B;; are not independent but are related via the self-duality relation.
For Bys(t) = As(t) that is constant in space, By is not guaranteed to be constant and
so, the SL(5, Z) transformation does not always map the 0-mode to 0-mode. Moreover,
the transformed A’(t) may even be zs-dependent, making the SL(5,Z) transformation
ill-defined. Nevertheless, for some special 0-mode configurations like (5.22) and (5.29),
SL(5, Z) transformation is well defined, making the 0-mode converted into the 0-mode and
M ~ (P, egj.fdﬂWkl/Q) transformed into UMU ! for U € SL(5, Z).

When mapped to the membrane, we may conclude that for the generic membrane
configuration, SL(5, Z) symmetry may only be realized at the quantum level with winding
modes on 7% also taken into account.
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7 Conclusion

We have studied the U-duality transformation of membrane in T x R. In lightcone gauge,
membrane worldvolume theory is equivalent to the matrix theory, which, with the winding
modes on 7™ taken into account, becomes (n + 1)-dimensional SYM theory. The original
membrane configuration is mapped to the 0-mode of the SYM field. When n = 3 and
n =4, 4d SYM theory and 5d SYM theory are SL(2, Z) x SL(3, Z) and SL(5, Z) U-duality
symmetric. However, the U-duality transformation does not always bring the 0-mode into
0-mode, so the truncation to the 0-mode subspace is not valid. In membrane’s respect,
this means the duality transformation may convert the configuration without the winding
mode into the one with the winding mode. The SL(2, Z) x SL(3, Z) transformation in 4d
SYM theory can be realized classically, making the on-shell SYM fields transformed into
each other. On the other hand, the SL(5,7) symmetry in 5d SYM theory may only be
realized at the quantum level.
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