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Abstract

Uncertain calculus is a branch of mathematics that deals with the integral and
differential of functions of uncertain processes. This paper first introduces the Liu
process as an uncertain process defined by the Liu integral. Some properties of Liu
processes are investigated such as sample continuity property, finite variation property,
and the fact that a continuously differentiable function of the Liu process is another Liu
process, among others. Based on the Liu process, the uncertain integral is extended.
Furthermore, some mathematical properties are proved, including the fundamental
theorem, change of variable theorem, and integration by parts theorem. Finally,
uncertain calculus with respect to multiple Liu processes is discussed.
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Introduction
A stochastic process, a sequence of random variables indexed by time, is a useful tool
to deal with dynamical random phenomena. A very important such process is called the
Wiener process and was defined by Wiener [1]. The Wiener process, also known as the
Brownian motion, is a stochastic process with stationary independent increments, and
the increments are normal random variables. Based on the Wiener process, stochastic
calculus was developed by Ito [2]. It is a branch of mathematical theory dealing with the
integration and differentiation of functions of a stochastic process. Stochastic calculus
with respect to the Wiener process is also called the Ito calculus. It has important appli-
cations in asset pricing theory. In 1967, the stochastic integral was extended by Kunita
andWatanabe [3] to square integrable martingales. Furthermore, stochastic integral with
respect to a semimartingale was introduced by Doléans-Dade and Meyer [4]. Besides,
stochastic calculus with respect to a local martingale, the Poisson process, and the Lévy
process have been studied (see [5,6]).
Stochastic processes are defined based on probability theory. When we use it, a large

sample size is needed to estimate probability distribution based on long-run frequency.
However, Liu [7] pointed out that the sample size is often too small (even no sample) in
practice and the degree of belief usually has much larger variance than the long-run fre-
quency. Thus, we should deal with it by using uncertainty theory. These facts promoted
Liu [8] to found an uncertainty theory. That is a branch of mathematics dealing with
human uncertainty. In order to describe dynamic uncertain systems, an uncertain process
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was introduced by Liu [9] as a sequence of uncertain variables indexed by time. In addi-
tion, Zhang et al. [10] proposed a delayed renewal process. Chen [11] investigated some
properties of uncertain stationary independent increments.
Based on the Liu canonical process, a type of uncertain process with stationary inde-

pendent increments which follow normal uncertainty distribution, Liu [12] invented an
uncertain calculus in 2009. This type of uncertain integral is called the Liu integral. It was
extended to multiple Liu canonical processes [13]. It is used to deal with the integration
and differentiation of uncertain processes. The theory of integration and differentiation
of uncertain processes with respect to the Liu process is called the Liu calculus. In order
to study an uncertain integral with respect to an uncertain process admitting jumps, an
uncertain integral with respect to a renewal process was introduced by Yao [14]. We call
this type of uncertain integral the Yao integral. The theory of integration and differenti-
ation of uncertain processes with respect to a renewal process is called the Yao calculus.
Chen [15] introduced an uncertain integral with respect to a finite variation process.
In addition, the uncertain differential equation driven by the Liu canonical process was

introduced by Liu [9]. After that, Chen and Liu [16] proved the existence and unique-
ness theorem for uncertain differential equations. Yao and Gao [17] studied stability
theorems for uncertain differential equations. Chen and Liu [16] proposed solutionmeth-
ods for linear uncertain differential equations. Liu [18] and Yao [19] gave a method to
solve nonlinear uncertain differential equations. Besides, Yao and Chen [20] introduced
a numerical method for uncertain differential equations. Meanwhile, an uncertain dif-
ferential equation has been applied to uncertain optimal control by Zhu [21], American
option pricing by Chen [22], and other option pricing models by Peng and Yao [23]. Liu
[24] discussed some basic concepts of uncertain finance. For the latest development of
uncertainty theory, please see [25].
In this paper, we generalize the Liu process by the Liu integral. Our goal is to extend

an uncertain integral with respect to the Liu process. This uncertain integral has the
properties of continuity and linearity. In the framework of the uncertain integral, the
fundamental theorem of differentiation of function of uncertain processes is proved. In
addition, the integration by parts formula and the formula for change of variables are
derived. The rest of the paper is organized as follows: some preliminary concepts of the
uncertain process including the Liu calculus, Yao calculus, and uncertain calculus with
respect to an uncertain finite variation process are recalled in the ‘Preliminary’ section.
The uncertain integral with respect to the general Liu process will be defined in the
‘Liu process’ section. The uncertain differential will be discussed in the ‘Uncertain inte-
gral with respect to the Liu process’ section. At last, a brief summary is given in the
‘Multifactor Liu process’ section.

Preliminary
The uncertain measure M is a real-valued set function on a σ -algebra L over a
nonempty set � satisfying normality, duality, subadditivity, and product axioms. The
triplet (�,L,M) is called an uncertainty space.

Definition 1. ([8]) An uncertain variable is a measurable function from an uncertainty
space (�,L,M) to the set of real numbers, i.e., for any Borel set B of real numbers, the set

{ξ ∈ B} = {γ ∈ �|ξ(γ ) ∈ B}
is an event.
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The uncertainty distribution function � : � →[ 0, 1] of an uncertain variable ξ is
defined as �(x) = M {ξ ≤ x} . The expected value of an uncertain variable is defined as
follows.

Definition 2. ([8]) Let ξ be an uncertain variable. Then the expected value of ξ is
defined by

E[ ξ ]=
∫ +∞

0
M{ξ ≥ r}dr −

∫ 0

−∞
M{ξ ≤ r}dr

provided that at least one of the two integrals is finite.

The expected value can also be written as

E[ ξ ]=
∫ +∞

0
(1 − �(r))dr −

∫ 0

−∞
�(r)dr

where �(r) is the uncertainty distribution of ξ . If ξ is an uncertain variable with finite
expected value e, then the variance of ξ is defined as Var[ ξ ]= E[ (ξ − e)2].
Let ξ1, ξ2, · · · , ξn be independent uncertain variables with uncertainty distributions

�1,�2, · · · ,�n, respectively. Liu [26] showed that if the function f (x1, x2, · · · , xn) is
strictly increasing with respect to x1, x2, · · · , xm and strictly decreasing with respect to
xm+1, xm+2, · · · , xn, then

ξ = f (ξ1, ξ2, · · · , ξn)
is an uncertain variable with inverse uncertainty distribution

�−1(α) = f (�−1
1 (α), · · · ,�−1

m (α),�−1
m+1(1 − α), · · · ,�−1

n (1 − α)). (1)

Furthermore, Liu and Ha [27] proved that it has an expected value

E[ ξ ]=
∫ 1

0
f (�−1

1 (α), · · · ,�−1
m (α),�−1

m+1(1 − α), · · · ,�−1
n (1 − α))dα. (2)

Definition 3. ([9]) Let T be an index set and let (�,L,M) be an uncertainty space. An
uncertain process is a measurable function from T × (�,L,M) to the set of real numbers,
i.e., for each t ∈ T and any Borel set B of real numbers, the set

{Xt ∈ B} = {γ ∈ �|Xt(γ ) ∈ B}
is an event.

Definition 4. ([9]) Let ξ1, ξ2, · · · be iid positive uncertain variables. Define

S0 = 0 and Sn = ξ1 + ξ2 + · · · + ξn

for n ≥ 1. Then the uncertain process

Nt = max
n≥0

{n|Sn ≤ t}

is called a renewal process.

An uncertain process Xt is said to have independent increments if

Xt0 ,Xt1 − Xt0 ,Xt2 − Xt1 , · · · ,Xtk − Xtk−1
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are independent uncertain variables where t0 is the initial time and t1, t2, · · · , tk are any
times with t0 < t1 < · · · < tk . An uncertain process Xt is said to have stationary incre-
ments if, for any given t > 0, the incrementsXs+t−Xs are identically distributed uncertain
variables for all s > 0. An uncertain process St is said to be a stationary independent
increment process if it has stationary and independent increments. Liu [26] proved that
the expected value of stationary independent increment process St is E[ St]= a + bt.

Definition 5. ([12]) An uncertain process Ct is said to be a canonical Liu process if:

1. C0 = 0 and almost all sample paths are Lipschitz continuous.
2. Ct has stationary and independent increments.
3. Every increment Cs+t − Cs is a normal uncertain variable with expected value 0 and

variance t2, whose uncertainty distribution is

�(x) =
(
1 + exp

(−πx√
3t

))−1
, x ∈ �.

Liu integral

In order to deal with the integration and differentiation of uncertain processes, Liu [12]
proposed an uncertain integral with respect to the Liu process.

Definition 6. ([12]) Let Xt be an uncertain process and Ct be a canonical Liu process.
For any partition of closed interval [ a, b] with a = t1 < t2 < · · · < tk+1 = b, the mesh is
written as


 = max
1≤i≤k

|ti+1 − ti|.

Then the Liu integral of Xt is defined as
∫ b

a
XtdCt = lim


→0

k∑
i=1

Xti · (Cti+1 − Cti)

provided that the limit exists almost surely and is finite. In this case, the uncertain process
Xt is said to be Liu integrable.

Liu [12] verified the fundamental theorem of uncertain calculus, i.e., for a canonical
Liu process Ct and a continuously differentiable function h(t, c), the uncertain process
Zt = h(t,Ct) has a differential

dZt = ∂h
∂t

(t,Ct)dt + ∂h
∂c

(t,Ct)dCt .

Yao integral

In order to study an uncertain integral with respect to an uncertain process admitting
jumps, an uncertain integral with respect to a renewal process was introduced by Yao [14].

Definition 7. ([14]) Let Xt be an uncertain process and Nt be an uncertain renewal
process. For any partition of closed interval [ a, b] with a = t1 < t2 < · · · < tk+1 = b, the
mesh is written as


 = max
1≤i≤k

|ti+1 − ti|.
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Then the Yao integral of Xt is defined as
∫ b

a
XtdNt = lim


→0

k∑
i=1

Xti · (Nti+1 − Nti)

provided that the limit exists almost surely and is finite. In this case, the uncertain process
Xt is said to be Yao integrable.

Yao [14] verified the fundamental theorem of uncertain calculus, i.e., for a renewal pro-
cess Nt and a continuously differentiable function h(t, n), the uncertain process Zt =
h(t,Nt) has a differential

dZt = ∂h
∂t

(t,Nt)dt + h(t,Nt) − h(t,Nt−).

Uncertain integral with finite variation processes

Definition 8. ([15]) Let Xt be an uncertain process and let At be a finite variation pro-
cess. For any partition of closed interval [ a, b] with a = t1 < t2 < · · · < tk+1 = b, the
mesh is written as


 = max
1≤i≤k

|ti+1 − ti|.

Then the uncertain integral of Xt with respect to At is∫ b

a
XtdAt = lim


→0

k∑
i=1

Xti · (Ati+1 − Ati)

provided that the limit exists almost surely and is finite. In this case, the uncertain process
Xt is said to be integrable with respect to the finite variation process At .

Suppose that At is a finite variation process and h(t, s) a continuously differentiable
function, the uncertain process Zt = h(t,At) has a differential

dh(t,At) = ∂h
∂t

(t,At)dt + ∂h
∂x

(t,At−)dAt

− ∂h
∂x

(t,At−)(At − At) + h(t,At) − h(t,At−).

Uncertain differential equation

Definition 9. ([9]) Suppose Ct is a canonical Liu process, and f and g are some given
functions. Given an initial value X0, then

dXt = f (t,Xt)dt + g(t,Xt)dCt (3)

is called an uncertain differential equation with an initial value X0. A solution is an
uncertain process Xt that satisfies (3) identically in t.

Theorem 1. (Existence and Uniqueness Theorem [16]) The uncertain differential
equation (3) has a unique solution if the coefficients f (x, t) and g(x, t) satisfy the Lipschitz
condition

|f (x, t) − f (y, t)| + |g(x, t) − g(y, t)| ≤ L|x − y|, ∀x, y ∈ �, t ≥ 0

and linear growth condition
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|f (x, t)| + |g(x, t)| ≤ L(1 + |x|), ∀x ∈ �, t ≥ 0

for some constant L. Moreover, the solution is sample-continuous.

Definition 10. ([20]) The α-path (0 < α < 1) of an uncertain differential equation

dXt = f (t,Xt)dt + g(t,Xt)dCt

with initial value X0 is a deterministic function Xα
t with respect to t that solves the

corresponding ordinary differential equation

dXα
t = f (t,Xα

t )dt + |g(t,Xα
t )|�−1(α)dt

where �−1(α) is the inverse uncertainty distribution of the standard normal uncertain
variable, i.e.,

�−1(α) =
√
3

π
ln

α

1 − α
, 0 < α < 1.

Theorem 2. (Yao-Chen Formula [20]) Let Xt and Xα
t be the solution and α-path of the

uncertain differential equation

dXt = f (t,Xt)dt + g(t,Xt)dCt ,

respectively. Then

M{Xt ≤ Xα
t ,∀t} = α,

M{Xt > Xα
t ,∀t} = 1 − α.

The Yao-Chen formula relates an uncertain differential equation and a family of
ordinary differential equations just like the Feyman-Kac formula relates a stochastic dif-
ferential equation and a partial differential equation. Besides, Yao [28] studied the integral
of solution to uncertain differential equations.

Liu process
Definition 11. Let Ct be a canonical Liu process, and μs and σs be two uncertain

processes. Then the uncertain process

Xt = X0 +
∫ t

0
μsds +

∫ t

0
σsdCs (4)

is called a Liu process with drift μt and diffusion σt . A Liu process Xt may also be written
in differential form:

dXt = μtdt + σtdCt .

Example 1. A canonical Liu process Ct is a Liu process with initial value 0, drift 0, and
diffusion 1.

Example 2. An arithmetic Liu process Xt = et + σCt is a Liu process with initial value
0, drift e, and diffusion σ .

Example 3. A geometric Liu process Xt = exp (et + σCt) is a Liu process with initial
value 1, drift eXt , and diffusion σXt .
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Example 4. The uncertain process Xt = t2 + C3
t is a Liu process with initial value 0,

drift 2t, and diffusion 3C2
t .

Example 5. The solution to an uncertain differential equation

dXt = f (t,Xt)dt + g(t,Xt)dCt (5)

is a Liu process with drift f (t,Xt) and diffusion g(t,Xt).

Example 6. Let h(t, c) be a continuously differentiable function. Then h(t,Ct) is a Liu
process with drift ∂h

∂t (t,Ct) and diffusion ∂h
∂c (t,Ct).

Next, we will discuss the properties of the path for the Liu process. Let � : a0 = t0 <

t1 < · · · < tn = t be a partition of the closed interval [ 0, t], and the mesh size of the
partition � is defined as ‖�‖t = max

1≤i≤n
|ti − ti−1|. The total variation of the uncertain

process Xs over the partition � is defined as

Vt[�]=
n∑

i=1
|Xti − Xti−1 |.

Theorem 3. Suppose that Xt is a Liu process. Let {�m}∞m=0 be any sequence of partitions
of closed interval [ 0, t] with the mesh size lim

m→+∞ ‖�m‖t = 0. Then the total variation of
Xt satisfies

M

{
lim sup
m→∞

n∑
i=1

|Xti+1 − Xti | = +∞
}

= 0. (6)

Proof. Note that

M

{
lim sup
m→∞

Vt[�m]= ∞
}

= M

{
lim sup
m→∞

n∑
i=1

∣∣∣∣
∫ ti+1

ti
μsds +

∫ ti+1

ti
σsdCs

∣∣∣∣ = ∞
}

≤ M

{
γ | lim sup

m→∞

n∑
i=1

∫ ti+1

ti
|μs(γ )|ds = ∞

}

+ M

{
γ | lim sup

m→∞

n∑
i=1

∫ ti+1

ti
|σs(γ )|d|Cs(γ )| = ∞

}

= M

{
γ |

∫ t

0
|μs(γ )|ds = ∞

}

+ M

{
γ |

∫ t

0
|σs(γ )|d|Cs(γ )| = ∞

}
.

By the definition of the Liu integral, we know that∫ t

0
μsds +

∫ t

0
σsdCs

exists almost surely. Then∫ t

0
|μs|ds < ∞ and

∫ t

0
|σs|d|Cs| < ∞, almost surely.
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Thus, we get

M

⎧⎨
⎩lim sup

�→0

k∑
i=1

|Xti+1 − Xti | = +∞
⎫⎬
⎭ = 0. (7)

The theorem is proved. Therefore, a Liu process is an uncertain finite variation process.

Theorem 4. The Liu process is a sample-continuous uncertain process.

Proof. In order to prove this theorem, we only need to prove

Xt+
t − Xt =
∫ t+
t

t
μsds +

∫ t+
t

t
σsdCs → 0, as 
t → 0.

By the definition of the Liu integral, we know that the integral
∫ t

0
αs(γ )ds +

∫ t

0
σs(γ )dCs(γ )

is finite for almost all the sample path γ ∈ �. It follows from the continuity of the integral
that

∫ t+
t
t μs(γ )ds → 0 and

∫ t+
t
t σs(γ )dCs(γ ) → 0 as 
t → 0 almost surely. Therefore,

the theorem is proved.

Uncertain integral with respect to the Liu process
Definition 12. Let Xt be a Liu process with drift μt and diffusion σt , and Yt be an

uncertain process. We define an uncertain integral with respect to the Liu process as
∫ t

0
YsdXs =

∫ t

0
Ysμsds +

∫ t

0
YsσsdCs.

Theorem 5. The uncertain integral of an uncertain process with respect to the Liu
process is also a Liu process.

Proof. For any integrable uncertain process Yt and a Liu process Xt with the form

dXt = μtdt + σtdCt ,

the uncertain integral Zt = ∫ t
0 YsdXs is

Zt =
∫ t

0
Ysμsds +

∫ t

0
YsσsdCs.

It follows from the definition of the Liu process that Zt is indeed a Liu process.

Theorem 6. Suppose that Xt is a Liu process and Yt is an integrable uncertain process
with respect to Xt on interval [ a, b]. Then it is integrable on each subinterval of [ a, b].
Moreover, if c ∈[ a, b], then

∫ b

a
YtdXt =

∫ c

a
YtdXt +

∫ b

c
YtdXt .
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Proof. Let [ a0, b0] be a subinterval of [ a, b]. By the definition of the uncertain integral
with respect to the Liu process, we get

∫ b

a
YsdXs =

∫ b

a
Ysμsds +

∫ b

a
YsσsdCs.

Since Ys is integrable on [ a, b], Ysμs and Ysσs are integrable on the interval [ a, b] with
respect to t and Ct , respectively. Then Ysμs and Ysσs are integrable on any subinterval of
[ a, b]. Therefore, we obtain

∫ b′

a′
YsdXs =

∫ b′

a′
Ysμsds +

∫ b′

a′
YsσsdCs.

Next,

∫ b

a
YsdXs =

∫ b

a
Ysμsds +

∫ b

a
YsσsdCs

=
∫ c

a
Ysμsds +

∫ c

a
YsσsdCs +

∫ b

c
Ysμsds +

∫ b

c
YsσsdCs

=
∫ c

a
YsdXs +

∫ b

c
YsdXs.

Hence, the theorem is proved.

Theorem 7. Suppose that Xt is a Liu process, Yt and Zt are integrable uncertain
processes with respect to the Liu process Xt on [ a, b], and α and β are real numbers. Then

∫ b

a
(αYt + βZt)dXt = α

∫ b

a
YtdXt + β

∫ b

a
ZtdXt .

Proof. It follows from the definition of the uncertain integral with respect to the Liu
process that

∫ b

a
(αtYt + βZt)dXt =

∫ b

a
(αtYt + βZt)μtdt +

∫ b

a
(αtYt + βZt)σtdCt

=
∫ b

a
αtYtμtdt +

∫ b

a
βZtμtdt

+
∫ b

a
αtYtσtdCt +

∫ b

a
βZtσtdCt

= α

(∫ b

a
Ytμtdt +

∫ b

a
YtσtdCt

)

+ β

(∫ b

a
Ztμtdt +

∫ b

a
ZtσtdCt

)

= α

∫ b

a
YtdXt + β

∫ b

a
ZtdXt .

The theorem is proved.
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Theorem 8. (Fundamental Theorem) Let Xt be a Liu process with drift μt and diffusion
σt and f (t, x) be a continuously differentiable function. Then f (t,Xt) is a Liu process with

df (t,Xt) = ∂f
∂t

(t,Xt)dt + ∂f
∂x

(t,Xt)dXt

=
(

∂f
∂t

(t,Xt) + ∂f
∂x

(t,Xt)μt

)
dt + ∂f

∂x
(t,Xt)σtdCt . (8)

Proof. Since the function f is continuously differentiable, by using the Taylor series
expansion of f (t,Xt) with respect to all its arguments, which in this case are t and Xt , we
take the Taylor series expansion out to the first order of t and Xt . Then the infinitesimal
increment of f (t,Xt) has a first-order approximation


f (t,Xt) = ∂f
∂t

(t,Xt)
t + ∂f
∂x

(t,Xt)
Xt (9)

=
(

∂f
∂t

(t,Xt) + ∂f
∂x

(t,Xt)μt

)

t + ∂f

∂x
(t,Xt)σt
Ct . (10)

In fact, the uncertain differential (8) is equivalent to the uncertain integral equation

f (t,Xt) = f (0,X0) +
∫ t

0

∂f
∂t

(s,Xs)ds +
∫ t

0

∂f
∂x

(s,Xs)dXs.

Theorem 9. (Change of Variables) Let f and g be continuously differentiable functions.
Then for any s > 0, we have∫ t

0
f ′(g(Xs))g′(Xs)dXs = f (g(Xt)) − f (g(X0)).

Proof. Since f and g are continuously differentiable functions, it follows from the
fundamental theorem that

df (g(Xt)) = f ′(g(Xt))g′(Xt)dXt .

Then we get

f (g(Xt)) = f (g(X0)) +
∫ t

0
f ′(g(Xs))g′(Xs)dXs.

Theorem 10. (Integration by Parts) Suppose that Xt is a Liu process and F(x) is a
continuously differentiable function. Then∫ t

0
F(s)dXs = F(t)Xt − F(0)X0 −

∫ t

0
XsdF(s).

Proof. It follows from the fundamental theorem that

d(F(t)Xt) = F ′(t)Xtdt + F(t)dXt .

Thus,∫ t

0
F(s)dXs = F(t)Xt − F(0)X0 −

∫ t

0
F ′(s)Xsds

= F(t)Xt − F(0)X0 −
∫ t

0
XsdF(s).
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Multifactor Liu process
Definition 13. LetC1t ,C2t , · · · ,Cnt be canonical Liu processes, andμt and σ1t , σ2t , · · · ,

σnt be uncertain processes. Then the uncertain process

Xt = X0 +
∫ t

0
μsds +

n∑
i=1

∫ t

0
σisdCis (11)

is called a multifactor Liu process with drift μt and diffusions σ1t , σ2t , · · · , σnt . The Liu
process Xt may also be written in differential form:

dXt = μtdt +
n∑

i=1
σitdCit . (12)

Definition 14. Let Xt be a multifactor Liu process with drift μt and diffusions
σ1t , σ2t , · · · , σnt and Yt be an uncertain process. We define an uncertain integral with
respect to the multifactor Liu process as∫ t

0
YsdXs =

∫ t

0
Ysμsds +

n∑
i=1

∫ t

0
YsσisdCis.

Theorem 11. (Multifactor Fundamental Theorem) Let Y1t ,Y2t , · · · ,Ynt be Liu pro-
cesses. If f (t, y1, y2, · · · , yn) is a continuously differentiable function, then the uncertain
process Zt = h(t,Y1t ,Y2t , · · · ,Ynt) is a Liu process with

dZt = ∂f
∂t

(t,Y1t ,Y2t , · · · ,Ynt)dt +
n∑

i=1

∂f
∂yi

(t,Y1t ,Y2t , · · · ,Ynt)dYit .

Proof. Since the function f is continuously differentiable, by using the Taylor series
expansion, the infinitesimal increment of Zt has a first-order approximation


f (t,Xt) = ∂f
∂t

(t,Y1t ,Y2t , · · · ,Ynt)
t (13)

+
n∑

i=1

∂f
∂yi

(t,Y1t ,Y2t , · · · ,Ynt)
Yit . (14)

Example 7. Suppose that Xt and Yt are two Liu processes. Since
∂(xy)
∂t

= 0,
∂(xy)
∂x

= y, and
∂(xy)
∂y

= x,

the uncertain process XtYt is a Liu process with

dXtYt = XtdYt + YtdXt .

Conclusions
This paper introduced the concept of the Liu process which is defined by the Liu inte-
gral. Based on the Liu process, we extended the Liu integral on such a process. Some
basic properties of this integral were discussed. Furthermore, the uncertain differential
was introduced, and the fundamental theorem of uncertain calculus was derived. The
integration by parts theorem was also discussed. Finally, we have studied multifactor Liu
processes.
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