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the Nekrasov partition function of the 5d A/ =1 SU(3) gauge theory with 10 flavors, are
all equal to each other under specific maps among gauge theory parameters. This result
strongly suggests that the three gauge theories have an identical UV fixed point. Type
IIB 5-brane web diagrams play an essential role to compute the SU(3) Nekrasov partition
function as well as establishing the maps.
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1 Introduction

It has been discussed that some five-dimensional (5d) A" = 1 supersymmetric gauge theo-
ries have their ultraviolet (UV) fixed points where the gauge theories become interacting
superconformal field theories [1-4] even though they are perturbatively non-renormalizable.
Such superconformal field theories are often addressed via brane configurations or Calabi-
Yau compactifications in string theory or M-theory. For example, based on the existence
of consistent (p, q) 5-brane configurations developed in [5-7], it is conjectured that the 5d
N =1 SU(N) gauge theory with Ny < 2N + 3 flavors [8-11] as well as the 5d N = 1
Sp(N —1) gauge theory with Ny < 2N 43 flavors [12] have UV fixed points, some of which
exceed the bound discussed in [4].

Based on Tao diagrams [9, 10] and the instanton operator analysis [11], it is further
discussed that the 5d N' = 1 SU(N) supersymmetric gauge theory with Ny = 2N + 4
flavors have a UV fixed point, where a six-dimensional (6d) superconformal field theory
named as “6d (Dni2, Dyy2) minimal conformal matter theory” [13] are expected to be



realized. This six-dimensional superconformal field theory is known also as the UV fixed
point theory for the 6d N = (1,0) Sp(N — 2) gauge theory with Ny = 2N + 4 flavors and
one tensor multiplet [14, 15], which is realized by a type IIA brane configuration [16, 17].

In [18], it is proposed that the 5d N’ = 1 SU(N) theory with Ny flavors with the
Chern-Simons level Kk = N +2— N¢/2 and the 5d /' =1 Sp(NN — 1) theory with N flavors
have an identical UV fixed point based on the discussion of “duality wall”. Combining this
with the conjectures mentioned above, it is indicated that the three theories,

e 6d Sp(/N — 2) theory with Ny = 2N + 4 flavors and a tensor multiplet,
e 5d Sp(NN — 1) theory with Ny = 2N + 4 flavors,
e 5d SU(N) theory with Ny = 2N + 4 flavors,

have the identical 6d UV fixed point of the 6d (Dy42, Dyy2) minimal conformal matter
theory. In other words, the three different descriptions are obtained by turning on different
types of deformations from the 6d superconformal field theory. This “equivalence” has a
natural explanation [10, 19] in terms of the decomposition of an O7~-plane into two [p, q]
7-branes, namely a [1,1] 7-brane and a [1,—1] 7-brane [20]. The type IIA brane setup
for the 6d Sp(IN — 2) theory includes one O8~ -plane. Compactifying one of the direction
and performing T-duality, the O8 -plane is converted into two O7~ -planes. When we
decompose one O7 -plane out of the two, we obtain the brane web diagram for the 5d
Sp(N — 1) theory. On the other hand, when we decompose both of the two O7~-planes,
we obtain the brane web diagram for the 5d SU(NV) theory.

We would like to give further evidence to this equivalence and study it at a more
quantitative level. One of the best playground is the BPS counting. Indeed in [21], it
has been checked that the elliptic genus for the E-string theory agrees with the Nekrasov
partition function for the 5d Sp(1) gauge theory with 8 flavors [22]. We would like to
generalize this relation to a higher rank case. For 6d Sp(N — 2) theory with Ny = 2N +
4 flavors, it is straightforward for one to obtain an explicit expression for the elliptic
genus [21, 23]. However, there had been a difficulty in computing the Nekrasov partition
function for the 5d Sp(N — 1) gauge theory with Ny = 2N + 4 flavors and also for the
5d SU(NV) gauge theory with Ny = 2N + 4 flavors due to a difficulty associated to too
many flavors. Moreover, we need to have a better understanding on the relations among
parameters, in addition to the one studied in [18].

In this paper, we demonstrate that the (p,q) 5-brane web diagram, or the Tao dia-
gram, is useful for overcoming the difficulties. Remarkably, the Tao diagram enables us to
compute the 5d SU(N) Nekrasov partition function and also to establish the maps among
the parameters, especially between the 5d Sp(N —1) gauge theory and the 5d SU(N) gauge
theory. For simplicity, we concentrate on the case N = 3: we check that

e the elliptic genus for the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet,
e the Nekrasov partition function for the 5d Sp(2) gauge theory with 10 flavors,

e the Nekrasov partition function for the 5d SU(3) gauge theory with 10 flavors,



all agree with each other under certain maps among the parameters, which we also deter-
mine. Generalization to an even higher rank case would be straightforward.

Here, we would like to comment a difference between our claim and the “SU-Sp
duality” discussed in [18]. In [18], it is claimed that the 5d Sp(N — 2) Nekrasov partition
function and 5d SU(N —1) Nekrasov partition function are related to each other via “elliptic
Fourier transformation”, which involves a non-trivial integral in terms of the Coulomb
branch moduli. Instead, our claim is that the 5d Sp(2) Nekrasov partition function and
the 5d SU(3) Nekrasov partition function is simply equal' to each other under a certain
map for the gauge theory parameters at least for the unrefined case ¢; = —ea. The maps
for the masses and the instanton factor are essentially identical to those in [18]. In addition
to that, we find the map between the Coulomb branch moduli. We note that these maps
are all obtained intuitively and systematically from the comparison of the corresponding
web diagrams.

The organization of this paper is as follows: in section 2, we determine the maps
between the gauge theory parameters by using a Higgsing argument as well as 5-brane webs.
In section 3, we compute the Nekrasov partition function of the 5d SU(3) gauge theory with
10 flavors by applying the topological vertex formalism to the Tao web diagram. Then,
we check its order by order expansion in terms of the instanton fugacity and one Coulomb
modulus and we find that 5d SU(3) partition function from the Tao diagram agrees with
the 6d elliptic genus. In section 4, we compare the 5d Nekrasov partition function of
the Sp(2) gauge theory with the 6d elliptic genus up to 1l-instanton and check that it is
also consistent with this “equivalence” claim. We further give some observation to the
2-instanton contribution of the 5d Sp(2) gauge theory with 10 flavors. Section 5 is devoted
to conclusion and discussion. We relegate some technical details of the computation to
the appendices.

2 Maps among three theories

In this section, we determine the maps among the 6d Sp(1) gauge theory with 10 flavors
and a tensor multiplet, the 5d Sp(2) gauge theory with 10 flavors, and the 5d SU(3) gauge
theory with 10 flavors. In order to determine all the relations among the three theories, it
is enough to determine independent two relations and hence we focus on the map between
the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet and the 5d Sp(2) gauge
theory with 10 flavors, and also the map between the 5d Sp(2) gauge theory with 10 flavors
and the 5d SU(3) gauge theory with 10 flavors.

2.1 Map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory

We first determine the map between the 6d Sp(1) gauge theory with 10 flavors and a tensor
multiplet and the 5d Sp(2) gauge theory with 10 flavors. The 6d Sp(1) gauge theory with
10 flavors and a tensor multiplet is realized by a brane configuration in figure 1 in type
ITA string theory [16, 17]. The directions in which the branes extend is summarized in

'More rigorously, it is equal to each other up to “flop transitions” for some perturbative factors. This
point is explained in detail in section 3.
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Figure 1. The type ITA brane configuration which gives rise to the 6d Sp(1) gauge theory with 10
flavors and a tensor multiplet.

01 2 3 4]|5]6|7 8 9
D6 X | X X X X |X|X
NS5 X | X X X X |X
D8/O8 | x | x x X X |X X X X
D2 X X | x

Table 1. The directions in which branes extend in type IIA string theory.

table 1. The brane configuration consists of one D6-branes (or two D6-branes including
the mirror image), an O8 -plane which gives the Sp(1) gauge symmetry, and 10 D8-branes
which yield the 10 hypermultiplets in the fundamental representation of the Sp(1). The
length between the O8 -plane and the NS5-brane gives a vacuum expectation value (vev)
of a scalar field in the tensor multiplet. D2-branes suspended between the O8~-plane and
the NS5-brane realize self-dual strings in the 6d theory. For example, k& D2-branes mean
k strings.

The elliptic genus of the 6d Sp(1) gauge theory with 10 flavors or the partition function
of a theory on the self-dual strings of the 6d theory wrapping a torus may be written by

Zea sp(1) = Z(0) (1 +Y Zyy <91,g2, A i, L Bos @) ¢k> ; (2.1)
=1

where Z(k) stands for the elliptic genus of the k-strings while Z(O) is the contribution
existing even without strings. ¢i,ge are defined by g1 = e~ 1, go = e~ 2 where €1, €5 are
chemical potentials for the SO(4) global symmetry which rotates the (z1, z2, z3, 24)-plane.
In the later calculation, we focus only on a special case where € = € = —e9 with g = e™¢.
A is the fugacity for the Sp(1) gauge symmetry. 7 (i = 1,---,10) are the fugacities for

2miT

the SO(20) flavor symmetry. ¢ is given by ¢ = e where 7 is the complex structure of
the torus. Finally, ¢ is the fugacity which counts the number of the self-dual strings.

Let us then move on to the parameters of the 5d Sp(2) gauge theory with 10 flavors.
The 5-brane configuration of the 5d Sp(2) gauge theory with 10 flavors can be obtained
from the type ITA brane configuration in figure 1 by first compactifying it on a circle along
the xz-direction and then performing T-duality along it [19]. After the T-duality, the O8~ -
plane becomes two O7~-planes and the quantum resolution of only one O7~-plane yields

a b-brane web with one remaining O7~-plane whose worldvolume theory is the 5d Sp(2)



Figure 2. The 5-brane web which gives rise to the 5d Sp(2) gauge theory with 10 flavors.

0 1 2 3 4|5 6|7 8 9
D5 X X X X X X
NS5 X X X X X |X
(p,g) 5| x x x X x| angle
(pyq) 7| x x %X X X X X X

Table 2. The directions in which 5-branes and 7-branes extend in type IIB string theory.

gauge theory with 10 flavors. The brane configuration is depicted in figure 2 where the
horizontal direction is in the zg-direction and the vertical direction is the xs-direction. In
the 5-brane web, we have (p, ¢) 5-branes whose slope in the (z¢, z5)-plane is ]%. Furthermore,
a (p,q) 7-brane can be put at the end of an external (p, ¢) 5-brane. The directions in which
the branes extend is summarized in table 2. The two color D5-branes with the O7~-plane
yields the Sp(2) gauge symmetry and the 10 flavor (or external) D5-branes give the 10
hypermultiplets in the fundamental representation of the Sp(2).

We consider a Coulomb branch of the 5d Sp(2) gauge theory with 10 flavors. The theory
has two Coulomb branch moduli af, @), and ten mass parameters m’s (i = 1,---,10) by
which we define A} = e‘“ll,A’2 = e % and Y = e ™ for i = 1,---,10. The theory also
has the instanton fugacity ¢’, which is related to the gauge coupling. In order to calculate
the partition function of the 5d theory, we also turn on the {2-background with the Q-

€

deformation parameter e(= ¢; = —e3) from which we define g = e¢. Then, the partition

function of the 5d theory may be given by

o9

k

éd Sp(2) = Z(/) <1+ZZI/c (ga /17 /27y/17 7y30) q, ) ; (22)
k=1

where Z}, represents the k-instanton partition function while Zj is the perturbative contri-
bution. Here we used the same g as the g defined by the variables in the elliptic genus of
the 6d Sp(1) gauge theory since they can be identified with each other.

The claim that the UV completion of the 5d Sp(2) gauge theory with 10 flavors is
identical to that of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet means



that the elliptic genus (2.1) should be equal to the 5d partition function (2.2)

ZGd Sp(1) (ga ‘ZL gl? to 73]107(77 ¢> = Zgl')d Sp(2) (ga All: Al27y/17 o 7y107 q,) ’ (23)

under certain reparameterization, which we determine here.

In order to determine the relation between the parameters in the elliptic genus of the
6d Sp(1) gauge theory and those of the 5d Sp(2) gauge theory, we utilize a Higgsing to the
E-string theory, which is given by a 6d “Sp(0)” gauge theory with 8 flavors and a tensor
multiplet on a tensorial Coulomb branch. A circle compactification of the E-string theory
with Wilson lines along it gives a 5d Sp(1) gauge theory with 8 flavors. Therefore the same
Higgsing should reduce the 5d Sp(2) gauge theory with 10 flavors to the 5d Sp(1) gauge
theory with 8 flavors. The relations between the parameters in the elliptic genus of the 6d
Sp(0) gauge theory and the parameters of the 5d Sp(1) gauge theory with 8 flavors has
been known in [21, 22] and hence we can make use of them to deduce the relations between
the parameters in the elliptic genus of the 6d Sp(1) gauge theory and the parameters of
the 5d Sp(2) gauge theory.

Let us first look into the Higgsing from the 6d Sp(1) gauge theory with 10 flavors and
a tensor multiplet to the 6d Sp(0) gauge theory with 8 flavors and a tensor multiplet. The
explicit expression of one string is given by [23]

2 10

~ i L g 01 (i)
-1 ~ ~ I1\Y1
Z)y (g,g VA U1, ,y107Q) = 3001 (g D) RETRY 51 H . (2.4)

where we have already set € = ¢ = —eo. Then, the Higgsing towards the E-sting elliptic
genus may be triggered by setting?

A=g3=g5", (2.5)

in the case when €; = —eg = €. Indeed, inserting (2.5) to (2.4) yields

1 01(5)
TN }: 11 Lok (2.6)

1 li=124,,7,910

which exactly agrees with the one string result of the elliptic genus of the E-string if the
other parameters are naturally related to the parameters in the elliptic genus of the E-
string theory. Namely, 7; (i = 1,2,4,---7,9) and 719 become the eight fugacities for the
Ey flavor symmetry, and ¢ and ¢ remain the same.

Similarly, the Higgsing from the 5d Sp(2) gauge theory with 10 flavors to the 5d Sp(1)
gauge theory with 8 flavors can be also deduced from the explicit expressions of their

2In general, one can choose arbitrary two parameters ¥j, Ur with fixed j, k among the ten parameters
Ji (¢ =1,---,10) and set

A=g; =5,

for the Higgsing. In (2.5), we choose particular two mass parameters g3, gs for concreteness.



partition functions of the 5d Sp gauge theories. In fact, the Higgsing may be realized by
essentially the same condition

Ay =y =yi ", (2.7)

in the case when €; = —ey = €. We again chose the particular two masses mj, mg among the
ten masses for concreteness but we can in general choose any two masses for the Higgsing.
The other parameters are again naturally related to the parameters of the 5d Sp(1) gauge
theory with 8 flavors, namely a} becomes the Coulomb branch modulus of the 5d Sp(1)
/

gauge theory, m/

(i =1,2,4,---,7,9) and m], are the eight mass parameters for the 8

flavors, € is the 2-deformation parameter and ¢’ is the instanton fugacity of the 5d Sp(1)
gauge theory.

Then, the relation between the parameters in the elliptic genus of the E-string and the
parameters of the 5d Sp(1) gauge theory with 8 flavors is known in [21, 22] and non-trivial
relations are

Jo=vi0d"2  o=Ady,  i=4" (2.8)
The other relations are trivial and given by §; = v, (i = 1,2,4,5,6,7,9) together with the
same g. Furthermore, the two Higgsings (2.5) and (2.7) are the same Higgsing and this
suggests that they can be identified with each other, namely

A=AL G3=vh Js = s (2.9)

Therefore, we propose that the relations between the parameters of the elliptic genus
of the 6d Sp(1) gauge theory and the parameters of the 5d Sp(2) gauge theory are

10 = yi0d 2, (2.10)
o = Aldyg" (2.11)

and also
q:q/27 A:Al27 Z]z:y;> (,L:lv 79) (212)

The relation (2.10) can be also written as

Y10 = J104- (2.13)

When we denote the radius of the compactification circle from 6d to 5d by R, § may be
roughly given by ¢ ~ e~®. A Wilson line along the circle is given by A ~ % and hence
G ~ e, Since the Wilson line in the type ITA picture corresponds to the position of the
D7-branes along the compactified circle in the type IIB picture, the relation (2.13) means
that the 10th D7-brane goes around the circle and goes back to the original point. Thus,
even after shifting the position of the 10th D7-brane, we can still put the 10 D7-branes
at the position of one O7 -plane, indicating that the theory still has the SO(20) global
symmetry.® This is indeed necessary to reproduce the expected global symmetry for the
5d Sp(2) gauge theory.

3We note that the SO(20) flavor symmetry of the 5d theories is different from the SO(20) flavor symmetry
of the 6d theory. When we compactify a 6d theory on a circle, we introduce a Wilson line which breaks 6d
flavor symmetry. Here, the Wilson line that we introduced produces the 5d SO(20) flavor symmetry.



On the other hand, the combination of (2.11) may look more involved. We here
provide further support for the relation (2.11). In order to see it, we analyze the invariance
of the elliptic genus of the 6d Sp(1) gauge theory under a Weyl transformation of the
5d SO(20) flavor symmetry. Although the elliptic genus of the 6d Sp(1) gauge theory is
manifestly invariant under a Weyl transformation of the 6d SO(20) flavor symmetry, the
invariance under a Weyl transformation of the 5d SO(20) flavor symmetry cannot not be
seen manifestly and hence it induces a non-trivial transformation rule for the parameters
in the elliptic genus.

For example, let us see the invariance of the elliptic genus of one string (2.4) under
the exchange between y}, > y4, which is a Weyl transformation of the 5d SO(20) flavor
symmetry. Assuming (2.11), the Weyl transformation induces the map

10 = G ' Go, Yo — GYr0- (2.14)
Inserting the transformation (2.14) into (2.4) yields
9 10 -
! I1 6100 | i oy (2.15)

Uk - U
RO Iz_; 0:(A)or(A-1) L1 1

Z(l) —

Since the elliptic genus of one string, i.e. Z(l)¢, should be also invariant under the Weyl
transformation, the transformation rule for the ¢ turns out to be

& — Gl ‘00 (2.16)

so that it cancels the extra factor in (2.15).

Note here that the Coulomb branch modulus A} should be invariant under the Weyl
transformation and hence the combination (bcﬁ 710 should be also invariant under the ex-
change. In fact, the Weyl transformation (2.14) and (2.16), which is induced by the ex-
change between y}, and yj, acts on the combination ¢q~%gjlo as

1 a1 ~ IO S 1
Al = ¢q2 310 — (305 "5108) G2 (G '90) = #3230 = Aj. (2.17)

Therefore, the combination qﬁ(j%gjlo is invariant under the Weyl transformation yg < v,
and this is consistent with the fact that it corresponds to the 5d Coulomb branch modulus
A, which should be invariant under the Weyl transformation of the 5d SO(20) flavor
symmetry. Analogous discussion on the invariance of Coulomb moduli parameter under
Weyl transformation is also in [9, 24].

2.2 Map between the 5d Sp(2) gauge theory and the 5d SU(3) gauge theory

We then turn to the map between the 5d Sp(2) gauge theory with 10 flavors and the 5d
SU(3) gauge theory with 10 flavors. A part of the map is found in [18] and it was determined
experimentally from the requirement that the hemisphere index of the 5d Sp(N — 1) gauge
theory with Ny flavors is equal to the hemisphere index of the 5d SU(N) gauge theory with
Ny flavors after performing the duality map. We here derive the map from the 5-brane
webs for the two theories. Furthermore, we will find the map of the parameters between the
partition functions of the 5d theories and hence the map includes the one for the Coulomb
branch moduli, which is not considered in [18].



Figure 3. The 5-brane web which gives rise to the 5d SU(3) gauge theory with 10 flavors.

2.2.1 Parameterization of the 5d SU(3) gauge theory with 10 flavors

In order to see the relation between the parameters of the 5d Sp(2) gauge theory with 10
flavors and those of the 5d SU(3) gauge theory with 10 flavors from the 5-brane webs, we
first determine how the parameters of the 5d SU(3) gauge theory with 10 flavors are related
to the parameters of the corresponding 5-brane web. The 5-brane web for the 5d SU(3)
gauge theory with 10 flavors can be obtained by further resolving the remaining O7~-plane
in figure 2. The resolution of the O7 -plane and also some changes? of the parameters in
the web yield a 5-brane web in figure 3. From the brane configuration in figure 1, the 5-
brane web in figure 3 can be obtained by a circle compactification and T-duality along the
zs-direction, and then resolving the resulting two O7~-planes. The three color (or internal)
D5-branes yield the SU(3) gauge symmetry and the 10 flavor (or external) D5-branes give
the 10 hypermultiplets in the fundamental representation of the SU(3).

The 5d SU(3) gauge theory have three (but two independent) Coulomb branch moduli
a1, az, a3 which satisfy ay + ag + ag = 0, ten masses m; (i = 1,---,10) for the 10 flavors
and the instanton fugacity ¢. All the moduli and the parameters are related to the lengths
in the 5-brane in figure 3. The three Coulomb branch moduli are related to the position
in the vertical direction of the three color D5-branes and we define

A1 = e_al, A2 = €_a2, Ag =e %, (218)

Due to the traceless condition, not all the A;, Ao, A3 are independent but satisfy the con-
dition

AjAsAs = 1. (2.19)

This relation defines the “origin” in the vertical direction. Namely, the vertical position is

always measured from the origin defined by (2.19) for determining the parameters of the
5d SU(3) gauge theory with 10 flavors. On the other hand, the mass parameters for the

4This process is equivalent to flop transitions in the dual M-theory geometry.



“origin”

Figure 4. The extrapolation of the upper and lower external 5-branes to the origin.

10 hypermultiplets are given by the vertical position of the flavor D5-branes and we define
yi=e "™, i=1,---,10. (2.20)

The explicit locations of the Ay, A9, A3 and y;, (i =1,---,10) are depicted in figure 3.

The last parameter we need to determine is the instanton fugacity of the 5d SU(3)
gauge theory. The instanton fugacity is related to the exponential of (the minus of) the
average of the length L; which is obtained by extrapolating the two lower external 5-branes
to the origin and the length Ly which is obtained by extrapolating the two upper external
5-branes to the origin [25]. The schematic picture is depicted in figure 4. The explicit
expression for the length Ly, Ly are given by

Mo=e M =yt (Asyr ) Qeeys (2.21)
Ao = e 12 = y1Qp, (voAT) o, (2.22)

where Qp,,Qp, are Qp, = e 1, Qp, = e with I; = [The length of the top color
D5-brane] and I3 = [The length of the lowest color D5-brane].> Therefore, the instanton
fugacity ¢ of the 5d SU(3) gauge theory is given by

4=V = \/Q31 QB AT Asyiys 'ys Mg yoyio (2.23)

= QBgAl_lAz_l\/y1y2y3y4_195_1y6_1y7y8y9y10- (2.24)

®Similarly we define Qp, = e~ with Iy = [The length of the middle color D5-brane] as in figure 4.

~10 -



Figure 5. Shrinking the Coulomb branch modulus and an effect of the resolution of an O7~-plane.

2.2.2 The duality relation

We then identify the parameters of the 5d Sp(2) gauge theory with 10 flavors from the web
diagram in figure 3. The gauge theory parameters are the two Coulomb branch moduli
a’, a, the ten masses m}, (i = 1,-- - ,10) of the flavors and the instanton fugacity ¢’. Again,
the gauge theory parameters can be identified with some lengths in a 5-brane web in the
presence of an O7~-plane. From the 5-brane web in figure 2, the two Coulomb branch
moduli are the heights of the two color D5-branes and the ten mass parameters are the
heights of the ten flavor D5-branes. However, an important difference from the case of
the 5d SU(3) gauge theory is that the parameters and the moduli of the 5d Sp(2) gauge
theory are the heights measured from the vertical position of the O7~-plane. Therefore, it
is important to determine the position of the O7~-plane before the splitting in the 5-brane
web for the 5d SU(3) gauge theory with 10 flavors in figure 3.

In order to identify the location of the O7~-plane, one needs to closely look at the
resolution of an O7~-plane in a simple example of the pure Sp(1) gauge theory. The top
figure in figure 5 stands for a 5-brane web of the 5d pure Sp(1) gauge theory. Let us
then think about shrinking the Coulomb branch modulus of the Sp(1) gauge theory which
corresponds to shrinking the middle face. Then we reach a configuration in the second
figure of figure 5, where the middle face reaches to the position of the O7~-plane. When
we further try to shrink the Coulomb branch modulus, it is natural to move from Sp-like
picture to SU-like picture by resolving O7-plane into a [1, —1] 7-brane and a [1, 1] 7-brane
at this stage as depicted in the third of figure 5. By further shrinking the Coulomb branch
modulus, we now see that [1,—1] 7-brane and a [1, 1] 7-brane are attached to the (1,—1)
5-brane and a (1,1) 5-brane, respectively, as in the fourth of figure 5. By shrinking the
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“origin” for SU(3)

Figure 6. The difference of the origin in the vertical direction between the 5-brane webs of the 5d
SU(3) gauge theory with 10 flavors and the 5d Sp(2) gauge theory with 10 flavors.

lengths of the 5-branes which end on the [1, —1] 7-brane and the [1, 1] 7-brane, one finally
obtains the lowest figure in figure 5, yielding a 5-brane for the pure SU(2) gauge theory.
From this figure, it is clear that the location of the original O7 -plane is given by the
intersection of the lines extrapolated from the two lower external 5-branes as in the lowest
figure in figure 5.

We then apply the procedure of identifying the location of an O7~-plane to the 5-
brane web of the 5d SU(3) gauge theory with 10 flavors in figure 3. As in the case of the
pure 5d SU(2) gauge theory, the 7-branes which originate from the O7~-plane in figure 2
are the the lowest [1,—1] 7-brane and the lowest [1,1] 7-brane in figure 3. Hence, the
location of the original O7~-plane can be identified by extrapolating the lower external
(1,—1) 5-brane and the lower external (1,1) 5-brane in the lower direction as in figure 6.
From the geometry of the 5-brane web in figure 6, the difference between the origin for the
parameters of the 5d SU(3) gauge theory with 10 flavors and the origin for the parameters
of the 5d Sp(2) gauge theory with 10 flavors is given by

ol
NI

A

==

10
=q¢2 [Jv " (2.25)
i=1
where we used (2.21) and (2.24).
By using the difference of the origin (2.25), it is possible to determine the parameters
of the 5d Sp(2) gauge theory with 10 flavors from the 5-brane web for the 5d SU(3) gauge
theory with 10 flavors as in figure 7. Namely, the Coulomb branch moduli @}, @), are vertical

6

positions of the top and the second top color D5-branes® measured from the location of

5The lowest color D5-brane may be thought of as the one created after the resolution of the O7~-plane.
Therefore, we identify the vertical positions of the top and the second top color D5-brane in figure 7 as the
two Coulomb branch moduli of the 5d Sp(2) gauge theory.
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Figure 7. The Coulomb branch moduli and the mass parameters of the 5d Sp(2) gauge theory
with 10 flavors in terms of the 5-brane web for the 5d SU(3) gauge theory with 10 flavors.

the O7 -plane. The difference between (2.18) and A} = =%, A} = e~ is the difference
of the origin (2.25), and hence we obtain

10

1 1 _

A; =AA; = <q2 I_IyZ
=1

=

) A, (2.26)

for i = 1,2.

Analogously, the mass parameters of the ten flavors are related to the heights of the
flavor D5-branes measured from the vertical position of the O7~-plane. We use the con-
vention that the mass parameters associated to the heights for the flavor D5-branes on
the righthand side have extra minus signs compared to the mass parameters associated
to the heights for the flavor D5-branes on the lefthand side. Therefore, we parameter-
ize y; = e ™ (i = 1,---,5) for the vertical positions of the flavor D5-branes on the left
whereas we parameterize y; L— gma (i =6,---,10) for the vertical positions of the flavor
D5-brane on the right as in figure 7.

The definition is motivated from the fact that the Higgsing from the 5d Sp(2) gauge
theory with 10 flavors and the zero discrete theta angle” to the 5d Sp(1) gauge theory with
8 flavors and the zero discrete theta angle is achieved for example by setting A} = y5 = yéfl
like (2.7) as discussed in section 2.1. In terms of the 5-brane web in figure 7, the Higgsing
corresponds to aligning the vertical position of the third flavor D5-brane from the top
on the lefthand side, the vertical position of the color D5-brane associated to A} and the
vertical position of the third flavor D5-brane from the top on the righthand side. Therefore,
we should associate y3 to the position of the third flavor D5-brane from the top on the
left, whereas yg ! to the position of the third flavor D5-brane from the top on the right. In
other words, —my is the height of the flavor D5-brane associated to yé_l in figure 7. The

"The discrete theta angle of the 5d Sp(N) gauge theory is not a physical difference when the gauge
theory has flavors [4] since it can be absorbed by a sign of a mass parameter. However, we keep using this
terminology in this ten flavors case for indicating that two 5d Sp gauge theories with the same discrete
theta angle have the same convention for the signs of the mass parameters.
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Figure 8. The diagramatic identification of the instanton fugacity ¢’ of the 5d Sp(2) gauge theory
with 10 flavors.

same argument essentially holds for the parameters v, y7, y&, Yo, 1o and hence the vertical
positions of the flavor D5-branes on the righthand side of figure 7 are parametrized by
yé_l,yé_l,yé_l,yé_l and y&Bl. With this in mind, the difference between y; and y;_l for
i = 6,---,10 as well as the difference between y; and y, for ¢ = 1,---,5 are again the

difference between the origin (2.25) and hence we obtain

1 ) 10
Yi= Ay = <q2 11w
=1

PN

> Yi (2.27)

fori=1,---,5 and
1—1 3 L S
vt =M= vt |w (2.28)
i=1

fori=6,---,10.

Let us finally see the relation between the instanton fugacity ¢ of the 5d SU(3) gauge
theory with 10 flavors and the instanton fugacity ¢’ of the 5d Sp(2) gauge theory with 10
flavors. The square of the instanton fugacity of ¢’ is related to the length between two
lines extrapolated from the upper external 5-branes to the origin specified by the vertical
position of the O7~-plane. The schematic picture is depicted in figure 8. The geometry of

1 1
¢ = VA A =q (2.29)

Namely, the instanton fugacity of the 5d SU(3) gauge theory with 10 flavors is the same

the 5-brane web in figure 8 gives

as the instanton fugacity of the 5d Sp(2) gauge theory with 10 flavors.

3 5d SU(3) gauge theory with 10 flavors

In this and the next sections, we explicitly compute the partition functions of the 5d
theories. Here we first consider the 5d SU(3) theory with 10 flavors and compute the
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Figure 9. Left: the 5-brane web configuration with Ny = 10 flavors. Right: the corresponding
Tao diagram which has structure of infinite spirals.

Nekrasov partition of the theory using the topological vertex formulation based on type
IIB (p, q) 5-brane web diagram. As proposed in [10], the type IIB brane web configuration
of the 6d Sp(N —1) theory with Ny = 2N 44 flavors and a tensor multiplet leads to a (p, q)
5-brane web diagram for the 5d SU(N) theory with Ny = 2N + 4 flavors which inherits an
infinite spiral structure called Tao web diagram.

For instance, a suitable movement of 7-branes in the (¢, z5)-plane or the (p, ¢)-plane [9,
10] converts a naive brane configuration for such 5d theories given in 9(a) into a Tao web
diagrams shown in figure 9(b). When the web diagram is reinterpreted [26] as a “toric-like”
diagram [7, 27|, the distances between the branes are converted into the Kahler parameters
of the corresponding 2-cycles in the Calabi-Yau geometry. Especially, the period of such
spiral rotation in the Tao web diagram is expressed in terms of the Ké&hler parameters
which is precisely the instanton factor ¢ (2.24) obtained from the brane configuration in
the previous section

8
[12a™=¢, (3.1)
n=1

where A are Kéihler parameters associated with the distance between each arm given in
figure 9, and the precise assignment is discussed in detail in appendix A.1. We note that
this is a strong evidence that the Tao brane configuration captures the KK spectrum arising
from a circle compactification of the 6d theory. We will show also that this is indeed true
from the comparison of the two partition functions. Namely, the partition function of the
5d SU(3) gauge theory with 10 flavors, obtained based on this type IIB brane configuration,
coincides with the 6d BPS partition function from the elliptic genus computation of the 6d
Sp(1) theory with 10 flavors and a tensor multiplet.
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3.1 The partition function

The 5d SU(3) Tao diagram is a simple generalization of that of the 5d SU(2) theory with
8 flavors [9]. The partition function computation of the 5d SU(3) gauge theory with 10
flavors is also similar to that of the 5d SU(2) gauge theory [9]. For simplicity, as done
in [9], we restrict ourselves to the self-dual Q-background, e; = —ea = €. So we use the
unrefined topological vertex formulation.

A Tao web diagram is a complicated spiral web diagram which contains infinitely
many 5-branes jumping over other 5-branes extended to infinity (external 5-branes) in the
(p, q¢)-plane. The computational method for the web diagram including 5-branes jumping
over other 5-branes are developed in [9, 28-31]. For the unrefined case, such external 5-
branes are associated with empty Young diagrams. In the computation, we cut the Tao
web diagram into some sub-diagrams relevant to an expansion of the instanton factor g of
interest. The sub-diagram is a finite diagram where the external 5-branes are assigned to
empty Young diagrams. The partition function is then expressed in terms of an instan-

ton expansion

Zsq su@) = ZZk (g, A1, A2, As,y1, -+, y10) ¢~ (3.2)
%

where Zj, is the partition function associated with k instantons, whose argument includes
the SU(3) Coulomb branch moduli A; subject to AjAsAs = 1, and the mass parameters
of 10 fundamental flavors y; for ¢ = 1,--- , 10.

We note while the 6d elliptic genus result is computed up to 2-strings but all orders
in the instanton factors, the 5d k-instanton partition function Z; contains all order contri-
butions of a Coulomb branch modulus parameter which is the number of strings in the 6d
elliptic genus computation. To compare these two, we double expand the partition func-
tions in terms of the instanton factor as well as the Coulomb branch modulus parameter
(or the string number). Here we compute the 5d partition function up to two instantons,
Z5, and also expand it in terms of A1 up to the second power. Hence we need to consider
a sub-diagram of Tao web diagram which has one revolution as shown in figure 10.

It is also convenient to cut this sub Tao web diagram by half and compute only the
half as the other half readily follows from the symmetry of the web diagram. We then glue
each half to make the whole diagram. See figure 11. The 5d partition function then takes
the following form,

Z = Z Zgiue(@B1» Y1) Zglue (@ Bo» Y2) Zglue (@ Bs» Y3) Zhalft Zhalr2 (3.3)
Y1,Y2,Y3
where Zg)yc is the contribution appearing when we glue some contributions with the Kahler
parameter () with Young diagram Y associated:

2 t2
LY+ Yy

Zglue(Qay) = (_Q>IY|ZYZY’59 2 (34)
with

Z,(g) = (1 — gntn—imithy, (3.5)
(i,5)€v
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6

6

Middle strip

Enlargement
of the center

Figure 10. A sub Tao diagram for 5d SU(3) theory with 10 flavors relevant for the computation
of the partition function up to 2 instantons. Among arms in the left, arms in red are referred to
as long arms while arm in blue is referred to as short arm. The part in the middle drawn below in
green is referred to the middle strip. We call the colored strips “half 1”7 sub diagram, and uncolored
pairs “half 27.
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Figure 11. A half Tao diagram of figure 10. This diagram is referred to as ‘halfl’ and the other
half diagram (not shown here) is referred to as ‘half2’ for the sake of computation.

The amplitudes for the two sub half diagrams, Zpasi(vi,; Aj) and Zpaie(vi,; Aj), are re-
lated by

Znair2 = Znaie1 (Ui € Uiy 3 Ai ¢ A1), (3.6)

Therefore, it is enough to compute only one of them, say Zyari. This half amplitude
consists of a strip at the middle (the middle strip) and four spiral “arms” (three long arms
and one short arm), and it is given by, in terms of Kéhler parameters and Young diagrams
assigned in figure 10,

Zhalfl = Z Zmiddle(ﬂla M2, 13, ®7 Y17 }/27 }/E% H4, {QZ}) {Ql})
{ni}

X Zshortarm({QZ@)}nuA)’ (37)

3
H Zlong arm({QZ('Z) }7 :U'f)
(=1

where p; are the Young diagram associated with the initial Kahler parameters Qg,z,g) and
le). The amplitude for the strip diagram is given by [32]

Zmiddie(X1, X2, X3, X4, Y1, Y2, V3, Y1, {Qi, Qi })

j—1 j—1
II Rxvy (QjHQka) IT Bvx (Qz 11 Qk@k)

1<i<j<4 k=i 1<i<j<4 k=i+1
= . . : (3.8)
7—1 7—1
II Exx (H Qka) II Avy (H QM)
1<i<j<4 k=i 1<i<j<4 k=i

where X; and Y; are again the Young diagrams, and following same convention as in [33],

Rxy(Q) = M(Q)™" Nxy(Q), (3.9)

with

M(Q) =PE [(15?)262} ) (3.10)
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Figure 12. The strips (in red) appearing in arms of the Tao diagram.

where PE is the Plethystic exponential defined as
[e.e]
1
PE[f(")] = —f(" 3.11
O1= e | 357 (3.11)
and
. t*i*’ Aty i
M@= I (1—Qa* =) T —Qg ¥ . (312)
I (65)€En

The amplitude for the each “arm” is also computed by further decomposing into short
strips depicted in figure 12. The amplitude for each strip is given by

o Ry (Q) Roon (Q
Zstrip (Q7 Q y 0, Ut) = w.R(aCi?t (CnggQ )

The amplitudes for three long arms then have the following form:

(3.13)

Zlong arm({Qi}a Ul) = Z H Zglue(Q?)k—Za Uk)Zstrip(Q3k—1a Q?)ku Ok, UZ—H)? (314)

{0 (i>2)} k=1
where o}, are the Young diagrams associated with QQ3x_o and o7y is the initial Young diagram
e for each long arm. The amplitude for the short arm is given by

00
Zshort arm({QZ@)}) ,UJ4) = Z H Zglue(Q;(;]t)fza O'k)Zstrip(Q-g]?,la Qgi), Ok, O-Z—i-l)a (3'15)
{0, (>3)} k=2

where o9 = 4.
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The 5d partition function is obtained by combining the two half sub diagrams and
gluing them together (3.3). We now present the result of the partition function based
on the SU(3) Tao diagram, order by order in the instanton expansion up to 2 instanton.
For that, we use the following conventions: we define the “U(10)” characters with the

normalization factor yo as

Xn(y) = Xo Z Yir Yiz " Yin (n =12, 10)7 (3'16)
1< <2<+ <1, <10

o)

We also introduce an “SU(3) invariant combination”

where

N

= x10 " (3.17)

P,= A"+ A" + Agn, (318)

subject to the SU(3) condition A; A2As = 1. In the computation, there are terms which do
not explicitly depend on the Coulomb branch moduli, and by modding out such terms one
reproduces the correct partition function. We call such terms the extra factors denoted by
En(y) with n being the instanton power. Analogous claim on this extra factor is discussed
in various literature including [9, 22, 28, 33-35] in various context.

Perturbative part. The perturbative contribution takes the following form
Zpert =PE [gO(y) =+ fO(A7y) + O((yzl_l)5’y95)} ) (319)

where the extra factor is

50(2!)—(1_gg)2< Z yi ly+ Z l/z‘yj_1>- (3.20)

1<i<j<4 6<i<j<9

The physical part is given by

Foly) = ( — (y1 +yo +y10) A1t

(1—g)?
o s s s s DA

Y1+ Y2+ Ys + Yo + y10) Ao

(s 'y sy Ty A

(y1+y2 +ys+yr +ys +yo + y10) Az~

(i 4y HysAs

+2(Ag Ayt 4+ Ap Ay +A1A3‘1)). (3.21)

(
(

If we introduce a regularization corresponding to the flop transition [32, 36, 37] for a certain
part of web diagram,

PE {(1_99)2@] ~ PE {(1_99)2@1] , (3.22)
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we obtain the perturbative contribution

g
Foly) = =gy <(P1P—1 -3) — P1X0X9> ; (3.23)
which is analogous to the known result for Ny < 2N [40]. However, for later purpose, it is
convenient to transform in such a way that negative powers of A; never appear when we
eliminate Ag by the traceless condition. By further using (3.22), we obtain

9

Foly) = (—g7

(2A1A2_1+2A1A3_1+2A2A51 — (Al +A2) X0 Xg—Agl X1 X10 ) s (324)

where we note that A3~! = A; A can be also understood as the positive power of Aj.
We note that the computation is reliable up to C’)((y[l)‘r’, yg5). It should be summed
over all Young diagrams pu, for the initial parts of long arms of the Tao diagram and the

()

corresponding Kahler parameters )7’ which explicitly depend on y4_1 (¢ =1,2,3) or yg
(¢ = 5,6,7) as written in appendix A.1. For technical difficulty, we did not perform all
order Young diagram sums, although the result should hold up to all orders. Instead, we
have checked up to the second powers of Qgg) where y4_1 or 1jg is the expansion parameter.
Likewise, the instanton contributions below are checked up to O((y11)3,y93). See also

appendix A.2 for more detail.

One instanton part. The one instanton contribution takes the form

z
2

Zins = PE |(E1(y) + F1(A,y) + (07?907 )a | (3.25)

where the extra factor is given by

&1(y) = —2

g Xo(¥) (1 + Y2 + Y3 + ya) (Y6 + y7 + ys + yo)

x0T s ey P ys T e )
[Y6y7Ysyo ( /ym [ys > (3.26)
Y1Y2Y3y4 y5 Y10

The physical one instanton part is given in the following form.

Fi(A,y) = 20 + F0. (3.27)
Here, we write our result in a way to compare with the “naive” U(N) Nekrasov partition
function
gmaive) _ 9 oo Xa(=A1)*" + (cyclic) (3.28)
' (1—9)%| (A1 — A2)?(A1 — A3)? ’ '

which is obtained by formally substituting Ny = 2N + 4 to the known formula, which is
actually valid for Ny < 2N. Here “(cyclic)” means two more terms that are obtained by
taking a cyclic permutation of A; on the first term. Comparing our result with this, we
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find that this naive formula is not valid any more for Ny = 2N + 4 but we need a following
additional contribution

2
(add) g n+1 9n 9 n
Fi = (1—g)2 [Z(_l) (Pl Xn + P XlO—n)] : (3.29)

n=0
Two instanton part. The two instanton contribution takes the form
Zinst = PE [(E2(y) + F2(A,y) + O((ya™ )%, w0*)a* ] , (3.30)

where the extra factor is given by

E(y) = ﬁ

1 _ _ _ _ _ _
§+g+(y1+y2+y3+y4)(y1 " s b s e Y
+(ys+ye+yr+uys+yo+yio)(ye L Hyr T Hys iy | (3.31)

Again, we write our two instanton result as

. 1 . 1 .
.7:2(A,y) — Zélalve - 5(Zilalve)2 _ §Z{123L1ve(>{< N *2) 4+ J—_-add’ (332)

where ZJa1V¢ is the 2-instanton part of the naive U(IV) Nekrasov partition function

9 10 10
i g
23 = gy 22 2D

m=0n=0
A167mA267n
(A1—A3)?(Az—A3)? (A1 — Agg~1)2 (A1 — Aag)?

anAl 12—m—n

g
_I_
(149)2(A1—A2)?(A1 — A3)? (A2 — A19)?(A3— A1g)?
N g—6+nA112—m—n
(14+9)?(A1—A2)2(A1— A3)?(A2— A1g1)?(A3—Arg~1)?
+ (cyclic). (3.33)

The second and the third term in (3.32) is given in (3.28). They appear since we write the
Nekrasov partition function in a Plethystic exponential form.
Comparing our result with these, we find additional contribution,

10 10 6—m
add _ 9 2 m=0 2n=0 n(=A41)° " XmXn .
T [( (A1 Ag2(Ay — e (@O

10 10
+ Z ConXoXn + Z CnlOXnXlO] (3.34)
n=0 n=1
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where

1 2
dop = —2A171 — 7( + g) A12, dy = A17
doy =ds = =dg =0,
1 2
dg = Alil, dig = —2A; — MA172 (3.35)
and
Coo = 2(Py* —=3P,2P_ + P_,> + 2P)),
Co1 = —2(P13 —2P P+ 1),
Cop = 2(P,® — P_y),
Coz = —2P,
004 = 27
Cos = Cos = 0,
C07 = _2a
Cog = 2P,
1
Coo = —2(P_1% — 5Pl),
1
Co,10 =2 <P13 + P 3 -3P P, — 5(9 + 91)> . (3.36)
Also,
Crio = Co,10-n(Pr1 — Pr1). (3.37)

After removing the extra factors, we have the partition function of the 5d SU(3) theory
with 10 flavors, expressed in a Plethystic exponential form,

Zphys = PE [Fo(A,y) + F1(A, y)q + Fa(A,9)¢* + O(¢*) ] , (3.38)

where Fy, F1, and Fa are given in (3.24), (3.27), and (3.32) respectively.

3.2 Comparison with the elliptic genus of the 6d Sp(1) gauge theory

We will here confirm the obtained partition function of the 5d SU(3) gauge theory with
10 flavors as well as the 5d SU(3)— 6d Sp(1) maps by explicitly comparing it with the
elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet. We will
see that the two results precisely agree, implying that the 5d SU(3) theory with Ny = 10
hypermultiplets captures the same BPS spectrum as the 6d Sp(1) gauge theory with Ny =
10 hypermultiplets and a tensor multiplet.
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The elliptic genus for the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet
is given for one and two strings as® [21, 23]

4 -
. I n? 0r(1)
Zy = = 2 , (3.39)
M 291(9)212::191(#1);_[1 0
and
10 ~ 7
2(2) _ ~778 01 (A
01(9)%601(A2%)20,(A%)2 0 7P
Jri: n® 17 %(Gg2)
~ 1
71 201(9)201(9%)%0r(Ag™2)2 3 Ua
80,(1 9 0.(5 i
+ > oxn 01(1)° H ) (3.40)

(I,J,K)eS 46, (9)491<g>29J(A 29}(

where S = {(2,2,1),(3,3,1),(4,4,1),(2,3,4),(3,4,2),(4,2,3)} and 01 = —1,00 = 03 =
o4 = 1. On top of that, there is an overall contribution to the partition function, existing
even with no self-dual string Z (o) = PE[F(g)] with

Fo) :ﬁ (2(212+fl D= (A+ AT Y +§i1)> ( - ;) (3.41)

as we explain in appendix B. Here, we omitted the term which does not depend on the
Coulomb branch moduli parameter A, which corresponds to the procedure of removing
“extra factor” & on the 5d gauge theory side. Writing the 6d Sp(1) elliptic genus in a
Pelthystic exponential form, we obtain

Zsa sp(1) = PE []:“(0) + Fyd + Foy¢® + 0(¢”) (3.42)
with
> o 1g 2

In the following, we compare the 5d SU(3) Nekrasov partition function (3.38), which
we obtained based on the Tao web diagram, with the 6d Sp(1) elliptic genus (3.42). As
discussed in section 2, the parameters between the 6d Sp(1) gauge theory and the 5d SU(3)
gauge theory are related in a non-trivial manner. The map between the parameters used
for the 6d Sp(1) elliptic genus and the parameters used for the 5d Sp(2) Nekrasov partition
function is given in (2.10), (2.11) and (2.12). Also, the relation among the parameters for
the 5d Sp(2) gauge theory and the 5d SU(3) gauge theory is given in (2.26), (2.27), (2.29)

8We thank Joonho Kim for sharing the elliptic genus result for 2-string case which is not explicitly
written in [23].
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and (2.29). Combining these two, we find the map between the 6d Sp(1) gauge theory and
the 5d SU(3) gauge theory as

10
_ 1 1 :
gi=a | [Tvi | v (i=1,---5)
j=1
1 10 1
gi:q7§ Hij yiil) (12679)
j=1
{0 0o
go=q2[]w* v o=a" | [Jvi 2 | voAr,
j=1 =1
1 10 1
A=q [[]y 7 | A2 i=q (3.44)
j=1

Substituting this map into the 6d elliptic genus, we find the 6d partition function,
which was originally given as an expansion in terms of the tensor branch moduli parameter
¢, is now given as an expansion in terms of the 5d Coulomb branch modulus parameter A

Zga sp(1) = PE Z]}(k) (9,121,17@', (i) "
Lk=0

k

10
=PE|Y | F (9, A2,9:0) | Pyno [ [ w5~
Lk=0 J=1

(SIS

Ak (3.45)

Note that A; dependence appears only from ¢ and thus, ﬁ(k) does not depend on A; after
substituting the map. Therefore, the k-string elliptic genus simply gives the coefficient of

A1* in this expansion up to the rescaling factor (q2y10 Hjl-ozl yj_%)k. Also, note that each
coeflicient is exact in terms of g.

Instead, the 5d Nekrasov partition function is given by an expansion in terms of the
instanton factor ¢. Each instanton contribution is exact in terms of A;. In order to compare
these two with each other, we consider the double expansion in terms of A; and ¢. For the
elliptic genus, we further expand each ]:"(k) in terms of ¢

k
10
l ~ ~
7’10 H yi 2| Fu) = Z Cwads (3.46)
Jj=1 1
so that we obtain the double expansion
Zoa sp(1) = PE [Z é(k)éAlqu (3.47)
k¢

as a total. For the Nekrasov partition function, we expand each instanton contribution in
terms of Ay so that we obtain the double expansion

Zsq = PE [Z ]-_gqq — PE [Z C(k)zAl’qu] (3.48)
4 k.t
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Then, we compare the coefficients of these double expansion up to 2 instantons and 2
strings. Note that we eliminate the Coulomb branch modulus parameter Az by using the
traceless condition.

By this procedure, we found the perfect agreement C(zy, = é(k)g with £ = 1,2 and
¢ = 1,2 without any ambiguity. We also checked that the 1 and 2 instanton contributions
of the Nekrasov partition function do not produce any negative power of A;. Analogously,
the 1 and 2 string contributions of the elliptic genus do not produce any negative power of q.

The coefficients for ¢° and A? are confirmed up to the transition (3.22). The pertur-
bative part of the Nekrasov partition function can be written in various ways up to this
transition. However, in order for this comparison to work, we need to use (3.24), which
does not have any negative power of A;, instead of using the original form (3.21) obtained
from the Tao diagram computation or the well known form (3.23). Analogously, instead
of (3.41), we need to use its “flopped” version

10 ~
Fo) = (2(212 +A) (A AN @ +g@-—1>> <q>

O~ (1 -g) i 1— ¢
g 10
2 .
e <2A - A;(yz- + i )) , (3.49)

which is again related to the original expression (3.41) by the transition (3.22) Under these
choices, we also found the preceise agreement between the coefficients C(r)g = é(k)o for

k=0,1,2 and C(o)z = C(O)Z for £=0,1,2.

4 5d Sp(2) gauge theory with 10 flavors

In this section, we devote ourselves to 5d Sp(2) theory with N; = 10 flavors and its partition
function from the point of view of the field theory rather than the brane setup. The
Nekrasov instanton partition function of a Sp(N —1) gauge theory was originally computed
in [38, 39] through the localization method. Especially, the 5d Sp(/N —1) instanton partition
functions including the O(¢)_ contribution were studied in [22, 40] where ¢ denotes the
instanton number. In [18], the dual relation between the 5d Sp(N — 1) theory with flavors
and the 5d SU(V) theory with the same number of fundamental hypermultiplets and a
particular Chern-Simons level was analyzed from the view point of the hemisphere index.
The explicit form of the partition function was computed up to Ny < 8 flavors when N = 3.

However, it has not been completely understood how to calculate the partition function
for the Ny > 8 case due to technical difficulties associated with higher degree poles of O(¢)
holonomy integrals when the instanton number satisfies £ > 2. The one-instanton partition
function, on the other hand, does not require any holonomy integral and thus the result is
exact. Since the elliptic genus of the 6d Sp(1) theory with 10 flavors has the identical UV
fixed point with the 5d Sp(2) theory with 10 flavors, the partition function of the 5d Sp(2)
theory with 10 flavors should be the same as the result of the elliptic genus computation.
We first compare the partition function up to the one-instanton order with the elliptic
genus. We will then see the perfect agreement, which supports the equivalence property.
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Moreover, we also study the two-instanton partition function of Sp(2) gauge theory and
will discuss the correction form in comparison with the elliptic genus.

4.1 The partition function up to one-instanton

To compute the partition function for the 5d Sp(2) gauge theory with 10 fundamental
flavors, we closely follow [22, 40] where a great detail is provided for the computation of the
partition function of the 5d Sp(/N) gauge theory with hypermultiplets in the fundamental
representation as well as hypermultiplets in the antisymmetric representation. We here
simply state the result of the computation.

The computation for the partition function for 5d Sp(2) gauge theory with 10 funda-
mental flavors is straightforward up to one-instanton, as there is no O(¢) holonomy integral
for ¢ = 1. The partition function takes the following form

5 sp(2) = 2o (1 +Ziq+ O(qz)), (4.1)

where we keep using the notation for the /-instanton partition function as Z; for the 5d
Sp(2) gauge theory with 10 flavors. This can also be written as a Plethystic exponen-

tial form
Lo o = PEIF + Fid + 0(q?)), (4.2)
where
10
Fo = —ﬁ <Z(y£ oyl (AL + Ap) — 247 (Ay + AyTT) — 2477 — 2A/22> ;o (43)
i=1
1 _1 1 _1
w9 (AT R -y | AT (E 4y 2) (4.4)
F(—g2 | (1-A0)2(1 - Ay (1+ 4721+ 432 )7 '
with g =e “and y, (¢ = 1,--- ,10) are the fugacities for SO(20) flavor symmetry and their

chemical potentials are the 10 flavor masses. A} (i = 1,2) are the fugacities of the Cartans
for the Sp(2) gauge group. By comparing (4.1) with (4.2), it follows that

Zy = PE[F], Zy = Fi. (4.5)

We note that the Sp(2) partition function up to one-instanton is exact in A} and Aj,
while the 6d elliptic genus is exact in ¢’ as it is expressed in terms of an expansion of the
string number. As done in previous section, we compare the 5d partition function with the
6d elliptic genus by doubly expanding them in the instanton fugacity ¢’ and the Coulomb
modulus A} (or the KK momentum and the string number in terms of the 6d language).
Here we expand each partition function to the quadratic order in the Coulomb branch
modulus and also to the linear order in the instanton fugacity.

The result of the 6d elliptic genus is given in section 3.2. The one-string result is (3.39)
and the two-string result is (3.40). We now implement the proposed map between the 6d
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Sp(1) gauge theory and the 5d Sp(2) gauge theory in section 2.1, especially the rela-
tions (2.10) and (2.11). Under the map, the 6d elliptic genus becomes

Zﬁd Sp(1) — PE [Z]}(k) (gaAa Yt 7g1076j) gbk]
k=0

(o)
=PE [Z Fay (9. Ab 9, vbvhod 2, d7) (A’lq’yﬁl)k] : (4.6)
k=0

where .7:"(0) is given by (3.49) and .7:"(1) and .7:"(2) are given by (3.43). This mapped elliptic
genus is reorganized as a double expansion by the 5d Coulomb branch modulus A} and
also the 5d instanton fugacity ¢/,

Zsa sp(1) = PE Z Fye (9. Ay, ) AT (4.7)
k>0

Up to one-instanton and quadratic orders in A), we found that the 6d elliptic genus ex-
pressed in terms of the 5d variables under the proposed map precisely coincides with the
5d one-instanton partition function. Namely we found

]:—(k),é (97 ,27?/;) = fé(k) (gv /27y7{) ’ (48)

for 0 < ¢ <1and0 <k <2, where we also expanded the 5d partition function in terms
of A}

0 Atk
Z34 sp(z) = PE E : Foy (9: Adyi) AT (4.9)
k>0

Note that the equality (4.8) in the case for k£ = 0 and also for £ = 0 is satisfied only when
we use (3.49) and (4.3) instead of any other choices related via (3.22).

This shows that the partition function of the 5d Sp(2) gauge theory with 10 flavors
is equal to the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors up to the one-
instanton order and also to the two-string order. This also implies that the proposed map
in section 2.1 is indeed the correct mapping between the two theories.

Comparison between 5d Sp(2) gauge theory and 5d SU(3) gauge theory. We
note here that in the previous section, the equivalence check between the partition functions
of the Sp(2) gauge theory and the 5d SU(3) gauge theory was done by the two successive
maps: one is the map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory,
which we just checked, and the other is the map between the 5d Sp(2) gauge theory and
the 5d SU(3) gauge theory, which is based on the type IIB brane configurations. The two
separate non-trivial checks here and in the previous section hence ensures that the duality
relation between the 5d Sp(2) gauge theory and the 5d SU(3) gauge theory is also correct.

Yet, we also consider a direct comparison between the two 5d theories. In other
words, one can, in principle, obtain the partition function of the 5d Sp(2) gauge theory
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with 10 flavors from the partition function of the 5d SU(3) gauge theory with 10 flavors
calculated by the Tao diagram, via our proposed map between the two type IIB (p,q)
5-brane configurations in section 2. More precisely, the map between the two 5d theories is
given in (2.26), (2.27), (2.28) and also (2.29). As the map involves a mixing of the instanton
factor, obtaining the instanton partition function for one theory from the other is quite
non-trivial. A straightforward application of the map, for example, to the one-instanton
partition function gives rise to terms containing the instanton factor ¢ in the denominator,
which can be reorganized as an infinite sum of the instanton factor. In order to obtain the
¢-instanton partition function of the 5d Sp(2) gauge theory from the the instanton partition
function of the 5d SU(3) gauge theory, we might need all orders of the instanton partition
function of the 5d SU(3) gauge theory.

The perturbative part of each, on the other hand, is quite special as can be seen
from (3.24) and (4.3). The application of the map gives terms up to the one-instanton
factor (up to flop transitions). This implies that the perturbative part of each can be
obtained from the perturbative and one-instanton part of the other theory. We indeed
checked that, for instance, the perturbative part of the Sp(2) partition function can be
obtained from the perturbative and one-instanton part of the SU(3) partition function,
and vice versa.

4.2 Two-instanton partition function

The two-instanton partition function of the 5d Sp(2) gauge theory with 10 flavors should
be treated with some caution, as the contour integral for the case of the Ny = 10 flavors
has a triple pole at the infinity in the O(2) holonomy integrals. A naive prescription of
such a higher degree pole does not give any new contribution at least for the unrefined case.
Moreover, the two-instanton partition function with 10 flavors itself has terms of negative
powers of the fugacities of the Coulomb branch moduli, which implies the partition function
is not well defined in a regime of very small Coulomb branch moduli. It is also problematic
when we compare the 5d partition function with the 6d elliptic genus which is an expansion
of string number fugacity ¢, which is related to the 5d Coulomb branch modulus Aj.
Therefore, in this subsection, rather than checking the agreement of the BPS partition
function, we apply the equivalence conjecture to speculate the correct 2-instanton formula.

More specifically, let us first consider the naive application of the localization for the 5d
Sp(2) gauge theory with 10 flavors at the 2-instanton level. The contribution of the naive
O(2) holonomy integrals for the Sp(2) two-instanton partition function with 10 flavors can
be summarized as follows:?

. 1
Zénalve —_ §(X1 + Xo + X3 4+ X4+ X5)’ (410)

%As O(k) has two components O(k); and O(k)—, the partition function is the sum of the two con-
tributions, (Z+ + Z_)/2, where Z; has poles in the holonomy integral while Z_ = X5 does not involve
any contour integral. Here we will denote X1, X2 by the contributions from the poles associated with g of
positive and negative coefficients of g respectively; X3, X4 are the contributions from the poles associated
with A} and A} respectively.
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where

12, (v, — 97)(y, ™" — g?)

X1 = 2,221;2/1 , T 11 T
(1_.9) (1+9) (AI—QQ) (Al_ —gz) (A 2) (A2_ _92>
X, = 1% () + 92) (W~ + g2)
(1— g)'(1+g)2(Af + g3)2(A) 1+ g2)2(Ah + g3)2(Ay 1 + g3)?

29 T1;2, () — AD (™ — A

0 T AR, D2, — AP, - A (A — g P& g
X, = 29 [1;21 (v — A2)(y ' — Ap)
(1~ 9P AR, — 12(A, — A4)2(A, — 4 T(A7 — gP(A — g TP
_ 26° T2 (45 — v )
o = T T+ g (A] — AP — A )

It can be easily checked that X3 has negative powers of a Coulomb branch modulus A;:
X; = 2# A2 ﬁ S W +yh) AT+ 04, (4.12)

Likewise, X4 also contains negative powers of A), since X} is obtained from X3 by replacing
A} with A}. As X3 and X4 have the negative powers of the Coulomb branch moduli, Zj"#ve
cannot be the correct partition function for the 5d SU(3) gauge theory with 10 flavors.

In the previous section, we discussed that the correct partition function can be split
into “naive” and “additional” terms. We now consider possible additional terms which may
reproduce the correct Nekrasov partition function of the 2-instanton part of the 5d Sp(2)
gauge theory with 10 flavors. It is clear that the correct partition function should not have
negative powers in Coulomb branch moduli. We thus first need to eliminate such terms of
the negative powers. Given the naive result (4.10), we remove the terms proportional to the
negative powers of the Coulomb branch moduli, for instance, the first two terms in (4.12)
and similar negative-power terms for Af as well, which makes the remaining terms are of
positive powers in the Coulomb branch moduli. We then subtract the remaining terms
from the 6d elliptic genus result, which should yield the additional terms.

To make this procedure more concrete, it is convenient to use the naive Nekrasov
partition function in a Plethystic exponential form. The term associated with the two-
instanton in the Plethystic exponential is given by

. 1 1
]:-/nalve _ ZénalVe _ §Z1,2 — EZi(* — *2) R (413)

where

10
naive g - — - — —
P =g (AT AT =D () (AT AT
=1
20407 A AL+ AT AY) O, AL (a14)
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By subtracting it from the elliptic genus result (3.42) taking into account the map between
the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory, we can get the “additional”
terms. In other words, the correct Plethystic exponential form at the 2-instanton order
may be reproduced by adding the “additional” terms as in

10
Fpomt — ppies I Y | (419
g =
where x4 is the fundamental character of the Sp(2) gauge group,
xa= A7 4 AL+ AT 4 AL (4.16)

We observe that the second terms of (4.15) (the additional term) is nothing but the
simplest Weyl invariant combination which can be made out of the terms of the negative
powers in (4.14) (which of course do not introduce further negative powers). We here
test our observation against the 2-instanton partition function of the 5d Sp(1) theory
with 8 flavors where the correct partition function is computed by the introduction of an
antisymmetric hypermultiplet [22]. Our test was done as follows: we first assume that
there is no antisymmetric tensor field and compute the naive Nekrasov partition function
at the 2-instanton order, which again contains negative powers of the Coulomb branch
modulus A’ of the 5d Sp(1) gauge theory. Based on the terms of the negative powers of
A’, we make simple Weyl invariant combinations, namely A’ + A’~! and A% + A’~2 with
some functions as their coefficients, and subtract them from the naive Nekrasov partition
function so that they cancel the negative powers. We then compare our proposal for
the correct partition function of the 5d Sp(1) gauge theory with the partition function
calculated with the contribution of the antisymmetric hypermultiplet after removing extra
factors. Interestingly, we found that the two results indeed agree with each other. We also
found that the obtained additional terms agrees with the Higgsed version of (4.15) up to
extra factors which do not depend on the Coulomb branch modulus.

Note also that, for the case of the 5d Sp(2) gauge theory, the result is valid up to
the quadratic order in the Coulomb branch moduli, as the 6d elliptic genus is known up
to that order. For the case of the 5d Sp(1) gauge theory, on the other hand, the correct
two-instanton partition function is known at all orders of the Coulomb branch modulus.
We in fact found that our additional term which is a finite polynomial in A’ for the Sp(1)
case is exact. As the additional term of the 5d Sp(1) gauge theory can be obtained by the
Higgsing procedure on the 5d Sp(2) gauge theory, it is very likely that the additional term
for the Sp(2) gauge theory is also exact in A/, implying that the correct two-instanton
partition function given in (4.15) would be exact. This also, in turn, implies that the
correct two-instanton partition function for 5d Sp(/N — 1) theory with Ny = 2N + 4 flavors
is expected to have the same structure as (4.15), up to an extra factor,

2N+4

g -
=92 |~ XaN—2” + X2N—2 Z vy + vy DI (4.17)
f=1

where x2n_2 is the character of the (2/V — 2)-dimensional representation of the Sp(/N —1)
gauge group.

fécorrect — fénaive +
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5 Conclusion and discussion

In this paper, we checked that the three BPS partition functions
e the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet,
e the Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors,
e the Nekrasov partition function of the 5d SU(3) gauge theory with 10 flavors

are equivalent to one another to some orders in the expansion parameters under suitable
parameter maps. This result strongly supports the original claim that the three theories
have an identical UV fixed point. These theories are in an equivalence class.

Among the three BPS partition functions, only the elliptic genus had been previously
computed in [23]. For 5d SU(3) and Sp(2) theories, the localization method by using the
conventional ADHM quantum mechanics is not simply applicable when the flavors are too
many. For example, the perturbative part for the 5d SU(3) gauge theory with 10 flavors,
and the perturbative and one-instanton parts for the 5d Sp(2) gauge theory with 10 flavors
are the only contributions which one can compute from the conventional formula of the
Nekrasov partition function without any difficulty.

We circumvent the difficulty by using the topological vertex formalism and applying
it to the type IIB (p,q) 5-brane web configuration called Tao diagram. Indeed, we have
successfully computed the Nekrasov partition function of the 5d SU(3) gauge theory with
10 flavors for the first time. Moreover, we were also able to derive the maps among the
three theories by using the 5-brane webs as well as an argument of a Higgsing.

Using the results, we compared the partition functions by the double expansion in terms
of the instanton factor ¢ and one of the Coulomb branch moduli A, which corresponds to
the string number fugacity in 6d. Remarkably, the Nekrasov partition function of the 5d
SU(3) gauge theory with 10 flavors precisely agrees with the elliptic genus of the 6d Sp(1)
gauge theory with 10 flavors and a tensor multiplet up to the 2-instanton order, ¢?, and
the 2 self-dual strings order, A;2. Similarly we also checked that the elliptic genus of the
6d Sp(1) gauge theory with 10 flavors and a tensor multiplet is equal to the 5d Sp(2) gauge
theory with 10 flavors up to the 1-instanton order, ¢, and the 2 self-dual strings order, A;2.
The exact agreement gives a very non-trivial evidence for the equivalence conjecture.

As mentioned above, computing the Nekrasov partition function of the 5d Sp(2) gauge
theory with 10 flavors for more than 1l-instanton has some difficulty. We also guessed the
2-instanton part by assuming the equivalence. We observed that the 2-instanton part of
the correct Nekrasov partition function obtained from the elliptic genus may be reproduced
by looking into the coefficients of A/1_1 and A/1_2 of the naive Nekrasov partition function
at least until the order of AZ. Namely, if we add the simplest Weyl invariant terms so that
they cancel the terms with the negative powers of A}, the modification precisely reproduces
2-instanton part of the correct Nekrasov partition function of the 5d Sp(2) gauge theory
with 10 flavors until the A order. In fact, the same method turns out to be applicable to
the 2-instanton part of the 5d Sp(1) gauge theory with 8 flavors. Although the 2-instanton
part of the correct Nekrasov partition function was calculated by including the contribution
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of the one hypermultiplet in the antisymmetric representation in [22], we found that it is
possible to reproduce it by the 2-instanton part of the Nekrasov partition function without
the contribution of the antisymmetric hypermultiplet by adding the simplest Weyl invariant
terms which cancel the contributions with negative powers of the Coulomb branch modulus
of the Sp(1) gauge theory.

Although we have reproduced the 2-instanton result of the Nekrasov partition function
of the 5d Sp(2) gauge theory with 10 flavors up to the order A2 by adding the simplest
Weyl invariant terms which cancel negative powers of A} from the naive Nekrasov partition
function, it is not totally clear whether the same method is applied to a higher instanton
order. We may need a more complicated Weyl invariant combination to cancel negative
powers of a Coulomb branch modulus. Therefore, it is important to establish a more es-
sential way to reproduce the Nekrasov partition function of the 5d Sp(2) gauge theory with
10 flavors from the localization procedure by using possibly a modified ADHM quantum
mechanics in a similar manner to the method in [18].

So far, we have focused on the case of N = 3 for the equivalence among the 6d
Sp(IN — 2) gauge theory with 2NV + 4 flavors and one tensor multiplet, the 5d Sp(N — 1)
gauge theory with 2N + 4 flavors and the 5d SU(N) gauge theory with 2N + 4 flavors.
It would be interesting to further generalize our result to a different N. In particular, it
is straightforward to generalize the topological vertex computation for the Tao diagram
of the 5d SU(N) gauge theory with 2N + 4 flavors for higher N, and the calculation will
also lead to new results on the Nekrasov partition function for 5d SU(N) theory with
Ny = 2N + 4 flavors.

Another example would be 6d SU(N — 1) theory with Ny = N + 7 flavors and N, =1
hypermultiplet in the antisymmetric representation, and one tensor multiplet. The 5d
versions of the 6d SU(N —1) theory are (i) 5d SU(V) gauge theory with Ny = N4+6, N, =1
hypermultiplets, and (ii) 5d quiver theory [3n+4—N]—-SU(n+1)—SU(N—n)—[2N+1—3n|.
Both have a clear IIB brane picture, which can be seen by either resolving only one O7~-
plane or both O7 -planes. Due to the duality, these 5d theories should also have the
same 6d UV fixed point and hence their Nekrasov partition functions should agree with
each other. Here, with different choice of n, (ii) gives a collection of 5d quiver theories of
different gauge group ranks and flavor symmetries, related by “distribution duality” [19].
Especially, when N = 3 and n = 1, the resultant 6d/5d theories are also equivalent to what
we discussed in this paper. Moreover, 5d [4] — SU(2) — SU(2) — [4] quiver theory, which is
the S-dual version of 5d SU(3) theory with 10 flavors, may provide another approach for
computing the Nekrasov instanton partition for the 5d SU(3) theory.

Furthermore, there are more equivalence classes found in [19, 41]. An interesting
equivalence class is a combination of different choice of resolution of O7~-planes accom-
panied by SL(2,Z) transformation. For instance, a 6d linear quiver theory [l4,8] —
SU(2) — -+ — SU(2) —[2] gives rise to two quite different 5d theories: [14,4] — SU(2n +

n nodes
1) — [14,4] and [4] — Sp(n) — Sp(n) — [4]. When n = 1, it becomes the equivalent class
that we considered in the paper. It would be interesting to generalize and explore other
possible equivalence classes.
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Although the topological vertex computation may be possible when the 5-brane web
does not include O-planes, there is still a large class of Tao diagrams from which we can
compute the Nekrasov partition function of various 5d theories. Some maps among the
theories in an equivalence class will be also determined from a 5-brane web.
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A Technical details of the computation

We here explain some technical details regarding the computation of the Nekrasov partition
function for the 5d SU(3) gauge theory with 10 flavors from the Tao web diagram.

A.1 Kahler parameters of the Tao diagram

Here, we summarize the expression for the Kéhler parameters of the Tao diagram depicted
in figure 10 in terms of the parameters of the 5d SU(3) gauge theory with 10 flavors. The
Kahler parameters are obtained by reading off the distance between the corresponding
branes. It is straightforward to read off the corresponding distances of the middle part of
the Tao diagram by following the process to obtain figure 9 (Right) from figure 9 (Left).

Y1 ~ A Y2 -~ Ay
Q1 =, Q1= —, Q2 = =, Q2 = —,
Ay Y2 Ay Y3
Y3 ~ As Yays
Q3:A77 Q3:77 Q4ZQ\/ 5
3 Y5 Y1Y2Y3YeYrysyoyio
As ~ Y7 Ay ~ Y8
Q5:77 Q5:77 Qﬁziv Qﬁzia
Y6 Az Y7 Ay
Ay ~ Y10 Y6YTYSY1Y2Y3Y4Y5
Q7 = —, Q?ZT, Qszq\/ . (A.1)
Ys 1 Yo¥Y10

For example, we see that Q3 is obtained as in figure 13.
Together with (2.24), we also obtain

[ A1y2ysyaysYeyrys B A1Y3Yaysyeyr
QBl - q bl QBQ - q —7
Y1Y9Y10 A3y1y2y8Y9Yy10
YalYsYe
Qs =0y . (42)
3Y1Y2Y3Y7Y8Y9Y10
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Figure 13. We see that the distance of the blue part and red part contribute to the Kéahler
parameter Q3.

It is convenient to define the distance A® between i-th arm and i + 1-th arm

AD YL A@ 82 AG B A@) q\/ Yays 7
Y2 Y3 Ya Y1Y2Y3YsY7Ysyoy1o

A YT A@ Y8 AM Y A®) q\/y2y3y4y5y6y798y10. (A.3)
Yo Y7 Ys Y1Y9

The product of the A® defines the period and in fact the period precisely gives rise to the
instanton fugacity for the 5d SU(3) gauge theory,

8
[12a™=¢ (A.4)

n=1

Apart from the limited number of Kahler parameter with small j, we have
QY =A0QU*)  j>ofri=1,2, j>3fori=3 (A.5)

where we identify le) = (4. Therefore, it is enough to know Q§4) for j > 4, which is again

obtained from QZ@ but with lower index j as

QW =aWQP,  (j>4) (A.6)

5)

This Q§»73 is obtained by knowing Q§.123 due to the formula

QU = QY (g © yprs ™ Am > A ) (A7)

which is obvious from the symmetry of the Tao diagram. Therefore it is possible to compute
the Kahler parameter Qy) with large 7 in a recursive way.
The Kahler parameters with small j, which is necessary to determine all the other by
the recursion relation above, are given by
As

QM =Q?q, @) — QQ,, Qﬁ?’):a, ) =305, (A8)
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The explicit expressions of all the Kéahler parameters for the arms are as follows,

1 1 1 N 1 Y1Ys (1 Y1Y6Y7Y8Y9
1 — ) 2 — T Qg — ) Q4 N
Y2Yysya Ys Y2Y3Y4YeY1YsyoyYio Y2Y3Y4Ysy1o
1 Y1Y10 1 Y1 1 1 1 Y1
f—,):q\/ , Q= QW =¢—— Q) =¢2,
Y2Y3YaYsYeYrysy9 Y10 Y2Yysya Ys
2 1 2) Y2 2 Yous 2 [ Y2YeY7YsY9
1Y3Ya Ys Y1Y3Y4YeY7Ysyoyio Y1Y3y4Ysy1o
2 Y210 2 Yo 2 1 2 Yo
g):q\/ ) Qé):q277 Q’(Y):qQ ) Qé):q277
Y1Y3YaYsYeYrysy9 Y10 Y1Yysya Ys
3) Az 3) Y3 3 Y3Ys 3 Y3Y6Y7YsY9
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These are all the Kahler parameters which are necessary to compute the 2-instanton con-
tribution. We also note that the other Kéhler parameters Q;Z) with larger j is obtained by

Qy=QY  (ori=12--.8 j=3). (A.10)

The transition from Qgﬁi_?, to Q:())Q_l includes the instanton factor of the power ¢". If we

would like to compute up to n-instanton, we can truncate at the position of Q:(),Qfl-
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A.2 Comments on Young diagram sums

Here, we discuss some computational detail of the topological string amplitudes of the Tao
diagram. In the computation of the 5d SU(3) Nekrasov partition function, summation
over Young diagrams appears in (3.3), (3.7), (3.14) and (3.15). These sums run for all the
possible Young diagrams. However, when we compute up to finite order of instanton, the
Young diagram sums in (3.3), (3.14) and (3.15) are truncated at finite number of boxes due
to the factor of the form QI°! in (3.4), where ¢ is the Young diagram and Q is the Kihler
parameter which includes the positive power of the instanton factor. Especially, when the
Kahler parameter includes instanton factor of large enough power, only the empty Young
diagram contribute, leading to trivial contribution. Thus, we need to consider only finite
part of the Tao diagram around the center.

However, there is a difficulty in the Young diagram sum appearing in (3.7) since the
Kahler parameters le) (i = 1,2,3) does not depend on the instanton factor. Therefore, in
principle, we need to sum over all the Young diagrams up to the ones with infinitely many
boxes, which is difficult in the current computation technique.

In order to deal with this problem, we first note that the Kahler parameters le) (i =
1,2,3) all include y4,~!. Moreover, if we rescale the instanton factor as ¢ = pya Y 2ygl/2,
we find that a positive power of y4 does not appear in any Kahler parameters. Therefore,
if we would like to compute the partition function up to the order of (y4~1)", it is enough
to sum over Young diagrams associated to le) at most n boxes in total.

Next, we observe the following pattern. When we divide the partition function by the
factor PE[Fp] with (3.21), and expand the the coefficient of p¥ with fixed k in terms of
y4~ ', the expansion stops at the order of (y4~!)¥. That is, higher order terms of y,~* all
vanish. We checked this property to the order (y;~!)* for p°, and to the order (y,=1)? for
q' and for ¢2. In other words, our computation is reliable up to the terms +O((ys~1)?)
for p°, and +O((y4~1)* for ¢! and for ¢®. Going back to the original parametrization of
the instanton factor, +O((ys~1)%) for ¢°, +(9((y4_1)%) for ¢' and +O((y4~1)3) for ¢? as
written in (3.19), (3.25) and (3.30). The situation is parallel for yg.

Therefore, although we computed up to these orders, we expect that these higher order
terms actually all vanish.

B Zero string contribution of 6d BPS partition function

The BPS partition function for 6d N' = (1,0) Sp(1) gauge theory with 10 flavors has a

“zero-string” contribution, which exists even when the self-

non-trivial overall factor from
dual string does not exist. The zero-string contribution comes from all the multiplets, the
tensor multiplet, the vector multiplet and the hypermultiplet. At each level of Kaluza-Klein

mode, we have the contribution
Liensor = miChully
(1 —tu) (1 —tut)’
—(1+¢%) (212 +1+ A—Q)
Dvector = =y — 1y
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; ¢ (A+1‘~1_1) S @i+ 3
fyper = (1—tu)(1— tu1) ’

(B.1)

where t = e™t, u = e™“ with €1 = (€1 + €2)/2. We should collect the contribution from
all the Kaluza-Klein mode, which is expected to generate the factor

d = q_ (B.2)
n=1

I—gq

In addition to that, there are also terms which do not depend on ¢ [42]. The zero-string
contribution of 6d BPS partition function is then given by

Z(p) = PE [(Itensor + Luector + Tnyper) <1q_q + ;)} . (B.3)
By dropping the contribution independent of A (for instance, the tensor contribution,
Liensor) and by reducing to the unrefined case by setting ¢ = 1 and u = g, we obtain (3.41).
We see that the term involving the factor % is necessary in order to be invariant under the
affine SO(20) Weyl transformation up to the transition (3.22). As an example, when we
consider the transformation (fg, 710) — (§J10,§ ‘7o), we obtain

(A+ A H(1+9)

o7 0P [a =g -9

<_ (9o~ +§10) + " (Go + 510 ") )] , (B.4)

where the terms in PE cancel to each other when we apply (3.22).
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