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Abstract Building on the inequalities for homogeneous tetrahedral polynomials in
independent Gaussian variables due to R. Latata we provide a concentration inequality
for not necessarily Lipschitz functions f: R" — R with bounded derivatives of higher
orders, which holds when the underlying measure satisfies a family of Sobolev type
inequalities

g —Egllp = C(PIVEIlp.

Such Sobolev type inequalities hold, e.g., if the underlying measure satisfies the log-
Sobolev inequality (in which case C(p) < C,/p) or the Poincaré inequality (then
C(p) < Cp). Our concentration estimates are expressed in terms of tensor-product
norms of the derivatives of f. When the underlying measure is Gaussian and f is
a polynomial (not necessarily tetrahedral or homogeneous), our estimates can be
reversed (up to a constant depending only on the degree of the polynomial). We also
show that for polynomial functions, analogous estimates hold for arbitrary random
vectors with independent sub-Gaussian coordinates. We apply our inequalities to gen-
eral additive functionals of random vectors (in particular linear eigenvalue statistics of
random matrices) and the problem of counting cycles of fixed length in Erd6s—Rényi
random graphs, obtaining new estimates, optimal in a certain range of parameters.
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1 Introduction

Concentration of measure inequalities are one of the basic tools in modern probability
theory (see the monograph [46]). The prototypic result for all concentration theorems
is arguably the Gaussian concentration inequality [14,62], which asserts that if G is
a standard Gaussian vector in R” and f: R" — R is a 1-Lipschitz function, then for
allr > 0,

P(|f(G) —Ef(G)| > 1) < 2exp(—t>/2).

Over the years the above inequality has found numerous applications in the analysis
of Gaussian processes, as well as in asymptotic geometric analysis (e.g. in modern
proofs of Dvoretzky type theorems). Its applicability in geometric situations comes
from the fact that it is dimension free and all norms in R” are Lipschitz with respect
to one another. However, there are some probabilistic or combinatorial situations,
when one is concerned with functions that are not Lipschitz. The most basic case
is the probabilistic analysis of polynomials in independent random variables, which
arise naturally, e.g., in the study of multiple stochastic integrals, in discrete harmonic
analysis as elements of the Fourier expansions on the discrete cube or in numerous
problems of random graph theory, to mention just the famous subgraph counting
problem [22,23,26,27,35,36,49].

The concentration of measure or more generally integrability properties for polyno-
mials have attracted a lot of attention in the last forty years. In particular Bonami [13]
and Nelson [55] provided hypercontractive estimates (Khintchine type inequalities)
for polynomials on the discrete cube and in the Gauss space, which have been later
extended to other random variables by Kwapien and Szulga [41] (see also [42]). Khint-
chine type inequalities have been also obtained in the absence of independence for
polynomials under log-concave measures by Bourgain [19], Bobkov [10], Nazarov-
Sodin-Volberg [54] and Carbery-Wright [21].

Another line of research is to provide two-sided estimates for moments of polynomi-
als in terms of deterministic functions of the coefficients. Borell [15] and Arcones-Giné
[5] provided such two-sided bounds for homogeneous polynomials in Gaussian vari-
ables. They were expressed in terms of expectations of suprema of certain empirical
processes. Talagrand [64] and Bousquet-Boucheron-Lugosi-Massart [17,18] obtained
counterparts of these results for homogeneous tetrahedral! polynomials in Rademacher
variables and L.ochowski [48] and Adamczak [1] for random variables with log-
concave tails. Inequalities of this type, while implying (up to constants) hypercon-
tractive bounds, have a serious downside as the analysis of the empirical processes

1 A multivariate polynomial is called tetrahedral if all variables appear in it in power at most one.
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Concentration for non-Lipschitz functions 533

involved is in general difficult. It is therefore important to obtain two-sided bounds in
terms of purely deterministic quantities. Such bounds for random quadratic forms in
independent symmetric random variables with log-concave tails have been obtained
by Latata [43] (the case of linear forms was solved earlier by Gluskin and Kwapien
[29], whereas bounds for quadratic forms in Gaussian variables were obtained by
Hanson-Wright [32], Borell [15] and Arcones-Giné [5]). Their counterparts for mul-
tilinear forms of arbitrary degree in nonnegative random variables with log-concave
tails have been derived by Latata and Lochowski [45]. As for the symmetric case, the
general problem is still open. An important breakthrough has been obtained by Latata
[44], who proved two-sided estimates for Gaussian chaos of arbitrary order, that is
for homogeneous tetrahedral polynomials of arbitrary degree in independent Gaussian
variables (we recall his bounds below as they are the starting point for our investiga-
tions). For general symmetric random variables with log-concave tails similar bounds
are known only for chaos of order at most three [2].

Polynomials in independent random variables have been also investigated in relation
with combinatorial problems, e.g. with subgraph counting [22,23,26,27,35,36,49].
The best known result for general polynomials in this area has been obtained by Kim
and Vu [37,65], who presented a family of powerful inequalities for [0, 1]-valued ran-
dom variables. Over the last decade they have been applied successfully to handle many
problems in probabilistic combinatorics. Some recent inequalities for polynomials in
subexponential random variables have been also obtained by Schudy and Sviridenko
[59,60]. They are a generalization of the special case of exponential random variables
in [45] and are expressed in terms of quantities similar to those considered by Kim-Vu.

Since it is beyond the scope of this paper to give a precise account of all the
concentration inequalities for polynomials, we refer the Reader to the aforementioned
sources and recommend also the monographs [24,42], where some parts of the theory
are presented in a uniform way. As already mentioned we will present in detail only
the results from [44], which are our main tool as well as motivation.

As for concentration results for general non-Lipschitz functions, the only refer-
ence we are aware of, which addresses this question is [30], where the Authors obtain
interesting inequalities for stationary measures of certain Markov processes and func-
tions satisfying a Lyapunov type condition. Their bounds are not comparable to the
ones which we present in this paper. On the one hand they work in a more general
Markov process setting, on the other hand, it seems that their results are restricted to
the Gaussian-exponential concentration and do not apply to functionals with heavier
tails (such as polynomials of degree higher than two). Since the language of [30] is
very different from ours, we will not describe the inequalities obtained therein and
refer the interested Reader to the original paper.

Let us now proceed to the presentation of our results. To do this we will first formu-
late a two-sided tail and moment inequality for homogeneous tetrahedral polynomials
in i.i.d. standard Gaussian variables due to Latata [44]. To present it in a concise way
we need to introduce some notation which we will use throughout the article. For a
positive integer n we will denote [rn] = {1, ..., n}. The cardinality of a set I will be
denoted by #I. Fori = (i1,...,i4) € [n]¢ and I C [d] we write i = (ix)res. We
will also denote |i| = max <y i; and |ij| = max;e;i;.
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534 R. Adamczak, P. Wolff

Consider thus a d-indexed matrix A = (a,-]wid)?1 ig=1> such that a;,,;, =0
whenever i; = iy for some j # k, a sequence gi, ..., g, of i.i.d. N'(0, 1) random
variables and define

Z= ) aigi - 8, ey

ie[n]d

Without loss of generality we can assume that the matrix A is symmetric, i.e., for all
permutations o : [d] — [d], a;,,...i; = Qi (1ysenmria) -

Let now P be the set of partitions of [d] into nonempty, pairwise disjoint sets. For
a partition J = {J1, ..., Ji}, and a d-indexed matrix A = (ai)jc[,¢ (nOt necessarily
symmetric or with zeros on the diagonal), define

k
(ON O]
Al 7 = sup Z aiﬂxifz' H(xiJ])HZS L1<Il<kyg, (2)

ien]d I=

where H (xijl)H2 = /Zlij,lsn xizjl. Thus, e.g.,

I (@ij)i, j<n ||{1,2} = sup Z aijjXij: Z xizj =1

i,j<n i,j<n

= [ D a} = |@pij<nlys
i,j<n

| @if)ij<n ”{1}{2} = sup Z aijXiyj- lez =1 zyjz =1

i,j<n i<n j<n

= [ @i)i.j=n e

I (@ij)ijk<n ||{1,2}{3} = sup Z Qi jkXij Vi : Z xizj =1 Zy,? <1

i,j,k<n i,j<n k<n

From the functional analytic perspective the above norms are injective tensor prod-
uct norms of A seen as a multilinear form on (R")d with the standard Euclidean
structure.

We are now ready to present the inequalities by Latata. Below, as in the whole
article by C; we denote a constant, which depends only on d. The values of C; may
differ between occurrences.

Theorem 1.1 (Latala [44]) For any d-indexed symmetric matrix A = (Cli)ie[n]d such

that a; = 0 if ij = iy for some j # k, the random variable Z, defined by (1) satisfies
forall p > 2,
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Concentration for non-Lipschitz functions 535

;' D P PAlg <1z, < Ca D PP IAlL
JePy JePy

As a consequence, for allt > 0,

1 / 2/4T
C;'expl -C; min { —— <P(Z| =1
a P djepd(nAnJ) 7l

1 t 2RI
< Cgexp{ —— min .
Ca Tera \|lAll 7

It is worthwhile noting that for #7 > 1, the norms || A|| 7 are not unconditional in
the standard basis (decreasing coefficients of the matrix may not result in decreasing the
norm). Moreover, for specific matrices they may not be easy to compute. On the other
hand, for any d-indexed matrix A and any J € P4, we have ||A]l 7 < |All,....q) =

>4 aiz. Using this fact in the upper estimates above allows to recover (up to constants
depending on d) hypercontractive estimates for homogeneous tetrahedral polynomials
due to Nelson.

Our main result is an extension of the upper bound given in the above theorem to
more general random functions and measures. Below we present the most basic setting
we will work with and state the corresponding theorems. Some additional extensions
are deferred to the main body of the article.

We will consider a random vector X in R”, which satisfies the following family of
Sobolev inequalities. For any p > 2 and any smooth integrable function f: R" — R,

[0 -Erx] < Lyp|vie| 3

p

for some constant L (independent of p and f), where |-| is the standard Euclidean norm
on R”. Tt is known (see [3] and Theorem 3.4 below) that if X satisfies the logarithmic
Sobolev inequality (15) with constant Dy g, then it satisfies (3) with L = +/Dps.
We remark that there are many criteria for a random vector to satisfy the logarithmic
Sobolev inequality (see e.g. [7,8,11,39,46]), so in particular our assumption (3) can
be verified for many random vectors of interest.

Our first result is the following theorem, which provides moment estimates and
concentration for D-times differentiable functions. The estimates are expressed by
Il - Il 7 norms of derivatives of the function (which we will identify with multi-indexed
matrices). We will denote the d-th derivative of f by D¢ f.

Theorem 1.2 Assume that a random vector X in R" satisfies the inequality (3) with
constant L. Let f : R" — R be a function of the class CP. Forall p > 2 ifDP f(X) e
L?, then
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536 R. Adamczak, P. Wolff

17O =Ef (X0l < Cp(LP D2 p™

JePp

+ > Y pFIED 0ly),

1<d<D-1 JePy

DOl |

In particular if DP f(x) is uniformly bounded on R, then setting

" w7
n¢() = min{ min ( ) ,
! Tepp \LP sup, g [DP f ()] 7
. . t w7
min min _——
1<d<D—1JeP, (Ld”EDdf(X)”J) )

we obtain fort > 0,

1
P(SOO ~Ef X0 20) = 2exp (= ons ().

The above theorem is quite technical, so we will now provide a few comments,
comparing it to known results.

1. It is easy to see that if D = 1, Theorem 1.2 reduces (up to absolute constants)
to the Gaussian-like concentration inequality, which can be obtained from (3) by
Chebyshev’s inequality (applied to general p and optimized).

2. If f is a homogeneous tetrahedral polynomial of degree D, then the tail and
moment estimates of Theorem 1.2 coincide with those from Latata’s Theorem. Thus
Theorem 1.2 provides an extension of the upper bound from Latata’s result to a larger
class of measures and functions (however we would like to stress that our proof relies
heavily on Latata’s work).

3.1f f is a general polynomial of degree D, then D f(x) is constant on R” (and
thus equal to ED? £ (X)). Therefore in this case the function 7 f appearing in Theorem
1.2 can be written in a simplified form

. 24T
1 = S — 4
ns() = min, min (LdnEDdf(X)ng) @

4. For polynomials in Gaussian variables, the estimates given in Theorem 1.2 can be
reversed, like in Theorem 1.1. More precisely we have the following theorem, which
provides an extension of Theorem 1.1 to general polynomials.

Theorem 1.3 If G is a standard Gaussian vector in R" and f: R" — R is a polyno-
mial of degree D, then for all p > 2,
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Concentration for non-Lipschitz functions 537

' > > PTIED F(G)lg < I1F(G) —Ef(G),

1<d<D JePy

<Cp X > pFIED (G

1<d<D JePy

Moreover for all t > 0,

1 1
oo ( - Can(f)) =P(f(G)-Ef(G)|=1) = Cpexp ( - C—nf(t)),
D D

where

. 24T
1) = _ .
np(@) = min, min (IIEDdf(G)IIJ>

5.1tis well known that concentration of measure for general Lipschitz functions fails
e.g. on the discrete cube and one has to impose some additional convexity assumptions
to get sub-Gaussian concentration [63]. It turns out that if we restrict to polynomials,
estimates in the spirit of Theorems 1.1 and 1.2 still hold. To formulate our result in
full generality recall the definition of the ¥, Orlicz norm of a random variable Y,

Y2
1Yy, = inf [t > 0: Eexp (t_2) < 2],

By integration by parts and Chebyshev’s inequality ||Y]|y, < o0 is equivalent to a
sub-Gaussian tail decay for Y. We have the following result for polynomials in sub-
Gaussian random vectors with independent components.

Theorem 1.4 Let X = (X1, ..., Xn) be a random vector with independent compo-
nents, such that for all i < n, || X;lly, < L. Then for every polynomial f: R" — R
of degree D and every p > 2,

D
IfX) —EfOll, < Cp > L > pM2IED! £ (X)) 7.

d=1 JeP;

As a consequence, for any t > 0,

P(1F (O —EFCOI 2 1) < 2exp ( — %nm)),

where

, 24T
1) = mln —_— .
np) = min, g (LdnEDdf(xnw)
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538 R. Adamczak, P. Wolff

6. To give the Reader a flavour of possible applications let us mention the Hanson-
Wright inequality [32]. Namely, for a random vector X = (Xy,...,X,) in R”
with square integrable and mean-zero components and a real symmetric matrix
A = (ajj)i, j<n» consider the random variable

n
7 = Z a,‘inXj.

ij=1

If the components of X are independent and || X;|ly, < L fori = 1,...,n, then it
follows immediately from Theorem 1.4 that for all # > 0,

1 . ( 12 t )) 5)
— min s .
C LA L2 AN —e

IP’(lZ—EZ| >1) < Zexp(—

Similarly, Theorem 1.2 implies (5) under the assumption that X satisfies the log-
Sobolev inequality (15) with constant L? (no independence of components of X is
assumed). Moreover, if X is a standard Gaussian vector in R”, then by Theorem 1.3
the tail estimate (5) can be reversed up to numerical constants. We postpone further
applications of our theorems to subsequent sections of the article and here we announce
only that apart from polynomials we apply Theorem 1.2 to additive functionals and
U -statistics of random vectors, in particular to linear eigenvalue statistics of random
matrices, obtaining bounds which complement known estimates by Guionnet and
Zeitouni [31]. Theorem 1.4 is applied to the problem of subgraph counting in large
random graphs. In a special case when one counts copies of a given cycle in a random
graph G(n L P, our result allows to obtain a tail inequality which is optimal whenever

p>n = log™ 5 n, where k is the length of the cycle. To the best of our knowledge
this is the sharpest currently known result for this range of p.

7. Let us now briefly discuss optimality of our inequalities. The lower bound in
Theorem 1.3 clearly shows that Theorem 1.2 is optimal in the class of measures and
functions it covers up to constants depending only on D. As for Theorem 1.4, it
is similarly optimal in the class of random vectors with independent sub-Gaussian
coordinates. In concrete combinatorial applications, for O—1 random variables this
theorem may be however suboptimal. This can be seen already for D = 1, for a
linear combination of independent Bernoulli variables X, ..., X, withP(X; = 1) =
1 —P(X; = 0) = p. When p becomes small, the tail bound for such variables given
e.g. by the Chernoff inequality is more subtle than what can be obtained from general
inequalities for sums of sub-Gaussian random variables and the fact that || X; ||y, is of
order (log(2/p))~'/2. Roughly speaking, this is the reason why in our estimates for
random graphs we have the restriction on how small p can be. At the same time our
inequalities still give results comparable to what can be obtained from other general
inequalities for polynomials. As already noted in the survey [36], bounds obtained from
various general inequalities for the subgraph-counting problem may not be directly
comparable, i.e. those performing well in one case may exhibit worse performance in
some other cases. Similarly, our inequalities cannot be in general compared e.g. to the
estimates by Kim and Vu [37,38]. For this reason and since it would require introducing
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Concentration for non-Lipschitz functions 539

new notation, we will not discuss their estimates and just indicate, when presenting
applications of Theorem 1.4, several situations when our inequalities perform in a
better or worse way than those by Kim and Vu. Let us only mention that the Kim-Vu
inequalities similarly as ours are expressed in terms of higher order derivatives of
the polynomials. However, Kim and Vu (as well as Schudy and Sviridenko) look at
maxima of absolute values of partial derivatives, which does not lead to tensor-product
norms which we consider. While in the general sub-Gaussian case we consider, such
tensor product norms cannot be avoided (in view of Theorem 1.3), it is not necessarily
the case for 0—1 random variables.

8. A version of Theorem 1.2 for vectors of independent random variables satisfying
the modified logarithmic Sobolev inequality (see e.g. [28]) instead of the classical log-
Sobolev inequality is also discussed. In particular, in Theorem 3.4 we relate the modi-
fied log-Sobolev inequality to a certain Sobolev-type inequality with a non-Euclidean
norm of the gradient and with the constant independent of the dimension.

The organization of the paper is as follows. First, in Sect. 2, we introduce the
notation used in the paper, next in Sect. 3 we give the proof of Theorem 1.2 together
with some generalizations and examples of applications. In Sect. 4 we prove Theorem
1.3, whereas in Sect. 5 we present the proof of Theorem 1.4 and applications to the
subgraph counting problems. In Sect. 6 we provide further refinements of estimates
from Sect. 3 in the case of independent random variables satisfying modified log-
Sobolev inequalities (they are deferred to the end of the article as they are more
technical than those of Sect. 3). In the Appendix we collect some additional facts used
in the proofs.

2 Notation
Sets and indices For a positive integer n we will denote [n] = {1, ..., n}. The cardi-
nality of a set / will be denoted by #1.

Fori= (i1, ...,iq) € [n]? and I C [d] we write i; = (ix)xe;. We will also denote

[i| = max;<qi; and |i;| = maxey ix.
For a finite set A and an integer d > 0 we set

AL ={i=(i1,....i0) € AV Vjrepn..ay J#k=1i;#ir)

(i.e. AL s the set of d-indices with pairwise distinct coordinates). Accordingly we will
denote nd =n(n —1)---(n —d + 1).

For a finite set /, by P; we will denote the family of partitions of / into nonempty,
pairwise disjoint sets. For simplicity we will write P, instead of Pjg;.

For a finite set / by £>(/) we will denote the finite dimensional Euclidean space
R’ endowed with the standard Euclidean norm |x|, = />, ; x?. Whenever there is

no risk of confusion we will denote the standard Euclidean norm simply by | - |.
Multi-indexed matrices For a function f: R” — R by DY f(x) we will denote

the (d-indexed) matrix of its derivatives of order d, which we will identify with
the corresponding symmetric d-linear form. If M = (Mi)icjya, N = (Ni)igpn)ea
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540 R. Adamczak, P. Wolff

are d-indexed matrices, we define (M, N) = Zie[n]d M;N;. Thus for all vectors
vy e R wehave DY fF(x)(y!, ..., y)) = D f(x), y!' ® --- ® y?), where
Yoy =0l Y ieme-

We will also define the Hadamard product of two such matrices Mo N as ad-indexed
matrix with entries mj = M;N; (pointwise multiplication of entries).

Let us also define the notion of “generalized diagonals” of a d-indexed matrix
A = (ai)iepyye- For a fixed set K C [d], with #K > 1, the “generalized diagonal”
corresponding to K is the set of indices {i € [n]¢: iy = i; forall k,[ € K}.

Constants We will use the letter C to denote absolute constants and C,, for constants
depending only on some parameter a. In both cases the values of such constants may
differ between occurrences.

3 A concentration inequality for non-Lipschitz functions

In this Section we prove Theorem 1.2. Let us first state our main tool, which is an
inequality by Latata in a decoupled version.

Theorem 3.1 (Latata [44]) Let A = (ai)icp, ¢ be a d-indexed matrix with real entries
andlet G1, Gy, ..., Gq beii.d. standard Gaussian vectors in R". Let Z = (A, G| ®
-+ ® Gg). Then for every p > 2,

;' D P PAlg < 1ZI, < Ca D PP PIAlL
JeP,; JeP,;

Thanks to general decoupling inequalities for U-statistics [25], which we recall in
the “Appendix” (Theorem 7.1), the above theorem is formally equivalent to Theorem
1.1. In fact in [44] Latata first proves the above version. In the proof of Theorem 3.3,
which is a slight generalization of Theorem 1.2, we will need just Theorem 3.1 (in
particular in this part of the article we do not need any decoupling inequalities).

From now on we will work in a more general setting than in Theorem 1.2 and
assume that X is a random vector in R”, such that for all p > 2 there exists a constant
Lx (p) such that for all bounded C! functions f: R” — R,

17O ~Ef (Ol < Ly Ivroon] | ©)

Clearly in this situation the above inequality generalizes to all C' functions (if the
right-hand side is finite then the left-hand side is well defined and the inequality
holds).

Let now G be a standard n-dimensional Gaussian vector, independent of X. Using
the Fubini theorem together with the fact that for some absolute constant C, all x € R”
and p > 2, C_1ﬁ|x| =< lI{x, G)lI, < C/plx|, we can linearise the right-hand side
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Concentration for non-Lipschitz functions 541

above and write (6) equivalently (up to absolute constants) as
CLx(p)
1700 —Ef X1, = ==L (v 0. 6)] . )
JpP p

We remark that similar linearisation has been used by Maurey and Pisier to pro-
vide a simple proof of the Gaussian concentration inequality [57,58] (see the remark
following Theorem 3.3 below). Inequality (7) has an advantage over (6) as it allows
for iteration leading to the following simple proposition.

Proposition 3.2 Consider p > 2 and let X be an n-dimensional random vector
satisfying (6). Let f: R" — R be a CP function. Let moreover Gy, ...,Gp be
independent standard Gaussian vectors in R", independent of X. Then for all p > 2,
ifDP f(X) € LP, then

[0 -Ereo| < %H(D%m, G- G|

+ > CdLZ(/(zp) H(IaxndﬂX),Gl®"'®Gd>Hp'
1<d<D-1

®)

Proof Induction on D. For D = 1 the assertion of the proposition coincides with (7),
which (as already noted) is equivalent to (6). Let us assume that the proposition holds
for D — 1. Applying thus (8) with D — 1 instead of D, we obtain

[0 -Erm) < %H(D“lﬂn G1®-®Gpa)|

+DZZ%H<EXDW(X), G1® - ®Gy)| .

d=1 4

(C))
Applying now the triangle inequality in L?”, we get
[P 70,610 @ Gpi)|
P
= |(DP71 700 —ExDP ! £ (X),G1 @+ @ G|

14
+H<1EXDD—1f(X), G ®"'®GD">HP' (10)

Let us now apply (7) conditionally on Gi,...,Gp_1 to the function fj(x)
- <DD*1f(x), G\ ®- -~®GD_1>. Since <DD*1f(X) _ExDP (X)), G @ ®

Gp-1) = fi(X) = Ex fi(X) and (V fi(X), Gp) = (DP (X), G1 & -+ ® Gp), we
obtain
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542 R. Adamczak, P. Wolff

Ex|[DP1 f(X) — ExDP f(X), Gr @+ @ G |||

CPLx(p)?
- pl’/z

Ex.cp <DDf(X), GI® - ® GDW.

To finish the proof it is now enough to integrate this inequality with respect to the
remaining Gaussian vectors and combine the obtained estimate with (9) and (10). O

Let us now specialize to the case when Lx(p) = LpY for some L > 0,y > 1/2.

Combining the above proposition with Latata’s Theorem 3.1, we obtain immediately
the following theorem, a special case of which is Theorem 1.2.

Theorem 3.3 Assume that X is a random vector in R", such that for some constants
L > 0,y > 1/2, all smooth bounded functions f and all p > 2,

[0 —Eroo] < wpfivreor] | (an

For any smooth function f: R" — R of class C® and p > 2 if DP f(X) € LP, then

|roo-Breo| = co( X L2pr 2T i roons|

e€Pp

+ > ZL"p<V—1/2>"+#~7/2nEDdf(X)ny)-

1<d<D—-17JeP,;

Moreover, if DP f is bounded uniformly on R", then for all t > 0,

B(100 ~EF 001 1) = 268 (= o),
where

nf (1) = min(A, B),

. ¢ 2/(Qy—=1D)D+#7)
A = min ( 5 D ) ’
JePp \\LP sup, g [|IDP f(x)|l 7

. . t 2/(Qy—Dd+#7)
B = min min (—) .
1=d<D-1JePy \\L4||ED? f(X)|| 7

Proof The first part is a straightforward combination of Proposition 3.2 and Theorem
3.1. The second part follows from the first one by Chebyshev’s inequality IP(|Y| >

ell Y||p) < exp(—p) applied with p = n¢(¢)/Cp (note thatif s (¢)/Cp < 2thenone
can make the tail bound asserted in the theorem trivial by adjusting the constants). O
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Remark In[57,58] Pisier presents a stronger inequality than (11) with y = 1/2. More
specifically, he proves that if X, G are independent standard centered Gaussian vectors
in R”, E is a Banach space and f: R” — E is a C! function, then for every convex
function : £ — R,

E®(f(X) —Ef(X)) < EO(L(VS(X). ). (12)

where L = 7. Asnoted in [47], Caffarelli’s contraction principle [20] implies that, e.g.,
arandom vector X with density eV, where V: R" — R satisfies D2V > Ald, A > 0

satisfies the above inequality with L = #X (where G is still a standard Gaussian

vector independent of X). Therefore in this situation a similar approach as in the proof
of Proposition 3.2 can be used for functions f with values in a general Banach space.
Moreover, a counterpart of Latala’s results is known for chaos with values in a Hilbert
space (to the best of our knowledge this observation has not been published, in fact
it can be quite easily obtained from the version for real valued chaos). Thus in this
case we can obtain a counterpart of Theorem 3.3 (with y = 1/2) for Hilbert space
valued-functions. In the case of a general Banach space two-sided estimates with
deterministic quantities for Gaussian chaos are not known. Still, one can use some
known inequalities (like hypercontraction or Borell-Arcones-Giné inequality) instead
of Theorem 3.1 and thus obtain new concentration bounds. We remark that if one uses
hypercontraction, one can obtain explicit dependence of the constants on the degree
of the polynomial, since explicit constants are known for hypercontractive estimates
of (Banach space-valued) Gaussian chaos and one can keep track of them during the
proof. We skip the details.

In view of Theorem 3.3 a natural question arises: for what measures is the inequality
(11) satisfied? Before we provide examples, for technical reasons let us recall the
definition of the length of the gradient of a locally Lipschitz function. For a metric
space (X, d), a locally Lipschitz function f: X — Rand x € X, we define

IV £](x) = lim sup &) = fFel (13)

d(x,y)—0 d(x,y)

If ¥ = R” with a Euclidean metric and f is differentiable at x, then clearly |V f|(x)
coincides with the Euclidean length of the usual gradient V f (x). For this reason, with
a slight abuse of notation, we will write |V f(x)| instead of |V f|(x). We will consider
only measures on R”, however since we allow measures which are not necessarily
absolutely continuous with respect to the Lebesgue measure, at some points in the
proofs we will work with the above abstract definition.

Going back to the question of measures satisfying (11), it is well known (see e.g.
[52]) that if X satisfies the Poincaré inequality

Var (f(X)) < DpoinE|V f(X)[? (14)

for all locally Lipschitz bounded functions, then X satisfies (11) with y = 1 and
L = C\/Dpyip (recall that C always denotes a universal constant). Assume now that
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X satisfies the logarithmic Sobolev inequality
Entf(X) < 2D1sEIV £ (X0 (15)
for locally Lipschitz bounded functions, where for a nonnegative random variable Y,
EntY =EY logY — EY log(EY).

Then, by the results from [3], it follows that X satisfies (11) with y = 1/2 and
L=.Dis.

We will now generalize this observation to measures satisfying the modified loga-
rithmic Sobolev inequality (introduced in [28]). We will present it in greater generality
than needed for proving (11), since we will use it later (in Sect. 6) to prove refined
concentration results for random vectors with independent Weibull coordinates.

Let B € [2, 00). We will say that a random vector ¥ € R¥ satisfies a B-modified
logarithmic Sobolev inequality if for every locally Lipschitz bounded positive function
[ RE = (0, 00),

IVf(Y)I’S)_

2 2
Bt /(1) < D, (EIV SO0 + B0

(16)

Let us also introduce two quantities, measuring the length of the gradient in product
spaces. Consider a locally Lipschitz function f: R™ — R, where we identify R
with the m-fold Cartesian product of Rf. Let x = (X1, ..., xm), Where x; € R*. For
eachi =1, ..., m,let|V; f(x)| be the length of the gradient of f, treated as a function
of x; only, with the other coordinates fixed. Now for » > 1, set

V@)l = (i wirer).

i=1

Note that if f is differentiable at x, then |V f(x)|> = |V f(x)| (the Euclidean length
of the “true” gradient), whereas for k = 1 (and f differentiable), |V f (x)|, is the £
norm of V f(x).

Theorem 3.4 Let 8 € [2, 00) and Y be a random vector in R¥, satisfying (16). Con-
sider a randomvector X = (X1, ..., Xp)in R™k ywhere X1, ..., X,y areindependent
copies of Y. Then for any locally Lipschitz f: R™® — R such that f(X) is integrable,
and p > 2,

1/2 1
17O =EF Ol = CpDg, ' |V 10| +D15 0|1V r0ls] a7
where o = % is the Holder conjugate of .
In particular using the above theorem with m = 1 and k = n, we obtain the

following
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Corollary 3.5 If X is a random vector in R" which satisfies the B-modified log-
Sobolev inequality (16), then it satisfies (11) with y = 1 > % and L =

B
12 1
Cg maX(DL/Sﬁ, DL/S/Z).

We remark that in the class of logarithmically concave random vectors, the S-
modified log-Sobolev inequality is known to be equivalent to concentration for 1-

Lipschitz functions of the form IP(| fX) —Ef(X)| = t) < 2exp ( _ ctﬁ/(ﬂ—l))
[53].

Proof of Theorem 3.4 By the tensorization property of entropy (see e.g. [46], Proposi-
tion 5.6) we get for all positive locally Lipschitz bounded functions f : R”K — (0, o),

. B
Vi f(X)] ) (18)

2 m
Entf%(X) < Dprs (JE VIX)| + D> B
p ‘ ‘2 ; f(X)B-2

Following [3], consider now any locally Lipschitz bounded f > 0 and denote
F@)=Ef(X) .Fort > 2,

F'(t) =E (f(X) log (X))

and
4 Nt _ 4o 2/r.i(% )
o EfX0)" = th(t) = F(1) -\ log F(t)

2F(t) 2
— e (20 2
= F(1) (t Fo 2 log F(t))

2 21 /
= t—zF(t)f (tF'(1) — F(1)log F (1))

2 E700) T ® (700 tog (X))
—(Ef (X)) log (Ef(X)")).

By (18) applied to the function g = /2> = ¢ o f where ¢(u) = |u|'/?,
d 2 2_ 2
= Er0) = 5 EF0) " D, (E|Vw o HOO|
5
+E[Vigo N[ F0 P,

By the chain rule and the Holder inequality for the pair of conjugate exponents

) 2
E[vigo neo|, =E(j¢ o] [vr))
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1—2)/t

= (E|Vf(x)|;2)2/t (E ((p/(f(x)))zz/(t—z))(

2

2
= ivreonl? - () Eroon' .
Similarly, for t > g,

E|V(go f)(X)‘zf(X)’Q*’”/z = ;—ZE f(X)(f/Z*”ﬂ’V f(X)‘Z F(X) P2
= ﬁEf(X)"ﬁ‘Vf(X)‘E
= 2 feron) " Efesoo])”
- escss) s
Thus we get for 8 < 1 < p,

2/t LSﬁ ‘

—B)/t
2 2
ivrcon| 2(&reo’) " v reon|

d
o (Ef(X)")

LSﬁ

Denote a — —HIVf(X)Iz b=

above inequality can be ertten as

IVf(X)I,sH .80 = (Ef(0))*". Th

pr-1 L, _ BI-1g 4 P2,

§ dt

for ¢ € [B, p] or, denoting G = g,s/z’

B

46 < E(G(ﬁ—”/ﬁa +tF72p).

dt

For & > 0 consider now the function H, (1) = (g(8) +a(t — B) +b*>/P1>=2/B 4 &)B/2,
We have

He(B) > G(B)

and

4 _ B B8 _ 1-2/8,2/8) < B B-2/B | -2
T H(0) = SH(0) P (at-@=2/B)r 2PBP) = 2 (Hon) PP P a2,

where we used the assumption 8 > 2. Using the last three inequalities together with
the fact that for ¢ > 0 the function x — xB=2/2g4 + t8=2p is increasing on [0, c0)
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we obtain that G(t) < H(t) forall ¢ € [, p], which by taking ¢ — 0" implies that
forp = B,

g(p) = G(p)*P < Hy(p)*'P < g(B) +

D
L= BIVOL],

2/B
+ PV Ol
i.e.,
5 > Drsy 2 Di/si 2-2 2
LFCOI < 17 COIE+ =2 (=B IV £ O+ 2 1V £ 0l

(19)
The above inequality has been proved so far for strictly positive, locally Lipschitz
functions (the boundedness assumption can be easily removed by truncation and pas-
sage to the limit). For the case of a general locally Lipschitz function f, take any
¢ > 0 and consider f = |f| + . Since f is strictly positive and locally Lipschitz,
the above inequality holds also for f. Taking & — 0%, we can now extend (19) to
arbitrary locally Lipschitz f.
Finally, assume f: R”¥ — R is locally Lipschitz and f(X) is integrable. Apply-
ing (19) to f — E f(X) instead of f and taking the square root, we obtain

If ) =EfXOllp < IfX) =EfXllp +/Drss (0 = B[IVF X)L,
+D5 IV 701,

for p > B. For p € [2, B], since (16) implies the Poincaré inequality with constant
Dys, /2 (see Proposition 2.3. in [28]), we get

IfX) =EfCOl, = €D plIVFOL],

(see the remark following (14)). These two estimates yield (17) with Cg = C JB. O

3.1 Applications of Theorem 1.2

Let us now present certain applications of estimates established in the previous section.
For simplicity we will restrict to the basic setting presented in Theorem 1.2.

3.1.1 Polynomials
A typical application of Theorem 1.2 would be to obtain tail inequalities for multi-

variate polynomials in the random vector X. The constants involved in such estimates
do not depend on the dimension, but only on the degree of the polynomial. As already
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mentioned in the introduction, our results in this setting can be considered as a trans-
ference of inequalities by Latata from the tetrahedral Gaussian case to the case of not
necessarily product random vectors and general polynomials.

3.1.2 Additive functionals and related statistics

We will now consider three classes of additive statistics of a random vector, often
arising in various problems.

Additive functionals Let X be a random vector in R" satisfying (3). For a function
f: R — R define the random variable

Zy=fXD)+-+ f(Xn). (20)

Itis classical and follows from (3) by a simple application of the Chebyshev inequal-
ity that if f is smooth with || f/||cc < «, then for all ¢ > 0,

l‘2

P(1Zf —EZf| > 1) < ezexp(— m)

2D

Using Theorem 1.2 we can easily obtain inequalities which hold if f is a
polynomial-like function, i.e., if || f?)||o, < oo for some D. Note that the derivatives
of the function F(xy,...,x,) = f(x1) + - -+ f(x,) have a very simple diagonal
form. In consequence, calculating their || - || 7 norms is simple. More precisely, we
have

DY F(x) = dingg (£ Gen). .. D).

where diag,(xq, ..., x,) stands for the d-indexed matrix (ai)ie[n]d such that g; =
x; if ii = --- = iy = i and O otherwise. It is easy to see that if J =
{[d1}, then ||diag,(x1,....xx)ll7 = /x}+---+x2 and if #7 > 2, then
ldiag,(x1, ..., xz)|l7 = max;<y |x;|. Therefore we obtain the following corollary

to Theorem 1.2. We will apply it in the next section to linear eigenvalue statistics of
random matrices.

Corollary 3.6 Let X be a random vector in R" satisfying (3), f: R — R a CP
function, such that || fP|l s < 00 and let Z ¢ be defined by (20). Then for all t > 0,

P E 2 : . s
1y 52120 <20~ L , )
(1Zy —EZfl = 1) P( Cp  \L2n| fD|2" p2 p0 2D

1 2
) b )
+aexp ( Cp 15,??3_1 (L2d > (Ef<d>(xi))2))

5 1 ) l2/d
+oexp ( T Cp 245D (L2 max; = |1Ef<d>(X,~)|2/d))'
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Clearly the case D = 1 of the above corollary recovers (21) up to constants. Moreover
using the (yet unproven) Theorem 1.3 one can see that for f(x) = x” and X being a
standard Gaussian vector in R”, the estimate of the corollary is optimal up to absolute
constants (in this case, since Z ¢ is a sum of independent random variables, one can
also use estimates from [33]).

Additive functionals of partial sums Let us now consider a slightly more involved
additive functional of the form

Sf=Zf(Z;Xj). (22)
i=1  j=

Such random variables arise e.g., in the study of additive functionals of random walks
(seee.g.[16,61]). For simplicity we will only discuss what can be obtained directly for
Lipschitz functions f and what Theorem 1.2 gives for f with bounded second deriva-

tive. Let thus F(x) = D7, f(zijzl xj). We have ;’TiF(x) =5 JN(ijl x./).

Therefore

- 1
[IVFIZ = 1712 2o =i+ 1% = e+ D@n+ DI,

i=1

which, when combined with (3) and Chebyshev’s inequality yields

).

2‘2

P(S; —ESf| > 1) < 2exp(— S —
CL2n3Hf’

2
0

Now, let us assume that f € C? and f” is bounded. We have

n n I 2
|EVF(X)|2=Z(ZE]”( X,)) :
i=1 =i j=1
Moreover
52 n 1
_ "
I=iVj k=1
and thus

n n 2
HDZF(x)H{Zm} = '21 (IZ f”(Zxk))
ij=

=iVvj k=1
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ZZ(n—J+1)2<Cn

i=1 j=i

<o s | I
oo

Since D*F is a symmetric bilinear form, we have

l

preof, < > > [r(Zw)

(271051
=1 i1 1=iv k=1
/
< sup ||f’||ooz(z )
lerl=1 i<l

< sup ||f”||ooZlZa < Cll oo
o=

i<l
Using the above estimates and Theorem 1.2 we obtain

P(IS; — ESyl = 1)

§2exp(—

min( & ! ))
CL2 Ay (S B X)) I ) )

To effectively bound the sub-Gaussian coefficient in the above inequality one should
use some additional information about the structure of the vector X. For a given
function f it is of order at most n°, but if, e.g., the function f is even and X is
symmetric, it clearly vanishes. In this case we get

1 t

One can check that if for instance X is a standard Gaussian vector in R” and f (x) = x?2
then this estimate is tight up to the value of the constant C.

U-statistics Our last application in this section will concern U -statistics (for sim-
plicity of order 2) of the random vector X, i.e., random variables of the form

Z hij(Xi, Xj),

i,j<n,i#j

where h;; : R? — R are smooth functions. Without loss of generality let us assume
that h;; (x, y) = hj; (y, x).
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A simple application of Chebyshev’s inequality and (3) gives that if partial deriva-
tives of h; ; are uniformly bounded on R2 then for all ¢ > 0,

1 r
]P’(|U—EU|Zt)§2eXP(— 3 n E 2)
CL SUPy R Zi:l(zj';éi ﬁhll (xi, 7))
<2 ! &
e (- /
CL2 ;3 max; ||%hl‘]”%o

For h;j of class C? with bounded derivatives of second order, a direct application
of Theorem 1.2 gives

2 2

1 . t t t
P(IU _EU| = [) = zexp(_ Emln(Léto[Z’ L2ﬂ2’ LZ}/))’

where
2 92 2
ot = supi z (Whij(xi,xj)) +Z(Z hl](x,,xj)) ]
xeRe ij<ni;éj roy i=1
< ..
o [T |
d
ﬂZZZ(ZE—hij(XLXj)) §n3max|E—h,~j(X,-,Xj)|2,
o1 ox i#j 0x

82
y = sup sup [ h,/(xl, ,)a,ﬂj—f-Za,,Blz h,,(x,,x/)]

xeR" |al,|f1=1 ij<n i] i=1 J#i
82
max ii| -+ max H 5hi )
(1;&] H 8x8y l'/HOO i#j Bx g

In particular if h;; = h, a function with bounded derivatives of second order, we
geta’ = On?), % = O(n3) y = O(n), which shows that the oscillations of U are
of order at most @ (n3/2). In the case of U-statistics of independent random variables,
generated by bounded £, this is a well known fact, corresponding to the CLT and
classical Hoeffding inequalities for U -statistics. We remark that in the non-degenerate
case, i.e. when Var (Exh(X,Y)) > 0, n3/2 is indeed the right normalization in the
CLT for U -statistics (see e.g. [24]).

3.1.3 Linear statistics of eigenvalues of random matrices
We will now use Corollary 3.6 to obtain tail inequalities for linear eigenvalue statis-
tics of Wigner random matrices. We remark that one could also apply to the random

matrix case the other inequalities considered in the previous section, obtaining in par-
ticular estimates on U -statistics of eigenvalues (which have been recently investigated
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by Lytova and Pastur [50]). We will focus on linear eigenvalues statistics (additive
functionals in the language of the previous section) and obtain inequalities involving a
Sobolev norm of the function f with respect to the semicircle law (the limiting spectral
distribution for Wigner ensembles) as a sub-Gaussian term. We refer the Reader to the
monographs [4,6,51,56] for basic facts concerning random matrices.

Consider thus areal symmetric n xn random matrix A (n > 2)andletiA; < --- < A,
be its eigenvalues. We will be interested in concentration inequalities for functionals
of the form

Z=2 fGi/vn).

i=1

In [31] Guionnet and Zeitouni obtained concentration inequalities for Z with Lipschitz
f assuming that the entries of A are independent and satisfy the log-Sobolev inequality
with some constant L. More specifically, they prove that for all # > 0,

2

P(1Z —EZ| > 1) < 2exp ( 8L||f’||%o)'
(In fact they treat a more general case of banded matrices, but for simplicity we will
focus on the basic case.)

As a corollary to Theorem 1.2 we present below an inequality which compliments
the above result. Our aim is to replace the strong parameter || /|| controlling the
sub-Gaussian tail by a weaker Sobolev norm with respect to the semicircular law

1
dp(x) = E\/4 — x21(—2.2)(x) dx

(recall that this is the limiting spectral distribution for Wigner matrices). Imposing
additional smoothness assumptions on the function f it can be done in a window
[t| < c¢n, where ¢y depends on f.

Proposition 3.7 Assume the entries of the matrix A are independent (modulo symme-
try conditions) real valued, mean zero and variance one random variables, satisfying
the logarithmic Sobolev inequality (15) with constant L?. If f is C* with bounded
second derivative, then for all t > 0,

1 12 nt
Plz=Ezlzn =2exe\ =\ 2 o N7 ))
L\ JZ, fPdp+n=2B 715 *
(23)

Remark The case f(x) = x> shows that under the assumptions of Proposition 3.7
one cannot expect a tail behaviour better than exponential for large ¢. Indeed, since
7z = %(A% + 4 A%) = % Zi’an A%j, even if A is a matrix with standard Gaussian
entries, then forallr > 0,P(|Z —EZ| >t) > é exp(—C(t2 A nt)).
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Remark A similar inequality to (23) holds in the case of Hermitian matrices with
independent entries as well. In the proof given below one should invoke an appropriate
result concerning the speed of convergence of the spectral distribution of Wigner
matrices to the semicircular law.

Proof Let us identify the random matrix A with a random vector A= (Aij)1<i<j<n
having values in R""+D/2 endowed with the standard Euclidean norm |A| =

1/2 ~
(leis,/srz Aizj) . Note that || A|lgs < v/2|A]. By independence of coordinates of

A and the tensorization property of the logarithmic Sobolev inequality (see, e.g., [46,
Corollary 5.7]), A also satisfies (15) with constant L2, Furthermore, by the Hoffman-
Wielandt inequality (see, e.g., [4, Lemma 2.1.19]) which asserts that if B, C are two
n x n real symmetric (or Hermitian) matrices and A; (B), A; (C) resp. their eigenvalues
arranged in nondecreasing order, then

n
> i (B) = 1(O)* < | B = Clifs.
i=1

we get that the map A > (A1/\/n, ..., Ay//n) € R" is \/2/n-Lipschitz. Therefore,
the random vector (A1//7, ..., An//n) satisfies (15) with constant 2L%/n. In con-
sequence, by the results from [3] (see also Theorem 3.4), (A1//7, ..., An/+/n) also
satisfies (3) with constant ~/2L//n. Applying Corollary 3.6 with D = 2 we obtain

P(Z -EZ| =1)

1 12 nt
2 .
= eXp( cL? (”_l S i/ m) L2 12 " IIf”IIOO))
(24)

In what follows we shall estimate from above the term n=! >""_ (Ef'(A; //n))?
from (24). First, by Jensen’s inequality

1 < 1 <
~ D (Ef Ci/vm)? = E(; > f’(ki/ﬁ)z) = /]R (fdp.  (25)
i=1 i=1

where y is the expected spectral measure of the matrix n~ /2 A. According to Wigner’s
theorem, for a fixed f, u converges to the semicircular law as n — oo and thus
J(fH?du — f_zz(f/)2 dp. A non-asymptotic bound on the term [ f"*du can
be obtained using the result of Bobkov, Gotze and Tikhomirov [12] on the speed
of convergence of the expected spectral distribution of real Wigner matrices to the
semicircular law. Since each entry of A satisfies the logarithmic Sobolev inequality
with constant L2, it also satisfies the Poincaré inequality with the same constant (see
e.g. [46, Chapter 5]). Therefore Theorem 1.1 from [12] gives

sup | F (x) — Fp(x)| < Cpn™2/3, (26)
xeR
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where F), and F), are the distribution functions of 1 and p, respectively.

The decay of 1 — F,(x) and F,(x) as x — oo and x — —oo (resp.) can be
obtained using the sub-Gaussian concentration of A, /+/n and A1 /+/n, which is, e.g.,
a consequence of (3) for the vector of eigenvalues of n~!/2A. For example, for any
t >0,

P )\.n ~F )\n +1) <2 1 nt2 (27)

— — expl—=—1)-
s )= T e

Using the classical technique of §-nets for estimating the operator norm of a matrix

(see e.g. [58]) and the fact that the entries of A are sub-Gaussian (as they satisfy the

logarithmic Sobolev inequality) one gets EA, < E||Allop < CL+/n, which together
with (27) yields

An 1 n?

for all # > 0. Clearly, the same inequality holds for F(—C L — t). Integrating by parts,
we get

/ fPdp = / fdp + / (1'0?) Fp0 = Fuondx. 29)
R R R

Combining the uniform estimate (26) with (28) and using an elementary inequality
2xy < xZ 4+ y2, we estimate the last integral in (29) as follows:

‘ [ (rw?) e - £y as
R

n dist(x, [-CL, CL])?
2
< /R 1?2 dvx) +v@®) | £, - (30)
where
dist(x, [-CL, CL])? cL?
dv(x) = Cin 3 A 2exp | — ist(r, [ D dx, and of=_—"_.
202 2n
We proceed to estimate the two last terms from (30). Take r > 0 such that
2077/ = ¢ 3 31)

or put r = 0 if no such r exists. Note that if we assume Cy, > 1, as we obviously can,
then

r < CLn" "2 /logn. (32)
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We shall need the following estimates, which are easy consequences of the standard
estimate for a Gaussian tail:

* 2/(202 2/(202 2/3 7/6
/ e_y/(g)dy§Coe_r 1@ < cron 23 <cpn”/, (33)
.
and
0 00 12 , roo 172
/ ey gy ( /0 Jhe /2o dy) ( / /20 dy)
r r
< CLo P (on 32 < ¢ n~ 1S, (34)

Now, (31), (32) and (33) yield
-2/3 OO—~2(22) -2/3
V(R) < (CL+r)Crn +4/ N gy <o (35)
r
We shall also need the estimate for fIR{ x2 dv(x) which follows from (31), (32) and (34):

2 o0
/ xZdv(x) < S(CL+ r3cin 3 + 4/ (CL + )2/ gy < c n=23,
R r
(36)

In order to estimate [, f”*dv, take any xo € [—2,2] such that | f'(xo)]> <
I2, f?dp, and use | /()] < | f'(x0)| + |x — xol |7l o, to obtain

2
/ [P dv(x) < 2(/ frp)v(®) +2| f”llf,o/ lx — xol* dv(x)
R -2 R
2 2 2 2
< 2(/ FRdp)v®R)+4 | ]2 xFv®)+4 | f”HOO/Rx dv(x).
-2
Plugging (35) and (36) into the above yields
2
/R [0 dv(x) < Cpn™?? ( / i fPdp+ | f”|\§o) : (37)
In turn, plugging (35) and (37) into (30) and then combining with (29) we finally get
2 2
/ fPdp = (1 +Con) / frap+Con P £
R -2
which combined with (24) and (25) completes the proof. O
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Remarks 1. The factor n=%/3 in (23) comes only from (26) and in some situations can

be improved, provided one can obtain better speed of convergence to the semicircle
law.

2. With some more work (using truncations or working directly on moments) one
can extend the above proposition to the case |f”(x)| < a(l + |x|%) for some non-
negative integer k and a € R. In this case we obtain

[2 n 1t ﬁ
P(1Z-EZ| > 1) < 2exp|— 2 e C (_) '
Cr [~ f?dp+Cp n=?a Lk \d

We also remark that to obtain the inequality (24) one does not have to use independence
of the entries of A, it is enough to assume that the vector A satisfies the inequality (3).

4 Two-sided estimates of moments for Gaussian polynomials

We will now prove Theorem 1.3, showing that in the case of general polynomials in
Gaussian variables, the estimates of Theorem 1.2 are optimal (up to constants depend-
ing only on the degree of the polynomial). In the special case of tetrahedral polynomials
this follows from Latata’s Theorem 1.1 and the following result by Kwapien.

Theorem 4.1 (Kwapieri, Lemma 2 in [40]) If X = (Xi,...,X,) where X; are
independent symmetric random variables, Q is a multivariate tetrahedral polyno-
mial of degree D with coefficients in a Banach space E and Qg is its homogeneous

part of degree d, then for any symmetric convex function ®: E — Ry and any
def0,1,...,D},

E®(Q4(X)) = EQ(CqQ(X)).

Indeed, when combined with Theorem 1.1 and the triangle inequality, the above
theorem gives the following
Corollary 4.2 Let

Z = Z Zai(d)gi]...gid,

0=d=D ig[n}d

where Ag = (Cli(d))ie[n]d is a d-indexed symmetric matrix of real numbers such that
ai = 0 if iy = ij for some k # | (we adopt the convention that for d = O we have a
single number aéo) ). Then for any p > 2,

' X > PRIy <1zl < Co Y D P PAl

0<d<D JePy 0<d=<D JePy

The strategy of proof of Theorem 1.3 is very simple and relies on infinite divisibility
of Gaussian random vectors, which will help us approximate the law of a general
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polynomial in Gaussian variables by the law of a tetrahedral polynomial, for which
we will use Corollary 4.2.

It will be convenient to have the polynomial f represented as a combination of
multivariate Hermite polynomials:

D
FOns o x) =D > aahay (x1) -+ ha, (xn), (38)

d=0deA’,
where
n={d=(di,...,dy): Viem dx = 0and dy + - -- + d, = d}

and hy (x) = (—1)mex2/2$;7:,,e*x2/2 is the m-th Hermite polynomial.

Let (W;);¢[0,1] be a standard Brownian motion. Consider standard Gaussian random
variables g = Wj and, for any positive integer N,

gj,N:“/N(Wﬁ_WjN;I), j=1,...,N.

For any d > 0, we have the following representation of 1,(g) = hg(W1) as a multiple
stochastic integral (see [34, Example 7.12 and Theorem 3.21]),

1 rtg %)
hd(g):d!/ / / thl"'thd_lthd~
0 JOo 0

Approximating the multiple stochastic integral leads to

h =d! lim N2 NG
d(g) =d! lim _ Z 8ji.N -+ 8&ja.N
I<ji<--<ji=<N

=N1LmOQN*d/2 D 8N 8juN- (39)
jelNd

where the limit is in L2($2) (see [34, Theorem 7.3. and formula (7.9)]) and actually
the convergence holds in any L” (see [34, Theorem 3.50]). We remark that instead
of multiple stochastic integrals with respect to the Wiener process we could use the
CLT for canonical U -statistics (see [24, Chapter 4.2]), however the stochastic integral
framework seems more convenient as it allows to put all the auxiliary variables on the
same probability space as the original Gaussian sequence.

Now, consider n independent copies (Wt(’)),e[o,l] of the Brownian motion (i =
1,...,n) together with the corresponding Gaussian random variables: g = Wl(l)
and, for N > 1,

gy = x/N(W;) -w), j=1,....N.

N
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In the lemma below we state the representation of a multivariate Hermite polynomial

in the variables g(U', ..., ¢ as a limit of tetrahedral polynomials in the variables
g}')N. To this end let us introduce some more notation. Let
m,N) _ (,(D (1) (2 @) (n) (n)
G = (g o+ s 8NN &IN - s 8NN <> ELN> - EN.N)

@)
= (8] W) G, elnIxIN]
be a Gaussian vector with n x N coordinates. We identify here the set [nN] with

[n] x [N] via the bijection (i, j) < (i — )N + j. We will also identify the sets
([n] x [ND4 and [1]? x [N]¢ in a natural way. Ford > O and d € A/, let

Iy ={ie[n: Ve # (1) =di},
and define a d-indexed matrix B((lN) of n? blocks each of size N¥ as follows: for

ie[n?andje [N,

(g0, = [N e da and G s= (G Ga ) € n < INDY,
d /i) 0 otherwise.
Lemma 4.3 With the above notation, for any p > 0,

(B2 (G — a8V ha, (8" in LP(Q).

Proof Using (39) for each kg (g),

ha, (V) .. ha, (™)

= lim N9/? (<1> oM )( ) () )
Z gjl(l),N g/é:)’N gjl("),N g/ﬁz)!N

N—o0

For each N, the right-hand side equals

L _an (i) (ia) (N) (. N)\®d
#la P2 2 g gy =(Bg (G,
i€y je[N]9 st

@.je(nIx[NDE
since #Ig = ﬁ. O
Note that B((iN) is symmetric, i.e., for any i € (n1?,j € [N?if n: [d] — [d]isa

permutation and i’ € [1], j’ € [N]¢ are such that Vic[a iy =iz and ji = jz ()
then
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(83") (Ba")

Wi = (hH

) y o _ N\ qserr o
Moreover, By~ has zeros on “generalized diagonals”, i.e., (Bd )(i D= 0if (ix, jx) =
(i1, ji) for some k # 1.

Proof of Theorem 1.3 Let us first note that it is enough to prove the moment estimates,
the tail bound follows from them by the Paley-Zygmund inequality (see e.g. the proof
of Corollary 1 in [44]). Moreover, the upper bound on moments follows directly from
Theorem 1.2. For the lower bound we use Lemma 4.3 to approximate the L” norm of
f(G) — E f(G) with that of a tetrahedral polynomial, for which we can use the lower
bound from Corollary 4.2.

Assuming f is of the form (38), Lemma 4.3 together with the triangle inequality
implies

fim | i( > aaB{, (G(”’N))®d>”p = £ ~Ef©)],

N—o00
d=1 deA]

for any p > 0, where G = (g(l),..., g(”)). It therefore remains to relate
H ZdeA;; adB((lN) HJ to ||EDdf(G) ||J forany d > 1 and J € P,. In fact we shall
prove that

1
~ | 1 d
Jim | X s = g [Eptr@] “0)
deAj
which will end the proof.

Fixd > 1 and J € Py. For any d € A/; define a symmetric d-indexed matrix
(bd)iE[}’l]d as

s = dibdil it e Iq,
Yo otherwise.
and a symmetric d-indexed matrix (g((iN))(i,j)e([n]x[ Ny as
(B{")ij) = N™9*(ba)i forallie [n]? and j € [N].

It is a simple observation that

(41)

~(N
H Z adBt(i )HJ = H Z ad(ba)iepnye Va
deAj deA)

On the other hand, for any d € A”, the matrices l}éN) and B((lN) differ at no more than
#Iq - #([N ]d\[N ]i) entries. More precisely, if Jy = {[d]} (the trivial partition of [d]
into one set), then
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H Bx(iN)_Bth) “%7S H E((iN)_Bc(lN) ||%70 = wad(Nd—Ni) —> 0as N — o0.

Thus the triangle inequality for the || - || 7 norm together with (41) yields

i (N)
Nh—r>noo H z daBy Hj = H Z ad(bd)ie[n]d 7 (42)
deA) deA’,
Finally, note that
ED? £(G) =d! > aa(ba)icpuyi- (43)

deAj

Indeed, using the identity on Hermite polynomials, %hk (x) =khr_1(x) (k > 1), we
obtain Edd—xl,hk(g) = k!lyg=yy for k, 1 > 0, and thus, forany d,/ < D and d € A},

(EDhg, (gV) - ha,(g™)), = d!(ba)ila=y foreachi e [n].

Now, (43) follows by linearity. Combining it with (42) proves (40). O

Remark Note that the above infinite-divisibility argument can be also used to prove
the upper bound on moments in Theorem 1.3 (giving a proof independent of the one
relying on Theorem 1.2).

5 Polynomials in independent sub-Gaussian random variables

In this section we prove Theorem 1.4. Before we proceed with the core of the proof
we will need to introduce some auxiliary inequalities for the norms || - || 7 as well as
some additional notation.

5.1 Properties of || - || 7 norms

The first inequality we will need is pretty standard and given in the following lemma
(it is a direct consequence of the definition of the norms || - || 7). Below o denotes the
Hadamard product of d-indexed matrices, as defined in Sect. 2.

Lemma 5.1 For any d-indexed matrix A = (ai)ie[,¢ and any vectors vy, ..., V4 €
R"™ we have for all J € Py,

d
Ao ® villy < ||A||jH llvilloc-
i=1

To formulate subsequent inequalities we need some auxiliary notation concerning
d-indexed matrices. We will treat matrices as functions from [r]¢ into the real line,
which in particular allows us to use the notation of indicator functions and for a set
C C [n)¢ write 1¢ for the matrix (gj) such that ¢; = 1 ifi € C and g; = 0 otherwise.
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Note that for#J > 1, ||-|| 7 is not unconditional in the standard basis, i.e., in general
itis not true that [A o 1¢c|| 7 < ||A]l 7. One 51tuat10n in which this 1nequa11ty holds is
when CisoftheformC = {i: iy, = ji1,...,ix, = ji}forsomel <k; <... <k <d
and ji, ..., j; € [n] (which follows from Lemma 5.1). This corresponds to setting to
zero all coefficients which are outside a “generalized row” of a matrix and leaving the
coefficients in this row intact.

Later we will need another inequality of this type, which will allow us to select
a “generalized diagonal” of a matrix. The corresponding estimate is given in the
following

Lemma 5.2 Let A = (@i)iepn)e be a d-indexed matrix, K C [d] and let C < [n]? be
of the form C = {i: ix =1i; forall k,1 € K}. Then for every J € Py, ||Aolcl|lgy <
Al

Proof Since 1¢,nc, = 1¢, o 1¢,, it is enough to consider the case #K = 2, i.e.
C=\{i:iy=1i}forsomel <k <l <d.LetJ ={Ji1,...,J}. We will consider
two cases.

1. The numbers k and / are separated by the partition ;7. Without loss of generality
we can assume that k € Ji,[ € J,. Then

lAolcly
3, (m)) (D) (2)
= sup ( sup Z Z l{ik:iz}( Z aix i xi,,"i, )xijl xijz).
Iy T =1 J23 N ) <l < liy <0 licrusye |<n
(44)
For any x( )L , xi(Jm), consider the matrix
= (B )i i = 3 (m)
B = (Blj1 RV )ljI Ay, — Z alxi/3 . 'xijm ) .
i uspyel=n LURY)

acting from £, ([n]”") to £>([n]”2).

For fixed xG) , (m) the inner supremum on the right hand side of (44) is the

operator norm of the block dlagonal matrix obtained from B by setting to zero entries
in off-diagonal blocks. Therefore it is not greater than the operator norm of B, which
allows us to write

3 12
etely= s (a3 SR ) )i

1 2 .
Il ‘”nz<1 723 My o) oSy 1< iy 1<n - liuyel<n

=Allg.
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2. There exists j such that k, [ € J;. Without loss of generality we can assume that
j = 1. We have

2 1
lAolclly = sup ( sup Z 1 —ip ( Z a.x( ). I(Z:,))xi(fl))

Iy <1 722 M) o<1y, <n lijel<n
J
172
_ S ax®
= sup ( § L= lt}( axy, Xy,
I ‘”||z<1 Jz2 Mgy l=n lijeI<n

1/2
< Sllp ( Z ( Z aix 1(122) . (Wl)) ) — ”A”J

T .
llx; J ||2<1 Jj=z2 “liglzn |1110|§"

For a partition L = {Ky, ..., K} € Py define
LK) =tienl’: iy =i iff 3 k, 1 € K;}. (45)

Thus L(K) is the set of all indices for which the partition into level sets is equal to K.

Corollary 5.3 Forany J, K € Py and any d-indexed matrix A,
14 0 110 ll7 < 2PRFRD2)1 4 7
Proof By Lemma 5.2 and the triangle inequality for any & < [,
Ao Liiinlly = 1A — Ao l=iplly < 2[Allg. (46)

Now it is enough to note that L(kC) can be expressed as an intersection of #/C “gen-
eralized diagonals” and #/C(#/C — 1)/2 sets of the form {i: iy # i;} where k < [ and
use again Lemma 5.2 together with (46). O

5.2 Proof of Theorem 1.4

Let us first note that the tail bound of Theorem 1.4 follows from the moment estimate
and Chebyshev’s inequality in the same way as in Theorems 1.2 or 3.3. We will
therefore focus on the moment bound.

The method of proof will rely on the reduction to the Gaussian case via decoupling
inequalities, symmetrization and the contraction principle. To carry out this strategy
we will need the following representation of f:

f) = ZZ D D ko S K @7)

d=0m=0 ky,....k,>0 i€[n]
kit =d
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. (d) .
where the coefficients Cliy k)., ko) satisfy

"9(ims

G )i i) = Cgi)l Koo G oK) (48)
for all permutations r : [m] — [m]. At this point we would like to explain the conven-
tion regarding indices which we will use throughout this section. It is rather standard,
but we prefer to draw the Reader’s attention to it, as we will use it extensively in what
follows. Namely, we will treat the sequence k = (kq, ..., k;,) as a function acting on
[m] and taking values in positive integers. In particular if m = 0, then [m] = ¢ and
there exists exactly one function k: [m] — N\{0} (the empty function). Moreover by
convention this function satisfies >""_; k; = 0 (as the summation runs over an empty
set). Therefore, for d = 0 and m = O the subsum over k1, ..., k,, and i above is
equal to the free coefficient of the polynomial (which can be denoted by céo)), since
the summation over ki, ..., k, runs over a one-element set containing the empty
index/function and for this index there is exactly one index i: [m] — {1,...,n},
which belongs to [1]™ (again the empty-index). Here we also use the convention that
a product over an empty set is equal to one. On the other hand, for d > 0, the contribu-
tion from m = 0 is equal to zero (as the empty index k does not satisfy the constraint
ki1 + -+ -+ k;, = d and so the summation over ki, . . ., k, runs over the empty set).

Using (47) together with independence of X1, ..., X,, one may write

D d
FEO-EFO=2">" > > e i imm

d=1m=1 ky,...kp,>0 i€[n]™

R
kj kj kj

x> [l —Exi)H [TEx.

wIClm) jeJ il

Rearranging the terms and using (48) together with the triangle inequality, we obtain

D d
FOO-EfI=X > > | D dl ol —Exfh - xfe —EX),

Lseeosla
d=la=1 ky,...ks>0 i€[n]¢
i+ tko=d

D
(Ky.oka) Z Z Z m (ky+---+km) ka+1 Kip,
di i = o ) kDb BX o EXG
m:aka+],...,km>01 Tg41seees im:
kit -tk <D (i1,..rim)€[n]2

Note that (48) implies that for every permutation 7 : [a] — [a],

(k1,..ka)
di =4,

Iy seess 5.7}

(49)
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Let now X M., XD be independent copies of the random vector X and
(81-(J ))ifn,jf p an array of i.i.d. Rademacher variables independent of (X (j)).,'. For

each ky, ..., k,, by decoupling inequalities (Theorem 7.1 in the “Appendix”) applied
to the functions
REK) (L xg) = d RO G EXED - (ke — EX()

and standard symmetrization inequalities (applied conditionally a times) we obtain,

Hf(X)_Ef(X)”p

P

(50)

ki, 1 1
3 i (A )

p
ky4-+kg=d

(note that in the first part of Theorem 7.1 one does not impose any symmetry assump-
tions on the functions #;).

We will now use the following standard comparison lemma (for Reader’s conve-
nience its proof is presented in the “Appendix”).

Lemma 5.4 For any positive integer k, if Y1, ..., Y, are independent symmetric vari-
ables with || Y;|ly,,, < M, then

n
> aigii .. gik

i=1

<CiM

p

where g;j are i.i.d. N'(0, 1) variables.

Note that for any positive integer k we have ||Xl{‘||,/,2/k = || X; ||]1‘//2 < L*, so (50)
together with the above lemma (used repeatedly and conditionally) yield

IIf(X)—Ef(X)IIp

= CDZL"Z >
a=1 ky,..., ky>0
ki+4-+kq=d

(k1,eeka) (1) (1) (a) (a)
z d - (g,] 18y, kl) (g 8, ke )

ie[n]e

. (5D

P

where (g(j )) is an array of i.i.d. standard Gaussian variables. Consider now multi-

indexed matrices Bjq, ..., Bp defined as follows. For 1 < d < D, and a multi-index
r=(ry,...,r4) € [n]d, letZ = {11, ..., I,} be the partition of {1, ..., d} into the
level sets of r and iy, . .., i, be the values corresponding to the level sets I, ..., I,.

Define moreover

p@

Flyeeld

G, )
=d;"
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(note that thanks to (49) this definition does not depend on the order of I, ..., I,).
Finally, define the d-indexed matrix By = (bﬁd))re[n]d.
Let us also define for ky, ..., k; > O, Z?:l ki = d the partition IC(ky, ..., k;) €

P, by splitting the set {1, ...,d} into consecutive intervals of length ki, ..., k4,

e, K = {Ki,...,Ka}, where for [ = 1,...,a,K; = {1 + 3121k, 2 +
-1 !

Dicikivo Do kik

Applying Theorem 3.1 to the right hand side of (51), we obtain

IIf(X)—Ef(X)Ilp

d=1  a=1 ki,...kg>0 =1 k=1
k1+-+ko=d

D d
z Z z Z P P21By o 1y kopll7-

a=1 ki,...ka>0 JeP;
ky+-+kg=d

Note that for all ky, ..., k, by Corollary 5.3 we have [|Bg o 1 jcky, k)ll7 <
C4llB4ll 7. Thus we obtain

D
IfX) —EfCOl, < Cp > LY D" p* 2Byl 5.

d=1  Jep,

Our next goal is to replace By in the above inequality by ED¢ f(X). To this end
we will analyse the structure of the coefficients of B; and compare them with the
integrated partial derivatives of f.

Let us first calculate ED? f(X). Consider r € [n]4, such that iy, ..., i, are its
distinct values, taken /1, . .., [, times respectively. We have

a4 f
B 0= 2 2 22

k1=l kqg>lg a<m=<D kqyi1,..., kin>0 Tgt1seem im
kit+-+kn =D (i1,....im)€[n]™

a m a
M 1ot tkm) kj=1j kj kj!
(llkl) ----- (im,k m)H ij H ij H k: —1:)! ’
a ! . YLk =)
j=l j=a+1 j=l1

where we have used (48).

By comparing this with the definition of b , and dl.(ky‘“"”;.’k *) one can see that the
sub-sum of the right hand side above correspondlng tothechoicek; =1y, ..., k, =1,
is equal to ally!-- -1, 'b(d,)_“,rd.

In particular for d = D,sincely +---+1, = D, we have

P f
E——(X) =ally!---1,}b»
3xr1...axm( ) 1 aOr,rp
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and so

IBollg < D IBooligolly < D IDPF(X) ol g0l < ColDP F(X)l7.
KePp KePp

where in the last inequality we used Corollary 5.3. Therefore if we prove that for all
d < D and all partitions Z = {I, ..., I,}, T ={J1,..., Jp} € Py,

lal#y!- - - #1,'(By o 1,17)) —ED? f(X) o 111yl 7 <Cp Z Lk Z | Bkl

d<k<D KePy
#K=#T
(52)
then by simple reverse induction (using again Corollary 5.3) we will obtain
D
SIS PP Bz <Cp D LD PP IED F(X0)Il g
d=1 JePy 1<d<D JePy
which will end the proof of the theorem.
Fix any d < D and partitions Z = {Iy, ..., I}, J = {J1,..., Jp} € P4. Denote
l; = #1I;. For every sequence ki, ..., k; suchthatk; > [; fori < a and there existsi <

a such that k; > [;, let us define a d-indexed matrix Egi’k‘ """ ka) (e,(rd’kl""’k“))rE

such that e{**1+*) — 0if r ¢ L(Z) and for r € L(Z),

m
eldkr.: (ky 44k kj
Sy Y ()t TTex T e
m=a kgiy,....km>0 Igglsenes im J j=a+1
Kiteetkn <D (i) €[]

where iy, ..., i, are the values of r corresponding to the level sets Iy, ..., I,. We then
have

Z 4l k! ka! E%i,kl ,,,,, ka)
. — | _ |
klles--»vkaZla (kl ll) (k l )

E|,'k,'>l,'
=ED?f(X) ol —aly!---1g'Bao 7).

Since we do not pay attention to constants depending on D only, by the above formula
and the triangle inequality, to prove (52) it is enough to show that for all sequences
ki,...,kgsuchthatky +---+k,; < D, k; > [; fori < a and there exists i < a such
that k; > [;, one has

d.ki,...kq j<a(kj—l;
IES A4 7 < CpLZize®iTD | By 4 Nk (53)
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for some partition IC € Py, 4.4k, with #/C = #7 (note that > . j<alj = d). Therefore
in what follows we will fix k1, ..., k, as above and to simplify the notation we will
write E@ instead of E (d.k1,....ka) @ dikt,.o.ka)

Fix therefore any partltion 7 = {I], .. I } € Pij4..4k, such that #I, = k;
and I; C [; for all i < a (the specific ch01ce of 7 is irrelevant). Finally define a
(ki + - - -+ ky)-indexed matrix E®1+-+ka) — (glit-Fka ))re[n]d by setting

and ey~ instead of ey

”(k1+ Aka) _ e(d)l{reL(I)} (54)

In other words, the new matrix is created by embedding the d-indexed matrix into a
“generalized diagonal” of a (k| + - - - + k,)-indexed matrix by adding > ; j<akj—1j)
new indices and assigning to them the values of old indices (for each j < a we add
kj — I; times the common value attained by ri4) on I;). )
Recall now the definition of the coefficients bgd) and note that forany r € L(Z) C
[n]f1++ha we have ekt Fka) — pkit+ha) H?ZlEij_lj, where for j < a,i;
- i
is the value of r on its level set I;. This means that E®1+~+k) = (B . 4 o
k kq
lL(j')) (® 1+ -+
vy = (1,..., 1) otherwise. Since [|vsllc < (CpL)*~li if 5 € {minl;};<, and
luslloo = 1 otherwise, by Lemma 5.1 this implies that for any C € P, 4...44,

vy), where vy = (EXi*filj)iS,, if s € {min/y, ..., minI,} and

— k=1
|E®H 4R < (CpL)Zi=a bV By ik, 01, 7 Ik

< CpLZi=® D B ok I (55)

where in the last inequality we used Corollary 5.3.
We will now use the above inequality to prove (53). Consider the unique partition
= {K1, ..., Kp} satisfying the following two conditions:

e foreach j <b,J; C K,
e foreachs e {d+1,...,k1 +-- -+ ky}ifs € fj and 7 (s) := minij € Ji, then
s € K.

In other words, all indices s, which in the construction of 7 were added to 1 j (e,
elements of [ \1;) are now added to the unique element of [J containing 7 (s) =
minij = min /;.

Now, it is easy to see that [|[E@| 7 < ||[E®1FFka)|| ;- Indeed, consider an arbi-
trary x = (), <0, j = 1.....b, satisfying ¥l < 1. Define yU) =

(yg;)/_)|r,(j|§n, j =1,..., b with the formula

() ()
yl‘K ‘er Nld] H l{rx:rn(s)}'
sek j\[d]
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We have || y DN = Ix@, < 1. Moreover, by the construction of the matrix
Ekittka) (recall (54)), we have

b
(d) (]) _ ~(ky4...+kg) ()
Z Cryq) H Xy, = Z er[k1+...+ka1 x"«'j

a1 <n [Pk 4. ka1 =0 Jj=1

_ ~(k1+ Akq) )
- Z r[k1+ Akal Hy j

[Ty +.. ka1 [ =0

(in the last equality we used the fact that if r € L(Z), then for s > d, Tr(s) = Ty

and so y(j ), = xﬁ{()j g = x )) By taking the supremum over x/) one thus obtains

||E(d)||j < ||E(k1+'”+k )||IC~ Combining this inequality with (55) proves (53) and
thus (52). This ends the proof of Theorem 1.4.

5.3 Application: subgraph counting in random graphs

We will now apply results from Sect. 5 to some special cases of the problem of
subgraph counting in Erd6s-Rényi random graphs G (n, p), which is often used as a
test model for deviation inequalities for polynomials in independent random variables.
More specifically we will investigate the problem of counting cycles of a fixed length.

It turns out that Theorem 1.4 gives optimal inequalities in some range of parame-
ters (leading to improvements of known results), whereas in some other regimes the
estimates it gives are suboptimal.

Let us first describe the setting (we will do it in a slightly more general form that
needed for our example). We will consider undirected graphs G = (V, E), where V
is a finite set of vertices and E is the set of edges (i.e. two-element subsets of V). By
Vg = V(G) and Eg = E(G) we mean the set of vertices and edges (respectively) of
a graph G. Also, vg = v(G) and eg = e(G) denote the number of vertices and edges
in G. We say that a graph H is a subgraph of a graph G (which we denote by H C G)
if Vg € Vg and Ey C Eg (thus a subgraph is not necessarily induced). Graphs H
and G are isomorphic if there is a bijection 7 : Vg — V( such that for all distinct
v,w € Vg, {m(), t(w)} € Eg iff {v, w} € Ey.

For p € [0, 1] consider now the Erdés-Rényi random graph G = G(n, p), i.e.,
a graph with n vertices (we will assume that Vg = [n]) whose edges are selected
independently at random with probability p. In what follows we will be concerned
with the number of copies of a given graph H = ([k], Ey) in the graph G, i.e., the
number of subgraphs of G which are isomorphic to H. We will denote this random
variable by Yy (n, p). To relate Yy (n, p) to polynomials, let us consider the family
C(n, 2) of two-element subsets of [n] and the family of independent random variables
X = (X¢)eecn,2), such that P(X, = 1) = 1 — P(X, = 0) = p (i.e., X, indicates
whether the edge e has been selected or not). Denote moreover by Aut(H) the group
of isomorphisms of H into itself and note that
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Vi(n, p) = e s t(H) Z H X iu)-

v,welk]
v<w,{v,w}eE(H)

The right-hand side above is a homogeneous tetrahedral polynomial of degree ey .
Moreover the variables Xy ) satisfy

Eexp (X{zv’w}log(l/p)) =l—-p+p-—<2

S| =

and

Eexp (X{Zv’w} log 2) <2,

which implies that || X v, lly, < (log(1/p)~"/*A(log(2))~"/> <v/2(log(2/p)) ~'/2.
We can thus apply Theorem 1.4 to Yy (n, p) and obtain

P(|Y# (n, p) —EYg(n, p)| > 1)

<> ! in ( ! )" (56)
exp| — — —_ ,
=P T o B Fe \ L [EDT F (0 1

where L, = \/E(log(Z/p))_l/2 and f: RE€™2 — R is given by

f((xe)eecn,2) = FANED t(H) Z H Xiy i)

ic[nlk v,welk]
v<w,{v,w}eE(H)

Deviation inequalities for subgraph counts have been studied by many authors,
to mention [22,26,27,35-38,65]. As it turns out the lower tail P(Yy(n, p) <
EYy(n, p) — t) is easier than the upper tail P(Yy(n, p) > EYy(n, p) + t). The
lower tail turns out to be also lighter than the upper one. Since our inequalities con-
cern | Yy (n, p) —EYy (n, p)|, we cannot hope to recover optimal lower tail estimates,
however we can still hope to get bounds which in some range of parameters n, p will
agree with optimal upper tail estimates.

Of particular importance in literature is the law of large numbers regime, i.e., the
case when t = ¢EYy (n, p). In [35] the Authors prove that for every ¢ > 0 such that
P(Yu(n, p) > (14 &)EYx(n, p)) > 0,

1
exp (—C(H, e)My; (n, p) log E) <P(Yu(n, p) = (1+&)EYy(n, p))

< exp (—c(H, e)Mj;(n, p)) (57)

for certain constants ¢(H, ¢), C(H, ¢) and a certain function M}'} (n, p). Since the
general definition of M7, is rather involved we will skip the details (in the examples
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considered in the sequel we will provide specific formulas). Note that if one disregards
the constants depending on H and ¢ only, the lower and upper estimate above differ
by the factor log(1/p) in the exponent. To our best knowledge providing a lower and
upper bound for general H, which would agree up to multiplicative constants in the
exponent (depending on H and ¢ only) is an open problem (see the remark below).
We will now specialize to the case when H is a cycle. For simplicity we will first
present the case of the triangle K3 (the clique with three vertices). For this graph the
upper bound from [35] has been recently strengthened to match the lower one (up
to a constant depending only on ¢) by Chatterjee [22] and DeMarco and Kahn [27]
(who also obtained a similar result for general cliques [26]). In the next section we
show that if p is not too small, the inequality (56) also allows to recover the optimal

upper bound. In Section 5.3.2 we provide an upper bound for cycles of arbitrary (fixed)
k=2
length k, which is optimal for p > n™ 2¢-D log’% n.

Remark (Added in revision) Very recently, after the first version of this article was
submitted, a major breakthrough was obtained by Chatterjee-Dembo and Lubetzky-
Zhao [23,49], who strengthened the upper bound to exp(—C(H, &) M7}, (n, p)log %)

for general graphs and p > n~“)_In the case of cycles which we consider in the
sequel, our bounds are valid in a larger range of p — 0, than those which can be
obtained from the present versions of the aforementioned papers. We would also like
to point out, that the methods of [23,49] rely on large deviation principles and not
on inequalities for general polynomials in independent random variables. Obtaining
general inequalities for polynomials, which would yield optimal bound for general
graphs is an interesting and apparently still open research problem.

5.3.1 Counting triangles

Assume that H = K3 and let us analyse the behaviour of [|[ED? f(X)|| g ford =
1, 2, 3. Of course in this case #Aut(H) = 6.
We have for any e = {v, w}, v, w € [n],

a
fO =D XX

dxe ieln]\{v,w}

and so |[ED f(X)|l;1) = (n — 2) p*>/n(n — 1)/2 < n?p*.
a2
Fore; = e; or when e and e, do not have acommon vertex, we have ﬁ f=0,
epvrey
whereas for ey, e> sharing exactly one vertex, we have

82

Wf(x) = X{v,w})

where v, w are the vertices of e, e distinct from the common one. Therefore
2
ED f(X) = P(l{e1 ,e2 have exactly one common vertex})el ,e0eC(n,2)-
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Using the fact that ED? f(X) is symmetric and for each e; the sum of entries
of ED?f(X) in the row corresponding to e; equals 2p(n — 2), we obtain
||IED2f(X)||{1}{2} = 2p(n—2) < 2pn.Onecanalso easily see that ||]ED2f(X)||{1’2} =
p/n(n —D)(n —2) < pn’/?
Finally
83

f=1e e3,e3 form a triangle
0Xe; 0Xey0Xey ter.ez.es gle)

and thus ||]ED3f(X)||{1,2’3} =vnn—1)n-—-2) < n3/2. Moreover, due to symmetry
we have

IED? £ (X) 12161 = IED® £(X) 13323 = IED? £ (Xl 231013

Consider arbitrary (X, )e;ec(,2) and (Yey,e3)er,e3eC(n,2) Of norm one. We have

2
z 1{21,22,63 form a triangle}Xe; Yes,e3 = Z ( Z 1{21,22,23 formatriangle}Ye2,63)

el,e2,e3 el €2,e3
1 1 . 2
{e1,e2,e3 form a triangle} {e1,en,e3 form a trlemgle}yez,e3
ep,e3 ez,e3

\/Z(ni_ Z Veres Z Lie) .e.e5 form a triangle) < v/2(n — 2),

e,e3

where the first two inequalities follow by the Cauchy-Schwarz inequality and the
last one from the fact that for each e, e3 there is at most one e; such that eq, es, e3
form a triangle. We have thus obtained |ED? £ (X)lln.2130 = IED? £(X)|l{1.3142)
= |ED’ f(X) 2331y < V2.

It remains to estimate ||]ED3f(X)||{1}{2}{3}. For all (x¢)eecn,2), (Ye)eeC®,2),
(ze)eecn,2) of norm one we have by the Cauchy-Schwarz inequality

Z l{el,ez,e3 form a triangle} Xe| Yep Ze3 = z Xiy, i) Vin,i3}<{i1,i3)
erezes (2.3l
1/2 1/2

2 2 2

=3 2. Xirin) 2lin.is) 2. Viz.is)
ir€lnl \(io,i3)e((n]\{i1 h2 (i2.i3)e([n]\{i1 H2
12 12
2 2
V2 [ 2 D i
ire[n] \i2€[n]\{i1} ize[n]\{i1}
12 12
2 2 3/2
= ﬁ Z Xi1,in) Z iy, iz) =2 / >
(i1.i2)€[n2 (i1.i3)€[n]2

which gives | ED? £ (X) 1233 < 2¥/2.
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Using (56) together with the above estimates, we obtain
Proposition 5.5 Foranyt > 0,

]P)(|YK3(71, P) - EYK_g(n’ P)| > t)

1 2
§2exp(—6min(

t t t2/3))
6,3 4 ,.2,.3 2 4,4° 73,.1/2 2., 72 ))
LSn3 + LY pn3 + L2 p*n*" L3n'/2 + L2pn’ L2

where L, = (log(2/p))~"">.
In particular for t = eEYk, (n, p) = () p,

]P)(|YK3(n’ P) - EYK3(}’1, P)| > 5EYK3(”7 P))

1
< 2exp ( -C min (82}’13]76 log3 2/p), (82 A ,92/3)1121192 10g(2/p))).

Thus for p > n_% log_% n we obtain
P(|Yk;(n, p)—EYk, (n, p)|=eEYg, (n, p)) < 2exp (—(* A e )n* p* log(2/ p)).

By Corollary 1.7in [35],if p > 1/n,then £n?p? < My, (n, p) < Cn?p? (recall (57))
and so for p > n~"/*log™!/? n the estimate obtained from the above proposition is
optimal. As already mentioned the optimal estimate has been recently obtained in the
full range of p by Chatterjee, DeMarco and Kahn. Unfortunately it seems that using our
general approach we are not able to recover the full strength of their result. From Propo-
sition 5.5 one can also see that Theorem 1.4, when specialized to polynomials in 0-1
random variables is not directly comparable with the family of Kim-Vu inequalities. As
shown in [36] (see table 2 therein), various inequalities by Kim and Vu give for the tri-
angle counting problem exponents — min(n'/3 p1/6 n1/2 p1/2y —p3/2 p3/2 _pp (dis-
regarding logarithmic factors). Thus for “large” p our inequality performs better than
those by Kim-Vu, whereas for “small” p this is not the case (note that the Kim-Vu
inequalities give meaningful bounds for p > Cn~! while ours only for p > Cn~1/%).
As already mentioned in the introduction the fact that our inequalities degenerate for
small p is not surprising as even for sums of independent 0-1 random variables, when
p becomes small, general inequalities for the sums of independent random variables
with sub-Gaussian tails do not recover the correct tail behaviour (the || - ||y, norm of
the summands becomes much larger than the variance).

5.3.2 Counting cycles

We will now generalize Proposition 5.5 to cycles of arbitrary length. If H is a cycle of
length k, then by Corollary 1.7 in [35], £n?p? < M};(n, p) < Cn*p? for p > 1/n.
Thus the bounds for the upper tail from (57) imply that for p > 1/n,

exp (— Ck, e)n*p?log(1/p)) < P(Yu(n, p) = (1 + &)EYy (n, p))
< exp ( —c(k, 8)n2p2)
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for every ¢ > 0 for which the above probability is not zero.

We will show that similarly as for triangles, Theorem 1.4 allows to strengthen the
upper bound if p is not too small with respect to n. More precisely, we have the
following

Proposition 5.6 Let H be a cycle of length k. Then for every t > 0,

P(1YH (n, p) — EY(n, p)| = 1)
2 21

<2exp(——(—/\ min ( )))
- 2k pk . 2d/1 _ —d— ’
Ci\Lyfnt  isi=d=k: \ L3 I p20k=d) /1y @k—d~D)/1

-1/2 . = R PRy
where L, = (log(Z/p)) .Inparticularforeverye > Oandp > n 2*-D log n,

P(Yu(n, p) = (1 +&EYn(n, p)) = 2exp (= Cikoez A&y p 10g 2/ p)).

In order to prove the above proposition we need to estimate the corresponding || - || 7
norms. Since a major part of the argument does not rely on the fact that H is a cycle
and bounds on || - || 7 norms may be of independent interest, we will now consider
arbitrary graphs. Let thus H be a fixed graph with no isolated vertices.

Similarly to [35], it will be more convenient to count “ordered” copies of a graph
H in G(n, p). Namely, for H = ([k], Ey), each sequence of k distinct vertices in the
clique K,,,i € [n]& determines an ordered copy Gj of H in K, where G; = i(H), i.e.,
V(Gi) =i([k]) and E(Gj) = {i(e): e € E(H)} = {{iy, iv}: {u, v} € E(H)}. Define

Xu(n, p) = Z LGicGm,py = Z H Xz.

ie[nlk ie[n]k ecE(Gy)

Clearly X g (n, p) = #Aut(H)Yy (n, p) and Xy (n, p) = f(X), where

f@=> TJ] == ]I % (58)

ie[nlk ecE(Gy) ie[n]k ecE(H)

A sequence of distinct edges (1, ..., e4) € E(K, )1 determines a subgraph Gy € K,
with V(Go) = %, &, E(Go) = {é1, . .., &4}. Note that

i=1

d
960 f () = — LD _ > [T =

0%y 0%y Gy seEGNEGY)
and thus
Edg, f(X) = p*™ =i e (n]*: Go € Gj).

Consider e = (eq,...,eq) € E(H)Z and let Hy(e) be the subgraph of H with
V(Hp(e)) = Uflzl ei, E(Ho(e)) = {ey, ..., eq}. Clearly, foranyi € [n1%, i(Ho(e)) C
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G;i. We write (eq, ...eq) =~ (&1, ..., &g) if there exists i € [n]X such that i(ej) =¢;
forj=1,...,d.
Note that given (&1, ..., éq) € E(K,)% and the corresponding graph Gy,

#ient: Goc Gil= > #liehliite)=2¢; forj=1,....d}
ecE(H)4

= > 2O — y(Hy(e) O G ey
ecE(H)4

where for a graph G, v(G) is the number of vertices of G and s(G) is the number of
edges in G with no other adjacent edge. Therefore,

ED! f(X)=p*=" > 22O (n—u(Ho () T (16, amel) ay sy
ecE(H)4

Let J be a partition of [d]. By the triangle inequality for the norms ||| 7,

J

(59)
The norms appearing on the right hand side of (59) are handled by the following

""" (€j....ea)

Lemma 5.7 Fix1 <d <e(H),e=(ey,...,e4) € E(H)iandj= {J1,.... 1} €
Py. Let Hy = Hy(e) and forr =1, ...,1, let H, be a subgraph of Hy spanned by the
set of edges {ej: j € J,}. Then,

< s (Ho)+3 3y s(Hy)

J

% n%#{veV(Ho): veV (H,) for exactly onere[l]}

Proof We shall bound the sum

(r)
> L@,eo=e | [ ¥G)),e, (60)
€1,y EdEE(Kn) r=1
, ® )
under the constraints Z(f?j)je/ CE(K,)'r (x(év) = ) < 1forr =1,...,.1. Note that
Jr n Jjedr

we can assume x) > 0 for all » € [I]. Rewrite the sum (60) as the sum over a
sequence of vertices instead of edges:

1
—s(Hp) (r)
2 > e,

ic[n) o) r=1
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where for two sets A, B, AZ is the set of 1-1 functions from B to A. Further note that
it is enough to prove the desired bound for the sum

I
LD || B4 (61)

ie[n) o) r=1

2
: —s(H, (r) _
under the constraints 2~ () > ie[n]V. ) (yiV(Hr)) < 1foreachr =1, ..., [ Indeed,
. > _ : V(H,) )y _ )
given x’s, foreach r = 1,...,/ and all i € [n]——Z take Yivim = ~Gi(e)jes and

notice that the sum (61) equals the sum (60) while the constraints for x’s imply the
constraints for y’s. Finally, by homogeneity and the fact that the sum (61) does not
depend on the full graph structure but only on the sets of vertices of the graphs H,,
the lemma will follow from the statement: For a sequence of finite, non-empty sets
Vie...,V,letV=V,U-.-UV,. Then

1
Z H y'(r) < n%#{vEV: veV, for exactly one re[l]} (62)

1y,
ie[n)v r=1

for yD ..., y® > 0 satisfying
2
> () =n (63)

We prove (62) by induction on #V. For V = J (and [ = 0), (62) holds trivially. For
the induction step fix any vgp € V and put R = {r € [I]: vo € V,}. We write

l
> 0= 2 (( ITw) > I

ie[n)V. r=I iepmV o) \ \rell\R ivy €lNI(V\{vo}) reR

We bound the inner sum using the Cauchy-Schwarz inequality. If #R > 2, we get

1/2
2

(r) (r)

Z Hyin S H Z (yin) )
iy €Ni(V\{vo}) reR reR \iy,€ln\i(V\{vo})
and if R = {rp} then
1/2
2
> owr=vi( X ()
iy €lnNI(V\{vo}) ivg €[NV \{vo})
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Now, for each r € R put W, = V,\{vp} and define

1/2
2
D= > (yi(;j) for all iy, € [n]"-.

iw,
ivO elnNi(W;)

Note that if W, = @ then z") is a scalar and by (63), 0 <z < 1. For r € [[]\R, just
put W, = V, and z) = y) Let L = {r € [I]: W, # @}. Combining the estimates
obtained above, we arrive at

!
(r) 1 (r)
. < {vp€eVr for exactly one re[l]} .
E | | Yy, = (v/n) E | I Ly, -

ien¥ r=1 ie[n]V\(vo) relL

Now we use the induction hypothesis for the sequence of sets (W,.),<;, and the vectors

2. r € L (note that >, w: (2 )? < 1), O

Remark The bound in Lemma 5.7 is essentially optimal, at least for large n, say
n > 2k. To see this let us analyse optimality of (62) under the constraints (63) (one
can see that this is equivalent to the optimality in the original problem). Denote Vy =
{v e V:v e V, forexactly one r € [I]}. Fix any i® €[]k Thenforr = 1,...,1
take

1 e .0
LI CarAGUCEE S VIRAESS (A
Wr 0 otherwise.

The vectors y satisfy the constraints (63) and

s ﬁyim _ > ﬁn—g#(vmvw
Vr

ien]¥ r=1 ie[n)v: iV\VOEi$)<VO r=1

(n — #(V \ V) n=1#%0 > (n/2)#Vo,=3#%0 = 2~#Vop 1#V0

Combining Lemma 5.7 with (59) we obtain
Lemma 5.8 Let H be any graph with k vertices, which are not isolated, and let f be
defined by (58). Then forany | <d <e(H)andany J =1{J1,...,Ji} € Py,
IED? f (X)) 7
< pe(H)—d Z 2% er:]s(H,(e))nk—v(Ho(e))+%#{ueV(Ho(e)): veV (Hy(e)) for exactly one re[l]}7

ecE(H)Z

where for e € E(H)L and r € [I], H,(e) is the subgraph of Hy(e) spanned by
{ej: ] € Jr}.

We are now ready for
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Proof of Proposition 5.6 We will use Lemma 5.8 to estimate |[ED? £ (X)|| 7 for any
d < kand J € P; with#7 = [. Note that for any e € E(H)<,

v(Hy(e)) — %#{v € V(Hp(e)): v e V(H,(e)) for exactly one r € [[]}

- %(U(Ho(e)) + #{v € V(Ho(e)): v belongs to more than one V (H,(e))})

=k/2 ifd =kandl =1,
> %(d + 1) otherwise,

where to get the second inequality we used the fact that each vertex of H has degree
two. Thus we obtain

IED* £ (X))l ey < n*/2,
IED? £(X)|l7 < Cept4nk =293 ifd < korl > 1.

Together with (56) this yields the first inequality of the proposition. Using the fact that
EYy(n, p) > Clknk p¥, the second inequality follows by simple calculations. O

6 Refined inequalities for polynomials in independent random variables
satisfying the modified log-Sobolev inequality

In this section we refine the inequalities which can be obtained from Theorem 3.3 for
polynomials in independent random variables satisfying the -modified log-Sobolev
inequality (16) with 8 > 2. To this end we will use Theorem 3.4 together with a
result from [2], which is a counterpart of Theorem 3.1 for homogeneous tetrahedral
polynomials in general independent symmetric random variables with log-concave
tails, however only of degree at most 3. We recall that for a set 7, by P; we denote the
family of partitions of I into pairwise disjoint, nonempty sets.

Theorems 3.1 and 3.2 and 3.4 from [2] specialized to Weibull variables can be
translated into

Theorem 6.1 Let o € [1,2] and let Y1, ...,Y, be a sequence of i.i.d. symmetric

random variables satisfying P(|Y;| > t) = exp(—t%). Define Y = (Y1, ...,Y,) and
let Z1, ..., Zq be independent copies of Y. Consider a d-indexed matrix A. Define

also
ma(p, A= > > > pMIEERE A (64)

1C[d] JeP; KePap

where for 7 ={J1,...,Jr} € Prand K = {Ky, ..., Ky} € Pans,
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r k
_ R @) @) . O]
lAlge= > swi D> a]]x Hyi” el < 1

s1€Kq,...,50 €K ie[n]d =1

!
forV <l <rand 3 1) gy IS < 1. fort <1 <k

islgn
Ifd <3, then for any p > 2,
Colma(p, A) < A, Z1 ® -~ ® Za)llp < Cama(p, A).

Moreover, if « = 1, then the above inequality holds for all d > 1.

Before we proceed, let us provide a few specific examples of the norms ||All 7.
which for @« < 2 are more complicated than in the Gaussian case. In what follows,
B = ;%7 (with p = oo fora = 1). Ford = 1,

@)l =sup { > aixi: > x} <1} = (@l
@) gy = sup { D aiyi: > |yil* <1} = [(@)lp-
Ford =2, [[(aij)llq1,230 = I(@ipllns I@iplliyeye = @iplle—e,,
@il = sup { D aijxiyj: D x7 <1, |yil* <1} = l@ip)lley—er»

l@ip i =sup{ D aijyixj: > x3 <1 13il* < 1} = @) llesep-
aip) gy = sup { D aijyizj: D vil* < 1D 1zj1* < 1} = [@ij)lley—e4-

and

%
(@) llgi(1,2) = sup Zaijyl'j: Z Zylzj =1
J

i

b
-+ sup Zaijy,-j:Z(ny/) <1
J i

2\ /B 1/8

-(=(z4) | +(2(z4)

i J i

For d = 3, we have, for example,

l(aiji) 213} = sup {ZaijkinjZki z x> <1, Z lyil* <1, Z|Zk|a < 1},
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s
l(aiji) lli2341,3) = sup Zaijkxjyik3 fo <1, Z(Zy?k) <1
i \ &
s
+ sup Zaijkxjyik5 ijz < 1’Z(Zyi2k) <1},
k N\ i

IR

I (aiji)llg1y2.3) = sup Zaijkyizjk: Z|)’i|a =1, Z(Zzik) <1
i Nk

o

2
+ sup Zaijkyizj'ki Zlyil"‘ < 1,2 Zzik =1
k J

In particular, from Theorem 6.1 it follows that for o € [1,2],if Y = (Y1,...,Y,)
is as in Theorem 6.1 then for every x € R”,

1
—(JPlxl2 4+ px1p) < Il(x, Y)|I, < C(J/PIxl2 + p%|xp),
C

where | - |, stands for the £' norm (see also [29]). Thus, for 8 € (2, 00), the inequality
(17) of Theorem 3.4, form = n, k = 1 and a C' function f: R” — R, can be written
in the form

1f(X) —Ef(X)lp = Cal(Vf(X), Y)lp- (65)

This allows for induction, just as in the proof of Proposition 3.2, except that instead of
Gaussian vectors we will have independent copies of Y. We can thus repeat the proof
of Theorem 3.3, using the above observation and Theorem 6.1 instead of Theorem
3.1. This argument will then yield the following proposition, which is a counterpart
of Theorem 3.3. At the moment we can prove it only for D < 3, clearly generalizing
Theorem 6.1 to chaos of arbitrary degree would immediately imply it for general D.

Proposition 6.2 Let X = (X1, ..., X,) be a random vector in R", with independent
components. Let B € (2, 00) and assume that for alli < n, X; satisfies the B-modified

logarithmic Sobolev inequality with constant Dy s,. Let f : R" — Rbea CP function.
Define

m(p, f) = [mp(p.DP fCXN|, + D ma(p,ED?f(X)),
1<d<D-1

where mg(p, A) is defined by (64) with « = ﬂi_l
If D < 3 then for p > 2,

17 X) = EfOllp = Cp,prs,m(ps f)-
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As a consequence, for all p > 2,
P(1f(X) —=Ef(X)| = Cp.p5,m(p. f)) < e "

Remarks 1. For B = 2, the estimates of the above proposition agree with those of
Theorem 1.2. For B > 2 it improves on what can be obtained from Theorem 3.3
in two aspects (of course just for D < 3). First, the exponent of p is smaller as
(y = 1/2d+#(T UK)/2 = (1/a — 1/2)d + #T /2 + #K/2 > #T/2 + #K/«.
Second [|All7ux > Al gk (since for o < 2, |x|q > |x]2, so the supremum on the
left hand side is taken over a larger set).

2. From results in [2] it follows that if f is a tetrahedral polynomial of degree D
and X; are i.i.d. symmetric random variables satisfying P(|X;| > ¢) = exp(—t*), then
the inequalities of Proposition 6.2 can be reversed (up to constants), i.e.,

1
If(X)—EfOlp, = C—mf(p)-
D

This is true for any positive integer D.

3. One can also consider another functional inequality, which may be regarded
a counterpart of (16) for 8 = oco. We say that a random vector X in R" satisfies
the Bobkov-Ledoux inequality if for all locally Lipschitz positive functions such that
IV £ (@)oo i= maxi<izy |7 £ ()] < dppf(x) forall x,

Entf2(X) < D E|V f(X)|>. (66)

This inequality has been introduced in [9] to provide a simple proof of Talagrand S
two-level concentration for the symmetric exponential measure in R”. Here |2 o - f(x)|
is defined as “partial length of gradient” (see (13)). Thus in the case of differentiable
functions |V f|« coincides with the £2 norm of the “true” gradient.

In view of Theorem 3.4 it is natural to conjecture that the Bobkov-Ledoux inequality
implies

1f(X) =Ef(XOl, = C(ﬁ|||Vf(X)|||p +P”|Vf(X)|oo”p)v (67)

which in turn implies (65) with ¥ = (Y1, ...,7Y,) being a vector of independent
symmetric exponential variables and some C, < oo. This would yield an analogue
of Proposition 6.2 for B = oo, this time with no restriction on D.

Unfortunately at present we do not know whether the implication (66) —> (67)
holds true or even if (67) holds for the symmetric exponential measure in R”. We only
are able to prove the following weaker inequality, which is however not sufficient to
obtain a counterpart of Proposition 6.2 for 8 = oo.

Proposition 6.3 If X is a random vector in R", which satisfies (60), then for any
locally Lipschitz function f: R" — R, and any p > 2,

17O =Bl < 3(DYEVRIIV AN, + 5t p |1V F Oloo] ).
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Proof To simplify the notation we suppress the argument X. In what follows || - ||,
denotes the L, norm with respect to the distribution of X.
Let us fix p > 2 and consider f; = max(f, || fl,/2). We have

\%

1Al = 1l
1
Ifillz = 1A + 1712, (68)

A

A

3 .
1Allp = S, = 3min fi.

Moreover, fi is locally Lipschitz and we have pointwise estimates |V fi| <
IV, IV filoo < IV floo- Assume now that we have proved that

D 3
1fillp < fill2 + | 5= VRIIV Ail], + ﬁllwmooum. (69)

Then, using the first two inequalities of (68), we obtain

Dpp 3p
1A, < Wl < N fillz + T\/f”lvfll”p + @‘“Vf”oo”m

=

Dpr. 3p
If1lp+I1f 12+ Tﬁ”Wf'”l’ + %”Wﬂm”w,

N =

which gives

D 3
||f||p52(||f||2+ %ﬁHWﬂHﬁﬁnwmum). (70)

Since (66) implies the Poincaré inequality with constant Dp; /2 (see e.g. Proposition
2.3 in [28]), we can conclude the proof applying (70) to | f — E f| (similarly as in the
proof of Theorem 3.4). Thus it is enough to prove (69).

From now on we are going to work with the function f; only, so for brevity we
will drop the subscript and write f instead of fi. Assume || f|, > 2[31%|||Vf|oo||OQ
(otherwise (69) is trivially satisfied). Then, using the third inequality of (68), for

2 <t<pandallx € R",

VP = 57PNV 0 = 3 71200 PEL e

dpL f%(x).
=3 T <dpLf'"(x)

We can thus apply (66) with f!/?, which together with Holder’s inequality gives
' /22 1 =2 2 12 2 a2
Entf' < Dp B[V < Dpr 7 B(f2IVST) = Do [IVAEFHTT.
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Now, as in the proof of Theorem 3.4, we have

d o2/t _ 2 ey 2o1 + _ DBL 2
BV =@ < == (VI

which upon integrating gives

IF13 < ||f||2+—p|||VfI||

which clearly implies (69). O
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7 Appendix
7.1 Decoupling inequalities
Let us here state the main decoupling result for U -statistics (Theorem 1 in [25]).

Theorem 7.1 For natural numbers n > d let (X;)!_, be a sequence of independent

random variables with values in a measurable space (S, S) and let (X; v )) =
1,...,d bed independent copies of this sequence. Let B be a separable Banach space

and for each i € [n]% let hi: S¢ — B be a measurable function. Then for all t > 0,

P(| >0 mi o Xip| = 1) = cap(| 20 mex(l x| = 1ca).

ic[n}d ie[n]d

As a consequence for all p > 1,

” Zh(Xl,,...,X,»d)

P

ie[n)d ie[n]d
If moreover the functions hi are symmetric in the sense that, for all xy, ..., x4 € S
and all permutations w : [d] — [d], by, i, (X1, ..., Xq) = hi”l"“’i”d Xy ooy Xmg),

then for all t > 0,

(| >0 mex x> ) = cap(| 30 mci. o X

ic[nd ie[n]d

‘>I/Ca')
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and as a consequence for all p > 1,

1 d
| 2 mex) x| < e X m X

ie[n]d ie[n}d

7.2 Proof of Lemma 5.4

Without loss of generality we can assume that M = 1. It is easy to see that for some
constant Cx and t > 1,P(Cklgi1 ... gik| > 1) = 2exp(—1>/%). Since P(|Y;| > 1) <
2exp(—t2/k), we get

P(Yi Ly, =1l = t) < P(Cilgit - - . gikl > ).

Therefore, using the inverse of the distribution function, we can define i.i.d. copies
)7,- of |Y;1}y,|>1] and i.i.d copies Z; of |g;1 . .. gixl, such that 171 < Cx Z; pointwise. We
may assume that these copies are defined on a common probability space with ¥; and
gij- We can now write for a sequence ¢; of i.i.d. Rademacher variables independent
of all the variables introduced so far,

| S an], = | Zasim],

n n
= H Zai8i|Yil{|Yi|<l}|H + ” Zai8i|Yil{|Yi‘Zl}|”
i=l Polim P
n n
- H Zai8i|Yi1{\Yi\<l}|H + H ZaigiYi
=1 b i=1
n
= ” Zaisi
i=1
n
=< CkH ZaisiEzzi
i=1

n
= Ck H Zaﬁizi
i=1

p

n
ol Sae]
» ; i€iLi »

,

n
— e S au]
)p ; i8i1 i »

n
+ Cy H Za,-gl-z,-
p .
i=1

where in the second inequality we used the contraction principle (once conditionally
on Y;’s and Z;’s) and in the third one Jensen’s inequality.
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