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1 Introduction

The cosmological constant problem remains one of the greatest mysteries in all of theoret-

ical physics. This is very likely a reflection of our ignorance of how to properly formulate

quantum gravity in (asymptotically) de Sitter spacetime. While string theory has proven

to be remarkably successful for understanding spacetimes with Λ ≤ 0, the explicit con-

struction of de Sitter solutions is by now a notoriously difficult problem. The reason is

quite simple: an accelerating spacetime must violate the strong energy condition (SEC),

but supergravity in ten and eleven dimensions cannot do so and this property is inher-

ited upon compactification to lower dimensions [1–4]. This no-go theorem extends, at the

two-derivative level, to stringy localized sources, including branes, anti-branes and even

orientifold planes [5].

Higher derivative interactions provide a potential source of SEC violation. Unfortu-

nately, even the leading order corrections to supergravity, including all couplings to fluxes,

remain largely unknown. One notable exception, however, is the heterotic string, where the

complete set of higher derivative corrections are known up to O(α′3) [6]. We analyzed these

effects in [7], and found that they do not suffice to produce the SEC violations required for

de Sitter spacetimes. In fact, it was later shown that both dS and AdS spacetimes are ruled

out in four dimensions to all orders in a perturbative α′ expansion [8]. Non-perturbatively,
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worldsheet instanton corrections can lead to AdS vacua [9–11],1 but dS solutions can be

ruled out by an exact worldsheet argument [12].

In order to evade the no-go theorem we must, therefore, investigate beyond string-tree

level. In this note we will focus our attention on a well-known gs effect, namely gaugino

condensation. Not only does this quantum phenomenon probe the heterotic theory beyond

tree-level, but it also generates a potential for the dilaton [13, 14]. A priori, this non-

perturbatively generated potential could have a positive minimum value, which would

invalidate one of the key assumptions underlying the no-go theorem. Nevertheless, we find

that the effects of gaugino condensation do not affect previous results: both AdS and dS

spacetimes remain excluded in four-dimensional compactifications of the heterotic string,

up to O(α′3).

The exclusion of heterotic AdS4 solutions was initially surprising, given the number

of explicit examples constructed in the literature. A closer inspection reveals that most of

these solutions lie outside the realm of our analysis, relying on: threshold corrections to

the gauge coupling [15, 16], worldsheet instantons (discussed above) [10], or a combination

of these [9, 11], strong coupling effects [17–20], or other non-perturbative dynamics [21].

However, there appear to be a few puzzling exceptions [22–25], which are at odds with our

findings, since they engineer AdS4 solutions using a combination of H-flux, α′ corrections

and gaugino condensates. According to our analysis, these solutions should not be possible.

We address this conflict, and also the apparent tension with type IIB duals, at the end of

this note.

The rest of this article is organized as follows. In section 2, we review the α′-corrected

heterotic effective action and explain our ansatz for the four-dimensional solutions, includ-

ing the gaugino condensate. In section 3, we demonstrate that our ansatz implies the

vanishing of the cosmological constant to O(α′3). We also show that more general forms

of the condensate do not alter this result, however we show that threshold corrections fall

outside of the generalizations we consider. A sketch of how our argument should extend to

all orders in α′ is also presented. We end with a discussion of our results in section 4, and

possible directions to explore in the future. Our conventions are summarized in appendix A,

and some details of our dimensional reduction procedure are relegated to appendix B.

2 From ten to four dimensions

2.1 The heterotic effective action

Our starting point will be the low energy effective action of the heterotic string, including

α′ corrections up to quadratic order. The massless field content of the theory consists of

a metric gMN , dilaton φ, NS two-form BMN with curvature HMNP , and a Spin(32)/Z2

or E8 × E8 gauge field AM with curvature FMN . The fermions of the theory are all

of Majorana-Weyl type and they are a gravitino ψM , dilatino λ, and an adjoint valued

gaugino χ. The neutral fermions will not be needed, and will therefore be suppressed.

1Note that these AdS solutions also require a gaugino condensate to stabilize the dilaton. Otherwise,

there is a run-away potential to zero coupling and Λ = 0.
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The complete effective action was worked out in [6] through O(α′2). In string frame,

and setting κ2 = 1/2 for convenience, that action is given by2

S =

∫

d10x
√−ge−2φ

[

R+ 4|∇φ|2 − 1

2
|T |2 − α′

4

(

tr |F |2 − tr |R+|2 + 2tr χ̄D/χ
)

]

, (2.1)

where R is the Ricci scalar and RAB
+ = dωAB

+ + ωAC
+ ∧ ωCB

+ is the curvature two-form of

the spin connection with torsion,

ωAB
± M = ωAB

M ± 1

2
HAB

M +O(α′2), (2.2)

with ω the standard spin connection. We also define the three-form

TMNP = HMNP +
α′

8
tr χ̄ΓMNPχ. (2.3)

Our conventions are summarized in appendix A. In addition to the explicit factors of α′

appearing in (2.1)–(2.3), the only other corrections to this order are captured by

H = dB +
α′

4
[CS(ω+)− CS(A)] , (2.4)

where CS(A) = tr (A ∧ dA + 2
3A ∧ A ∧ A) is the Chern-Simons three-form, and a similar

expression holds for CS(ω+). This of course leads to the well-known Bianchi identity:

dH =
α′

4
[tr (R+ ∧R+)− tr (F ∧ F )] , (2.5)

which must be satisfied, in addition to the equations of motion derived from (2.1), by any

solution of the theory. Corrections to (2.1) begin at O(α′3).

2.2 Four-dimensional ansatz: bosons

We seek four-dimensional solutions of (2.1) with maximal symmetry. The most general

ansatz we can make for the full ten-dimensional spacetime is a warped product, X4×W K,

where X4 is AdS4, Mink4, or dS4, and K is a compact six-dimensional spin manifold.

Taking coordinates xµ on X4 and ym on K, we write the ten-dimensional string frame

metric as

ds2string = eφ/2
(

e2A(y)ḡµν(x)dx
µdxν + e−2A(y)/3ḡmn(y)dy

mdyn
)

. (2.6)

The inclusion of a warp factor for the internal metric is purely a matter of convenience,

since it can always be absorbed into ḡmn. The metric appearing in the brackets corresponds

to ten-dimensional Einstein frame. We extract the volume mode from the internal metric

by writing ḡmn = e2ugmn for some fiducial metric gmn of fixed volume. To reduce to four-

dimensional Einstein frame requires a further rescaling: ḡµν = e−6ugµν . Instead of working

with φ and u, we will take the combinations

ϕ =
φ

2
− 6u+ 2A, ρ =

φ

2
+ 2u− 2A

3
, (2.7)

2Our normalizations are obtained from [6] as follows: φ → e2φ/3, H → − 1

3
√
2
H, χ →

√
2χ, and β → α′

4
.
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as the independent dynamical fields, which we will see correspond to the four-dimensional

dilaton and volume modulus, respectively. We have absorbed the warp factors into these

scalar fields to simplify notation, though we could just as well write A(y) explicitly in what

follows. In terms of these quantities, the string frame metric becomes

ds2string = eϕgµν(x)dx
µdxν + eρgmn(y)dy

mdyn. (2.8)

To preserve the (maximal) symmetry of the four-dimensional spacetime, we restrict the

remaining bosonic fields to only have support along K:

F =
1

2
Fmn(y)dy

mdyn, H =
1

3!
Hmnp(y)dy

mdyndyp, ϕ = ϕ(y), ρ = ρ(y). (2.9)

We only require that these fields be smooth and satisfy the equations of motion (together

with the Bianchi identity), but otherwise we leave their form arbitrary. In particular, we

make no assumptions about the preservation of supersymmetry or the constraints that

would impose on the fields.

2.3 Four-dimensional ansatz: fermions

Having discussed the bosonic fields, we now turn to the fermionic sector. As mentioned

before, the gravitino and dilatino play no role in this analysis and so we set them to zero.

The gaugino will be important, and we decompose it into its four- and six-dimensional

components as

χ = e−3ϕ/4 (χ4(x)⊗ χ6(y) + c.c.) , (2.10)

where we include the prefactor e−3ϕ/4 to ensure properly normalized kinetic terms in four

dimensions, and we are ignoring the higher Kaluza-Klein modes. χ4 is an adjoint valued,

anticommmuting Weyl spinor on X4 of positive chirality, while χ6 is a gauge singlet, com-

muting Weyl spinor on K, also of positive chirality. The decomposition of gamma matrices

is explained in appendix A.

If χ4 is exactly massless, as required for example by supersymmetry, then χ6 must be a

zero mode of the Dirac operator on K: D/Kχ6 = 0. This makes χ6 covariantly constant, and

it is possible to normalize χ†
6χ6 = 1. However, we will only require the weaker condition

D/Kχ6 = O(α′), (2.11)

so that χ6 is only a “quasi-zero mode” of the internal Dirac operator. This implies that

supersymmetry breaking should be a subleading effect in α′, and χ4 will be sufficiently

light to appear in the low energy effective action. χ†
6χ6 will vary slowly over K, and and

at best may be normalized to 1 +O(α′). This minor point, however, will not significantly

impact our analysis.

The only fermion bilinear permitted by the maximal symmetry of spacetime is the

scalar combination 〈χ4χ4〉. In pure N = 1 super Yang-Mills theory in four dimensions, such

a scalar condensate can develop at low energies where the gauge coupling becomes strong:3

〈tr (χ4χ4)〉 = cM3
UV exp

(

−bg−2
YM

)

, (2.12)

3We are setting the axion field to zero, since it will not factor into our analysis.
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for some numerical constant c. We are writing 1/b for the one-loop beta function coefficient,

and MUV for the UV cutoff scale of the gauge theory. Already in [13] it was realized that

this ansatz for the condensate requires corrections to reconcile the ten and four-dimensional

perspectives. We will consider these corrections, and more general forms of the condensate,

in section 3.1.

Following [13, 14], we can embed this result into our four-dimensional compactification

of the E8 ×E8 heterotic string. We assume that the background field strength Fmn leaves

the gauge group G× E8 unbroken, for some G ⊂ E8,
4 and the condensate develops in the

hidden E8 (or some non-Abelian subgroup thereof). The UV cutoff scale should then be

taken to be the Kaluza-Klein scale of K. If M is the typical scale of the metric gmn, then

the KK scale as measured by gµν is

MUV = e(ϕ−ρ)/2M. (2.13)

In appendix B we show that the gauge coupling is determined by the four-dimensional

dilaton to be

g2YM = eϕ. (2.14)

Thus the condensate will manifest itself in the gaugino bilinear three-form:

trχΓ̃mnpχ = e3(ρ−ϕ)/2
(

tr (χ4χ4)
(

χT
6 γmnpχ6

)

+ c.c.
)

(2.15)

→ cM3 exp
(

−be−ϕ
) (

χT
6 γmnpχ6 + c.c.

)

.

On the left hand side we use Γ̃ to denote the ten-dimensional string frame gamma matrices,

while those appearing on the right are in four-dimensional Einstein frame. Notice that

the conformal factors in (2.13) cancel against the normalization of the four-dimensional

gaugino (2.10) together with the rescaling of γmnp.

Since we are considering both supersymmetric and non-supersymmetric solutions of

the heterotic string, we should be cautious in applying (2.12) to the latter. However,

if supersymmetry is only weakly broken, so that χ4 remains sufficiently light along the

lines discussed above, then it seems reasonable to expect a condensate similar to (2.12) to

develop.

3 Maximally symmetric solutions

We carry out the reduction of the ten-dimensional action (2.1), in terms of the ansatz of

the previous sections, in appendix B. We summarize here some of the key results of that

procedure. First, ∇ϕ, ∇ρ, and H are all O(α′). Second, H and R̃+6 depend on ρ but not

ϕ (cf. (B.7) and (B.11)). On the other hand, T = H + a′

8 tr (χ̄Γχ) depends on ϕ and χ6

though (2.15). Finally, the reduced action we wish to study is given by:

S =

∫

d4x
√−g4

∫

d6y
√
g6

(

R4 +
α′

4
e−ϕ |R4|2 − V +O(α′3)

)

, (3.1)

4For phenomenological applications, we should also require SU(3)× SU(2)×U(1) ⊂ G.
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where the potential V depends only on the internal fields,

V = −eϕ
[

e−ρ
(

R6 − |∇ρ|2 −∇ρ · ∇ϕ
)

− 1

2
e−3ρ |T |2 (3.2)

−α
′

4
e−2ρ

(

tr |F |2 − tr |R̃6+|2 + 2cM3 exp
(

−be−ϕ
) (

χT
6 γ

mDmχ6 + c.c.
)

)

]

.

As in [15], our action has a non-standard normalization, but this can easily be corrected by

rescaling the spacetime metric: g4 → e−ϕ0g4, where ϕ0 is the zero-mode of ϕ(y).5 Doing

so will not affect our final result, and since we do not wish to treat ϕ0 separately from the

rest of ϕ(y), we choose to work with the given normalization.

Let us now turn our attention to the equations of motion for the reduced action.

Given the ρ dependence of H and R̃+6, the equation of motion for ρ is far from simple.

Fortunately, we will not require it in our argument. The equation for the dilaton ϕ is:

−∇m
(

eϕ−ρ∇mρ
)

+
α′

4
e−ϕ|R4|2 + V (3.3)

=
1

2
cbα′M3e−2ρ exp

(

−be−ϕ
)

[

χT
6

(

γmDm +
1

24
e−ργmnpTmnp

)

χ6 + c.c.

]

+O(α′3).

The terms on the right-hand side of this equation arise from the inhomogeneous ϕ depen-

dence of the potential, which come solely from the non-perturbative condensate. However,

these terms can be set to zero on-shell by imposing the equation of motion for the internal

components of the gaugino χ6:

(

γmDm +
1

2
γm∇m

(

ϕ− 2ρ− be−ϕ
)

+
1

24
e−ργmnpTmnp

)

χ6 = O(α′3). (3.4)

The “extra” terms that would appear in (3.3), χT
6 γ

mχ6∇m(. . .), vanish by a familiar iden-

tity for commuting spinors in six dimensions.6 Notice that this equation of motion is

consistent with the earlier requirement (2.11) that χ6 be a zero mode to O(α′). The final

equation of motion we require is that of the four-dimensional metric gµν :

Rµν−
1

2
gµνR4+

α′

4
e−ϕ

(

RµλσρRν
λσρ− 1

2
gµν |R4|2− 2∇λ∇σRµλνσ

)

=−1

2
gµνV +O(α′3).

(3.5)

Note that we do not invoke the Lemma from [6], which states that variations of the action

with respect to ω+ vanish on-shell at O(α′), since we are interested in solutions including

O(α′2) corrections. Thus, (3.5) is the full gravitational equation of motion to O(α′3).

5Such a rescaling leads to the more conventional looking four-dimensional action

S = e−ϕ0V
∫

d4x
√
−g4

(

R4 +
α′

4
|R4|2 −

1

V

∫

d6y
√
g6 V

)

,

where V the (fixed) volume of K with respect to the fiducial metric gmn, and we have used (3.9).
6Since γm are anti-symmetric we have χT γmχ = χαγm

αβχ
β = χβγm

αβχ
α = −χβγm

βαχ
α = −χT γmχ.
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We now seek solutions to the system of equations (3.3)–(3.5) with a maximally sym-

metric spacetime. Inserting

Rµνλσ =
Λ

3
(gµλgνσ − gµσgνλ) (3.6)

into the Einstein equation (3.5), we simply obtain

Λ =
1

2
V = −α

′

6
e−ϕΛ2 +

1

2
∇m

(

eϕ−ρ∇mρ
)

+O(α′3), (3.7)

where in the last step we have imposed (3.3) and (3.4). It is interesting to note that the

gravitational α′ corrections to the Einstein equations vanish on solutions with maximal

symmetry. Integrating (3.7) over the compact internal space, the divergence term drops

out and we are left with

Λ = −α
′

6
e−ϕ0Λ2 +O(α′3). (3.8)

Only the zero-more of ϕ(y) survives in the O(α′) term because

∫

d6y
√
g6e

−ϕ = e−ϕ0

∫

d6y
√
g6, (3.9)

which follows by expanding e−ϕ in harmonics. Since (3.8) tells us that Λ must be at least

O(α′), the only consistent7 possibility is

Λ = O(α′3). (3.10)

We conclude that the only solutions satisfying our ansatz, of maximal symmetry together

with a gaugino condensate, are flat Minkowski spacetimes. One might worry that the

inverse coupling e−ϕ0 ∼ 1/g2YM appearing in (3.8) could lead to an anomalously large

O(α′) correction, thereby invalidating the α′ expansion. However, this is an artifact of

our unconventional normalization, discussed below (3.2). Repeating the analysis with

g4 → e−ϕ0g4 still results in Λ vanishing to O(α′3).

3.1 More general condensates

As we remarked in section 2.3, the ansatz for the gaugino condensate in (2.12) is not quite

correct for a compactification from ten dimensions. For example, if K is a Calabi-Yau

threefold then a combination of H-flux and gaugino condensate results in a supersymmetric

theory with superpotential

W = h+ ce−bS , (3.11)

where Re(S) = e−ϕ and h measures the units of H-flux on K, roughly given by

h ∼
∫

K
H ∧ Ω. (3.12)

7We ignore the other solution to (3.8), with Λ ∼ −1/α′, since it is not compatible with a perturbative

α′ expansion. See [26, 27] for more on these solutions.
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As pointed out in [13], using the standard Kähler potential K = − log(S+ S̄)−3 log(T + T̄ )

for the dilaton and volume modulus (with Re (T ) = eρ) leads to the potential

V = eK
[

KAB̄DAWDB̄W̄ − 3|W |2
]

∝ eϕ−3ρ
∣

∣h+ c
(

1 + 2be−ϕ
)

exp
(

−be−ϕ
)
∣

∣

2
. (3.13)

In order to derive this potential from ten dimensions, we must include a factor of (1+2be−ϕ)

in the gaugino condensate. As we will show momentarily, such a modification does not affect

our result that Λ vanishes to O(α′3).

There is no reason to restrict to the formation of a single condensate. In the racetrack

scenario (see [28] for a recent review, and references therein) multiple gauge groups are

allowed to condense, resulting in a superpotential of the form

W = h+
∑

a

cae
−baS . (3.14)

We can easily accommodate this, and countless other possibilities, by replacing the con-

densate (2.12) with an arbitrary non-perturbative function of g2YM = eϕ:

〈tr (χ4χ4)〉 =M3
UVf(e

−ϕ). (3.15)

Repeating the analysis of the previous section, we find the dilaton equation,

−∇m
(

eϕ−ρ∇mρ
)

+
α′

4
e−ϕ|R4|2 + V (3.16)

= −1

2
α′M3f ′e−2ρ

[

χT
6

(

γmDm +
1

24
e−ργmnpTmnp

)

χ6 + c.c.

]

+O(α′3),

where, once again, the second line vanishes after imposing the internal gaugino equation:
(

γmDm +
1

2
γm∇m (ϕ− 2ρ+ log(f)) +

1

24
e−ργmnpTmnp

)

χ6 = O(α′3). (3.17)

The remaining steps are exactly as before, and so we conclude that the generalized

ansatz (3.15) does not generate a non-zero cosmological constant either.

In fact, we can go one step further: by replacing f(e−ϕ) by a general function

F (e−ϕ, eρ), then we still only find Minkowski solutions. We should point out, however,

that it is not as far reaching as it may seem. For example, at large volumes, threshold cor-

rections to the (holomorphic) gauge coupling function modify the superpotential (3.11) to

W = h+ ce−b(S+βT ). (3.18)

The T dependence in W breaks the no-scale structure of the original superpotential (3.11),

so that the scalar potential is no longer a perfect square, as in (3.13). The new terms in

V cannot be obtained from the ten-dimensional action by simply replacing the condensate

with (polynomial) × exp[−b(e−ϕ + βeρ)]. This makes sense since threshold corrections

are a (four-dimensional) one-loop effect, and we are only considering the tree-level action.

Thus, threshold corrections lie outside the scope of our analysis and we cannot rule out

the possibility that they can generate a non-trivial cosmological constant. In fact, quite on

the contrary, they are known play an essential role in stabilizing moduli at AdS minima in

several explicit scenarios [9, 11, 15, 16].
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3.2 An all orders conjecture

The vanishing of the cosmological constant hinges on the manner in which ϕ and χ6 en-

ter into the potential V . If it were not for the non-perturbative contributions from the

condensate, V would scale uniformly with eϕ. This is a manifestation of the same scaling

behaviour in the full tree-level ten-dimensional string frame action. The non-perturbative

corrections, which arise from 〈χ4χ4〉, are always accompanied by bilinears of χ6, which

makes perfect sense from a ten-dimensional perspective. This is the reason that the terms

on the right-hand side of the dilaton equation (3.3) are proportional to the gaugino equa-

tion (3.4). Given all of this, it seems reasonable to expect that such cancellations will

always hold in the full tree-level effective action. More precisely, we make the following:

Conjecture. Suppose we repeat the analysis of this paper starting from the full tree-level

heterotic effective action. Let ∆/χ6 = Y χ∗
6 be the internal gaugino’s equation of motion,

generalizing (3.4) to all orders in α′, for some operators ∆ and Y that depend on the

internal fields (including χ6). Then, the full equation of motion for ϕ, generalizing (3.3),

can be written schematically as:

V +∇m(. . .)m +
∑

k,ℓ≥0

α′k+ℓak,ℓ∇2kRℓ+1
4 = C

(

χT
6 (∆/χ6 − Y χ∗

6) + c.c.
)

, (3.19)

for some functions ak,ℓ and C that depend on the internal fields, but not g4 or χ6.

The form of the left-hand side has been argued on general grounds in [8], in the

absence of non-perturbative corrections. Our claim is that the condensate only adds terms

proportional to the gaugino’s equation of motion. Since trχΓMNPχ is the only non-trivial

bilinear in ten dimensions built from Majorana-Weyl spinors then, after reducing to four

dimensions via (2.15), it is immediately clear that our claim holds for all terms in the

effective action that depend on χ but not Dχ. To check our claim for derivative couplings

will require a careful classification of all possible gaugino-dependent terms in the ten-

dimensional effective action, and mapping these to four dimensions. We will not pursue

this here, leaving the remaining details of the proof for future work.

Assuming (3.19) holds then, once we impose the gaugino equation of motion, the rest

of the argument is identical to [8]. Integrating (3.19) over the internal space and imposing

maximal symmetry (R4 ∼ Λg4), the Einstein equations reduce to

Λ =
∑

m,n>0

cm,nα
′mΛn, (3.20)

for some constants cm,n, obtained by integrating various combinations of internal fields over

K. The only perturbative solution to the above equation is Λ ≡ 0. Therefore, assuming

the validity of our conjectured equations of motion, even in the presence of a gaugino con-

densate, Minkowski space remains the only perturbative solution with maximal symmetry

to the full tree-level heterotic effective action.

4 Discussion

The assumptions required for our argument are rather minimal. In particular, we only

assume the validity of an α′ expansion, that the four-dimensional spacetime has maximal

– 9 –
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symmetry, and that a condensate 〈χ4χ4〉 ∼ e−1/g2YM forms. We made no assumptions

regarding the form of the remaining fields, or about the preservation of supersymmetry.

Our main result is that the only consistent solutions are four-dimensional Minkowski space,

at least up to O(α′3) corrections. More general forms of the condensate considered do not

alter this picture. We have also presented some evidence that this will continue to hold to

all orders in an α′ expansion, at string tree-level.

Leading order solutions. At leading order in α′, the only non-trivial internal field

permitted is a generic Ricci-flat metric. The dilaton ϕ, volume modulus ρ, and B-field are

forced to be constant. This could have been anticipated given the results of [29, 30], where

the heterotic equations of motion were first studied in an α′ expansion. There, the leading

order solutions were shown to be a Ricci flat manifold with constant φ and vanishing H. A

non-trivial dilaton or H are only permitted at O(α′). This has also been emphasized more

recently (at least for supersymmetric solutions) in [31] and [32]. There too, it has been

noted that H is α′ suppressed, and the only supersymmetric solutions consistent with an

α′ expansion are Calabi-Yau at leading order. The non-Kähler solutions of [33], which also

have H ∼ O(α′), avoid the necessity of Ricci-flatness precisely because they contain string

scale cycles and cannot be treated consistently in a perturbative α′ expansion.

Supersymmetry. Since the gauge sector only appears at O(α′) in the heterotic action,

the effects of the gaugino field are automatically suppressed. We found that the internal

gaugino field χ6 must be a “quasi-zero mode” of the internal Dirac operator, so that

D/Kχ6 = O(α′). At leading order in α′, this implies the existence of a covariantly constant

spinor and reduced holonomy for the (leading order) metric on K. Thus K is Calabi-Yau

and supersymmetry is preserved up to at least O(α′). This makes sense since, in order

for a gaugino condensate to form in the first place, the effects of supersymmetry breaking

should be comparatively small. We expect that generic solutions will break supersymmetry

at O(α′), however our results are certainly sharpest when supersymmetry is not broken by

the background, so that the condensate is reliable and under control.

Fivebranes. Also within the gauge sector, a generic solution for the field strength Fmn

will contain both instanton and anti-instanton configurations. In the zero size limit, these

gauge field configurations become NS5/NS5 wrapping two-cycles Ci ⊂ K. In Einstein

frame, these solutions are singular and so lie outside the realm of our analysis. Nevertheless,

we do not expect any qualitative changes to occur as we smoothly vary an instanton’s size

from O(α′) down to zero. Thus, we expect that our results will continue to hold in the

presence of NS5/NS5. In particular, subject to our assumptions above, the inclusion of

NS5 should not result in a de Sitter spacetime.8 We hope to return to this fascinating

problem in the future, and analyze this claim more quantitatively.

Other gs corrections. The leading perturbative corrections to the ten-dimensional ef-

fective action are of the form α′3R4. However, unlike their tree-level counterparts these

higher-derivative terms do not scale with eϕ, resulting in corrections to the ϕ equation of

8This makes sense since NS5 have positive tension and so satisfy the strong energy condition.
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motion (3.3) or (3.19). It would be interesting to see if these perturbative corrections could

result in a non-zero vacuum energy, and specifically whether a de Sitter solution is per-

mitted. Unfortunately, before such corrections can be consistently analyzed, the complete

one-loop effective action must be computed, and this remains an open challenge. We could

also consider other non-perturbative gs effects, besides gaugino condensation. The main

corrections to take into account come from NS5-instantons, where Euclidean fivebranes

wrap all of K. These are related to gauge theory instantons in spacetime.

AdS solutions in heterotic. As explained in the introduction, most heterotic AdS4
solutions rely on additional α′ or gs effects. However, we were able to identify a few outlying

examples, [22–25], which generate AdS4 solutions using only the ingredients considered in

this analysis: H-flux, bundles, perturbative α′ corrections, and gaugino condensates. The

are two likely resolutions to this tension: the first concerns the validity of an α′ expansion

in torsional solutions, and the second involves solving the heterotic Bianchi identity. It

has been understood since the original work of [34] that heterotic compactifications with

H-flux typically contain string-scale cycles. Thus, only checking that the total volume is

large does not guarantee that an α′ expansion is valid everywhere on the internal manifold.

The inclusion of H-flux also complicates the Bianchi identity (2.5), making the standard

embedding impossible, and finding solutions becomes a non-trivial task. The authors of [23]

attempt to circumvent this problem by modifying the spin connection that appears on the

right-hand side of Bianchi.9 However, there is a tight correlation between the connections

that appears in the Bianchi identity and in the gravitino’s BPS equation, and it is far from

obvious that modifying one without the other will yield consistent solutions.10 We hope

to return to these examples in future work, to gain a sharper understanding of how this

tension is resolved.

AdS solutions in IIB. On the face of it, our analysis closely mimics the KKLT con-

struction of AdS4 and dS4 solutions in type IIB [37]. In particular, within our heterotic

framework we can identify duals of all the necessary ingredients: orientifold planes,11 fluxes,

condensates, and potentially even D3.12 Thus, it would seem that our results are at odds

with these dual constructions, as well. However, duality maps can be subtle; for exam-

ple, α′ corrections in one frame may correspond to a mixture of α′ and gs effects in the

other (see [38], for example). Therefore, we may be missing important gs corrections on

the heterotic side, required for capturing the IIB duals. Clearly, this point deserves fur-

ther investigation. A more serious objection arises from the very nature of heterotic flux

compactifications, which cannot be studied reliably in an α′ expansion. Most likely, the

heterotic duals of IIB flux backgrounds contain large curvatures, and so lie outside the

regime of this analysis.

9It should be possible solve the undeformed Bianchi identity if we allow more exotic phenomena, specif-

ically dilatino condensation [35].
10See [32, 36] and references therein for discussions of this important point.
11As emphasized in [7], type II orientifold planes are dual to α′R2 couplings in heterotic.
12See the above discussion on NS5-branes.
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A Conventions

Here we summarize the conventions we use for indices, forms and spinors. We take our

metric to have a “mostly plus” signature. Capital Roman letters take values {0, . . . , 9},
lowercase Greek letters take values {0, 1, 2, 3}, and lowercase Roman letters take values

{4, . . . , 9}. Letters from the beginning of the corresponding alphabet are used for local

Lorentz frames, and letters from the middle of the alphabet are used for coordinate bases.

The norm of a rank p tensor is defined by

|T(p)|2 =
1

p!
gM1N1 . . . gMpNpTM1...MpTN1...Np . (A.1)

We antisymmetrize with an overall normalization of 1/(p!), so for example

T[M1...Mp] =
1

p!

∑

σ

(−1)|σ|TMσ(1)...Mσ(p)
(A.2)

where |σ| denotes the order of the permutation {1, 2, . . . , p} → {σ(1), σ(2), . . . , σ(p)}. In

particular, T[MN ] =
1
2(TMN − TNM ).

In a local Lorentz frame, the ten-dimensional gamma matrices satisfy the algebra

{ΓA,ΓB} = 2ηAB. We define ΓA1···Ap = Γ[A1 · · ·ΓAp]. We use a Majorana basis so that

ΓA are real and symmetric, except for Γ0 which is antisymmetric. The charge conjugation

matrix is given by C = Γ3Γ5Γ7Γ9Γ0, and satisfies

CT = −C, C2 = −11, CΓAC−1 = −
(

ΓA
)T
. (A.3)

We define χ̄ = χTC, and the above properties imply that tr (χ̄ΓAχ) = 0. The chirality

operator in ten dimensions is given by Γ(10) = Γ0 · · ·Γ9. We decompose the ten-dimensional

gamma matrices as

Γα = γα ⊗ 11, Γa = γ(4) ⊗ γa, (A.4)

where γ(4) = −iγ0γ1γ2γ3 is the four-dimensional chirality operator, and γ(6) = iγ4 · · · γ9 is

the six-dimensional one. The γα are also real with the same symmetry properties as Γα,

while γa are imaginary and antisymmetric. Finally, the Lorentz frame gamma matrices

can be expressed in coordinate bases with the vielbein, ΓM = eMA ΓA. In particular, in a

coordinate basis the ΓM transform under conformal transformations of the metric.
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B Reducing the action

Reducing the ten-dimensional action (2.1) on the ansatz of sections 2.2 and 2.3 is a straight-

forward exercise, although there are some slight complications introduced by the conformal

factors appearing in the string frame metric (2.8) that bear discussion. For example, writ-

ing the associated vielbeins as

eAstring = eφA/2eA, φA =

{

ϕ, A = 0, 1, 2, 3,

ρ, A = 4, 5, 6, 7, 8, 9
, (B.1)

we see there is a shift in the spin connection:

ωAB
string ≡ ω̃AB = ωAB − 1

2

(

∇AφB
)

eB +
1

2

(

∇BφA
)

eA, (B.2)

where ∇A = eAM∇M . To simplify notation, we will now use tildes to denote string frame

quantities, and no tildes for the corresponding ones in four-dimensional Einstein frame. In

particular, splitting the local Lorentz indices as A = {α, a}, we have

ω̃αβ = ωαβ , ω̃αb =
1

2
eα∇bϕ, ω̃ab = ωab + e[a∇b]ρ. (B.3)

Furthermore, the conformal transformations (B.1) imply that Γ̃M = ẽAMΓA = eφA/2ΓM .

We can begin at zeroth order in α′, where life is simple and the reduced action is easily

determined:

S0 =

∫

d4x
√−g4

∫

d6y
√
g6

[

R4 + eϕ−ρ

(

R6 − |∇ρ|2 −∇ρ · ∇ϕ− 1

2
e−2ρ|dB|2

)]

, (B.4)

where R4 = gµνRµν and R6 = gmnRmn. At higher orders in α
′, the effects of (B.2) appear

in nearly every term in the action, which complicates the analysis somewhat. Fortunately,

the modification to the gaugino kinetic term vanishes because of the identity tr (χ̄ΓAχ) = 0

for Majorana-Weyl spinors. The reduced action in the gauge sector takes the form

Sgauge = − α′

2

∫

d4x
√−g4

∫

d6y
√
g6

[

e−ϕ

(

1

4
trFµνF

µν + (χ†
6χ6) tr χ̄Dγ

µDµχD

)

(B.5)

+
1

4
eϕ−2ρtrFmnF

mn + e−(ϕ+ρ)/2
(

tr (χ4χ4)χ
T
6 γ

mDmχ6 + c.c.
)

]

,

where χD is the Dirac spinor associated to χ4. We have temporarily included the spacetime

components Fµν so that we can identify the four-dimensional gauge coupling,

g2YM = eϕ, (B.6)

by comparing to the Einstein-Hilbert term (B.4) and setting the ratio of the gauge and

gravitational kinetic terms to α′/4.

On the other hand, the field strength H is modified by (B.2) because of the Chern-

Simons correction (2.4). The only modification possible to CS(ω+) is by the addition of
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an exact three-form, since dCS(ω) = trR ∧R is a topological invariant. A rather lengthy

(but straightforward) calculation shows that

CS(ω̃+) = CS(ω+) +
∑

A

d
(

eAd
(

∇AφA
))

= CS(ω+) + d (ead(ema ∇mρ)) , (B.7)

where in the last step we imposed ϕ = ϕ(y). In particular, H is independent of ϕ.

Finally, we come to the most involved of the couplings, which is |R+|2. The full ϕ

and ρ dependence of these terms are rather complicated, but we can simplify our labour

tremendously by the following.

Claim. The zeroth order action (B.4) is extremized by constant ϕ, ρ and B. In other

words, solutions of the full heterotic effective action have

ϕ(y) = ϕ0 +O(α′), ρ(y) = ρ0 +O(α′), H(y) = O(α′), (B.8)

for constants ϕ0 and ρ0.

An equivalent version of this statement, in terms of the ten-dimensional fields φ and

A, was derived in [8] (see also [24]). We provide a proof of this statement in the subsequent

paragraph. Under this simplification, the nonzero components of the curvature tensor are

R̃+µνλσ = eϕRµνλσ +O(α′2), (B.9)

R̃+µmνn = −1

2
eϕgµν

(

∇m∇nϕ+
1

2
e−ρHmn

r∇rϕ

)

+O(α′2), (B.10)

R̃+mnpq = eρ
(

Rmnpq + gq[m∇n]∇pρ− gp[m∇n]∇qρ
)

+ e−ρ∇[mHn]pq +O(α′2) (B.11)

where the components of the curvature two-form are related to those of the Riemann tensor

in the usual manner: R̃+MNPQ = ẽAP ẽ
B
Q R̃+MNAB. Note that the mixed index components

R̃+µmνn will only contribute to the action at O(α′3), and so can be ignored. Furthermore,

the purely internal components R̃+mnpq are completely independent of ϕ (to this order in

α′), which plays an important simplifying role in this paper.

Proof of Claim. From the zeroth order action (B.4), we derive the lowest-order equations

of motion for the four-dimensional dilaton ϕ, the volume modulus ρ, and the spacetime

metric gµν :

−∇2ρ = R6 − 2|∇ρ|2 − 1

2
e−2ρ|dB|2 +O(α′), (B.12)

∇2ϕ+ 2∇2ρ = R6 − |∇ϕ|2 + |∇ρ|2 − 2∇ρ · ∇ϕ− 3

2
e−2ρ|dB|2 +O(α′), (B.13)

Rµν −
1

2
gµνR4 =

1

2
gµνe

ϕ−ρ

(

R6 − |∇ρ|2 −∇ρ · ∇ϕ− 1

2
e−2ρ|dB|2

)

+O(α′). (B.14)

We will not have use for the B-field equation of motion. The difference of (B.12) and (B.13)

can be written as

−∇ ·
(

eϕ−ρ∇ (ϕ+ 3ρ)
)

= eϕ−3ρ|dB|2 +O(α′), (B.15)
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which must vanish upon integrating over the compact internal space. Since the right-hand

side is non-negative, this is only possible if

eϕ−3ρ|dB|2 = O(α′), (B.16)

and so we have ∇ · (eϕ−ρ∇ (ϕ+ 3ρ)) = O(α′). Multiplying by (ϕ+ 3ρ) and integrating by

parts, we find
∫

d6y
√
g6 e

ϕ−ρ |∇ (ϕ+ 3ρ)|2 = O(α′). (B.17)

Since the exponentials can be taken to be O(1), we must have ∇(ϕ+ 3ρ) = O(α′) and so

the combination ϕ+3ρ is constant up to O(α′). Therefore demonstrating that either ϕ or

ρ is constant (to this order) is sufficient to prove that they both are.

We now show that ∇ρ = O(α′). To do this, we rewrite the dilaton equation (B.12) as

−∇ ·
(

eϕ−ρ∇ρ
)

= eϕ−ρ
(

R6 − |∇ρ|2 −∇ρ · ∇ϕ
)

+O(α′) = −1

2
R4 +O(α′), (B.18)

where we have simplified using (B.16), and in the last step used the trace of the Einstein

equation (B.14). This vanishes upon integration, but R4 is constant on the internal space

(and for a maximally symmetric spacetime, it is constant in spacetime as well). So it must

be that R4 = O(α′), which means ∇ · (eϕ−ρ∇ρ) = O(α′). Similar to before, we multiply

by ρ and integrate by parts to find

∫

d6y
√
g6 e

ϕ−ρ |∇ρ|2 = O(α′), (B.19)

so that ∇ρ = O(α′), as desired. Finally, looking back at (B.16) (and assuming B has an

expansion in only integer powers of α′) we can we see that dB = O(α′).
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