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1 Introduction

The simulations of heavy-light mesons made out of a heavy quark (charm or bottom) and
a light one (up, down or strange) on the lattice are challenging because they require very
large volumes in order to keep systematic errors under control. The reason is that the



dynamics of these systems involve very distinct energy scales: the heavy-light (hl) meson
mass, Mp,, the light pion masses M and Agcp, that should all be kept sufficiently below
the UV cutoff (i.e. the inverse lattice spacing), and sufficiently above the infrared one (i.e.
the lattice box size). Both requirements can only be met in very large lattices.

If the heavy quark mass is sufficiently large a good effective description is provided
by heavy quark effective theory (HQET) [1-3], which is obtained in the limit of infinite
heavy quark mass, or static limit. In this limit, the scale M},; disappears from the problem
and the UV cutoff can in principle be as low as the cutoff used to describe light meson
dynamics. Indeed this approximation has been extensively used to simulate heavy-light
mesons in lattice QCD (for a recent review on heavy flavour phenomenology from lattice
QCD see [4]).

Whether the heavy quark is treated in the static limit or not, an obvious question
is if we can do better concerning the constraint on the box-size. After all, the finite-size
scaling of heavy-light systems should be dominated by light pions physics, since these
are the lightest modes in QCD. To the extent that pion physics can be described by chiral
perturbation theory (ChPT) , it is conceivable that finite-size scaling of heavy-light systems
can be accurately predicted using ChPT, as the finite-size scaling of light mesons is [5-7].

In this paper, we investigate the possibility to predict the finite-size scaling of heavy-
light systems, when the lightest pions are light compared to the inverse box size, from chiral
perturbation theory. We will consider this problem in two limiting situations depending
on the mass of the heavy quark:

e The heavy quark is significantly above the light one, but still treatable in ChPT: this
would correspond to considering hl mesons in the the mixed-regime introduced in [8].

e The heavy quark is static and therefore chiral dynamics can be treated in Heavy
Meson Chiral Perturbation Theory (HMChPT): this would correspond to considering
hl static mesons in the e-regime.

Even though these two situations are physically very different, the pion dynamics respon-
sible for the finite-size scaling properties should be pretty much the same. It is therefore
interesting to see explicitly how a quantitative matching of the finite-size effects takes place,
by comparing the finite volume dependence of correlation functions in ChPT and HMChPT.

We consider the two-point function of left-handed current densities that will be com-
puted to next-to-leading order in the e-regime in both effective theories. We will also con-
sider the two-point correlator of pseudoscalar densities to the leading order, since finite-size
effects are important already at this order. Anticipating the possible use of these results
in simulations we also present the results in the partially-quenched (PQ) case.

The paper is organised as follows. In section 2 we present the results for the two-point
functions in the mixed-regime of ChPT, when the heavy quark is treated in the p-regime
and the light ones in the e-regime, that is in the so called mixed-regime. In section 3
we discuss the formulation of HMChPT in a finite volume. In section 4 we present the
results for the HMChPT correlators with light quarks in the p-regime; in section 5 we
discuss HMChPT with light quarks in the e-regime and in section 6 we present the mixed



case. In section 7 we compare results obtained in the two frameworks and discuss the
implications. In section 8 we briefly comment on the applications to lattice QCD and

conclude in section 9.

2 Heavy-light mesons in the mixed-regime of ChPT

The goal of this section is to study the finite-size scaling of heavy-light mesons in ChPT,
when the light quarks are in the e-regime. We assume that the meson is composed of
a heavy quark of mass mj, and a light quark of mass m; and that both masses are very
different m; < my,, but both can still be treated in the context of ChPT, that is

M2 = (mgy +my)%

zy = 2

Under this hypothesis the finite-size effects at NLO are predictable by using the common
ChPT Lagrangian, that is:

< (4nF)?, xy=h,l (2.1)

Lonpr = 112 T |9,U9,U7| - ?Tr (MU +utm] (2.2)

plus the counterterms one has to consider at one loop that were found by Gasser and
Leutwyler and are proportional to the Low Energy Couplings (LECs) L;. [9]. The pseudo
Nambu-Goldstone bosons are parametrised by U € SU(N), with N = N; + Np,, being N;
(Np) the number of light (heavy) quarks. We have absorbed the vacuum angle 6 in the
light quark masses. That is, the mass matrix M is:
ME{mlell\’el,...,lee}\?l,leH,...,mN} . (2.3)
The mesons are placed in a box of volume V = L3T, which is sufficiently large to contain
the typical QCD scale, and the heavy meson mass scale, but small compared to the lightest
pion mass:
My L>1, MyL <1. (24)

In this situation it is expected that the finite volume effects associated to the scale My,
are exponentially suppressed, while those associated to Mj; are not. This regime of ChPT
has been named mized-regime in [8, 10], since some of the quarks are in the p-regime and
some in the e-regime. A convenient power-counting for the quark mass and momentum in
this situation is

my~et, mp~e, LV ~pnre, (2.5)

so that the LO mass of the heavy-light mesons will be:

9 _ MmpX 2
Mh F2 ~ € . (26)

We refer to [8, 10] for further details on the implementation of ChPT in the mixed-
regime, both in the full and partially-quenched theories. We just remind here that in this

regime it is convenient to parametrise the pion field U like:

U= (UO 0>62§, (2.7)
01



with the perturbative pion field £ satisfying the condition:
/d4mTr [T%(x)] =0 if T*€SUN,), a=1,...,N} —1. (2.8)

In this way, the light zero modes to be treated non perturbatively are collected in Uy, and
consequently they are dropped from &. In the references [8, 10] two different parametrisa-
tions where used. We have explicitly tested the results with both of them.

In refs. [8, 10], the light-light meson correlators were computed. Here we extend this
computation to the two-point correlation functions of heavy-light left-handed currents and
pseudoscalar densities, to relative O(e?) order:

T [T°TY)Cy (1) = / @ (J5(@)(0)) (2.9)
T [T°TCp(t) = / &3z <Pa(x)Pb(0)>, (2.10)

where in QCD the current and pseudoscalar densities can be formally defined as
Ji =T, Py, P =T 1), (2.11)

t represents the Euclidean time, x = (x,t), and P_ = (1 — 75)/2. In order to represent a
heavy-light meson, T is any traceless generator with one index in the light subsector and
the other one in the heavy one, for example:

1
(T%)ij = o (Gindju + dudjn)- (2.12)

As usual, in ChPT these operators can be represented! to leading order in the mo-

mentum expansion by
a F2 a T a DY a T

o = 2Tr[T UBMU], P :ZQTr[T (U—U)]. (2.13)

These results are useful in their own right to describe for example kaon correlators

in a finite volume, when the s quark is in the p-regime and the u and d are in the e-

regime. We will also be interested in isolating the finite volume effects that survive in the

static limit my, — oo, which should match those obtained in HMChPT. In order to recover

the results for various full and partially-quenched situations of interest we consider the

following computations:?

e (Case A.
Degenerate heavy quarks: the Goldstone manifold is SU(Ny, + N;), with Nj, quarks
of mass mj, and N; quarks with masses m; (I = 1,...,NV;), with the counting rules

'In order to simplify notation, we use throughout the same notation for the operators in QCD and their
representation in ChPT.

2To deal with the quenching of the perturbative modes we adopt the replica trick, while for the non-
perturbative zero modes one has to use the Zirnbauer prescription [11] to integrate over the pion manifold
[12-14]. At the perturbative level, the equivalence between the graded-symmetry method [15, 16] and the
replica trick has been demostraded in [17].



of eq. (2.5). We can consider then the quenched limit of the heavy quarks by taking
the replica limit N, — 0. These results should match in the m; — oo limit those
of HMChPT, where the heavy quarks are treated as static sources and all the light
quarks are in the e-regime.

e Case B.

Non-degenerate heavy quarks: the Goldstone manifold is SU(N, + Ns + N;), with
Np — 0 quarks of mass my, (i.e. the valence heavy quark), N, sea quarks of mass mg
and V] of masses my,, where both my, ~ mg ~ ¢2. This can be matched to HMChPT
in the limit mj; — oco. This situation corresponds to having sea quarks both in the e-
and in the p-regimes, for example if one considers B or D mesons in 2+1 dynamical
simulations, where the s quark is in the p-regime and the v and d quarks are in the
e-regime. We can also quench the light quarks N; — 0 (quenching the heavy sea
quarks Ns — 0 is equivalent to Case A), which would then correspond to the study
of D and B mesons in a PQ mixed-action approach with sea quarks in the p-regime
and the valence light quark in the e-regime.

2.1 Conventions

We describe in the following our conventions for the propagators that we use to write down
the results in a compact form.

The propagator for a pion with mass M is, in finite volume:

y24

G(x, M) (2.14)

Vzp 24+ M2

Since some zero modes are factorised in the mixed regime, we also need to consider prop-
agators in which they have been subtracted:

ipm

G(z, M) . 2.15
(@, M) =, Z p? + M2 (2.15)
p#£0
The singlet part of the propagator gives rise to the following functions:
Jive N
E(xa N, ) Nl’ = - ° s
° v p% 2)2F (p, Ng, N;, M) N2V M?2
1 eipa:
OF(xz, Ns, N;, M) = — , 2.16
(o000 N M) = =y D ) P, 7, 4, ) (210
with O = 0,,0;,, an
_ Ns Nl
F(p?NsaNl,M):p2+M2 (217)

Once we integrate over space, the correlators exhibit exponential decay at large distances.
This is represented by the function:

cosh [M (T - t])]

2.18
2M sinh [M2T} ’ ( )

P(t,M) = / %G (x, M) =



when the pion running in the line has a mass of order €2, or by:
¢ T /1t 1\* 1
Th =[d& = — - 2.1
X <T> / xG(r,0) =, (T 2) 12], (2.19)

if the mass is of order €*.
When two mesons propagate we need to introduce the function:

1 dP dP
koo(Mi, My, 1) = > {2 g (& Mip) o, (8 Map)
p

_ <p(t, Mlp)‘jt]; (t, Map) + (M, < M2)> } (2.20)

where we have introduced the shorthand M,, = /M2 + p2. This expression is substi-
tuted by:

(2.21)

i P(t, M) M?
k‘OO(Ml,t) = ]\/ljégo <kOO(M1,M2,t) + ( 1) 1 ) ,

2T M3

when M, lies in the e-regime.

2.2 Left-current correlator

Case A. The result for the NLO left-correlator at fixed topology v using the above
definitions is:

F?
A A
Cf, )(t) = (2 )MEA)P(t,M(A))

T 1 1 1
— Ny — koo(My,, My, t koo(My, M, .t
QV{ < h Nh> 00(Mp, Mup,t) + <Nh +Nz> 00(Mp, My, ,t)

+ (Nz - J\171> k‘oo(Mh,t)}a (2.22)

where we have defined

1 1 N N+ Ny,
Ry = F - ) (Nh _ Nh> G (0, M) ~ ) G (0,0) - G (0, My) (2.23)

1 1 1
- G (0, M, E(0, N,,, N;, M, 8SM2(2L4N;, + L
<2(Nl +Nh) + 2Nh> ( ? Tlh) + 2) ( s VR 4V, hh) + h( 4Vp, + 5)’

MYy = M} [1 - ;2 <8M,§(2L4Nh + Ly — AN, Lg — 2Lg) — 32(]]\\2‘:]?\’[]]:7;261(0, M,,)
+éDE(O’N]’(4’éV“Mhh)> - ih (6;\[[ — JZI - /Z<(Uo + Ug)u>u>} : (2.24)
and
i = m;2V, (2.25)
M2 = N TNhMgh, (2.26)



while M? is defined in eq. (2.6).

A few observations are in order. The UV divergences in F’ (QA) and in M, (QA) can be shown
to cancel in the renormalisation of the NLO couplings of Gasser and Leutwyler, L’s. We
have also checked that the result matches the result of [8] for non-degenerate quarks in the
e-regime in the appropriate limit.

This result represents the finite-size scaling of kaon-like states (mj = mgs and m; =

m, = mg) in the mixed-regime for various situations:
e 2+ 1 dynamical simulations setting: N, =1, N; = 2,

e PQ simulations where the h quarks are quenched and the [ quarks are dynamical by
taking the replica limit N, — 0 of eq. (2.22),

e PQ simulations where the [ quarks are all quenched or partially quenched, while the
h quarks are dynamical. In this case, the appropriate value of IV; must be taken, but
also the zero-mode integrals ((Uy + U(J]r)ll>,, need to be properly defined.?

We discuss now the result of the zero-modes integrals ((Up + Ug i)y (for further details
see [10, 19]). In order to treat the situation where some light quarks might be quenched, we
distinguish within the light (e-regime) sector N; sea quarks and N, quenched ones. When
restricting to a topological sector v, the averages in all the cases described above can be
obtained in a compact and general form, in terms of the partition functional [12, 13]:

i1
det[re] ™ Toqj—1 ()i j=1,.. 2N, +N,

2.27)
N, 2N,+N, ) (
Hj;izl(M? - /%2) Hj>szql+1(M? - /%2)

ZK/q,NﬁNq({Mi}) =

and its derivatives. Here J’s are defined as J,j—1(pi) = (—1)7 1K,y 1(wi) for i =
1,...Ng and Jpij—1(pi) = Lgj—1(pq) for ¢ = Ny +1,...2N, + N;, where I, and K, are
the modified Bessel functions. For the observable of interest here, the result in the theory
with all the light quarks dynamical is:

Uo + Udu)w 0 )

while in theories where the valence light quark is quenched is:

Ul + Uo)wo)s 0 ,
W0t Uodwod — iy @ izt (). (2.20)
2 1y — o O,

Case B. In this case we will denote respectively the squared mass of the heavy-light
mesons and the decay constant at NLO by M(ZB) and F(p). The result in case B in the

3Note that one cannot consider a fully quenched theory with N, = N; = 0 on the basis of eq. (2.22),
because the singlet has been integrated out [18].



replica limit Ny, — 0 is:

F2
B B
Pty =" Ml P(t, M)

2
T 1 M} N,N

— N; — Koo (M, t hh="s koo (M, M,
2V{< I N) 00(Mp, )+Nl(M§hN—M25Nl) 00(Mp, My, t)

MAN, + MY N —2M2, MAN
(Mf%hN M825Nl)
M2 M2 M2 d
_ ]\;g(Nhh M2 ss) (dM2 k?OO(Mh’M2’t)> , (2.30)
(M, Ni) Mo=M,,

kOO(Mha Mhha ) + NSkOO(MSa Mhsa t)

where we have defined the shorthand

AL 9

M: = M 2.31
Ms Nl +Ns 88 ( )

and N = Ny 4+ N;, while

N, N, N
Figy = F> = G (0, M) = ' G(0.My) = [ G(0,0)
N, 1
- QIG(OaMh) + 2E€(05NS)N15MSS)
NSMglegh Mlgh M

1
+8(M? Ls + Ny Ly M%) + ) <( o > G (0, Myp)

NM2, — NJMZ)2  NM2, — N;M2,

1 N M2 M? M2, — M?

( N+ 28 > h2 2 hzh i 2 >G(0,Mns)
2 (NMhh B NZMSS) 2(NMhh B NMSS)

Ml%(Mgs - Mf%h) d

G(0, Mup), (2.32)
NM}%h - NZMES dM]%h

M(QB) = M} [1— 12 <8Ms23NS(L4 — 2Lg)+4Mp, (Ls — 2Lg) — (Mgh Mgs)z G(0, Myy)
F NM?, — NiM2,

1 DE€(07N37NI7MSS) + Ms2$N5 _ 1 + Mhh M2 G(O M )
Y NI NN N
2 1 N 120 T

_ Ny s oh, )| 233
o <6N1 44 (U0 + Ug)u) (2.33)

We have performed several consistency checks of these results. For mg; = my Case
A is recovered. UV divergences do cancel. We recall that G(0,0) has no divergences in
dimensional regularisation, and it is given by [20]:

b
vV

where f3; is a so-called shape coefficient, which depends on T'/L.

G0,00=—- "1 | (2.34)

In the replica limit IN; — 0, this result represents the finite-size scaling of kaon-like
correlators in PQ simulations where the N; sea quarks are in the p-regime, while the light
valence quarks are in the e-regime, a setup that might be useful in mixed-action simulations.



In either case A or B, we expect these predictions to match the ones of HMChPT in
the limit my — oo, since this should recover a static limit of the valence quark. Indeed,
the leading volume dependence in F4) and F(py or M) and Mp) can be shown to be
associated to the light sector only and therefore should be independent of the heavy mass
scale. We will explicitly show how this happens in section 7.

2.3 Pseudoscalar correlator

Another interesting observable is the pseudoscalar density correlator as regards the finite
volume dependence, because finite-size effects appear already at the leading-order as op-
posed to the correlator of the left current, where they appear first at NLO.
The result at LO in the chiral expansion is the same for cases A and B:
¥2 +
Cr(t) = o7y Pt M) [((UO +UDw +2| . (2.35)
In this case, it is trivial to see that all the significant volume dependence comes from the

zero-mode averages, which involve only the light sector.

3 Static heavy-light mesons in finite volume HMChPT

The effects of pion dynamics in the properties of static heavy-light mesons can be predicted
in HMChPT [21-23]. Most calculations of chiral corrections have been done in infinite
volume. The authors of [24] considered also chiral corrections in B parameters of neutral
B meson mixing and heavy-light decay constants in a finite volume, but in the p-regime.
We want to go further into the chiral limit by considering the e-regime for the light quarks.
As far as we know, this regime has not yet been explored in HMChPT. However part of the
technology we have used was developed in [25] to perform e-regime calculations in baryon
ChPT. We present our NLO results for left-current correlators in the p-, e- and mixed
regimes, and LO results for pseudoscalar density correlator.

3.1 Formulation and conventions

In the limit in which the mass of the heavy quark my goes to infinity it is expected that
QCD simplifies. For example the interactions among the quark and the antiquark in a
meson become spin independent, and if we consider processes in which only low momenta
are involved, the heavy antiquark (or quark, if one prefers) can be decoupled. An effective
field theory to analyse this situation can be built by rewriting the heavy-quark momentum
pu as: p, = mpuv, + k, and keeping only the leading term in the residual momentum
k,./my. To recover the peculiarities of QCD, for example the chromomagnetic interactions,
one has to rewrite the QCD Lagrangian as a series in powers of k,/my, and consider also
those terms that vanish in the mj; — oo limit, up to the required degree of precision.

In this work we have just considered the leading order in the above expansion. In
such a case, the interactions with the pions are not able to modify the unitary velocity
v, of the heavy-light mesons. We adopt a covariant representation, where the degenerate



pseudoscalar and vector states are treated as a single field H which is usually labelled by
v and the flavour @ = 1,..., N; of the light quark. In the Euclidean space we have?

-

He = (173 i - il (3.)
- . 1 —1dv,y

H! = [—iP} Ty, — iPs] < 0 r ”> , (3.2)

where P* and P represent respectively the vector and the pseudoscalar mesons, and
P* satisfies:
v-P*=0. (3.3)

2

The four-velocity v = (v, vy) satisfies the condition v* = —1; the rest frame corresponds to

v = (0,7). We use the conventional HQET normalisation of the states
(HYHY) = 204(27)3 8,0 6%, (3.4)

according to which H fields have mass dimension -3/2. For simplicity, we drop the v label
from here on.

The Euclidean Dirac matrices are chosen to be Hermitean,

W= 1= =nrmn, (3.5)

and satisfy the anticommuting relations

{'Y;u')’v} = 25MV' (3.6)

The projector (1 —iv,7,)/2 in egs. (3.1), (3.2) retains only the particle component of the
heavy quark.

In a theory with N; light quarks, and when dealing only with light mesons, one usually
parametrises them with an SU(N;) matrix U = exp(2i¢/F’). If we rotate in flavour space
the left (right) handed light quarks by a special unitary matrix L (R), the U field will
transform like U — LURT. As it is well known, when dealing with heavy-light mesons it is
convenient to use the field VU to avoid that the parity transformation involves the pseudo-
Goldstone boson field [21-23]. VU transforms like VU — LVUWT or VU — WVUR?,

where W is a complicated function of R, L and the meson field £&. Then H transforms as:
H— HWT. (3.7)

To write more easily a chiral invariant Lagrangian we build combinations of £, that like H,
only transform with W or W under chiral rotations:

Vi

. (Vu'lou + VgV, Vi — WYW+iwa,wi,  (3.8)

A, = (Vu'awu - Vo), Ay — WAW (3.9)

4While the formulation in Minkowsky space can be exhaustively found in the standard literature (see
e.g. [26, 27]), we find useful to start from the beginning with the formulation in the Euclidean space. Notice
however that for v # 0 the Euclidean formulation is problematic [28, 29], and only the case v = (0,14) will
be considered.

,10,



Then, at leading order in 1/my,, a Lagrangian that is both Lorentz and chiral invariant is:

Lonpr = (T[H 0,(9,8% + iVE) HY] — ign Tr[H" HV757, A%). (3.10)

The dynamics of the pseudo Nambu-Goldstone bosons is still given by the chiral Lagrangian
in eq. (2.2).

From the kinetic part of eq. (3.10) one can extract the P and P* propagators. For
v = (0,4) we obtain

(PU(2)P"(y)) = 6V (z —y) (3.11)
(P (@) Py (y)) = 67V (2 — ) (O — 8ua00a), (3.12)

where V(z — y) = 30(x — y)0(z4 — y4). See appendix A.1 for a more detailed discussion.
The term of the Lagrangian in eq. (3.10) proportional to g, represents the interaction
of P, P* with an odd number of pseudo-Goldstone bosons. In particular, by expanding

VU = eé/F (3.13)
we obtain the P*P¢ and P*P*{ couplings

0 2tg, . 20,
ﬁgfi\/[C’hPT = 4 Fg 8V§ba <POLTPB* _ Pz? pr) + g 8V§baPS*TPg*€a)\ByUA (314)

at leading order in the 1/my, expansion. Note that the PP¢ coupling vanishes because of
parity. We adopt the convention
€1234 = 1. (315)

There are several determinations of g, on the lattice, in the quenched case [30-32] and
more recently in full QCD [33-35].

A number of operators can appear at next-to-leading order in the chiral expansion [36],
however, if we omit contact terms, the only ones relevant to us are:

5LZ) op = —201 Tr[HMH] — 20/, Te[H H Tx[M]. (3.16)
where /K/lv has been defined as:
—~ 1
M= (VUMIVU + vl M), (3.17)

The operator with the quantum numbers of the left current made of a heavy quark and a
light antiquark with flavour index [, with the minimum power of H fields derivatives and
mass insertions is:

Jl= ;Tr[%P,(H\/UT)l] . (3.18)

At leading order, the normalisation constant a is related to the pseudoscalar meson decay
constant Fp and the corresponding mass Mp by the relation

a = Fp\/2Mp. (3.19)

— 11 —



The vector meson decay constant is then given by
Fp« = MpFp, (3.20)

while for the masses one has Mp« = Mp.

To represent the left current at NLO additional terms appear [36]:
575 =" [P (HMVU'Y] + BTy P (VO | IM) B2

that absorb the UV divergences.

In the static case, v = (0,17) the heavy-light left current correlator takes the form

Qucil(t) = /d% <~7ﬁ(w)~7lu(0)>, Quv = (=0, + 20,40,4) , (3.22)

where

T = gTr [%P,NUH)l} . (3.23)

Using this notation we isolate the time dependence in Cf](I) (t) for later comparison
with the mixed-regime result. We will use the index I = p to indicate the case where all
light quarks are in the p-regime and I = ¢, where all are in the e-regime. Moreover, we
will consider the case when some light quarks are in the p-, others are in the e-regime,
and denote it by I = m. We are interested in the cases I = € and I = m, with e-regime
valence quarks, which should match respectively the mj; — oo limit of cases A and B in
the ChPT computation.

Similarly, at leading order in the momentum/mass expansion, the operator representing
the pseudoscalar density is

Pl = iZTr s " <\/Ubl VU bl)] , (3.24)

where a is the normalisation factor defined in eq. (3.19). In the case where all light quarks
are in the e-regime, we will give the LO result for the correlator

CLt) = / a*z (PP (0)). (3.25)
with
Pl = iZTr [75Hb <\/Ubl VU bl)] . (3.26)

Note that we are using calligraphic characters to denote quantities calculated in HMChPT
to distinguish them from the corresponding quantities of ChPT.
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4 HMCOPT in p-regime

We consider HMChPT with N; degenerate light quarks of mass m lying in the p-regime.
Making use of the space integrals given in appendix A.2 we obtain, for ¢ # 0:

PPN (»)
c'(t) = ()", exp (—AM £) {1+ 2mn0 + Nins)

2

+ 2F2L2 (Nl - ;,l> iz [(P(t, M) — P(0, Myp)) (1 +g§]\32>} } (4.1)
P

P

with M? = 2mX%/F? and My, = v/M? + p?, while

M? 1 1
— / 2
AM®P) = 2m(oy + Nio}) + ¢2 AF2L3 (Nl - Nl> ; M2 (4.2)
The function P has been already defined in eq. (2.18).
In dimensional regularisation Y P(0, My) and Y- P(0, My )M, ? contain divergences,
while > My 2 is finite. To show this we rewrite:

1 2
P(0, M 1 4.
0.0 = g0 (14 it ) (1.3
and define in s dimensions:
1 1
Gs.-(0, M . 4.4
87‘( ) Hl 1L Z (p2—|—M2)r ( )
where in our case L13 = L,Ls =T. In the MS scheme we get:
M2 M?
_ 2 14
G471(07M) =2M )‘(M) + (47‘()2 In MQ + G4,1(07 M), (4'5)
1 M? v
Ggé(O,M) = —8A(u) — A2 In 2 +1 —|—G373(0, M), (4.6)
M 1%
G371(0,M) - _47T + G371(0, M) (47)
In this expression A(u) contains the divergence,
Mp) = T . 1(ln(47r) +1I'(1) +1) (4.8)
AT L VR ’ ‘
while GX , contains the finite volume dependence, which can be expressed as a series of
Bessel functions:
Gy 1(0, M) 4772 Z |z| 1(M]z]), (4.9)
4 _
vag(o,M) = 2772 ZKO(M\zy), (4.10)
n#0
Gy (0, M) = \/ L (M), (4.11)
n#o 2]
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where z = (n1L1,...,nsLs), {n; € Z;i=1,...,s}.
It can be shown that:

1
s > P(0,Mp) = Gy (0, M),
P

1 <« PO,M,) 1 1 M3
ng vz = gGasOM) Y (4.12)
P P P
Defining the renormalised coupling:
=0 A 4.13
mi=m; +niMp) (4.13)

and requiring the cancellation of UV divergences we obtain, in agreement with [37]°

» 1
o + Nyfig = N, — 1+3¢%). 4.14
o + Ni73 F4< ! Nl>( + 397) (4.14)

Obviously one can also reproduce the infinite volume result by taking the limits T, L — oc.

5 HMChHOPT in e-regime

5.1 Setup

We consider now N; light quarks lying in the e-regime. In this regime it is convenient to
use the following parametrisation for the pseudo Nambu-Goldstone fields:

2i¢

U=Uper, (5.1)

for which the integration measure is known up to NLO [38] and gives no contribution to
our observables. Here £ contains the non zero modes of the pions and is a perturbative
field, £ ~ e.

The complication, in heavy-light mesons calculations, is that we need to express U
as a function of \/Uy and &, up to € corrections. The solution can be written in the form:

VU = /Uy <1 + Z? - 21’;) +0(e), (5.2)

where A and B are Hermitian matrices (A is also traceless), respectively of order € and €2,
linear and quadratic in the components of £. Imposing;:

2
(V) =v+0() (5.3)
we obtain the system of 2N12 — 1 equations:

A+ VU AUy = 2VU (5.4)
B+ Uy BUy = 4VU” — 4JUA + 242, (5.5)

5Note that there is no standard convention for the normalisation of the couplings 7o and 7s.
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which can be solved in a particular system of coordinates for Uy.

We have not found a simple way to solve the equations for general N;, so we have
considered the particular case of SU(2), that is N; = 2. One convenient choice for this
group is to use the hyperspherical coordinates:

\/Uo = cos Y + isin 1 sin O cos ¢poq + i sin ) sin 0 sin poy + i sin Y cos fog (5.6)
where o; are the Pauli matrices and the angle ranges are:
belor, oo, oel0,2]. (5.7)

Note that to parametrise Uy we just need to extend the range of i: ¥ € [0, 27].
As usual, it is worth to perform the contractions of the non zero modes first and then
perform the non perturbative integrations of 1, ¢ and 6 over the range specified by (5.7).
The Haar integration measure to be used for the zero modes is, in hyperspherical
coordinates:

1 4 2 1 -2 .
/[DUO] = /d ad(a® —1) = 02 /dwd9d¢sm 2¢psin 6 (5.8)
where a is defined through Uy = ag + ia - 0.

5.2 Left-current correlator

If all light quarks are in the e-regime and for IN; = 2 we obtain

2
(o)1 YA A 3 1 2 7/
C ()lmiz = 0(1) exp< AM t) T+ pry (H(t, L, T) + g2H'(t, L, T)) | (5.9)
where
T t 1
712
H(t,LT) = L% | ;m (T>+L3§)P(t,|pl>—G<0,0> :
1
H'(t,L,T) = LZ(P(t,Ipl) — P(0,|pl)), (5.10)
p#0
and
TG (5.11)
8F2L3

The functions h; and P are defined in egs. (2.19), (2.18), while the propagator G(0,0) is
given in eq. (2.34).

This expression contains no divergences in dimensional regularisation. It is interesting
to stress the fact that the zero-mode integrals that contribute to various diagrams, nicely
cancel in the sum of all contributions. In particular this means that the current correlator
loses any dependence on quark masses close enough to the chiral limit, which also means
no dependence on the topological sector.

,15,



ml~e4, Nl=2, NSZO
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1.02}

1.00 __,_,.f:

0.98

0.96

0.94:-

L[fm]

Figure 1. Ratio of Cge)l(t =1 fm) at fixed volume normalised to the co volume result as a function
of L for two boxes with T'= L (solid) and T = 2L (dashed), and for g, = 0.44 (thick lines) [35]
and g, = 0 (thin lines). We have fixed ¥ = (250 MeV)3, F = 90 MeV.

This result may be used to predict the behaviour of a correlator of left currents with
the quantum numbers of the B meson, in a finite volume such that the u and d quarks are
in the e-regime.

In figure 1, we show the ratio of the finite-volume to infinite volume correlator at
t = 1fm as a function of the volume for two boxes and two values of g, (g = 0 and
gr = 0.44, as recently computed on the lattice by [35]). Corrections are O(3 —4%) at 2 fm,
and the dependence on g, is mild.

In figure 2, we show the time dependence of the correlator after factoring out the
exp(—AM©)t) (we will see later in section 8 that in any real fit to lattice data, AM(©
would renormalise the static energy Fgtat)-

5.3 Pseudoscalar density correlator
For the pseudoscalar density, the result at the LO for arbitrary N; is found to be:

cht) = ‘;29@) [((UO +UDW, +2|. (5.12)
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t
T

Figure 2. 4C.(]€)l(t)/(a2 exp(—AM()t)) as a function of t/T for T = L = 2fm, and for g, = 0.44
(thick line) [35] and g = 0 (thin line).

6 HMChOHPT in mixed-regime

6.1 Setup

In order to keep into account the effects due to the strange quark in heavy-light systems it
is convenient to apply the power counting introduced in [8] and reviewed in section 2. To
implement it in HQET, at least in the IN; = 2, Ny = 1 specific case does not require more
technology than the one introduced in the previous section.

In practice all the steps described in the previous section must be applied again to the
parametrisation given in eq. (2.7).

6.2 Left-current correlator

In this case the SU(3) vectorial symmetry is explicitly broken by the fact that 2 light quarks
have mass m; lying in the e-regime while the one playing the role of the strange has a mass
ms in the p-regime. This explains why the result is different depending on which light
quark appears in the external line. As before we first consider the case in which [ = 1, 2.
This result represents the correlator of a left current with the quantum numbers of a B or
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my ~ €', my=100MeV, N,=2, N, = 1

1.10F i
1.05} i
1.00} ———]
I -
L / 4
0.95¢ / i
/ _
[ /
0.90} I ]
1 |/I| 1 1 1 1 1 1
1 2 3 4 5
L[fm]

Figure 3. Ratio of Cgm)l(ﬁ = 1 fm) at fixed volume normalised to the oo volume result as a
function of L for two boxes with T'= L (solid) and T' = 2L (dashed), and for g, = 0.44 (thick lines)
[35] and g, = 0 (thin lines). The fact that the curves for T'= 2L for g, = 0 or 0.44 nearly coincide
is accidental.

a B* in the context of 2+1 light flavours. We obtained:

W12 _ @ (m1)
C; (t) = 0(t) g XP <—AM t) 414 2mens +

1
2F2[2

+ Z( (t, Map) — P(0, Myp)) <1 + ﬁ‘;j))

to12 (P20~ PO My ) (14 i))] } )

NsP

+ [3 (H(t7L7T) + giH,(t,L,T)) +

where M, has been defined in eq. (2.31) and

AMU™) = 2m 0t + 4F2L3 ( +Z M2 Z M; ) . (6.2)

NsP

This correlator will be matched with the predictions from the mixed ChPT, case B.
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m ~€*, my,=100MeV, N;=2, N, =1
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0.2 0.3 0.4 0.5 0.6 0.7 0.8
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T

Figure 4. 4C§(,m)1(t)/(a2 exp(—AM™)t)) as a function of t/T for T = L = 2fm, and for g, = 0.44
(thick line) [35] and g, = 0 (thin line).

In figure 3, we show the ratio of the finite-volume to infinite volume correlator as a
function of the volume for two boxes and two values of g, in the mixed regime. We have
set N; = 2 and Ny = 1. The corrections are qualitatively similar to those in the e-regime
and quantitatively a bit larger.

In figure 4, we show the time dependence of the correlator after factoring out the
exp(—AM™E).

Another reason why HMChPT is useful is to predict the relation between observables
related to the B (B*) and the B, (BY).

representing the correlator Cgm)g

So we add for completeness also the results
(t) of two left currents with the quantum numbers of a B,
(or a BY). In this case we obtain

2

Cgm)g (t) = H(t)aé exp (—AM(mB)t) {1 + 2ms(770 + 773)

+F21L2 i g <(P(t, Mgp) — P(0, Mp)) (1 + ﬁgj))
#yg 3 ((P0Ae) = PO M) (14 j’w"))] } . 63)
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where

2 2 2
_ 9= Mg 1 M,
AM™) = 2m, (0 + 07) + D23 <§ e T2 ) : (6.4)
p %P p = IsP

Note that also in this case even though the various diagrams do depend on m;, the final
result does not.

7 Matching of HMChPT and ChPT

Dominant finite-size effects in QCD are due to pion dynamics, since these are the lightest
degrees of freedom. It is therefore expected that the finite-size scaling of heavy-light systems
does not depend on the large energy scales related to the heavy quarks, ie. My or My;.
This must be the case as long as those scales are significantly larger than L~'. Whether
these scales are much larger also than the QCD scale so that the static limit (HQET) is a
good approximation or not, should not matter a priori for the finite-size scaling properties,
because the volume dependence arises from the propagation of the light degrees of freedom.

The leading finite volume effects are therefore expected to come from the fact that
the heavy meson can emit and absorb a pion. The probability for this to happen can
however depend on the heavy mass scale. Close enough to the chiral limit, the masses of
pseudoscalar mesons are suppressed by the spontaneous breaking of chiral symmetry, so, for
example, we do not need to include the vector mesons in the effective theory, because they
are much heavier and decouple. On the other hand, in the limit mj; — oo pseudoscalar and
vector mesons are degenerate, because the interaction between quark and antiquark inside
the meson becomes spin independent, so they both need to be considered in HMChPT. The
presence of heavy-light vector resonances can modify the finite volume effects indirectly by
inducing unsuppressed contributions to pion/heavy-light meson scattering. We will see that
indeed the finite-size corrections in HMChPT and mixed ChPT match up to corrections
proportional to g2.

Real ¢ and b quarks are somewhere in between these limits, where no effective descrip-
tion is very accurate. We may ask whether it is possible to give a description of finite
size effects in this intermediate regime. In particular, there might be other resonances to
consider [39]. Using general arguments it was shown in [40] that the pseudoscalar meson
remains the lightest state for every value of the quark masses. Moreover if the heavy quark
is in the non relativistic regime, we can say that the axial and scalar mesons (made of the
same quark-antiquark couple) are heavier because they are in a higher angular momentum
state. Experiments show that this peculiarity persists for heavy-light mesons whose heavy
quark is a strange or a charm, the mass difference among the vector meson and the axial
one being always of order of 400 MeV [41].

Finally the fact that exotic states may play a significant role is disfavoured by large
N, arguments [42] saying that quark bilinears amplitude to produce them (like a gqqq)
is suppressed.

To sum up it seems plausible to consider a scenario in which the current correlator has
two channels, a pseudoscalar and a vectorial one. The vectorial one could be integrated
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out for quark masses that are small compared to Aqcp. Indeed it is known [41] that while
the K's weight approximately 500 MeV the K*s weight approximately 900 MeV and while
pions weight 140 MeV the ps weight 770 MeV.

However the vectorial channel becomes more and more relevant as the mass of the
heavy quark grows, because the mass difference between pseudoscalar and vector mesons
diminishes: if for K mesons it is about 400 MeV, for Ds it is about 150 MeV, while for Bs
it is only 50 MeV.

We consider now how the matching works in the two examples considered. Given any
meson two-point function, the first point to realise is that a finite static limit is recovered
after factorising out the leading e ™It where M is the mass of the heavy meson and ¢ is

the temporal separation between the two mesonic sources.

7.1 Pseudoscalar two-point function

Let us start with the pseudoscalar correlator at LO, which is given in eq. (2.35) for the
mixed ChPT case and in eq. (5.12) for the HMChPT case. The first thing we observe is
that the contribution of the zero modes, in particular the factor

[((lﬁ)4—ljg)u>y +2 (7.1)

appear in both correlators. This shows that the zero modes contributions match in the
two frameworks.

Moreover, if we use the expansion

. e~ Mt _
Jim P(t, M?) = 0(t) oy HO (e~ M1, (7.2)
in eq. (2.35) we obtain
lim Cp(t) — > o(t)e Mnl [((U +UD) +2} (7.3)
My—oo T AF2 M, 0 FoJl/v ' '

After factorising out the exponential et we find that also the time-dependence matches

exactly the one predicted by the HMChPT in eq. (5.12). The matching of the coeffi-
cient gives
a’ 2 M,
= = F2M 2 7.4
2~ F2M, h(mh) ’ (7.4)

which in the heavy quark mass limit M}, ~ my, is consistent with the definition in eq. (3.19),
a?/2 = F2Mp. Since in the static limit there is no time dependence at LO, we have that
the ratio of correlation functions at different volumes Vi and V3 is given by

Cht)lv  {(Uo +UDu)w + 2Ina

ClP(t)’V2 B <(U0 + Ug)ll>u + 2|V2 (75)

in both regimes of the heavy quark mass.
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7.2 Left-current two-point function

We consider the matching for the Dirac components 4 = v = 4 for which we have the
ChPT result.

What can be matched is the dependence of the correlators on the volume, that is L and
T and the masses of the up, down and strange quarks, because these are explicit degrees
of freedom in both effective theories. Moreover, since we only consider the static limit of
HMChPT, we have to drop from the ChPT result those contributions that are suppressed
by negative powers of my. We expect that the e regime (I = ¢) HMChPT result should
match to case (A) in the mixed-regime computation, while the I = m result in HMChPT
should match case (B).

o Case A:
In order to match egs. (5.9) and (2.22), the L,T dependence must be the same in
both cases. For the mixed ChPT framework, we split the contribution due to the
heavy pions from the rest in egs. (2.23) and (2.24) and write:

1 1 _
Fy = F(mp, Ny) - ) (Nl -y > G(0,0) + O(m; ), (7.6)
l
M2y = My (my, Np) + O(m;; ). (7.7)

F and M}, have absorbed the dependence on the heavy quark mass. The static limit
of the mixed ChPT case in eq. (2.22) is, for ¢ > 0:

M) F*M, [ 1 < 1 ) }
- 14 N — - VH( LT, 7.8
exp(—Mpt) 4 orrr2 \M Ty, ) H ) (7.8)
where H(t,L,T) is the function of eq. (5.10).
For N; = 2, the result is identical to the NLO prediction Cge) (t) in HMChPT (eq. (5.9))

with the following identifications:

a = Fp\/2Mp = F\/QMh, gr = 0. (7.9)

The fact that at NLO we have to put g, = 0 to match the two expressions reflects
the fact that the vector meson is integrated out in the chiral theory. In HMChPT
the vector and pseudoscalar are degenerate and therefore both are present. More
generally we would expect that in the intermediate regime the finite size scaling of
the current correlator behaves as

CSG)(t)!VI . 1 < l 1

= — (H(t,Ll,Tl) + Oé(t, Ll,Tl,mh)) (710)
P, PN Nl>

1 1
— Ny — H(t, Ly, T t, Lo, T
QFQL% < l Nl) ( ( y 42, 2) —|—O[( s L2, 2amh)) +

where V; = L‘%Tl and V5 = L;’Tg and
lim a(t,L,T,mp) = 0,

mp —0

lim a(t, L, T,my) = g2H'(t, L, T). (7.11)

mp—00
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In the intermediate region the function « is unknown. However it should be possible
to compute it including the leading 1/my, corrections in HMChPT or even in ChPT
including the vector resonance, as a function of the vector meson mass and coupling.
We will not consider these regimes in the present work. Note however that for the
value of g, obtained in a recent lattice computation in [35], g, = 0.44, the contribution
of the term proportional to g2 (i.e. the difference between the thick and thin curves)
in figures 1-4 is not too large, and should decrease with decreasing my,.

Case B:

We have to follow the same steps as above, but in addition to L and T, we expect to
reproduce also the dependence on mg, up to mgl contributions. In the mixed ChPT

framework, we rewrite egs. (2.32) and (2.33) as:

1 1 N,
F(QB) = FQ(mh, N;+ Ng) — (Nl — > G(0,0) — ;G(O,MS) +  (7.12)

2 N
_ N G (0,M,,) + 8N M2 L,
2NN, s s
8SM2 M?Ny(Ly — 2L
Mgy = M (mp, N+ Ng) — 55 h F(2 4 6) (7.13)
The mixed correlator in the static limit can then be written as:
2
C§B>(t) _F'M, . <4M325Mth(L4_2L6)t>
exp(—Mpt) 4 F?
AN M? 1 1
1 SS(L 2L N; — H(t, LT
|:+ 2 (4"’ 6)+2L2F2< l Nl) (a 3 )+
1
Fopaps (N 3 (Pt Mip) = P (0, Mrp)
Ns P (t, M, P (0, M,
+N1N Z( (t7 nsp) - (07 Usp)) N

P
One can check straightforwardly that, for V; = 2 and N, = 1, this coincides with the
correlator Cgml)l’Q(t) computed in HMChPT (eq. (6.1)) with the identifications:

a = Fp\/2Mp = F\/th,

I = 0,
T 42 T T
77§ ) = F4(L4(1 : + 2L((5 ))a
ANMy \
ol=—"hi (L) — 2Ly, (7.14)

Note that the above relations are among renormalised quantities. Apart from some
finite volume effects due to the sea p-regime quarks, which are exponentially sup-
pressed, the volume dependence is identical to the one of Case A. So again we expect
that for any value of my, eq. (7.10) holds up to higher order chiral corrections and
neglecting exponentially suppressed terms in exp(—M,L).
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8 Finite-size scaling of heavy-light mesons in lattice QCD

As we have seen above the matching of finite-size effects of heavy-light correlators in HM-
ChPT and ChPT works as expected. We are interested however in using these results to
predict the finite-size scaling of these correlators computed in lattice QCD. On the lat-
tice, we can include a relativistic or static heavy quark. In both cases we expect that for
sufficiently large time separations:

CHU (1) = Y (Ji(2) 3 (0))hae = CY (1) %

X

oM exp(—Mt), (8.1)

where M is the lightest heavy-light meson mass Mp; in the case of a relativistic heavy
quark or the so-called static energy, Fgat = Mp; — my, in the lattice static limit.

Note that the value of Eg.; is not predicted by HMChPT, however in general we
can write:

Egat = B + AM (8.2)

where Es(ggt is the value the static energy would have in the chiral limit, while AM contains
the chiral corrections that are predicted by HMChPT, that we have presented for the
various cases considered, in egs. (4.2), (5.11), (6.2) and (6.4).

In practice this means that to fit a correlator evaluated with all the quarks in the

e-regime using eq. (5.9) one has to determine four parameters: a, F, Es(tog

. and gr. It
remains to be seen what the stability of such fits is in practice. The numerical challenge
of extracting signals over the noise when computing propagators of heavy mesons is well
known. Recent proposals to improve the situation have been discussed in [43, 44].

9 Conclusions

We have considered the finite-size scaling of heavy-light mesons, composed of a light quark
in the e-regime. We have computed the left-current and pseudoscalar two-point functions
in two limiting regimes of the heavy quark mass: a small heavy quark mass such that
the heavy-light meson can be treated in the mixed-regime of ChPT, and the static limit
where HMChPT can be applied. We confirm the naive expectation that the dominant
finite volume effects are induced by the emission/absorption of light pions, and are to a
large extent insensitive to the value of the heavy quark mass. These results can be useful
for matching lattice QCD and ChPT or HMChPT in finite volumes not sufficiently large
compared with the Compton wavelength of the lighter pions. Our results can be used to
consider also various partially-quenched situations.

A Space time integrations in HMChPT

To obtain the charge correlators from the current ones, one has to integrate the current
correlators over space. We report here the relevant results.

— 24 —



A.1 The finite volume propagator in the rest frame

In this section we want to obtain the propagator of the heavy-light mesons in Euclidean
space and at finite volume. The propagator of HQET is obtained by writing the four-
momentum of the heavy quark p, as: p, = mpv, + k, and keeping only the leading term
in the residual momentum k,. We consider here the rest frame, where v = (0,0,0,%). For
subtleties related to the Euclidean formulation for v # 0 the reader can refer to [28, 29].
In order to obtain the heavy quark propagator, one start from the Dirac quark propagator
in coordinate space and we take the heavy quark limit, which is given by

1 wpx(__ 1 +ood ipat
Suola) =y [ P gty < T [

(2m)4 (p> +m3) 2 ) o 2w i(ps—imy)

_ (1 274> B(t)e™. (A1)

The projector (1 + v4)/2 retains only the particle content of the heavy quark, and for this
reason the propagation in (A.1) is forward in time.

In the effective theory the exponential is factorised, and the static propagator at infinite
volume is [2]

1 e’ 1
Vio(2) = d* = _d(x)0(t) . A2
@)= e [ APy s = 55008 (42)

We now consider a finite box V = L3T with periodic boundary conditions. Analogously
to (A.1), the finite-volume Dirac propagator in the heavy quark limit is given by

T+m 1 et
ha () = A.
P4
that is, for 0 <t < T,
1+ e~ mnt
ha(t) = . A4
stae) =5 o, © (A1)

In the mj, — oo limit, this reproduces the result of the infinite volume (A.1). Consequently,
in the rest frame, the finite heavy volume propagator is

V(z) = _0(x)0(t), (A.5)

which is exactly the propagator we obtain from the kinetic term of the HMChPT La-
grangian, eq. (3.10). The heavy propagator has the same form as in infinite volume: this
is not surprising, since it describes a static particle, which is not sensitive to the presence
of a finite box.

A.2 Space integrals (p-regime)

We present here the results for the integrals over space that are needed in finite-volume
HMCOhPT when the light quark is in the p-regime. V(z) represents the static propagator,
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eq. (A.5), while G(x, M) is the pion propagator of eq. (2.14). The function P(t, M) is
defined in eq. (2.18).

A0 = [dxVi) = 0 (A6
Ay(t, M) = /d3XV(m)G(x,M) = 2(12 ;P(t, Mp)] ; (A7)
As.o(t, M) = /dgx d*2V(x — 2)V(2)0,,G(x — 2, M) =
_ a4af)[2322}%LA4Q——GULA41; (A.8)
P

Agap(t, M) = /dgx d*zd*wV(z — 2)V(z - w)V (w)0,, 0w, G2 —w, M); (A.9)

Agap(t,M) =0 if a # 3 (A.10)
Apaa(t, M) = ée( |G, -, ZP (t, M )] (A.11)

> Agaalt, M) = &ﬁ }:AP[ + P(t, My,) — P@J@ﬂ; (A.12)
As(t) = /d3Xd4zV(x —2)V(z) = it@(t); (A.13)

Ag(t) = /d3x dtzdwV(z — 2)V(z — w)V(w) = 116t29(t). (A.14)

A.3 Space integrals (e-regime)

In the e-regime the integrals to be computed are the same as above, with G(z, M) substi-
tuted by G(x,0) defined in eq. (2.15). We will denote the corresponding integrals by A, (t)
instead of A, (t, M). We have obtained:

oty = %) [ (1) S rm e
Aaal) =" | ot (1) + o PR 600 (a9

- pA0 -
Aaa(®) = = 300) | fam (1) + S PIp) - GO.0)| 5 (A7)
5 Avalt) = SOME (A.18)
Apas(t) =0 ifa#5. (A.19)

The function hy(t/T) is defined in eq. (2.19). Notice that no new integrals have to be
considered in the mixed-regime case.
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