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1 Introduction

Origin of the Baryon asymmetry in the universe is one of the unsolved issues in particle
physics. Although the standard model (SM) satisfies the Sakharov’s three conditions [1],
sufficient number of baryon asymmetry cannot be produced due to the smallness of the
CP-asymmetry in the CKM matrices and the modest electroweek phase transition. On
the other hand, the neutrino oscillation which implies tiny neutrino masses demands that
some extension of the SM is necessary. Introducing right-handed (RH) neutrinos N; with
large Majorana masses M; gives a natural solution to explain the smallness of the neutrino
masses via see-saw mechanism, but it also naturally explain the Baryon number asymmetry
in the universe through the leptogenesis [2]. (See e.g., a very nice recent review [3].) In
this scenario, RH neutrinos are produced thermally by the reheating after inflation. As
temperature decreases with the expansion of the universe down to the Majorana mass
scale, RH neutrinos become out of thermal equilibrium and their C'P-asymmetric decay
into the SM leptons and the Higgs produce lepton number asymmetry in the universe. The
lepton number asymmetry produced is then converted into the baryon number asymmetry
through the nonperturbative B + L-violating process of sphalerons in the SM [4].

If the Majorana masses of the RH neutrinos have a hierarchical structure, the lightest
Majorana mass must satisfy the Davidson-Ibarra(DI) bound [5], M Z 10°GeV in order to
produce sufficient lepton number asymmetry. When at least two of the RH neutrinos are
degenerate in their masses, the DI bound can be evaded. In this case, quantum oscillation
of almost degenerate RH neutrinos resonantly enhance the C'P-violating decay and hence
lepton number asymmetry can be produced sufficiently even for RH neutrino masses as
light as TeV scale. This scenario is known as the resonant leptogenesis [8-10]. Such
light RH neutrinos might induce detectable non-unitarity of the mixing matrix of active
neutrinos [11, 12] and have attracted much attention.

TeV scale leptogenesis has attracted enormous attention in light of the LHC exper-
iment [13]-[40]. The scale can be made even smaller if the leptotenesis occurs through
C P-violating oscillations between RH neutrinos far away from the thermal equilibrium.
The mechanism plays an important role in the model of ¥YMSM [41]-[45].

Furthermore, light RH neutrinos do not give large radiative corrections to the Higgs
boson mass and are safe in view of the naturalness [46]. Related to the naturalness of the
electroweak weak against higher physical scales, one of the authors proposed a classically
conformal U(1)p_, extension of the SM [47, 48]. In this model, B — L gauge symmetry is
spontaneously broken via the Coleman-Weinberg mechanism which triggers the electroweak
gauge symmetry. In [49], we further showed that if the Higgs potential is flat at the Planck
scale, the model naturally predicts the Higgs boson mass at around 126 GeV and TeV
scale B — L breaking (or the leptogenesis). This motivated us to investigate the TeV scale
leptogenesis in the U(1)p_z, model [28].

In the resonant case, the C'P-asymmetry in the decay of N; mainly comes from an
interference of the tree and the self-energy one-loop diagrams (see figure 1). It is expressed
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Figure 1. Tree and one-loop diagrams of the RH neutrino decay. In the resonant case, an interfer-
ence of the tree and the self-energy diagram [6, 7] gives a dominant contribution to the C' P-violating
parameter.

by the C' P-violating parameter

_ TN = TUngg S(hin)y (M7 — M7)MT;
(hTh)ii(hih)j; (MP — M?)? + R,

€

_ _ (1.1)
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where h is the neutrino Yukawa coupling and I'; ~ (hTh);M; /87 is the decay width of N;.
The resonant enhancement of the C' P-violating parameter was discussed in [50]. Systematic
considerations were performed by Pilaftsis [9, 51, 52|, and he found that the regulator in
the denominator is given by R;; = M;I';. If the mass difference is larger than the decay
width, we have |[M? — MJ2| > R;j, and ¢; is suppressed by I';/M ~ (h'h);;. However,
in the degenerate case, |M; — M;| ~ I and € can be enhanced to O((hTh)?) ~ 1. Hence
the determination of the regulator R;; is essential for a precise prediction of the lepton
number asymmetry in the resonant leptogenesis. The authors [53] calculated the resummed
propagator of the RH neutrinos and obtained a different regulator R;; = |M;I'; — M;T|.
By using their result, the enhancement factor becomes much larger. The origin of the
difference of the regulators is discussed in [54, 55]. Since the lower scale of the leptogenesis
is strongly sensitive to the form of the regulator, it is very important to systematically
evaluate the precise form of the regulator.

Conventionally, leptogenesis is often calculated based on the classical Boltzmann equa-
tion which describes the time evolution of the phase space distribution function of on-shell
particles [85]. In the Boltzmann equation, the interactions between particles are taken
into account through the collision terms that comprise the S-matrix elements calculated
separately in the framework of quantum field theory. The authors [57] applied the non-
equilibrium Green’s function method with the Kadanoff-Baym (KB) equations developed
in studies of the transport phenomena [87, 88] and derived the full-quantum evolution
equation for the lepton number in the hierarchical mass case. Using this method, one can
systematically take into account quantum interference, finite temperature and finite density

effects.t

The method was intensively used in the leptogenesis in various papers [58]-[69].
In the resonant leptogenesis, since the quantum interference effect is crucial to the eval-
uation of the CP-violating parameter, we can expect importance of such a full-quantum

mechanical formulation based on the KB equations. In [70], the authors used the method

!Quantum oscillations in the leptogenesis are also investigated in [80—82] based on the density matrix
formalism [83, 84].



to obtain an oscillating C P-violating parameter in the flat space-time. Then applying it
to the Boltzmann equation in the expanding universe, they calculated the lepton number
asymmetry. In the strong washout regime, the oscillation is averaged out and the lepton
number asymmetry is expressed with an effective C'P-violating parameter. Then the max-
imal value agrees with the case of R;; = M;I'; [71]. The authors of [72] also found an
oscillatory behavior by a different calculation, and discussed an implication to the leptoge-
nesis in the expanding universe. The quantum oscillations in the flavored leptogenesis was
also performed in [73-75].

Recently Garny et al. [56] systematically investigated generation of the lepton asymme-
try in the resonant leptogenesis using the formulas developed in [58, 59]. In the investiga-
tion, they considered a non-equilibrium initial condition in a time-independent background
and calculated generation of the lepton number asymmetry. Starting from the vacuum ini-
tial state for the RH neutrinos, they read off the C' P-violating parameter from the generated
lepton number asymmetry. The effective regulator they derived is R;; = M;I'; + M;I';,
which differs from the previous results, R;; = M;I'; by [9] or R;; = |M;I'; — M;T';| by [53].

The purpose of the present paper is to perform systematic investigations of the ther-
mal resonant leptogenesis based on the KB equations. We scrutinize various properties of
the Green functions of the RH neutrinos, and directly extract the C P-violating parameter
g; from the evolution equation for the lepton number in the expanding universe, with an
emphasis on the quantum flavor oscillations. The analysis is performed under an assump-
tion that the off-diagonal component of the Yukawa coupling (h'h)’ is smaller than the
diagonal one.

The paper is organized as follows. In section 2.1 and 2.2, we first summarize the basic
properties of various Green functions and the Kadanoff-Baym (KB) equations that these
Green functions must satisfy. Then we derive the evolution equation of the lepton number
in the expanding universe in section 2.3. The evolution equation is written in terms of
the propagators of the RH neutrinos, the SM leptons and the Higgs. In section 2.4 we
explain how the KB equation is reduced to the ordinary Boltzmann equation. The most
important ingredient necessary to solve the evolution equation for the lepton number is
the Wightman functions of the RH neutrinos. The flavor diagonal component is directly
related to the distribution function, but more important for the lepton asymmetry is its
off-diagonal component.

In section 3, we investigate how the flavor oscillation affects the off-diagonal component
of the propagators. In the section, we focus on the resonant oscillations in the thermal
equilibrium. In section 3.1, 3.2 and 3.3, we study the properties of the retarded and
advanced propagators in which information of the spectrum is encoded. Then we study
the Wightman functions with information of the distribution functions.

In section 4, we scrutinize the behavior of Green functions out of equilibrium. In the
expanding universe, Green functions are approximated in the leading order approximation
by the thermal values at the local temperature. But in order to calculate the lepton
asymmetry, deviations from the thermal values are important. We show in section 4.3
that the deviations of the flavor off-diagonal Wightman functions from the thermal values
behave quite differently from behaviors of other Green functions.



In section 5, we apply the calculated deviations of the Wightman functions of the
RH neutrinos into the evolution equation derived in section 2, and obtain the quantum
Boltzmann equation for the lepton number asymmetry. The deviations are classified into 3
types. One of them generate the lepton number asymmetry while the other two wash out
the generated asymmetry. In section 5.4, we read off the C'P-violating parameter € and
show that the regulator is given by R;; = M;I'; + M;I';.

In section 6, we give a physical interpretation why the regulator R;; = M;I'; + M;I';
appears instead of R;; = M;I'; — M;T';. In particular, we show that if we neglect what we
call the off-shell contributions the regulator is erroneously given by R;; = M;I"; — M;I';.

In section 7, we summarize our results.

In appendix A and B, we give a brief introduction to the closed time path (CTP)
formalism and the KB equations. In appendix C, we introduce the 2PI formalism and
then in appendix D we derive the self-energies for the RH neutrinos and the SM leptons
based on the 2PI formalism. In appendix E and F, some useful identities in calculating
convolutions are given. From appendix G to J, we give details of the calculations of various
Green functions. In appendix K, we give anther derivation of the off-diagonal component
of the Wightman functions out of equilibrium. The calculation explains why the regulator
R;; = M;I'; + M;I'; naturally appears. Appendices L and M are calculations of some
equations in the paper.

2 Evolution equations of lepton numbers

A systematic method to investigate the evolution of lepton asymmetry is the Kadanoff-
Baym (KB) equations. The advantage of the KB equation to the Boltzmann equation is
that it gives a quantum evolution equation of various correlation functions which does not
distinguish on-shell and off-shell states. Accordingly it can take into account quantum
coherence of the system and memory effects. Also the doubling problem in the scattering
processes with on-shell internal lines can be systematically resolved (see [68] and references
therein). The KB equation can be reduced to the classical Boltzmann equation only in
special cases where the memory effects can be neglected.

Time-evolution of a quantum system is determined by the Hamiltonian of the system
and the initial wave function at the initial time ¢ = ¢;. Such time-evolution is described by
the wave function at later times, or instead, a set of all n-point Green functions. Of course,
it is practically impossible to study the evolution equations containing all the n-point
functions and we need to select an important set of observables. In the classical approach
based on the Boltzmann equation, one-particle distribution function on the phase space is
selected. In the quantum Boltzmann approach, two-point Green functions are selected.

In this section, we summarize notations of various Green functions and their basic
properties in the thermal equilibrium. We also summarize the non-equilibrium evolution
equation (KB equation) for the Green functions. More details are given in appendices.
After brief reviews in section 2.2 and 2.3, we derive the evolution equation of the lepton
number in section 2.4 and 2.5.



2.1 Ouwur model

The model we consider is an extension of the SM with RH neutrinos vg;. 4 is the flavor
index, ¢ = 1,2,3. We set N; = vg; + vg,;. The Lagrangian is given by

L=Lsm+ 5]\7 (iV — M;)N" + Ling , (2.1)
Lint = —hoi(Ceapdt) PRN' + hi N Pp(¢pepal) (2.2)

where o, 5 = 1,2,3 and a, b = 1, 2 are flavor indices of the SM leptons ¢% and isospin SU(2),
indices respectively. M; is the Majorana mass of N; and hy,, is the Yukawa coupling of N¢, /2
and the Higgs ¢, doublet. Pg(y are chiral projections on right(left)-handed fermions. In
the present paper, we consider the case of almost degenerate Majorana masses at TeV scale.
Then the Yukawa couplings become very small h;, < 1 so as to generate tiny neutrino
masses through the see-saw mechanism. Hence the decay width I'; ~ (hTh)iiMi /8 is much
smaller than the mass M;.

2.2 Green functions and KMS relations

Various Green functions are introduced in field theories. Consider a fermion field ¥. The
statistical propagator G and the spectral density G, are defined as

Gr(a,y) = 3 ([9(2), S (23)
Gz, y) =i{{d(@),d(y)}) - (2.4)

The statistical propagator G contains information of the particle density of the state on
which operators are evaluated. On the other hand, the spectral density G, gives information
of the particle’s mass and decay width. Because of the anti-commutator, v°G (2%, y%)
becomes proportional to the spatial delta function §%(x — y) at the equal time 20 = ¢°:

Y0G,(x,y) = i(53(x -yl (2.5)

where 1 is an identity matrix in the flavor and the spinor indices.
Other useful Green functions are the Wightman functions

G (2,9) = Gr(e,) = 5Gole,) = (H)D0), (26)

G<(w,9) =Crle,y) + LGyle,y) = ~(0

D(y)d(x)) (2.7)

and the retarded and advanced Green functions are given by

Grya(z,y) =+ O(£(" - y”))Gy(z,y) - (2.8)

The spectral function can be written as G, = Gr — Ga = i(G> — G<).
In the present paper, we assume homogeneity along the spatial directions so that we
can always use the Fourier transform in the 3-dimensional space. If the state is described



by the thermal equilibrium state, we can further Fourier transform in the time direction.?
In the thermal equilibrium at temperature 7', the Green functions G(x,y) are anti-periodic
in the time direction with an imaginary period i = i/T and their Fourier transforms
satisfy the KMS (Kubo Martin Schwinger) relation

Gl (g) = —i {1_}{;3;)} G (g), GEV(g) = —i (; - f(qo>) G . (2.9)

Here f(qo) is the Fermi-Dirac distribution function f(gg) = 1/(e%/T + 1). In presence of
the chemical potential p, qq is replaced by qo — . Since the relation relates the fluctuation
described by the Wightman function to the dissipation described by the retarded Green
function, it is also called the fluctuation-dissipation relation. By this relation, the spec-
trum of the system determines all the Green functions. When the system becomes out of
equilibrium, the KMS relation is violated. The violation plays an important role in the
leptogenesis.

As a final remark in this section, let us recall that the explicit forms of the Wightman
functions of free charged fermions (bosons) are given by

a3 , 1
free — q +iq-(x—y) _
G=*(z,y) /(QW)ge 2o

—iw (:(:O—yo) 1- 77fq ~ +iw (xo—yo) —Uf—q ~
X e e + e — _ 2.10
[ { —nfq }g+ {1 ~nfqf”? (210)

where wy is the energy of the on-shell particle, and g4+ = (iwq"yo —q-v+m),n=+1 for
Dirac fermions with their mass m and g4+ = 1, n = —1 for bosons. f, and fq are distribution
functions of on-shell particles and anti-particles respectively. They are not necessarily the
equilibrium distribution functions.

2.3 Kadanoff-Baym equations

If the system is out of equilibrium and the state is time-dependent, we cannot use the
ordinary perturbative method based on the Feynmann propagators. A general formalism is
given by the closed-time-path (CTP) formalism in which perturbative vertices are inserted
on the closed-time-path C = C4 4+ C_. See appendix A for brief review and figure 4 there.
One of the self-consistent approximation of the Schwinger-Dyson equations in the CTP
formalism is called Kadanoff-Baym (KB) equation. Derivation of the KB equations is
given in appendix B and C.
The equations for the retarded and advanced Green functions are

iGa(}t)GR/A(xa y) — / d4zg HR/A(xa Z)GR/A(Zay) =—0(r—y) . (2.11)

tint

In the present paper, we often use the Fourier transform in the time direction when the system is
in the thermal equilibrium at the local temperature T'(t) at time ¢. Then the Green functions in the
four-momentum representation depends on time ¢ through the local temperature.



Here d'z, is an abbreviation of dz\/—g(z) and §9(z—y) = 6*(z—vy)//—9- Ga(;) is the free
kinetic operator whose derivatives act on a field at x. I/, is the self-energy and defined
in eq. (B.21). They have the same properties as Gg/4, e.g., lg(z,y) = 0 for 20 < o0 is
satisfied. Note that the integration range in (2.11) is constrained between zy and yo:

2%(y%)
/ d*zg T a(,2)GRrya(2,y) (2.12)
y°(20)
because of the step functions in Ilz/4 and Gr/a. Therefore G s(z,y) is determined by
the local information between x and yo. Namely G/ does not depend on the information
of the system in the past: there is no memory effect for G/ 4.

Other Green functions G (x = F, p,<) satisfy

[e.9]

Gyl Gelon) = [ sy Ta(e, G () + [ d'sy (e, 2)Gale00)

tint tint
0 yO

x

_ / dz, Tp(z, )Gz, ) + / Az, (2, 2)Ga(zy) . (2.13)
tint tint

In the second equality, we have used the properties of R/A functions. By using eq. (2.11),

this equation can be solved formally in terms of the self-energy function and the R/A Green

functions as

G*(H%?J) = _/ d4ng4'U}gGR($, z)H*(z,w)GA(w,y)

tint

= —(Gr*IL, x«Gy)(z,y) . (2.14)

In the last line x-operation denotes the convolution operation.

Let us see the memory effect of G.. Generally speaking, the integrals in (2.13) over z
are performed from the past at the initial time ¢;,; to z° or 4°. This makes Green functions
dependent on the state of the system in the past before 20 or 3°. This is indeed the case
for G and G<, but for the spectral density G, there is no memory effect. It can be seen
by using II, = IIg — I14. Then the integral of (2.13) can be rewritten as

0

iGg&)Gp(x,y) = /yo d*zy T,y(2, 2)G (2, y) - (2.15)

Or it can be directly seen from the relation G, = Gr—G 4. The relation G, = —GRrll,G4 =
Gr — G4 is equivalent to II, = Il — 114 = GI_%1 - GZI.

In the thermal equilibrium, since the system is translationally invariant, (2.14) can be
Fourier transformed and

G (p) =~ I )G ) (2.16)

These equations (2.11), (2.13) are not closed within the two-point Green functions
because the self-energy II contains n(> 2)-point functions. Hence, in order to solve them
explicitly, we need to make an approximation to express n(> 2)-point functions in terms



of the two-point functions. 2PI effective action method is one of the simplest and self-
consistent methods. (See appendix C for brief explanation.) By using it, the self-energies
IT in the above equations (2.11)—(2.13) are represented as a sum of 1PI diagrams made
of full propagators, and consequently these equations can be interpreted as simultaneous
equations for various propagators in the system. These self-consistent equations among
the propagators are especially called the Kadanoff-Baym equations.

2.4 Evolution of lepton number in the expanding universe

Now we investigate the KB equations of lepton numbers in the expanding universe. We
first define Green functions, GG, S and A for the RH neutrinos, the SM lepton doublet and
the Higgs doublet respectively:

GY(,y) = (Ni(xzﬁj(y)> , G2(y) = ~(NW(y)N'(2)). (2.17)
S (x,y) = (5(2)0) (1)) , S& (,y) = —(0) (1) 5(x)) (2.18)
Agps(2,) = (¢a(@)0} (1)) | Aabe (2,y) = +{d (1) da(2)) - (2.19)

The classical inverse propagators are given by

iGy" (2, y) = (i — M;)678%(z — y), (2.20)
ISy 20 (@, y) =iV PLoPou09 (x —y), (2.21)
A (@, y) = = V30w’ (z —y) . (2.22)

In this paper, we consider the spatially flat space-time with the scale factor a(t):
ds® = dt* — a*(t)dx - dx . (2.23)

We use [i,7,... as the space-time indices and wu,v,... as the local Lorentz indices. -~y
matrices are written as y*(t) = ’y“e,ﬂ where the vier-bein field e,[l satisfies e,ﬂ e’ gip = M-
In the following we mainly use t-independent y* = (y°,~) instead of t-dependent ~#(t).
The delta-function becomes §9(x — ) = 6*(z — y)/a3(z?).

In the background, the covariant derivative (2.22) becomes

Vi = 05 + 3H(2°)0p . (2.24)

Since the spin connection is given by Q; = aH [y, Y0]/4, the covariant derivative for spinors
in (2.20), (2.21) is given by

Ve =7 (2)(05 + Q) = 1° <axo + 2H(x0)> - Z(;Z’)‘ . (2.25)

Here the Hubble parameter is defined by H(t) = a/a. In the radiation dominant universe,
it is given by

T2 T2
H(t) = 1.66¢ngpl ~ T0RGeY (2.26)




Lepton number density ny, is a matrix with flavor indices «, 8 and isospin indices a, b.
It is given by the fi = 0 component of the lepton number current

e (2) = (02 (@)™ (2) 2 ()
= — (" @)L )}

=— tr{’yﬂ(av)SS‘bﬂ< (nr:,y)}‘y:gD ) (2.27)

Here tr{---} is the trace of the spinors. Because of the spatial homogeneity, divergence of
the current jr, is equal to

_dng

Vi jix) = - H3H (N . (2.28)

On the other hand, it can be rewritten as®

Vi Ji@) = = 0{FuSa () - S @9 T}

— / 2y t{iST (@, 2)Ss (2 2) — Sa(w, 2)iSg (2 2)) . (2.29)

In the second equality, we have used the definition of Sy *(x,2) in (2.21).
By using the KB equation of (2.13) for the SM lepton Green function Sz, we have

/d4zg iSy Nz, 2)S5(2,2) = /IO d*z, (ZR(x, 2)Sz(z,x) + Xz (x, 2)Sa(z, a:))

tint
0

— i /r d*z, (E<(x,z)5>(z,:c) —E>(x,z)5<(z,x)) (2.30)

tint

where Y is the self-energy of the SM lepton. The second equality is obtained by using the
relations (B.9) and (B.10).
Acting iS5, ! from the right, a similar equation can be derived:

0

/d4zg Ss(x,2)iSy 2z, ) = —i /x d*z, (S<(a:,z)2>(z,a;) — S>(:z:,z)2<(z,:1:)> . (2.31)

tint

By using these equation, (2.28) becomes

d @
% +3H(t)np = / d*z, tr{2<(a§, 2)Ss(z,x) — Es(x, 2)S<(z, )
tint

— S<(z,2)Es(2,2) + Ss (z, 2)2<(z, a;)} . (2.32)

This is the evolution equation for the lepton numbers in the expanding universe.

<_
3Here, we have defined the derivative operator V¥, as

S ¥y = =i [S.07" ()] + 8 0% = (-0 - FHG) S
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Figure 2. An example of 2PI diagrams for the Lagrangian (2.2) with Yukawa interactions.
Each line represents a full propagator of the SM lepton, Higgs and the RH neutrino. By taking
a functional derivative with respect to each propagator, we can obtain the self-energy for the
corresponding particle.

The right hand side (r.h.s.) is written as an integral of the full propagator S of the SM
lepton and its self-energy ¥. Since the self-energy 3 contains various diagrams, some sys-
tematic simplification of ¥ is necessary for practical calculations. A well-known approach
is to use the 2-particles-irreducible (2PI) formalism briefly reviewed in appendix B. In the
2P1 formalism, the self-energy diagrams are obtained by taking a variation of 2PI diagrams
made of full propagators with respect to the full propagator.

In the leading approximation, the self-energy > is obtained from the simplest 2PI
diagram of figure 2. Note that each propagator represents a full propagator, and the self-
energy of the SM lepton is obtained by cutting the propagator ¢. The next simplest 2P1
diagram is given by figure 5 in appendix D, but in most of the present analysis, we consider
only the contribution from figure 2. It gives a good approximation if the RH neutrinos
have almost degenerate masses.

The contribution to the lepton self-energy 3. from figure 2 is written in terms of the
full propagators:

20y 2 (,9) = = Saphaihl s PRGY (2, y) PLAS (y,2) = 538" (2,y) - (2.33)

Recall that (i,j) are flavor indices of the RH neutrinos. Then, summing the lepton flavor
a, f and SU(2)y, isospin a, b indices, we have

dnr, z i
7 +3Hny = —gwhmh;r.ﬂ/ d4zg [tr{PRGg (z,x)PLSga(x, z)}A>(x, 2)

tint
—tr{PRGéj(z, x)PLSQO‘(x, z) }A< (z,z)
—tr{PRGij(:r, z)PLsga(z, x) }A< (z,)

+tr{PRGi<ﬂ'(x,z)PLsﬁa(z,x)}A>(z,x)}. (2.34)

Here we used the fact that the electroweak symmetry is restored at the temperature 7' 2
TeV we are in mind and hence the propagators are written in SU(2) symmetric forms:
Ss‘bB = S%G,, Agy = Adypy. g = 2 is the number of d.o.f. of SU(2);, doublets. Since the
third and the fourth terms are complex conjugate to the second and the first terms, we can
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simplify the above equation as

dgf +3Hn, =2 R / | drd’zy haih! [tr{PRG](x P22, x)}
- tr{PRG;J (2, 2) PL2% (2, x)}} (2.35)
where we have defined 7 = 20 and
72, x) = —gu 8L (2, 2) Az (2, 7) . (2.36)

This is the equation we evaluate in the following investigations. As we mentioned above,
the r.h.s. contains only the contribution from the simplest 2PI diagram of figure 2. This
corresponds to taking the processes of decay and inverse-decay of the RH neutrinos. The
effects of scattering can be taken into account? by considering the next simplest diagram of
figure 5. A systematical study of the KB equation including the scattering effects is given
in [68, 69].

2.5 Boltzmann equation for the lepton number

The evolution equation (2.35) of the lepton number is determined by the behavior of full
propagators of the RH neutrinos GG, the SM leptons S and the Higgs A. In sections 3 and 4,
we investigate detailed properties of the propagator G of the RH neutrinos. In this section,
we will see how an ordinary Boltzmann-type equation can be derived from eq. (2.35) by
using the quasi-particle approximation for the SM particles described by S and A.

The quasi-particle approximation is an approximation to express the Green functions
in terms of distribution functions of quasi-particles with a mass m and a width I". Hence
the propagators in this approximation are obtained from the free Wightman function of
eq. (2.10) by introducing the decay width I'. For a moment, we neglect the time-dependence
of the background. For the SM leptons, we have

3
Sga(%y)=5aﬁ/ dp 1 otiP(x=y) o—[a®—y Ty /2

(2m)3 2Wp
% e—iwp(xo—yo) 1- ffp PLIS_FPR _|_€+iwp(1’0—y0) ffp PLﬁ Pr
_fp flp
d P L tip(y) ierwp (@0 —y0) a0 0|7y /2
ep==
€r 1- f
X (—1) { f }PLﬁe,PR (237)

where w, = y/m? + |p|?/a? and p. = +w,7" — p - v/a. Here we assumed the flavor inde-

pendence of the lepton propagators, S*? oc §*7, for simplicity.” Similarly the Wightman

4A part of the scattering diagram in which the internal particles are close to on-shell is taken into
account by considering the diagram of figure 2. In the resonant case, it gives a dominant contribution to
the scattering process and hence it is sufficient to consider only the 2PI diagram of figure 2.

®Generally, flavor structure plays an important role in the flavored leptogenesis [76, 77).
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functions of the Higgs boson becomes

d3k 1 ik-(x— —]20—40
Aeten) = [ e YT

o |emiont@o—0) J 1+ Jor | | riwn@o—y0) |+
—I—f¢>k 1+f$k

_ Z / ik (x—y) g—iegwr (20 —30)—[a—y° [T /2
27T 3 ka

x (—1) {ng;g’“} (2.38)

where wy, = , /mi + k|2/a? .

The thermal mass and width are given by myys ~ ¢gT', I'yy ~ g*T where g is the
SM gauge coupling g. The effects of the thermal plasma play very important roles, and
are systematically investigated in [68, 69]. For example, the thermal mass of the Higgs
becomes larger than the RH neutrino masses at very high temperature. In the present
paper, we focus on the largeness of I'y 4 as an important thermal effect and do not consider
other effects.

In these expressions we defined (—1)¢ = £1 for € = + respectively. The distribution
functions are assumed to be in the kinematical equilibrium and given by the Fermi-Dirac
or the Bose-Einstein distributions at temperature 7" with a chemical potential:

1 1

Joo = G 10 1o = S o1 (2.39)

For anti-particles, the signs of the chemical potentials are reversed and their distributions
are given by

1 1
o0 = Garnot 110 o0 = g -1 - (2.40)
In the second equalities of eq. (2.37) and (2.38), we have defined
€ 1 € J— 1
fip = elewp—pe)/T 117 for = elewr—ue)/T _ 1 (2.41)
which satisfy
fi =15 for= (=2, fon=Fh fan=—0+F0). (2.42)

Now we come back to the time-dependence of the background. Since the scale factor
a(t) is time-dependent, temperature 7', thermal mass and width are dependent on the time
t and we need to specify at which time these quantities in the quasi-particle approximation
of eq. (2.37) and (2.38) are defined. If the temperature of the universe is sufficiently low
(e.g., ~ 10TeV), the decay width is much larger than the Hubble expansion rate:

T2

Peo~ 9T > H~ oy

(2.43)

~13 -



and the propagators damp quickly at |z° — y%] > 1/I',4. For such short period, time-
dependence of the physical quantities such as the scale factor in the propagators (2.37)
and (2.38) are suppressed by H/T'; 4, and we can approximate these quantities as being
constant in the integration of 7 in (2.35). Then the physical quantities can be evaluated
at time t = X,y = (2% + ¢°)/2 as we see in (4.4).

By Fourier transforming in the spatial direction and using the above approxima-
tion, (2.35) becomes

dnr, _ d*q [ t . ~ .
—L +3Hn = 2§R/ ool /_Oo dr (hh);; tr{PRG< (t,73q) PLi (1, t; q)}

— tr{PRG;j (t,7;q)PLm<(7,t;Q) }] (2.44)

where t = 2% and d®¢ = d3q/a®(t). Using the quasi-particle approximations (2.37)
and (2.38), 7= (7,t;q) are given by

T2(1,t;q) = Pura (1, 4:09) PR, (2.45)
d3p 3k
melrtia) =(-00) Y. [ ot Gyiany 27— —H)
€0,€¢
% D;[(Elik) ﬁez 67i(€gw;g+6¢wk)(Tft)frg¢/2|77t| (246)

where I'yy =T’y + T’y and DZ(E; k) is defined as

(F)(50) (2.47)

From (2.46) and (2.47), we can see that the term with 7~ in (2.44) contains a factor (1— f)
or (1 - f,7) = f7 and corresponds to gain in the lepton number while the other term with

€€ € € 1- i 1 ot
Dz(ﬁk>z(—1)‘(—1)¢{( i) +f¢’f)} :

T< contains a factor f, or f,” = (1 — f7) and corresponds to loss. Hence the evolution
equation (2.44) can be interpreted as the Boltzmann-like equation for the lepton number.

In order to solve the evolution equation (2.44), we need detailed information of the
Wightman function Gg (z,y) of the RH neutrinos. In the following sections, we obtain
behaviors of the Wightman Green functions, especially deviations from the thermal equi-
librium values in the expanding universe.

Here we briefly comment on the basic structures of the r.h.s. First, contributions from
the flavor diagonal part ¢ = j are evaluated by the quasi-particle approximation. Gg is
proportional to (fy.) or (1 — f§.) respectively where fy, is the distribution function of
the RH neutrino N;. Therefore, combined with the distribution functions from 7, flavor
diagonal term gives the tree-level decay or inverse-decay of figure 1, and wash out the
generated lepton number asymmetry.°

Using the so-called extended quasi-particle approximation [89-91], we can take into account the finite
decay width of the RH neutrinos as the real intermediate state (RIS) subtracted scattering processes of
lepton and Higgs [68]. These processes are mediated by off-shell RH neutrinos and also contribute to the
washout of the lepton asymmetry.
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On the other hand, by using the formal solution of the Wightman function in (2.14),
contributions from the flavor off-diagonal part i # j are interpreted as an interference effect
between the tree and 1-loop diagrams as follows. The formal solution is written in terms
of the self-energy II> as

0

g a° v . .
GY(z,y) =— Z/ du0d3ug/ d’d*v, G}%(:U,u)ﬂgl(u,v)Gg(v,y) . (2.48)
k.l —00 — 0o

In the leading order approximation with the 2PI diagram of figure 2, the self-energy II>
is written as a functional of the full propagators of the SM lepton and the Higgs as in
eq. (D.6). Hence it can be interpreted as an interaction vertex of ¢ <> N at u ~ v.
The RH neutrino propagates from u ~ v to another interaction vertex at x ~ y. By
inserting this expression into eq. (2.44) and taking the on-shell limit of the RH neutrinos,
C P-asymmetric interference between the tree and the one-loop self-energy diagram can
be obtained. If the RH neutrinos propagating between these vertices are off-shell, the
contribution is interpreted as s-channel scattering processes. Hence flavor off-diagonal
terms in the r.h.s. of (2.44) give both of the C'P-asymmetric decay of the RH neutrinos
and the washout of the lepton numbers via s-channel scattering of leptons and Higgs.

In the resonant leptogenesis where the RH neutrinos have almost degenerate masses,
however, it is not legitimate to separate the on-shell and off-shell contributions as above
since the RH neutrinos are coherently mixed between different flavors, as has been men-
tioned in [61, 68]. Therefore we need to scrutinize the behavior of the Wightman functions
Gg(t, 7;q) in the expanding universe.

2.6 Summary of this section

The evolution of the lepton number is given by (2.35) or its Fourier transform (2.44). They
are the basic equations we evaluate in the following sections. If we adopt the quasi-particle
approximations of (2.37) or (2.38), an ordinary classical Boltzmann equation is derived.
But in the resonant leptogenesis, quantum coherence between different flavors of N; plays
an essential role and such an approximation is not valid for the RH neutrinos. An evaluation
of the r.h.s. of (2.35) by scrutinizing the behavior of the off-diagonal components of the
Wightman functions Gg, which is formally solved as (2.48), in the expanding universe is
the main issue in the following sections.

3 Resonant oscillation of RH neutrinos

In this section, we study how the RH neutrinos with almost degenerate masses behave in
the thermal equilibrium. Deviation from the thermal equilibrium is investigated in the
next section 4.

We consider two flavors ¢ = 1,2 whose masses are almost degenerate. The third
flavor RH neutrino is assumed to have larger mass. In order to calculate the evolution
of the lepton asymmetry in (2.35), we need to know the Wightman functions G of the
RH neutrinos. And, since the KB equation of Gg is formally solved by the convolution
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eq. (2.48), it is necessary to investigate the properties of the retarded (advanced) Green
functions Gg /A first.

We first study both of the flavor diagonal (i = j) and off-diagonal (i # j) components
of Gg in the equilibrium. Then we will see the behaviors of the Wightman functions Gg
in the thermal equilibrium. Throughout the paper, G¢ (also TI? for the self-energy) and G’
(IT") denote the flavor diagonal i = j and off-diagonal i # j components respectively:

G? +— flavor diagonal ,

G’ +— flavor off-diagonal . (3.1)

3.1 Retarded/advanced propagators
From (2.11) and (2.20), G4 satisfies

(iVy — M)Gg/A(ar,y) — / dz"d%z a?’(zo) H%“/A(a:, z)G]g/A(z,y) =—0;;0%(x —y) . (3.2)

tint

We first define the spatial Fourier transform of Gg/4 by

Giala® o) = [ @ y)e DG, @ x - ¥)a ) (33
Similarly, for the self-energy, we define

11,400 a) = [ d = y)e SOOI (0 ox - )00 L (34)
Then using (2.25), the KB equation (3.2) becomes

. 0 7-q 0 ,0.
{W 0z0 — @ _M}GR/A(x ;Y5 q)

—/ dz® Tpa(2%, 2% Q)Gria(z%, v q) = —6(z" — ) . (3.5)

tint
This is the basic equation for G /4.
We then decompose the propagator and the self-energy into flavor diagonal and off-
diagonal parts:

Gria(2,9%q) = GRa(2°, 9% @) + G a (2, 9% @),
Mppa(a®,9% q) = T4 (2%, 9% @) + T 4(%, 9% @) - (3.6)

Using this decomposition, we solve the KB equation (3.5) iteratively.
First we define the differential-integral operator Dgo by

D4 f(a) = {moaxo N M}f(xo) - /OO d2" 10 42, 2% ) F(=°) . (3.7)

a ((L‘O) tint

In terms of the operator, the flavor diagonal component of the KB equation (3.5) becomes

DG 42", 4% q) —/ 2 T 4 (2%, 2% Q)G a (2%, 9% @) = =6(2" —3°) . (3.8)

tint
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Similarly the KB equation of the flavor off-diagonal component is written as

DfoGya(a®, 9’ q) = / d2" Wy (20, 2% Q)G 4 (2%, 9% q) - (3.9)

tint

We then introduce the kernel GC}[{(% of the operator Dgo:

DgoG%%(xo, Y0 q) = —0(z —4°) . (3.10)

with a retarded (advanced) boundary condition. Using GCI{Z(%

tions (3.8), (3.9) as

, we can integrate the equa-

d
G%/A(x()? yO; q) = GR(;B;(xoa yO; q)

_/ drdr’ GdR(;)jl(.Z‘O,T;q)H;%/A(T,T/;q)GlR/A(T,yO;q)7 (3.11)

tint
o0
d(0 /
Gra(®,y’;q) = —/t drdr' GR(/21($077_§q)HR/A(T7 i a)Gha(ry%a) . (3.12)
int
Then we can iteratively solve the above equations by expanding it with respect to the small
off-diagonal component of the Yukawa coupling (h'h)" involved in IT :

d  _ ~d(0) d(2)
d(2) _ ~d(0) | d(0) | 1 d(0)
Gria=GpaxHpaxGp iy xlg xGp/jy s
d(0 / d(0
fya=— Gy # Ty % Gy + (3.14)

Here * denotes a convolution in the time-direction. The second term Gd@) in the flavor

R/A
diagonal propagator (3.13) is the second order of (hh)" and smaller than G%% or G A"
Hence we drop it and write G49) as G¢ for notational simplicity in the following.
We note that the above integrals do not have the memory effect. This is because the
convolution is written explicitly as, e.g.,

xo u
(Gg *TIg x GR)(z°,9°) = / du/ dv Gr(2°, u)TIr(u, v)GRr(v,3°) (3.15)
y° y°
and the integration region is limited between z° and y°. Namely, the retarded (advanced)
propagators are “local” functions of time during z° and y° and insensitive to the past (¢ <
2% yY). This is different from the convolution contained in the Wightman functions (2.48)
in which the integration range of time is extended to the past.

3.2 Diagonal GdR/A in thermal equilibrium

We will first look at the flavor diagonal component of the propagator GdR / A(mo,yo; q) in
the thermal equilibrium at temperature T. The scale factor a is also fixed at ag = a(2°) =
a(y). Because of the translational invariance in the time direction, G 4(2°,4°; q) can be
further Fourier transformed:

G;l%(/eg) (q) = /d(xo _ yo)quO(xO*yo)Gé(;j) (x07y0; q) ' (3.16)
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Then the KB equation (3.11) becomes

{70‘10 - va-oq - M- Hﬁffx)(q(), q)}G‘ﬁfﬁ) (¢ =-1 (3.17)
and can be solved
d(e d(e —1
G == (¢-M -1 () (3.18)

The real part of the self-energy gives the mass and wave-function renormalization. In the
following we assume that they are already taken into account in the bare Lagrangian and
focus only on the imaginary part Hz = HC}% — Hi = 22’%(1‘[5}3). The one-loop diagonal self-
energy in the thermal equilibrium is expressed as Hg = 'y”Hcp{ - From the imaginary part
of the pole of the propagator G‘}i%(eq)(q), we see that the decay width I'; of the RH neutrino
is given by

q - TV ()] gy=rtuvg = Fiwgl'y - (3.19)
The i-th diagonal component G;lz(/ej) “(q) becomes

(5
d(eq)ii —
¢1—HR(/§) (q) + M; ;CJO—Q@'

Cria(0) > (do0 £ g /2% — 2, > _iZ (320
a2
where
Qi = ewig — ilg/2 (3.21)
and
Z! = 22};@& + M), ¢, = ewiquo —q-v/ap - (3.22)
In the real time representation, it becomes”
G;l%(eq)ii(x07 ¥0:q) = +0(2" — y°) Z Zéefiﬂei(xofyo) ’
e==%
Gi(eq)ii(xo,yo; q) = —0(y° — 20) Z Z:e_m;‘(xo_yo) . (3.23)
=+

I'; is multiplied by the Lorentz boost factor as I'y ~ (M/w,) x I" where I" = T'j— is
the decay width of the RH neutrino. In the present paper, we consider a situation that
two RH neutrinos are almost degenerate in their masses

AM = ‘Mz — Mj| ~1. (3.24)

"In the present analysis, we expand various quantities with respect to (hTh)’. Hence the propagator of
i-th flavor is almost identified with the propagator of the i-th mass eigenstate up to higher order terms of
(hTh)'. Propagations of a single N; corresponds to propagations of a single mass eigenstate with mass M;
and width I';.
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In the following, we sometimes use the averages denoted by quantities without the flavor
index 1, j

_ Mi+M; _ Wig T Wjg

W — Qsi+er
2 P 2 ’

M Qe = — etc. (3.25)

3.3 Off-diagonal G', /4 in thermal equilibrium

We then study the behavior of the flavor off-diagonal component G;gjil) of the retarded
(advanced) propagators in the thermal equilibrium. From (3.14), it is given by

’(eq)ij dq —iago(29—40) ~d(eq)ii ’(eq)ij d(eq)jj
G atsa) == [ RGO G @ . (320

The go integration can be performed by summing residues of the poles. Eq. (3.20) shows
that thg retarded propagator G(}i%(eq)” has poles at go = Q0+ ; and the advanced propagator
Gj(eq)” has poles at gy = QF ;. The self-energy Ilg,4 consists of the SM lepton and
the Higgs propagator, and hence it has poles at gy = €y, + €gwyi F iI'py/2 with a large
imaginary part. Because of this, the residues of the poles of the self-energy are suppressed

by I'; /Ty < 1. Noting the relation

1 1 1 1 1
_ ( - > | (3.27)
g — Qeiqo — Loy Qg — Qerj \qo — Qi qo — Qerj
we can see that the contribution € = —¢ is also suppressed by AM/M compared to the

€ = ¢’ contribution. Hence, dropping these suppressed contributions, we have

—1

'(eq)ij ) - "(eq)ij
Gr (9% q) ~+ 6" —y°) 26: 2 j(‘%)zﬁm

" (671961(1073,0) e (zO—y°>) (3.28)
and
—i

G/(‘Cq)ij(xo, yO; q) ~ — @(yo _ $0) Z Zergeq)ij(ewq)Zem
. €l €J

X (e*m:i(z“yo) — e_iQ:j(mo_yo)) . (3.29)

We also used the approximation II(€2;) ~ II(€2;) ~ II(ewy) because I'; < I'yy.
The minus signs in the parentheses come from the relative minus sign of the residue
in (3.27). Because of this, the off-diagonal Green functions vanish at 20 = 3°:

Glrya(@,y)|o_p0 =0 (3.30)

This should generally hold by the definition of Gg/4 in (2.8) because Gﬁ)j(x, y) is propor-

tional to 0¥§%(x — y) at equal time z° = 3°:

VG @Yoo = O = YN G (2,9)]o_ o = 500 = ¥)37 . (3.31)
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Note that the flavor off-diagonal components of the retarded (advanced) propagators are
enhanced by the factor 1/(€2; — ;) (or its complex conjugate). Such a large enhancement
comes from the large mixing of the RH neutrinos with almost degenerate masses.

For the self-energies Ilg/ 4 = II; £ 1I,/2, if we use the vacuum value IT)(ew,) =
—guwR(hTh)'ied, /(167) and II, (ew,) = 0 as in appendix D, the following expressions [56]
are reproduced:

(eq)ij de + gwM?R(h'h) /(167)
Gr ( s Q) = +@(:c -y’ Z qu Ml-Q—M]-Q—iE(MiFi—Mij)

x (e i(x~y ) — e 192%;(z0—y°)
( )

)

! (eq)i —guM2R(RTH)' /(167
Ao @) = — 0y — " E ¢je2wq QJEJZ n ii(Mi)F/i(— M)jrj)
X <€_m;(xo_y0) — o9 _y0)> . (3.32)
Here we have used the relation
€ 1 N 1
20 Qi = Qej Wl — w2 —ie(wigliq — wjgl'jg)
1

12

(3.33)

Mi2 - ]\4]2 - ZE(MZFZ - Mij)

which is valid for w, ~ w;jy ~ wjq and w,I'y ~ MI'. Hence, the enhancement factor
1/(€ — Q;) corresponds to taking the regulator (M;I'; — M;T';) is obtained. As shown
in section 3.6, the same enhancement factor, that is, the same regulator appears in the
off-diagonal Wightman function in the thermal equilibrium. For the deviations of the off-
diagonal Wightman functions out of equilibrium, however, we show in section 4.5 that
the enhancement factor is changed to be 1/(€2; — 7). This corresponds to the regulator

Finally we note the validity of the expansion with respect to the off-diagonal compo-
nents of the Yukawa couplings (hth). From the expressions (3.32), the iterative expan-
sions (3.13) and (3.14) turn out to be valid when the real part of the off-diagonal compo-
nents of Yukawa coupling R(h'h)’ is smaller than the mass difference |M; — M;|/M ~
/M ~ (hTh)4. Hence the expansion is understood as an expansion of the ratio
(WY (hth)LS

3.4 Wightman functions

The Wightman functions can be solved as (2.14) or (2.48). If we take terms up to the first
order of (hTh)/, the flavor diagonal component is given by

dit __ di d di
G = -Gy i iy G (3.34)
Similarly the flavor off-diagonal component is given by

GH =— G+ GY — G+ G - GF =TT <Gy . (3.35)

8In [56], numerical analysis has been done beyond this parameter region.
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By using (3.14) and (3.34), (3.35) can be also rewritten as

GU = QU ST+« GV — QU T« GY — Gl T 5 QY (3.36)
which makes it clear that the off-diagonal part of the self-energy causes the flavor mixing
of the RH neutrino.”
3.5 Diagonal Wightman Gé in thermal equilibrium
In the thermal equilibrium, the Wightman function can be easily obtained by using the
KMS relation. From (3.34), the diagonal component GC%l(eQ) can be written as

d —iqo(z” — © e
GUD (20,40 q) = - / 2%’6 a0(a =) o) ( 1d(ea) () GAUD (g (3.37)

Let f(q) be the thermal distribution function for the RH neutrinos. Note that f(q) is a
function of ¢°, which is not equal to the on-shell energy wq. The KMS relation for the
self-energy function is

=
N

D(g) = —i {1_f"£(§§‘;)} 19 (q) . (3.38)

Using the solution of the KB equation for the spectral density G, = Ggr — G4 = —GR *
IT, * G4, we have

GUeD (20,40 q)

= - [ SR {1 : f(%)} V@I ()G ()

2 —f(q) p
= _|_/(éqﬂ(_)eiq0(x0y0)(_i) {1_f](:§g()))} [G?%(GQ) (q) . Gill(eq) (q) . (339)

It is nothing but the KMS relation (2.9) for the Green function.
Performing the g integration, it becomes

G(é(eq)ii(xO’yO; q) ~ Z {1_— §iq} (—Z)Zé(@(l‘o o yO)e—iQei(a;O—yO)
€ q

+0(y° - :co)e_m;'(xo—yo)> ) (3.40)

Here we have dropped the contributions from poles of the distribution function f(qo) since
they are suppressed by I'/T" < 1. Furthermore we used the distribution function

1

ocwiq/T 1 (3.41)

fip = flao = ewiq) =

by dropping the imaginary part of the pole ; in f(q) because it is suppressed again by
the factor I' < T'. Recall that it satisfies the relation (1 — f§) = +f;,°

9This form is convenient for the systematic derivation of the Boltzmann equation from the KB equation
in the hierarchical mass spectrum [68], in which the diagonal components of the Wightman propagator are
identified as the on-shell external line of the RH neutrinos. In this paper, we are focusing on the resonant
mass spectrum, and we use this form, without such an assumption, to solve the off-diagonal components of
the Wightman propagator.
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3.6 Off-diagonal Wightman G’2 in thermal equilibrium

Next we calculate the flavor off-diagonal component G/Z(EQ) in the thermal equilibrium. The
off-diagonal component also satisfies the KMS relation and we have

'(eq)i7 d _ioxo_ 0 . 1— "(eq)ii
G20,y q) =+/2(ffe iy )(—2){ _f{;z;))}c’p( V% (q) (3.42)
o dqo g0 (20—y0 ) 1= f(qo) "(eq)ij '(eq)ij
—+/27r€ % y)(_z){_f(qo)}[GRq](Q)_GAq](Q)]

Performing ¢ integration, it becomes

—1

Qei - Qe]

{1 - ieq} o~ ei(z®—y%) _ {1 - ;q} e—mej(xo_yo)] (3.43)
€ €
—Jig “ g

for 20 > y°. We have used similar approximations by dropping suppressed contributions
by I'/T and T"/T' 4.
The off-diagonal component of the thermal Wightman functions are enhanced by the

Glz(eq)ij (xo’ yO7 q) — Z ZEH£QQ)ij(qu)ZE

x (—1)

same factor 1/(€2; —€¢;) as in (3.28). Hence the flavor oscillation of the Wightman function
in the thermal equilibrium is enhanced by a factor with the regulator M;I'; — M;I’;.

At the temperature 7" > AM we have in mind, f; and f; can be almost identified.
Writing f; ~ f; ~ f, we have

_ -t
Qei - QEj

- f; —iQei (2% —y%) _ _—iQe; (x0—y0)
ShdC o1

-1
e ar
EQei - er

G’%(eq)ij (xO’ yU; q) _ @(1’0 o yO) Z ZEHéEQ)ij(ewq)Ze

+6(y" - ) Y ZAL Y (ew,)
€
DR (e—m;(wO—y0> _ e—i92j<w°—y°>> . (3.44)
—fe
The off-diagonal Wightman functions in the thermal equilibrium vanishes at the equal time
20 = o0

lim Glz(eq)ij(:vo,yo; q) o< (% — Q)2 —y") ~ AM(2° —4°) = 0. (3.45)

r0—Yo
Later this property becomes very important to evaluate the deviation of the off-diagonal
component of the Wightman function when the system is out of thermal equilibrium.
3.7 Summary of this section

In this section, we calculated various propagators of the RH neutrinos in the thermal
equilibrium. We especially focused on the resonant enhancement of the flavor oscillation
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of N;. Retarded or advanced propagators are composed of two propagating modes, i and
j flavors. The flavor diagonal components are given by (3.20) or (3.23). Since their masses
are almost degenerate, the flavor off-diagonal component is largely enhanced due to their
oscillation as in (3.28) or (3.29). The enhancement factor is proportional to 1/(€2; —€;) (or
its complex conjugate) where Q; = w; — iI';/2 and gives the regulator R;; = M;I"; — M;T;
to the enhancement factor. Similarly, the resonant enhancement of Wightman functions is
calculated. In the thermal equilibrium, because of the KMS relation, the behavior of the
Wightman functions is the same as the retarded (advanced) Green functions. The flavor
diagonal component Gé is given by (3.40) while the off-diagonal component G/2 is given
by (3.43). A very important property of G% is that it vanishes at the equal time as (3.45).

4 Propagators out of equilibrium

Now we study effects of the expanding universe into account. First we summarize various
time-scales in the system. An important time scale is given by the Hubble expansion rate
H of the universe. Other scales are the decay widths of the SM particles I'g, I’y and of
the RH neutrino I';. Another important time scale in the resonant leptogenesis is given by
the mass difference AM of the RH neutrinos because it gives the frequency of the flavor
oscillation.

In type I sea-saw model studied in the present paper, the decay width I'; of the RH
neutrino is approximately given by T'; ~ (hTh);M;/8m. The ratio of I'; to the Hubble
parameter (2.26) at temperature 7" = M; is rewritten in terms of the “effective neutrino
mass” m; as (see e.g. [3])

Fi T?Ll - (hTh)“UQ
m; = ———— .

K’L = = - N
H(M;) ~ 10-3eV M,

(4.1)
where v is the scale of the EWSB. Hence if we take the Yukawa coupling so as to m; ~
0.1eV, the ratio becomes K; ~ 100. This corresponds to the strong washout regime.
The Yukawa coupling itself is very small (h ~ 107° for M ~ 10 TeV), and we have the
inequalities

F¢,Fz >0, > H. (4.2)

4.1 Deviation of self-energy from the thermal value

Under the condition (4.2), we can expand the scale factor as
a(xy = ag) + agyHep (X —t)+---. (4.3)

The other physical quantities such as temperature are correlated with the change of the
scale factor, and can be similarly expanded.

In order to calculate the out-of-equilibrium behavior of various Green functions in
the expanding universe, we need to evaluate the change of the self-energies II(x,y). The
self-energy of the RH neutrino is a rapidly decreasing function with the relative time as
~ e T4 due to the SM gauge interactions. So in the leading order approximation,
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the self-energy II(z, y) can be evaluated by the thermal value with the local temperature at
the center-of-mass time 2% ~ 1° ~ X zy- Therefore it is convenient to write the self-energy as

H(-xoa yOS CI) = H(meS Sxy; q) = H(eq) (meS Szy; Q) > (4'4)
where
0 0
Xxyzx;_y , sy =at -0 (4.5)

The first equation of of (4.4) is the definition of II(X;s;q). In the second equality, we
replaced II by its thermal value I1(®® since the SM leptons and Higgs are in the thermal
equilibrium and the self-energy of the RH neutrinos is well approximated by its thermal
value. T1(c%) (Xzy; s) means the thermal self-energy in the thermal equilibrium evaluated at
time X, .

In evaluating the Wightman function G> of the RH neutrinos, we need to know a
difference of the self-energy II(u,v) from the thermal value at a later time ¢. For example,
in (2.48), the difference of the self-energy I1(X,,; s) at X, and the thermal value I1(9) (¢; s)
at t = X, controls the behavior of Gg In this case, the time difference between X, and
t = X,y is given by the inverse of the decay width I'; of the RH neutrino N;. Since

1 1

1

— 4.
» o< (4.6)

the derivative expansion of the self-energy around the thermal value is a good approxima-
tion:

I1(Xy; 5q) = V(8 55.q) + (X — )OIV (5 5:q) + Ay x0T (4.7)

The second term is of order O(H/I';) owing to (4.6). The third term comes from the
chemical potential of leptons generated by C P-violating decay of the RH neutrinos. So it
is the genuine deviation of the self-energy from the thermal value at the same time X,,,.

In this section, we mainly focus on the change of the physical quantities, namely the
second term because the back reaction of the generated lepton asymmetry to the evolution
of the number density of the RH neutrinos is very small. The effect of the chemical
potential becomes important in the generation of the lepton asymmetry and is considered
in section 5.

4.2 Notice for notations

As already used in (4.4), II(X; s) is the self-energy at the center-of-mass time X with the
relative time s. For the thermal value II(®® (X s), X is not necessarily at the center-of-mass
time, but, more generally, denotes the reference time when it is evaluated. s is always the

relative time. For the thermal value, we also use its Fourier transform

(X q) = /ds 9 (X; s)e ™" (4.8)
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In order to avoid complications of appearance, we use the same notations II for II(X;s)
and its Fourier transform II(X;¢q). They can be distinguished by their arguments, s or g,
if necessary. We always use s for the relative time and ¢ for its conjugate frequency. For
the first argument (the reference time), we use X or ¢. The same notation is used for the
thermal Green functions. We hope it does not cause any confusion to the readers.

4.3 Retarded propagator out of equilibrium AGp

First we study how the retarded (advanced) propagators of the RH neutrinos deviate from
the thermal value in the expanding universe. Consider the flavor diagonal component GdR /A

first. We write the deviation around the thermal value G4¢9) by AG®:
d
G?%/A(Xxy; Szy; Q) = GR(/ez) (t; Szy; q) + AGC}%/A(X:EyQ Sxys q) . (4'9)

Note that AGC}% /A depends on the reference time ¢ at which the equilibrium value is evalu-
ated. It is calculated in appendix G and given by

AGHE, 1% q) ~ O(50y) [at (Zee 950 (X — )

€

PO e (4.10)
q (*)
The first term is the change of the physical parameters such as mass or width in €}, and
Z¢. The second term represents a change of the spinor structure due to an expansion of the
universe in the propagator during the propagation. The retarded (advanced) propagator
does not have the memory effect, and the deviation is essentially determined by the change
of the local temperature.
By taking a variation of (3.14), the deviation of the off-diagonal components G, /4 Can

be expressed in terms of the deviation of the diagonal components G”]l% /A 8S

'3 d(eq)ii ’(eq)ij d(eq)jj i "(eq)ij d(eq)jj
AGH == Ged™ « ATLEY + Gt — AGH , « TS + GR(/E)”
— G I« AGE (4.11)

The above formula is used to evaluate the deviation of the Wightman functions of the RH
neutrinos in the latter section 4.5. Since the above relation (4.11) is sufficient for latter
calculations of AG%, we do not calculate an explicit form of AG,R here. We note that,
since the retarded (advanced) propagators do not have the memory effect, its deviation
is essentially determined by the change of the local temperature. Also note that the
enhancement factor is proportional to 1/(€; — €2;) as the Green functions in the thermal
equilibrium since there is no chance to mix Gg and G 4.

4.4 Diagonal Wightman out of equilibrium AG%

The deviation of the flavor diagonal Wightman function AG% (2°,4°) can be calculated by
taking a variation of (3.34):

AGE = — AGH« I« G — G T« AGY
_ Gcll%(eq) % Ané(eq) * Gi(QQ) ) (412)
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There are three terms. The first two terms are interpreted as the change of the spectrum
in the expanding universe contained in Gg/4. On the other hand, the third term reflects
the memory effect.

The third term is explicitly written'® as

CEO ZO
- / du/ dv G%eq) (x,u) AH?QQ) (u,v) G%eq) (v,2) . (4.13)
This shows that the Wightman function is sensitive to the change of the background before

2 and 3° unlike the retarded or advanced Green functions. Writing the self-energy in terms
of the center of mass coordinate X, = (u + v)/2 and the relative coordinate sy, = u — v,

its deviation from the thermal self-energy at time t = ¥ is written as
d .
ATIEY (X5 005 @) = / %e 905w 9 TIED (X5 )|, (Xuw — ) (4.14)
d ; 1-—
~ / ﬂe—lQOsuvaX (—i) f(q0) ngq) (X;q) (Xuw — 1) .
2m —f(q) et

Note that |su,| S 1/T'ss due to the rapid damping of SM leptons and Higgs propagators.
In the second equality the KMS relation for the thermal self-energy (3.38) is used. As
explained in eq. (4.4), the self-energy function out of equilibrium can be approximated
by the equilibrium self-energy II(¢9) of (3.38) at the local temperature. Note that the
distribution function f(qo) = 1/(e%/T +1) is time-dependent through the time-dependence
of the temperature T = T'(X).

The calculation of the deviation of the diagonal Wightman function AG% is performed
in appendix I. For 2% > ¢/, it is given by

Z ' 1= fi Adii
AGE (4% @) = (—i) Y H i f } AGH (2°, 4% €, q)
€ q
1- Z'gq —1 i =i (20—10)
+diq F+(Xxy_t_ |Sayl/2) | Zee™ " (4.15)
iq 1q
where

or 0  Owg O
= 55T 8—{’8—% : (4.16)
Each term of (4.15) is classified into three types of terms.

The first term of AG‘é in the square bracket reflects the change of the spectrum in the
propagators Gr and related by the KMS relation (3.39). It reflects a change of the local
temperature during the period z° and y°.

The term proportional to (X, —t) comes from a difference between the distribution
function f,(t) at the reference time ¢t and fo(Xyy) = fo(t) + (Xzy —t)dify at time X,,,. The

10Gince all quantities are already Fourier transformed in the spatial direction with momentum q, we use
u, v instead of ©°, v° to avoid complications.
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time-dependence of f, comes from both of the local temperature and the physical frequency
wq as shown in the definition of the derivative operator d;. The term with s, is similar.
If 20 # 40, the distribution function at Xy is affected by the information at the past.
The most important part is the term proportional to 1/I';, which reflects the memory
effect of the Wightman function. Since the Wightman function is written as a convolution
Gé (Xayi Say) = —(Gr* 1z * G4)(Xypy; Szy), they depend on the information in the past at
Xuw where Xy — Xy ~ 1/I'; (see (4.13)). In the expanding universe, the temperature is
higher in the past and the number density of leptons and Higgs are larger than the present
density. Accordingly the number density of the RH neutrinos is also larger by an amount of

— fe — f€ -1 diff
I A R D S [ G L (4.17)
“Jig “Jig Fiq Fiq

Hence the term with 1/T'; is directly related to the memory effect of Gé

In applying AG> to the evolution equation of the lepton asymmetry, it always appears
as a product with the propagators of the SM particles (leptons and Higgs) as in eq. (2.44).
Since these propagators damp quickly with the decay widths I'y 4, we can drop all the
terms in (4.15) except the term containing 1/T';. Furthermore, during the period 1/I'y,
RH neutrinos are almost stable: I'; < I'ys. Hence we can replace the frequency (2; by its
real part w;.

Let us write this simplified form of AG as AG:

g = Xena ! ol sz

€ iq

The definition of Z! is given in (3.22). 3. Zie~iia(*"~4") is nothing but Gz” = G¥ — gdit
within the above simplification.

As a final remark in this section, we mention that the above simplified form is directly
obtained from the classical Boltzmann equation as follows. The Boltzmann equation for
the RH neutrino distribution function is given by

2 dp 1 Bk 1 1ol
i =5 [ s [ Gy 20 == B)

XM [(U= Fi 50150 = iU = F5 A= 15D - (@19)
All external momenta are on-shell. Leptons and Higgs are assumed to be in the thermal
equilibrium. |M |2, = gw(hTh)ii(q - p) is the square of the tree-level decay amplitude of a

RH neutrino into a lepton and a Higgs. The spin in the initial state is averaged and the
isospin sum in the final state is performed. By using the relation (1 — fi(;@) fé;q) fﬁq) =

fi eq)( fgeq))(l — f(eq ), it is rewritten as

3 3
difig = —=> / dp 1/(d’“1<2w>454<q—p—k>

2wig J (2m)3 2w, J (2m)3 2w
X Mo [1= 1500+ 159 (fig - £57)
= _Fiq (fzq - fl(qeq)> . (4'20)
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Here, we have used the definition of the decay width (3.19) with (D.9).!! The solution
of (4.20) is given by

Fia®) ~ £ () - —d 0 (4.21)
and (4.18) is reproduced.

4.5 Off-diagonal Wightman out of equilibrium AG.L
<

We then investigate the deviation of the flavor off-diagonal Wightman function. It is most
important for generating the lepton asymmetry. Since the flavor off-diagonal Wightman
function is a sum of three terms as in (3.36), its variation contains 9 terms (J.1). Details

"(eq)

of the calculations are given in appendix J. 6 terms containing AGC}% /a OF All, /A reflect
the change of the spectrum Q¢ = ew, F iI'y/2 during the decay of N;. The change of the
distribution functions is contained in the 3 terms with AG‘% and AH/%(eq). In appendix K,

we give a different derivation of AG% and AG%.
After lengthy calculations in appendix J, we get (J.34). For 20 > ¢/, AG; becomes

AGH (20,4 q)
/ - 1 — f¢ 1 .
ZI VY (ewy) Z A L
zﬁ: ellp (qu) € _ re Qei —Q:j e

Jq
" 20V (ew) ZeA {1 - fQ} ﬁ e—mesﬂw] . (4.22)
€ ~Jig € e
In this expression, we have assumed that the reference time ¢ is very close to X,,, and the
conditions | Xy — t], [szy| S 1/T¢y are satisfied. Such conditions appear when we use the
Wightman functions in evaluating the evolution equation of the lepton number. We also
took the leading order terms with respect to I'/Tys ~ I'/T. Eq. (4.22) is of order (H/T).*

We have also identified €; ~ €2; in e~ eszy gince the mass difference AM and the
widths I'; are much smaller than the typical scale of 1/|szy| = I'¢e.

Here is an important comment. As discussed in (3.6), the off-diagonal components
of the Wightman function in the thermal equilibrium (3.43) is enhanced by a large factor
1/(£2; — Q;) because of the resonant oscillation between flavors. But in the limit o — yo
it vanishes as in (3.45). Both of these properties are related to the behavior of G/R /A
through the KMS relation and the fact that G% is separated into the retarded and advanced
propagators as in (3.42).

The deviation AG? does not satisfy either properties. First, the enhancement factor

is replaced by 1/(£2; — €27). Second, AG;ij does not vanish in the limit 20 — y:

lim AG 12, 4%q) £ 0. (4.23)
Zo—Yo
"The factor [1 fl(eq) + fon (9] represents the finite density effects, which depend only linearly on the

distribution functions [59-62, 64, 78]. The RH neutrino interaction rate including all the relevant SM
couplings was computed in [79].

2Higher order contributions in the gradient expansion are of order H/T as found in [63]. Since H/T <
H/T, we do not consider such terms here.
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The replacement of the enhancement factor by 1/(€; — ;) reflects the mixing between
the retarded and advanced propagators. Such mixing is naturally generated because the off-
diagonal component of the Wightman function is solved as in (3.36) to contain both types
of Green functions. Since the retarded and advanced propagators have poles at gy = €2
and qo = €2
can be naturally understood. In the equilibrium case, since the retarded and advanced

respectively, the appearance of the term 1/(€2 — Q7;) by go integration

propagators are decoupled by the KMS relation such mixings of poles at gy = 2 and
at qp = Q* disappear in the final result of G so that the enhancement factor becomes
1/(QEZ - QE]) or 1/( €i Q:j)

When we use AG%” (2°,4°) in the evolution equation of the lepton number, the argu-
ments 2, 1y" are restricted to the region Sy = 20 -0 <1/ I'¢y ~ 1/T as mentioned above.
During such short period, the decay of NN; is neglected and we can safely replace €); in

e~ ®sey by its real part w.. We write the simplified version of AG as Ag i
7 Wg€
A e—zewq 20—y) q
G (", 4" q) Z (M? — MJ.Q) —ie(M;T'; + M;T;)

1— fe 1— fe
A Jja\ LA iq

{_ffq} {_ieq H

1 - ng _ 1- q
sfpheafmTY

The second term in the square bracket with the real part of the self-energy can be dropped

X {ZEH;)(eq)ij(ewq)Ze

+ 2211V (ewy) Z

by imposing I, = 0 by the mass renormalisation. If we include the effect of the temperature
dependent mass, II; is not always zero.

4.6 Summary of this section

In this section we studied the deviation of various Green functions from the thermal equi-
librium. The deviation of the retarded Green function AG% is mainly caused by the
local change of the physical quantities. It is also true for the diagonal component of the
Wightman function (4.18). It is because the diagonal component in the time-dependent
background is determined by the distribution function at the local temperature.

In contrast, the off-diagonal components behave differently. The off-diagonal compo-
nent of the retarded (advanced) Green functions AG;? is largely enhanced by the factor
1/(€Q; — €;) due to the flavor oscillation.

The behavior of the off-diagonal components of the Wightman functions AG/2 in (4.22)
is different. First it is not written as a change of the local equilibrium Green function Ggeq)
n (3.44):

(AG2)Y £ A(GY) . (4.25)

q. (J.34) and this property are the main results of this section. The property (4.25)
becomes evident when we notice that G vanishes in the leading order approximation at
2% = ¢¥ as in (3.45) while AG> is nonzero at the equal time, which produces the lepton
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asymmetry. Furthermore, unlike (3.44), (4.22) is enhanced by a factor 1/(Q; — 7). This
means that the resonant enhancement of AG/2 occurs very differently from the resonant

)

of taking a variation A and the flavor oscillation do not commute as in (4.25). We come

oscillation of Géeq which is controlled by the KMS relation. Or in other words, the process

back to this property in section 6.

5 Boltzmann eq. from Kadanoff-Baym eq.

The evolution equation of the lepton asymmetry is given by the KB equation (2.44). The
r.h.s. is written as a functional of the Wightman functions of RH neutrinos, SM leptons
and SM Higgs. Since the SM leptons and Higgs are almost in the thermal equilibrium,
their distribution functions are approximated by the thermal values at the local tempera-
ture. But the RH neutrinos decay much slower, and furthermore the RH neutrinos with
almost degenerate masses coherently oscillate between different flavors during their decay.
Hence the Wightman functions Gg of the RH neutrinos must be treated in a full quantum
mechanical way by using the KB equation, not by the classical Boltzmann equation. Once
Gg are obtained, they can be inserted into the r.h.s. of (2.44) to obtain the Boltzmann
equation for the lepton asymmetry.

Here we summarize the basic ingredients of the evolution equation for the lepton asym-
metry. The evolution equation is given by

dny, d3q (!
—= +3Hn, =2R) [ ——= ™h)ji
o+ 3Hn afeij /(%)3/ dr (hTh);

X |:tr{PRGi<j(t,7’;q)PL7T>(7'7t;q)}

-G ) e ) (5.1

where P> Pr = 7> as defined in (2.45). After Fourier transformation of the r.h.s., the
frequencies qo, po, ko of the Green functions, G>(qo) and Sz (po), Az (ko) in 7>, satisfy the
relation gy = pg + kg. Furthermore, in the thermal equilibrium, the Wightman functions
are related to the retarded (advanced) propagators through the KMS relation (2.9), (3.38)
and (3.39). Then, by using the relation

IN(q0)(1 = fe(po)) (1 + fs(ko)) = (1 — fn(qo)) fe(po) fo (ko) , (5.2)

two terms in the square bracket cancel each other. Hence there is no generation of lepton
asymmetry in the thermal equilibrium.
5.1 Lepton asymmetry out of equilibrium

In the expanding universe, there are three sources for changing the lepton asymmetry, and
the r.h.s. of (5.1) can be classified into the following three terms:

DL 3tn = 3 (CK, +ClS +Cly) (5.3)
dt np = . Af w BR) - .
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Here we rewrite the sum over ¢, j into the flavor diagonal part K = d and the off-diagonal
part K ='. Namely K = d corresponds to a summation of ¢ = j = 1 and i = 5 = 2 while
K =’ corresponds to a summation of i = 1,7 =2 and i =2,j = 1.

The first term Cf 5 comes from the deviation of the Wightman functions of the RH
neutrinos (i.e., the distortion of the distribution function Af) from the thermal value

/ !

(AGz) =G> — GV 40, (5.4)

<

and is given by
d3q
cK, =2% / @) > (B
ijeK

¢ ;
X / dr [tr(PRAgfz](t,T;q)PLWSQ)(ﬂt?P))

— 00

- (PAGK i AR (o tip)) | (5.5)

This generates the lepton asymmetry in the expanding universe.
The second term comes from the deviation of m>:

Ay =73 — rled (5.6)

<

which is caused by the deviation of the distribution functions of the SM leptons and Higgs.
CI is written as

3
i =2k [ 555 3 tn

i,JEK

—0o0

t g
X / dr [tr (PRGf(eq)” (t, 7;q) PLAT (7, t; p))
- tr(PRGi“e‘*’%T;q)PLAw(T,t;p))} . (5.7)
This gives washout effect of the lepton asymmetry.

The third term comes from the back reaction of the generated lepton asymmetry to
G%, namely to the distribution function of the RH neutrinos. It is written as

3
T

ijEK

t .
X / dr [tr{PRA#Gi(”(t,T;q)PLWSq)(T,t;p)}

—00

. tr{PRAHGi%,T;q)Pm(f‘“(T,t;p)}] | (5.5)

Here A, G is defined as the back reaction of the generated chemical potential of the lepton
and Higgs to the RH Wightman function.
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5.2 Effect of AG> on the lepton asymmetry: Cay

The deviation of the Wightman function from the equilibrium value generates the lepton
asymmetry out of equilibrium.

First let us look at the contribution of the flavor diagonal (K = d) part of Cgf.
Inserting (4.18)'3 and (2.46) into (5.5), we have

d3p A3k d3q
4 = 21V383 (g — p —
Car zl:/ (27)32w, (27)3 2wy, (27)3w, (2m)"0(a —p— k)

Fg¢
(wq — wp — wk)? + P%¢/4

{8 (A= ST+ for) = (0= F,) (14 £5))
— A1 = fig) (fépquk - fzpfgk) }
=0. (5.9)

guw(hh)i(q - p)

Here we took all the €’s, € in (4.18) and €/, €4 in (2.46), the same € = ¢, = €4 because the
temperature considered is not so high that a process like ¢ — £+ N does not occur. Hence
the flavor diagonal component does not generate the asymmetry. In the last equality, we
used the relation f, = f7 = f, (ea) , fo= fg = f (©d) for the thermal distribution function.

Next we calculate the off-diagonal term CAf with K ='. Inserting (4.24) into (5.5),
we have

3 3 7.[.33 _
Car= D /‘%rww(zdk L kﬁw S(n'h); (5.10)

) 7)32wy (27)32wg (wg — wp — wi)? + /4
- M?)/2
+ (M;T; + M;T; )
(4z wa))(@-p) -+ 4i (=D2(p- 75D () + (g 75D (i) (a ) )
( [Afig + Afjgl (1= fe)(1+ £59) — (AL = fig) + AL~ fi)] sV £57 )

M;T; + M,;T;
M’A@AHME+MQP

(4q me D (@o)) (g p) +4 (=22 7l () + (g 7V w q>><q-p>))

+

([Afiq — AL (1= FeD) 1+ F50) = (A = fig) = A1 = f)] F2 f50 )] |

Here, using the definition of 7> in (2.46), we have defined 7, = i(7> — 7<) = (7r — 7a),
7n = (mr + m4)/2 and their Fourier transform in the time direction, to separate the self-
energies Hp(/e}?) in (4.24) into the Yukawa coupling (h'h)’ and the equilibrium values of To/h

'*We note again that (X — t) and sgy of the arguments of G»(z°,y°) are smaller than 1/I'ss due to
7> (7,t) ~ e~ ¢"T26/2 Hence the use of AG is justified.
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(see (D.8) and (D.14)). If we use the vacuum values'? for the self-energy calculated in
appendix D, i.e., m,(ewy) = —gwied./(16m) and mp,(ewy) = 0, the second term in the square
bracket is dropped and (5.1()) is simplified as

c Z / d*k d*q (2m)?6%(q —p — k)L
Ar= 27) 32wp (2m)3 2w, (2m)3wg (wg — wp — wi)? + F?¢/4

1=1,2
x 6| M| (Afiq(l — M1+ £S5 — A~ i) FEV S eq)) (5.11)

where
gwM2 Mz2 - MJQ
8 (Mz2 — Mj2>2 + (le—‘l + Mij)2

SIM|% = guS(ATh)% (g - p) (5.12)
The factor 5| M|? can be interpreted as the C'P-asymmetric part of the decay amplitudes,
which gives the C'P-asymmetry of the decay rates I'n, ¢ — T’ Ny T3

The term (5.11) produces the lepton asymmetry through the C' P-asymmetric decay of
the RH neutrinos that are out of the thermal equilibrium. The distortion of the distribution
function is given in (4.17). An important point in (5.11) is that the enhancement factor
of the C'P-asymmetry is given by (M? — MJZ)/((MZ2 - M]2)2 + (M;T; + M;T;)?), and the
regulator R;; relevant to the C'P-asymmetric decay of the RH neutrinos is given, not by
(Mi]:‘i — Mjl“j), but by (M,-Fz- + Mjl“j).

5.3 Washout effect on the lepton asymmetry: Cy

The term Cvff, washes out the generated lepton asymmetry. In order to calculate Aw, we
first perform the Fourier transform of 7> (7,t; q) defined in (2.46):

3k" (27T)363(q —D— k) Ff(f) €€
=— DY° 5.13
3 / 2m) 32Wp (2m)32wy (g0 — epwp — €gwi)? + T3, /4 PeDapyy  (5:13)

€05€p
where Dg&f k) 18 defined in (2.47). Then Ar is given by
A (g) = w2 (g) — iV (Q) (5.14)
=—y Z / 3k (27‘(‘)353(61 —Db— ]{?)Fg¢ ]S ezze¢
v = 27) 32w (2m)32wi, (g0 — epwp — €pwi)? + F?¢/4 <
€€p  __ €€ ereg(eq)
where ADz(p’k) =Dsior) ~ Doy -

First consider the diagonal component K = d. Inserting (3.40) into (5.7), we have

cd Z/ &’k d*q (27T)353(q —p—Fk)ly
W= 2m) 32wp (2m)3 2wy, (27)3wg (wg — wp — wk)2 + F§¢/4

ot )it )| F508 {0~ )1+ F) = (1= F) 0+ F0 )
- (1= f(eq )A {ffpf(f)k’ - fzpfgk} } - (5.15)

1411 the flavored leptogenesis, medium effects play an important role [65, 75].
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This gives a washout effect on the generated lepton asymmetry and it is physically inter-
preted as the inverse decay of the RH neutrinos.

Next let us see the flavor off-diagonal component, K =’. Because of the property (3.45),
it vanishes in the leading order approximation:

Coy =0 . (5.16)
Hence only the diagonal component plays a role of washing out the generated lepton
asymmetry.
5.4 Backreaction of the generated lepton asymmetry: Cpr

Finally let us see the back reaction of the generated lepton number asymmetry (i.e., the
nonzero chemical potential of the SM leptons) to the Wightman functions of the RH
neutrinos.

By using (D.6) and the flavor symmetry S = §*%S, the deviation of the self-energy
in the presence of the chemical potential is written as

By 120) = [ dsetimea, IY(X = tisia)
= (Wh)syPL AT (a) + (R h);; P (q) (517)

AT is the C'P-conjugate of Am> and obtained by changing the sign of the chemical
potential of the SM leptons and the Higgs. A“Gé (q) is given by replacing H% in (3.34) by
i = j component of (5.17), and the contribution of the flavor diagonal component is shown
to vanishes:

Clr=0. (5.18)

Similarly the off-diagonal contribution becomes

o Z/ d®p d®k d3q (27)383(q — p — k)T
BR ™ - (27)32w), (2m)32wy, (27)3wq (wg — wp — wi)? + F§¢/4

2
gu(a-P)(-) 22 (S (i h)y )

(M;T; + Mjl‘j)
(]\4@2 — _2\4]2)2 + (MZFZ + MjI‘j)Z

< 2578 (0= fa) L+ Far) = (1= )L+ £)
-(1- fi((;Q))A {ffpfqﬁk - fzpfgk}} : (5.19)

Details of the calculations are given in appendix L. In the above calculations, we took the

weak coupling limit discussed in appendix D. This term represents the effect of back reaction
of the generated lepton asymmetry on the Wightman functions of the RH neutrinos. Such a
term appears because we first solved the propagators of the RH neutrinos in the background
of the SM leptons and the Higgs. The relative sign of the back reaction to the washout
effect Cf,l[, in (5.15) is opposite so that the back reaction tends to reduce the washout of the
generation of lepton asymmetry. If we solve the KB equations for the lepton asymmetry
and the Wightman functions of the RH neutrinos simultaneously, the generated lepton
asymmetry (namely the effect of the chemical potential) makes the RH neutrinos further
away from the equilibrium. It is the reason why the back reaction reduces the washout.
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5.5 (' P-violating parameter

The C P-violating parameter can be read off from (5.11). §|M|? of (5.12) gives the C P-
asymmetry of the decay rates I'n, 09 — 'y, s Since the tree decay amplitude is given
by [M|2e. = guw(hTh)ii(q - p), the CP-violating parameter ¢; is given by

L Uni—eg =Ty 70

E;, =
' I'Ni—g + FNZ'*)%

2 wM? Mp—M;?
ZJ'(sf'éi) gw%(mh)ij(q -p)* 8 (ME_M3)2+(Mi17“i+Mjrj)2

2 % guw(hth)i(q - p)
(hTh)?J gwM2 Mz2 - sz
hTh)Z‘Z‘ 167 ((]\422 — ]\4}))2 + (Miri + Mij)Q

R}

J(#4) (

3 St (M7 — M7)MiT (1+O(AM/M)) . (5.20)
— X . .

= (hth)ii(hth)j; (M7 — M7)? + (ML + M;T;)?

Hence the regulator discussed in the introduction is given by
Rij = MT; + Mij . (5.21)

The result is consistent with the result obtained in [56]. In the paper [56], the CP-
violating parameter is obtained indirectly from the generated lepton asymmetry in a static
background with an out-of-equilibrium initial condition. In our calculation, we directly
obtained the same result in the expanding universe. It shows that the result obtained by
Garny et al. is universal and can be applied to the thermal resonant leptogenesis.

5.6 Summary of this section

By using AGlg calculated in the previous section 4 in the r.h.s. of (5.1), we obtained
the evolution equation (5.3) with three terms. C'A s generates the lepton asymmetry and
corresponds to the C'P-asymmetric decay of the RH neutrinos. Cys gives the washout
effects on the generated lepton numbers. Cpg is the effect of the back reactions of the
generated lepton asymmetry on the distribution functions of the RH neutrinos. From C,A Iz
we extracted the C'P-asymmetric parameter &; given in (5.20). The enhancement factor
due to the degenerate masses is regularized with an regulator R;; = M;I'; + M;I';, which
reflects the enhancement factor of AG%.

6 Physical interpretation of the regulators

In this section, we give a physical interpretation of the appearance of the regulator
R;;j = |M,I'; + M;TI';| instead of |M;I'; — M,T';| in the flavor off-diagonal component of
the Wightman function AG%.

The Wightman Green functions of the RH neutrinos are solved as in (3.34) and (3.35)
in terms of the retarded, advanced propagators and the self-enegies. These equations mean
that the information of the distribution function of the RH neutrinos in the Wightman
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Figure 3. The information of the Wightman functions of the RH neutrinos are encoded in the self-
energies I1 = in the past and transferred from the past to ¢t = 2°,y° by the retarded and advanced
Green functions.

functions Gg are encoded in the self-energies ng in the past, and transferred from the
past to the present ¢t = 2°,¢y°. The self-energies H’g encode the information of the distri-
butions functions of the SM leptons and the Higgs in the past (see figure 3). In the flavor
diagonal case of (3.34), all flavors of the RH neutrinos are the same in the leading order
approximation. On the other hand, in the flavor off-diagonal case of (3.35), the flavor
oscillation plays an important role.

Here we note that, as shown in (3.28) and (3.29), GEA
each of which corresponds to a propagation of the i-th (or j-th) flavor RH neutrino. We

is a coherent sum of two terms,

divide it as follows:

Gy =GR, + [GF]; - (6.1)
A precise definition is given in (M.1).
6.1 On-shell and off-shell separation of G;(QQ)

Now let’s investigate G . By looking at the first term of (3.35), it contains Gf{j which de-
scribes the propagatlon of the j-th RH neutrino. The propagator G in the first term
contains both of the propagatlons of i-th and j-th flavor neutrinos. If the j-th neu-
trino propagates in G Rj, only a single (j-th) neutrino propagates from the past, when
the decay/inverse-decay represented by Il takes place, to the present at ¢t = x 040 We
call this type of contributions the “on-shell” contributions.'® These contributions are all
taken into account in the classical Boltzmann equation.

On the contrary, if the ¢-th neutrino propagates in G,éj , two different flavors propagate
from the past to the present. This type of contributions are essentially “off-shell”. In the
classical Boltzmann equation, we first calculate the S-matrix elements of various processes
and the external lines are taken to be on-shell. Hence this type of “off-shell” contributions
are not taken into account by ordinary methods.'® Separation of various Green functions,
especially AG? , are calculated in appendix M.

For Gl% in eq. (3.35), on-shell contributions come from j-th propagation [Géj ]j of G;éj
in the first term and the i-th propagation [sz ]Z of Gﬁj in the second term. All the other

15See the footnote of the section 3.2. Propagations of a single N; corresponds to propagations of a single
mass eigenstate with mass M, and width I';. It is why we call this contrition as “on-shell”.

18Tn the evolution equation of the lepton number, “off-shell” contributions can be interpreted as the
interference terms in the (inverse)decay process of the superposition of different mass eigenstates.
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terms, i-th propagation [G;? ]Z of G/éj in the first term, the j-th propagation [G;ij ]j of

sz in the second term give the off-shell contributions. The third term is off-shell since

different mass eigenstates propagate in GdR“ and Gijj . G/h%e(ﬂ is separated into
"(eq) _ ¢ (eq) (eq)
Gp V= [GR ! ]on—shell + [GR b ]off—shell : (6.2)

If we neglect the off-shell terms and take only the on-shell terms, [Géeq)] on-shel] Pecomes
(2% > y°)

[GLV9 (20,4 q)]

on-shell
= 2 ) Ze iy {1 Fiad 0
€ QEi - ng “Jiq
'(eq)ij —1 R fze —iQei (20—y0)
+ Z ZGHA (qu)Zew(—Z) e (& A . (63)
5 ei g “Jig

Note that the sum of the on-shell contributions do not vanish even at 2% = 4% and f; ~ fi

lim [Glz(eqm (%, " q)]on—shell 70. (6.4)

20—y0

It is different from the property of the full contributions given in (3.43).

6.2 On-shell and off-shell separation of AG/%

We next investigate AG%. We show that neglecting the off-shell contribution in AG%, we
get an enhancement factor for the C' P-violating parameter with a regulator |M;I"; — M;T';]|.
In appendix M.7, we separate AG/2 into on-shell and off-shell contributions:!'”
AG% - [Asz]on—shell + [Asz]off-shell : (6.5)
The full AG’% is given in (J.34). The on-shell contribution is given by (for 20 > 3°)

[AGH (2°, 4% q)]

on-shell
TR L0 1 S S
Z ZGHR (€OJQ)Z€( Z)A — f¢ Qe’i — er c
- Jq
"(eq)ij . 1= — —t
+ ZZgng VI (ewq) Ze(—i) A e ﬁ e et (6.6)
. 1q €1 €]

'"This is analogous to the separation in [56], in which the authors emphasized an importance of the first
principle calculation to keep the quantum coherence between the different flavor RH neutrinos. Calculating
the evolution of the generated lepton number under a non-equilibrium initial condition in the flat space-time,
they found two different behaviors of the generated lepton number. One is the ordinary term common in the
conventional Boltzmann equation. The other term is specific to the quantum treatment by the quantum KB
approach. The latter oscillates in time and reduces the eventual lepton number. “Off-shell” contribution
here corresponds to the latter effect. However, note that in the present case the C P-violating parameter,
and hence the resulting lepton number does not oscillate. the oscillatory behavior is averaged out because
the deviation from the equilibrium is caused by the expansion of the universe, and its expansion rate H is
much smaller than the oscillation scale AM ~ I'. This averaging also occurs in the analysis by [71] in the
strong washout regime.
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This on-shell contribution has two important properties. First, it satisfies

[AGY] = A[GY] (6.7)

on-shell on-shell

where [G/gj ] on-shel] 18 given in (6.3). The on-shell contribution of (M.28) is simply obtained
by replacing f(¢%) by its variation Af in (6.3). This replacing means that the process of
the flavor oscillations and the process of taking a variation from the thermal values are
commutative if we neglect the off-shell contributions. For full quantum calculations, (3.44)
cannot be obtained by such a replacement from (3.43). This is because the flavor oscillations
and the deviation from the thermal values are coherently mixed and these processes are not
commutable. Namely, dropping the off-shell contributions corresponds to neglecting the
interference between the flavor oscillations and the deviation of the distribution functions
from the thermal equilibrium.

Second, compared with the full result (J.34), the enhancement factor 1/(€2; — €27) is
replaced by 1/(; — Q). It is related to the above non-commutativity of taking A and
flavor oscillation effects.

By inserting the on-shell formula (6.3) and (M.28) into (5.5), and supposing 7,(ew,) =
—guwied./(167), mp(ewy) = 0, we have an on-shell approximation [C’A f] on-shell of Ch I

i\ -y / ¢k d’q  (2m)°0°(g—p— k)l
Aflon-shell ey 27) 32wp (2m)32wy (27)3w, (wg — wp — wi)? +T7,/4

gwM2 Mz2 - Mj2
8w (M2 — M?)? + (M;L; — M;T;)>?

S(h'h)(a - p)

x { AL = FED+ F50) = A= fi S50 150} (6.8)

Hence the regulator |M;I'; + M;T';| is replace by |M;I'; — M;T;| if we take only the on-shell
terms. It is not valid in general, especially in the resonant leptogenesis. If the masses are
hierarchical, it becomes identical with the correct value in (5.11).

6.3 Summary of this section

As emphasized above, if we neglect the off-shell contributions that are not included in the
ordinary Boltzmann type analysis, we get a result (6.6) which is different from the correct
one given in (4.22). The only difference is the enhancement factor, and if the mass dif-
ference is much larger than the width they coincide. But the difference is enlarged when
the masses are almost degenerate. This reflects the fact that the flavor oscillation becomes
important only for degenerate masses. Another important point is that the property of the
noncommutativity (4.25) in the full result disappears if we take only the on-shell contri-
butions as in (6.7). The noncommutativity is related to the vanishing of G at the equal
time (3.45). For the on-shell contributions, [G | on-shel

Based on this observation, we give another derivation of the properties of AG> in ap-

] does not vanish as shown in (6.4).

pendix K by directly solving the KB equations. If we assume the vanishing condltlon (K.18)
of G% which is equivalent to (3.45), we show that the enhancement factor with a regulator
M;I'; + M;I'; appears as in (K.19). On the other hand, if we erroneously assume that it
does not vanish, it leads to a much larger enhancement factor.

— 38 —



7 Summary

We investigate the Kadanoff-Baym equations of the thermal resonant leptogenesis in the
expanding universe. The lepton asymmetry is generated in the C'P-asymmetric decay of
the RH neutrinos which are deviated from the thermal equilibrium. If the RH neutrinos
have almost degenerate masses, they coherently oscillate during their decay into the SM
leptons and the Higgs. In such a situation, the classical Boltzmann equation is not valid
because the decays and the inverse-decays of the RH neutrinos cannot be separated into
different processes, and the full quantum mechanical approach is necessary. A systematic
approach is given by solving the KB equations.

Kadanoff-Baym approach to the resonant leptogenesis was performed in the previous
analysis [56]. In the paper, the authors studied the coherent oscillation of the RH neutrinos
in a time-independent background with a non-equilibrium initial condition. In the process
of approaching the equilibrium, the RH neutrinos coherently oscillate and decay into the
SM particles. From the generated amount of the lepton number, they extracted the CP-
violating parameter ¢; of the i-th RH neutrino (1.1) and obtained the regulator R;; =
|M,I'; + M;T';|. Since the resonant enhancement is the key to the resonant leptogenesis, it
is essential to obtain the correct form of the regulator.

In the present paper, by extending the analysis in the static background [56] to the
thermal resonant leptogenesis in the expanding universe, we obtain an analytical expression
of the evolution equation of the lepton number asymmetry under an assumption that the
off-diagonal component of the Yukawa coupling (hTh)’ is smaller than the diagonal one. The
C P-violating parameter is obtained as in (5.20). The regulator we obtained is consistent
with the result [56].

The difference between the regulator R;; = |M;I';4+M;I';| and R;; = |M;T'; — M;T'j| ob-
tained by [57] comes from different forms of the enhancement factors of flavor off-diagonal
components of the RH neutrino propagators. Since the RH neutrinos have almost degen-
erate masses, they coherently oscillate very much. We show that the resonant oscillations
between different flavors have two different types, one proportional to 1/(€2; — Q}‘) and the
other proportional to 1/(€; — ;). Here Q; = w;q —il';y/2 is a position of the pole of the
i-th RH neutrino. In the thermal equilibrium, the resonant oscillations in the flavor off-
diagonal Green functions have the type 1/(€2; — ;) ( or its complex conjugate) as shown
in (3.28) or in (3.44). Since 1/(£); — ;) is rewritten by (3.33), the enhancement of fla-
vor oscillation corresponds to the regulator R;; = [M;I'; — M,;T'j|. However, the deviation
of the off-diagonal components of out of equilibrium has a different enhancement factor
1/(Q; — ©Q3) as shown in (4.22), which corresponds to the regulator R;; = |M;L; + M;L|.
Physical interpretation of the change of the regulator is given in section 6. The off-shell
contributions to the off-diagonal component to the Wightman functions are essential which
can be incorporated only by the KB equations. The property (3.45) is also important for
this change of the regulator. As we show in appendix K, if we erroneously assume that
the off-diagonal component of the Wightman function is non-vanishing and its deviation is
given by the change of the local temperature, it leads to much more enhanced oscillation
similar to the regulator R;; = |M;I'; — M;L;|.
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In the present paper, we focus on the formalism of the thermal resonant leptogenesis
and derivations of the C' P-violating parameter in the expanding universe. Phenomenolog-
ical investigations of the amount of the generated lepton asymmetry and the lower bound
of the leptogenesis scale consistent with the neutrino oscillation data are left for future
investigations.
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A CTP formalism

In this appendix, we briefly review the closed time path (CTP) formalism.

In equilibrium field theories, we implicitly assume that the initial and final states
asymptotically approach the ground state of the free Hamiltonian. But this does not
hold in general, especially in time-dependent backgrounds such as the evolving universe.
The final state is generally different from the initial state. The CTP formalism, or the
Schwinger-Keldish formalism, is the general formalism to calculate physical quantities for
time-dependent wave functions.

Suppose that a system is described by a Hamiltonian Ho + H,, where Hy and H; are
free and interaction Hamiltonians, and that the system is in the initial state [¢);) at time
t = t;. In the interaction picture, the expectation value of an observable O at time ¢ is
given by

O(t) = (i (DO (] (1)) = (Wil (i, YO (1)U (¢, t3) i) - (A1)

Here the operator in the interaction picture o! (t) is related to the operator in the Heisen-
berg picture as

t
UL(t,t') = Texp (—z/ dt"Hll(t”)> : (A.2)
t/
In equilibrium cases, the final state at time ¢t = t; is assumed to be proportional to

the initial state U (ts,;)|i) = e?|1);) where (tf,t;) is a c-number phase. Then we can
factorize O(t) of (A.1) as

O(t) = (Wil U (ti, tg) i) (iU (87, )OT () U (8, ;) [¢5)
= e (U (17, ) O (U (1, 1) i) - (A.3)



time

Figure 4. A closed time path C from ¢; to t; and then back to t;. (i.e., C = C4+ + C_.) Operators
are inserted at ¢t = t; and to for the time ordered product O(t1,t2). Interaction vertices are inserted
everywhere on the CTP.

Similarly, an expectation value of the time-ordering product of two operators @{ (t1) and
Ok (ty) is given by

O(tr, ts) = =0 (3 |T (@{ (tl)@g(tQ)Uf(tf,ti)) ;) (A.4)

This formula gives an ordinary perturbative expansion of correlation functions in equilib-
rium field theories. Namely, if we take t; — —oo and t; — oo, the interaction vertices
H'(t) are inserted in —oo < t < 0.

In non-equilibrium cases where the final state is no longer proportional to the initial
state, the factorization property does not hold and we have

Ot t2) = (ilU” (t5, )T (OF (1) 4 () U (85, 1) ) 1) - (A.5)

In perturbative expansions, the interaction vertices are inserted not only on the path C.
from t; to ty, but also on the backward path C_ from ¢y to t;. Figure 4 shows the closed
time path (CTP), C = C4 +C_. In this formalism, the final state is not specified at all and
we can calculate time-dependence of various quantities as in (A.5). The time-ordering T¢
is defined on the CTP as a path-ordering along C =C4 +C_.

B Evolution equations of various propagators

We define various propagators and give a brief derivation of their evolution equations. In
the following we consider a real (Majorana) fermion field 1& and write its conjugate by
Y = ¢'C where C' = 7240, In the CTP formalism, a generating function of time-ordered
products of operators is given by

Z[J] =Wl = <Tc et e d'av=g 7<x>¢<z>>

:/ A dV_ (W 4[| 0 ) / D'y Wit Je diev=g Jayila) (B.1)

where p(t;) = |;)(1;|. The path integral [D'y) denotes an integration of the Grassmann
variables ¥4 on C4 with the fixed boundary conditions ¢4 (¢;) = U4. The integrations of
U represent an weighting by the initial wave function [¢;). The source J(z) is defined on

C = C4 + C_. The 1PI effective action is obtained from the generating function W/[J| of
the connected Green function by the Legendre transformation. Defining the classical field
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by the left-derivative of W[J] with respect to the Grassmannian source J:

U(z) = +?§/(ECJ)] , (B.2)
we have
I = W7 - /C a2, T () () . (B.3)

For notational simplicity, we use the following abbreviation

d*ry = d*a/—g(z) (B.4)

unless the explicit dependence of the measure on z is necessary. The stationary condition
(§/6%(z))T[¥] =0 at J = 0 gives the equation of motion of .

By taking the second derivative of the effective action I' with respect to ¥, we obtain
the Schwinger-Dyson (SD) equation

iGNz, y) = iGy (2, y) — ill(z,y) . (B.5)

IT is the self-energy and only 1PI diagrams contribute to it. The connected Green function
G on C is defined by

G(z,y)

A~

= (Ted(x)ih(y))
= O¢(2” — y°)G(z,y) + Oc(y°’ — 2°)G(2,y), (B.6)

where O¢ (20 — ) is the step function on C and

Ge(z,y) = =W W)d()), Gx(x,y) = Ba)d(y)) (B.7)

are the Wightman Green functions. iGy'(z,y) = iGgé)ég(:U — y) is an inverse of the free
propagator and II(x,y) is the self-energy of the fermion field .
The statistical propagator Gp(z,y) and the spectral function G,(z,y) are defined by

Gr(a,y) = 3 () + Celw,9) = 5 (), D)), (B3)
Gpla,y) = i (G (,y) = Ge(a,y)) = il{D (@), dW)}) - (B.9)

G r contains information of the distribution function of the specified state while G, depends
only on the spectrum of the system. In this sense, G is dynamical while G, is kinematical.
Especially, G,(x,y) becomes proportional to the spatial delta-function 6@)(x —y) in the
equal-time limit. We further define the retarded and advanced Green functions by

Gria(z,y) = £O(£(2" —y°)Gp(a,y). (B.10)
They are related to G, as

GR($>y) - GA(xvy) = Gﬂ(xay) )
Gr(z,y) + Ga(z,y) = sign(z’ — y")G,(z,y) . (B.11)
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In terms of Gr and G,, the Green function (B.6) can be written as

i
G(xa y) :GF($7 y) - §SIgnC('xo - yO)GP(x7 y) ) (B12)
where the sign-function on C is defined by
signg (2 — y”) = Oc(2” —y°) = Oc(y’ — %) . (B.13)

By convoluting (B.5) with the full propagator G, we have

Here 55(:13 — y) is the delta-function on C with the space-time metric g, and satisfies
fc d4zgég(m —y) = 1. By denoting = on Cy as x4 respectively, the delta-function on C
can be expressed by a 2 x 2 matrix:

6(gj(xa - yb) = Cabdg(x - y) y  Cab = diag(lv _1) (B'15)

where a, b takes + or —. The minus sign on C_ comes from the backward integral of the
time variable and corresponds to the anti-time-ordering of the Green function G in (B.6).
d9(x — y) is an ordinary delta-function for (z — y).

The 2-point function G(z,y) of (B.6) with z,y € C can be similarly decomposed
(depending on whether z,y are on C4 or C_) into a 2 x 2 matrix form as

o) = G+ @y) Go-(z9)) _ (Gr(,y) G<(2,9)
Gor9) (G_+<x,y> G__<x,y>> (G><x,y> Gw,y)) (B16)

where T, T denote time and anti-time orderings respectively, and
Gr(z,y) = O(x° —y°)Gx(2,y) + O(y° — 2°)G<(z,y) ,
Gr(z,y) = O(2° —y°)Gc(z,y) +O(y" — 2°)G> (2,y) - (B.17)

O(z° — ¢%) is the ordinary step-function. By using (B.12) and (B.11), we have

_ ig; 0_,0 i
Gap(7,y) = (GF psign(z” —y7)G, Gr+ 3G )

Gr — %Gp Gr+ %Sign(mo—yO)GP
_ Grp — %(GR-}—GA) GF-I-%(GR—GA)
Gr —5(Gr—Ga) Gr + 5(Gr + Ga)

t 0 GA
=U (GR GF) U (B.18)
where
[ —=i/21/2
U= < ) 1 ) . (B.19)
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We also decompose the self-energy II(z,y) as
(z,y) = Oc(a” — y" )= (z,y) + Oc(y’ — ") (2, y)
= Ty (a,y) — Ssiae(e” — "), () (B.20)
Defining IIz/4 by
gya(,y) = £6(*(2° = y°)I,(z,y) (B.21)

the matrix form of the self-energy is obtained as

Iy I I
I R I (B.22)

Using these matrix forms of G4, and I, the equation (B.14) becomes

ty
;)Gab(l'a y) —1 d4zg Hac(xv Z)Cchdb(za y) = 259(1' - y)cab . (B'23)
t;

iGa(
The matrix c.q between II and G comes from the backward integration of the time variable

in the original integral in (B.14). By multiplying (U?)~! on the left and U~! on the right,
using (B.18) and (B.22) and noting

Uc Ut = ( 0 ”) , (B.24)
—1 0

we obtain the following set of the evolution equations:

Gty Grlae,) — [ a2 ale 2)Grley) — [ d'z el 2)Galz) =0, (B.25)

tint tint

iGaé)GR/A(CUa Y) / d4zg HR/A($7 Z)GR/A(Zay) =—0(x—y) . (B.26)

int

From the equations (B.26), we obtain the evolution equation for the spectral density G, =
Gr— Gay:
oo

iGaé)Gp(x,y) —/ d4zg gz, 2)Gp(2,y) —/ d4zg ,(x,2)Ga(z,y) =0. (B.27)

tint tint

The Wightman Green function G> = G F (i/2)G,, satisfies

iGa(i)Gg(x,y) —/ d4zg Mg(z,2)Gs(z,9) —/ d4zg s (z,2)Ga(z,y) =0. (B.28)

tint tint
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C 2PI formalism

In this appendix, we give a brief review of a systematic approach to evaluate the self-energy
based on the 2PI formalism (see, e.g., [92] for more details). The generating functional
Z[J, R] in the presence of sources J(z) and R(z,y),'® is given by

Z[J,R) = W1
_<Tcgk#%J@W@H;k#%#%iwmuwmw>_ 1)

By taking a variation with respect to the source fields J(x) and R(y, z), we have

SW(T.R
W =+V¢(z),
WILH _ L4 (@), () + Gl 1)) - (C.2)

R (y, ) 2

Here (,n represent Spinor indices.
W is defined as ¥(x) = ¥U!(x)C and the connected Green function G is given by

W[, R]

Gen(z,y) = Zm . (C.3)

By taking the Legendre transform of W[J, R] with respect to the sources J, R, we obtain
the effective action in the presence of source fields

—  SWI[J,R]

”@@EWMM—éf%kwék@ SW(7, R

5R477(x7 y)

_ _ 1 _ 1
:wwam—/ﬁ%NW—2/#%¢%wmmeww+2ﬁGR. (C.4)
C C

— /C d4:rgd4ngCn($, Y)

Tr in the last term represents a trace in the Spinor indices and an integration over the
closed time path C.
Now we decompose the effective action into

rmxﬂ:am_%ﬁmGA—%ﬂcyG+mw¢n. (C.5)

The first term is the classical action. The second and the third term are ‘1-loop’ type
contributions to the effective action. The meaning of the decomposition can be understood
by taking a functional derivative!? with respect to G:

] = z,Yy)+ ——<=0. C.6
5C ()|, 20 2C0a ™ ¥ 5E ) (C.6)

!8Note that the Majorana condition R(z,y) = CR'(y,2)C ™" is not imposed on the source field R(z,y).
9Tn taking the functional derivative with respect to G, the Majorana condition G(z,y) = CG*(y,2)C ™"
should be used after setting the source field R zero.
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Figure 5. Another example of 2PI diagrams.

Compared with the SD equation (B.5), the last term can be identified as the self-energy II:

iéfg(\ll, G)
6G77§<y7 .’L') .

In this way, the proper self-energy II is obtained by differentiating I'y with respect to the

H(n(‘rayaqj’G) =-2 (07)

full propagator G. Since the proper self-energy II is calculated as a sum of contributions
from 1PI diagrams, I's becomes a sum of contributions from 2PI diagrams with respect
to the full propagator. In another word, the proper self-energy can be systematically
obtained by taking a functional derivative of 2PI diagrams (in which all internal lines are
full propagators) with respect to the full propagator.

The SD equation (C.6) can be interpreted as a self-consistent equation for the full
propagators. By rewriting this equation on the forward time line C,, we obtain the set of
KB equations (B.25), (B.26), (B.27), (B.28) which can be interpreted as equations for the
full propagators.

For Dirac or Weyl fermions, we introduce additional source terms

+i [Lata, D)) +i [ ded'y SR
The self-energy is similarly obtained as a functional of the full propagators:

_ ST9(0, T, G)
ey (2, y; 0,0, G) = —i—2o 27 C.8
@,y ) 5G e (y, ) (C.8)

D Self-energies 3, I1

In this appendix, using the 2PI formalism, we give an expression of the self-energy function
for the RH neutrino II(x,y) in terms of the lepton and Higgs propagators. The simplest
and the most important contribution to the 2PI effective action I'y in the model (2.2) is
given by the 2-loop diagram of figure 2. The second simplest 2PI diagram is given by
figure 5. Note that each internal line represents a full propagator of the SM lepton, Higgs
and the RH neutrino. If the RH neutrinos have almost degenerate mass, we need to use
the resummed propagators for the RH neutrinos. Once resummed, we can use an ordinary
perturbative expansion with respect to the Yukawa coupling h;,. Hence it will not be a
bad approximation to use the simplest 2PI diagram to evaluate the self-energy.
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In terms of the full propagators, the contribution from the diagram figure 2 becomes
FéQlOOP) G, S, A] = %h;rahgj / d4wgd4zg €arabty Dy (W, 2)
c
X tr [PR (GI(z,w) + CGH (w, 2)C) PLS (w, z)] . (DY)

Here G, S, A are full propagators of the RH neutrino, the SM lepton doublet and the
Higgs doublet respectively. (i,7), (o, 8), (a,b,a’,b") represent the flavor indices of the RH
neutrino, the flavor indices of the leptons and the SU(2); indices of the SM doublets
respectively.

By using the formula (C.8), the self-energy of the SM lepton doublet is given by taking
a functional derivative of I's with respect to the lepton propagator S:

Eif(x,y) = haih}ﬁPRGij(wa Y)PLéqar €y Drar (Y, )
= — baphaihl s PRG (z,y) PLA(y, ) . (D.2)
Here we have used the Majorana property G (x,y) = CG¥(y, 2)C~! of the RH neutrinos.
In the second equality, we have used the fact that the lepton and the Higgs propagators are
SU(2)r, symmetric and proportional to dup, Sap = Sdap, Aap = Adgp, in the early universe
where the SU(2);, symmetry is restored. This is indeed the case in the era of the lepton
asymmetry generation through the decay of the RH neutrino. Similarly the self-energy of
the RH neutrino is obtained by taking a functional derivative of I's with respect to G:
119 (2, y) ={h, s PLSG, (2,9) PrAary (2,y)
+ Bl hgi PRP Sy (.5) PPLAyw (.7) Yearaen
= — guhlyhs PLS™? (z,y) PRA (2, y)
— gu(hlyhsy) PaPS* (2,5 PPLA(Z, ) (D.3)

where P = ~0. In the first equality, we have used
aba . o — N = —
Sba (.CU, y) = CPStaf(yax)(CP) ! ) Aba(xa y) = Aab(yax) . (D4)

In the second equality, SU(2); symmetry of S and A is used. Decomposing these self-
energies into the Wightman functions as in (B.20), we have

Zgl?%($>y) == 5abhaih}5PRGg(xa y)PLA<(y,x) = 5ab23’8($, v), (D.5)
1Y (2, y) = = guhl,hg; PLSY (2, y) PrAz (2, )
— gu(hl,hs)) PaPSY (7,7)PPLA (T.7) - (D.6)

In the following, we derive the self-energy of the RH neutrino I1(¢9 under an assumption
that the lepton and the Higgs are in the thermal equilibrium. The approximation is justified
in the leading order calculation since the SM leptons and the Higgs particles interact faster
than the Hubble expansion rate in the era of the leptogenesis. See (2.43). Hence the
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deviation from the equilibrium can be neglected in the calculation of II. In the equilibrium,
the lepton and the Higgs propagators become C'P-symmetric and satisfy

S(z,y) =S(z,y), Alr,y)=Az,y) . (D.7)

By using the quasi-particle approximation for the propagators (2.37) and (2.38), the Fourier
transform of the self-energy II, = i(Ils — II) = IIg — II4 of the RH neutrino becomes

TV (g) = (R(RH )y — S (hHh)ig5) 75D (g) (D.8)
where
( d*p 3,
—w %/ 27)32w, ka 5 (g=p—k)
ng¢ €r-€4(eq)
Doy D.9
- (qo — €pwp — €gwi)? + F§¢/4 Pe, p(p.k) (D.9)
D(p,k) is given by
eLe €ee €ee € € € €
Do) = Paoy ~ Doy = (D (1) (1 — fit + fﬁ) (D.10)

with the definition of Dz, ) in (2.47), and satisfy the relation D;(Z;)%(GQ) = —D:)F(ZZ)%(GQ)

and is followed by the relation of

75V (~q0,q) = +1°75V (+g0, 411" - (D.11)

In the calculation we have used the integral (in the limit ti; — —00)

200
5 /t dreil—d ey tegontitey/2)i-r) _ Tto = 200" — epwp — cpwp) (D.12)
oo (qO — €wp — e¢wk)2 + F%¢/4
The contribution from the boundary at 7 = —oo vanishes because of the damping factor

~ e—Fw(t—T)/?'

In the weak coupling limit of the SM gauge couplings, 'y becomes much less than
the typical energy transfer (qo — €pwp — €gwy) ~ 1" where T is the temperature at which
the leptogenesis occurs. In such a limit, the above integral becomes proportional to §(gy —
eqwp — €gwy), and the exact energy conservation is satisfied instead of the Lorentz type
n (D.9). Furthermore, in order to simplify the form of the self-energy (D.9), we neglect
the medium effects (e.g., the Pauli exclusion of the SM lepton and the induced emission of
the Higgs) encoded in D, in (D.9) and drop the distribution function f.

Adopting these two simplifications of the weak coupling limit and neglecting the
medium effects, the self-energy (D.9) reduces to the vacuum one:

mola) = 2O )sign(an)d (D.13)

Since the main purpose of the present paper is to obtain the effect of quantum oscillations
of almost degenerate RH neutrinos, we use this simplified form of the self-energy. The
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full treatment is investigated by using the integral form (D.9) of the self-energy instead
of (D.13).
Similarly, for 2II;, = I1g + I14, we have

V9 (q) = (k) — i (h1R)i575) 7 (), (D.14)
where
(eq) d’p 30 .
—Juw EZZ%/ om0, 2wk b B a—p— k)
_(qo — €p — 5¢>Wk) ereq(eq)

. D.15
a0 — ewwop — con)? + I'7,/4 PPt (D-15)

It satisfies the relation
TV (~q0, @) = "7 (+a0, 411" - (D.16)

Note that W,geq)(q) is pure imaginary while 7r,(l 01)( ) is real. The real part m,(q) contains

a diverging integral which is subtracted by the mass renormalisation. In the body of the

paper, we have implicitly assumed that the self-energy w}(leq) (q) is already regularized. The

(eq)

imaginary part 7, "~ gives a decay width of the RH neutrino.

E Kramers-Moyal product

The convolution # is defined on bi-local functions f(z,y) and g(z,y):

<wm@w=/Wﬂam@m. (E.1)

The Wigner representation of bi-local functions is also defined as the Fourier transform of
the relative coordinate as

f(X;p) = /dﬂf e f (X+ , X — 5) : (E.2)

Then it is straightforward to show that
(f = 9)(X;p)

dp, d X _ X .
%%XmdXzf ( P +p1> g (X — 5D +p2) e P Xitp2X2)

/dp1 dp2dX dX, epla +X28)f(/2f( )epga X18X/2~(X’p)e—i(p1X1+p2Xz)
1 f c f
3R F(X:p)g(X: ) (E3)

where (9;( is a Xderivative on the function f. The non-commutative product is called the
Kramers-Moyal product. In the leading order approximation of the derivative expansion,
the commutator of the *-product is reduced to the Poisson bracket:

F.30(X5p) ~ i (9,F0xG — 0x 0,3 - (E4)
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F Useful identities

The Green functions are written in terms of convulsions, and by taking a variation, various
functions are inserted in the integral. Thus we ofter encounter the following types of

integrals:

/dT Gi(x —7)Go(T — ) f(7) . (F.1)
/dUdU Gi(z — u)l(u = v)G2(v = y) f1(Xuv) fo(Xau) f3(Xuy) - (F.2)

Here G; or II are assumed to be functions of the relative coordinate only. X, = (u+v)/2
etc. are the center of mass coordinates. In order to evaluate these integrals, we consider
the following identities. For the integral (F.1),

dqgidg ~, |~ / —iqi (z—7)—iQT—igs(T—y)
5 o G(q1)G(q2) [ dre

/ Y9G (g + Q/2)Galg — Q/2)e a1 =iQXy (F.3)

By acting (i0g — t) on both sides and setting @ = 0, we obtain

/dT Gi(x —1)Ga(T —y) X (T —t)

dq (i o
= / o <;(8§” — ) + Xy — t) 1 (q)Cia(q)e— 9 | (F.4)

91 are derivatives acting on G;. Taking higher derivatives with respect @, we can obtain
other relations. For the next type integral (F.2), we start from the following identity:

dq dq d - ‘ / i ‘ :
lﬂﬂF(ql,q,qﬁ / dudy e~ 1 (@—w)=ig(u—v)=ig2(v—y) o ~1Q1 Xzu—iXuvQ—iQ2Xvy
2w 2w 2w

dq dq1 dqa
/ e 3 3 F (01,4, 2)(2m)3(g — (a1 +42)/2+ (Q1 — Q2)/4)

X / quve—z(h (2—X)—iQ1 (24 Xuv) /2=t Xuw Q—1q2 (Xuv—Y)—1Q2(Xuv+y)/2

@ Q Q2 Q) i+ - )5,y —i(Qi+Qa1Q) X
/%F(+2+2,,q 5 )¢ v v (F.5)

To relate with the integral (F.2), we set F(q1,q,q2) = G(q1)II(q)G(gz). By acting (10g —1)
and setting Q = Q1 = @2 = 0, we have

/dudv Gi(z —uw)l(u —v)Ga(v —y) (Xuw — 1)

d 1 —ig(x—
= [ 52 (50080 - o) + Xy~ 1) Gr@ita)Galae 1=
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If II(u — v) = §(u — v), the identity is reduced to (F.4). By acting (idg, — t) and setting
Q = Q1 =0Q2 =0, we have

/dudv Gi(z —u)l(u —v)G2(v —y) (Xgu — 1)

d - .
= / 273 ( ot —|—m—t> G1(q)T1(q)Ga(q)e " =v) . (F.7)
Here note that @ = X,y + S4y/2 where sz, = x — y. By acting (i0g, — t) and setting
Q = Q1 =Q2 =0, we have
/dudv Gi(z —u)l(u —v)Ga(v — y) (Xoy — t)

=[5t (57 + v 1) ot e (F8)

Note that y = X,y — Szy/2.

G Calculation of AG‘}%/A

The deviation of the retarded (advanced) propagators out of equilibrium can be calculated
by taking a variation of (2.11). In this section, we consider the diagonal component G% /A°
By dropping the higher order term IT'G’, the diagonal component of the equation (2.11) is
written symbolically as

D/aGya = —0uy - (G.1)

where
. Y-qa
D%/AGC]%/A = </L/yoax0 - (Z(ZL‘ ) - M> GC]l?/A(xoayoaq)
- /dzo 4%, 2% Q)G (2, y% q) - (G.2)

Then expand D and G around the thermal equilibrium values (at the reference time
t)as D = D§eq> + AD and G = G(eq) + AG. Inserting them into above we have

Dy AGH A+ ADY 4 Gy =0 (G.3)

where we used DY Gd(CQ) = —{§,y and dropped the higher order term ADAG of deviations
R/A y

R/A
from the equilibrium. It can be solved as

d(e
NG}, =G ADS , G5 (G.4)

The deviation ADpg, 4 comes from the change of the physical momentum through a(t) and
the change of the self-energy IIp, 4. Thermal corrections to the mass M are included in II.
Writing the integral explicitly, AG? becomes

AG%/A(Q:O,yO;q) = /dudv G%fg)( —u) AD%/A(u,v) G%fg)(t;v, —yo;q) . (G.5)

For notational simplicity, we did not write the reference time ¢ explicitly in ADpg/4(u,v).
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Note that the equilibrium self-energy IT R( / A) (t;u — v) is a function of the relative co-

ordinate u — v with the temperature at time ¢. Since the self-energy II R(;’z) (tu —v) is

obtained by loop integrals of the SM particles, it decreases rapidly as e~ #(4=v)/2 Hence
we can adopt derivative expansions of the self-energy II(u,v) around the thermal value
HS?A(IS; u—v).

From (G.2), we have

d e
AD%/A(U,U) = D%/A(u,v) R(/j)(t u—0)
7-4q
a(t)

d
Hyd(u—v) = 1508 (b1 — v) | (X —1) - (G.6)
The first term is the change of the physical momentum. The second term is the change of
the background SM plasma, i.e. the change of the distribution functions and the spectrum
of the SM leptons and the Higgs. Let us write the Fourier transform of the coefficient in
the square bracket of (G.6) with respect to (u — v) as

. q e
Cria(tiq) = Z(t) ) — Ol ‘}%(/3)( q) - (G.7)

The retarded (advanced) Green functions in the (local) equilibrium are given by

1
eq -1
Gt = - (- Lo -mig M) =g (@)
where Qg 4 = ¢ — g/a(q). They satisfy
(@r+ M) (@r—M) = (90 — Q24+ )(q —2-),
(@a+M)(@a—M)=(q0 — 2 )(q — Q%) . (G.9)

We also define GASY = tr{GRVY /4 = —M/(Q% — M?),
Physical quantities are determined by the local temperature at time X. Then by taking
derivatives with respect to X and ¢y, we have

aGye () = oxGRY(Xia)| =GR a)GraGoG Y Go,  (G0)
OGS () = 0, G (Xi0)| = G (1 0)myalt: )Gyt (1) (G.11)

where
Er/altiq) =7° — gy g3 (h10) - (G-12)

By using (G.8), 8q0G%eq) (t;q) is written as

d(e d(e
9, GHCV (¢, _ Grs” M Gs” G.13
wGR D (60) = “E ({en @b @r+ M)TE 1 gp ) . (GY)
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Let us now calculate AGC}%/A({EO, y?)) for 20 > 3°. Inserting (G.6) into (G.5) and using
the identities (F.4) and (F.6), we get

d A
AG%/A(J“O?yO7q) = / quGR/A( xy;q)e—umsxy = []1 _|_ U2’
quZ —1qoSa d( d( )
Uy :/%2 q0 y(@ GR;E (t;q)CR/AGRZZ‘ (t;:q)
d
Gl%(fj)(tSC])CR/Aa GR(fg)( )),
d .
Us :/ qoatGR(/A)(X — t)e 0%y (G.14)

By using (G.13), U; becomes

. d(eq)
he / & (%Tj) (€rCr(@r + M) = (@r + M)CrER) e~

2 2
/ dqo © 2HM 707 . qe—z‘qosw
21 2 (g0 — )2 — Q)2 a
HM ,v-q

= @(Sa:y) Z(*'L) 12 Y Sxye—iﬁesmy . (G15)
q

€

In the first equality, the triple pole contributions are canceled out each other. In the second
line, only the lowest order terms in Yukawa couplings are taken. In the third line, we have
performed the qo integration and neglected higher order terms in I'/M ~ hth.20 U, can
be calculated much easier because the time derivative in Us is commutable with the gg
integral. Then we get

d(e
Uy = 9y G Q)(X;sxy)‘X:t (Xay — 1) - (G.16)

Summing up (G.15) and (G.16), we get the time representation of the deviation of the
retarded(advanced) propagator:

AGH (1" @) = OGks) 3 AGH (1" q)

SECETDD [at (Zee—i(eweqxirq/z)szy) (Xoy — 1)

€
_ ZH(t)M707 q (ZL‘O _ yO) e—i(eweq:Fin/Q)sxy ) (Gl?)
40)3 a(t)
The first term comes from Us, It is written as the change of the mass and width in Q. =
eweq—1il'q/2 and the physical quantities in Z.. The second term comes from U;. It represents
a change of the spinor structure in the propagator during the propagation in the expanding
universe.

2°Tn the third line, we picked up only a term containing 9g,e”"%*¥ because sz ~ 1/T' > 1/M and it
becomes much larger than the other terms.
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H Calculation of AGz

The deviation of the spectral density from the equilibrium value is obtained by taking a
variation of the relation G\, = —GRg * II, * G 4:

AGE = = AGE + T 4 G — @D s 1) 4 AGY
_ G%EQ) % Aﬂﬁ(eQ) * GZ(GQ) ) (H.1)

In this appendix we explicitly evaluate these terms since it is similar to and instructive for
more complicated calculations of AG% in appendix I.
By using (G.14) and (F.7), the first term in the r.h.s. of AGg is given by

—(AGE * T 5 D) (20, 40)

— /dudv AG‘}%(xO,u)Hz(eq) (u,v)Gd( q)(v y°) = Ty + Tio + Tz + Tha,

d 7 e (e e e e e —1q0S
Ty = _/ 2‘]0 5 (aqOGd( q) C G OI) ?%( Q)CRaqu;l{( Q)> H,Col( Q)Gi( ‘31)6 q0 °y

d e eq) —i
T19 = —/ % 8q05’tG d( q)Hﬁ(eq)Gi‘( ) g=igosay ,
T13 — _ / dqoa Q (eQ)Hd(eq)Gd(EQ)( oy — t)efiqoszy ’
d e eq) Szy —;
T14 = — / %atGR( q)HCpl(GCI)Gfg( Q)STye 1q0Szy . (H2)

(Tha + Ti3 + Th4) came from Us while T7; came from U;. By using (G.14) and (F.8), the
second term is

— Gdéeq) * Hd(GQ) * AGY = To1 4 Too + To3 + 1oy,

Ty = — / %) % Gleapydtea) ( 0y GV (G _ el Gi(eq)) o—itssy

dqo d(e d(eq) —iqoss
T22 — _/%QG ( Q)Hd(QQ)OqOOtGA( Q)e q0 y,

27
d -
Tys = / SRR VI DG e (H.3)

T23 _ _/ dCIO Gd(GQ)Hd(eq)a Gd(GQ) ((Xxy o t)) e—iqosxy 7

2T

Finally, by using (4.14) and (F.6), the third term becomes
_ Gdé;@ AHd(GQ) % G (eq) T31 + T32 ,

d e e e e —
Ty = _/ 2Q0 ; (angd( Q)a Hd(eq) GA( q) G(;E( a) atnﬁ(eq) aqudA( OD) e~ 1405zy 7

d € € —1
T =~ [ SRV (X, — ) (1.4)

Note that II, = IIg — II4 and hence 911, = —((gr — Ca).
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Let us look at the above terms separately. First, the terms proportional to (X, — t)
become Tp:

d .
T, = Tys + Tos + Tyy — _/ QOa (th%(eq)l—[g(eq)GZ(eQ)> (Xxy . t) e~ ia05ay

dqo d —iqoSx
= [ G20 (G = G) ey =y (1)

Next, the terms proportional to s;, can be rewritten as T + Tiyy:

Tu+Tu=T,+Thu, (H.6)

d —’L e e e € e € —1iqos
Ty = — / 00y (GGG — GG, GY ) e

7, - [ 520, [4; (a5 mted G — G0y, G e—imy} .

Ty is a total derivative and vanishes, but we keep it for later convenience in calculating
AG‘é in the next section.
The other terms and T4 are combined to become

Te =Tys + Ty +Tro + To1 +Too + T3
d .
- / i’ (aqo GV CRGE™ = GRV Dy, G ) eim0%es

dq e e e e —1iqoS
- [ 505 <8qOGd(qC G = G0, GH ) im0 (EL7)

where we used the relation G, = Ggr — G4 = —GRrll,G4 and 011 = (4 — (g.
As a result, AGg becomes

AGH % q) =Tu+ T+ T. = To + Te

as expected. Here we used (G.14). In the second equality, T}, is dropped since it is a total
derivative. In the calculation of AG%, Ty is modified to contain a function f(qg) outside
the derivative d,, and contributes to the final result.

I Calculation of AG;

Diagonal components of the Wightman functions are obtained in the leading order approx-
imation as G‘é = —GdR * H% * G4. As explained in (4.4), the self-energy function can be
safely replaced by its equilibrium value at the local temperature:

> (eq) _ —q 1_f( ) (eq)
M — I = ( ){ i }H (L1)
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The distribution function f(gg) = 1/(e?/T® 4 1) is time-dependent through the tempera-
ture T'(X).

The calculation of the deviation AG% is parallel to the calculation of AGZ in the
previous section. The only difference is that Hz(eq) is replaced by Hé(eq) in (H.1). Especially

n (H.4), 0,11, is replaced by
8,5H> = (—z)@t { —_ff} ot (—Z) {1—_ff} 8th (12)

AGL(2% 4% q) = Vi + Vo + V3 + Vi,
d B 1-— e e —1q0S
“:/f§<—z>{ - f} [AGHE (Xpyiq) = AGH D (Xys )] e,

and we have

/
= [S0-io, {1 7 } T (0GR OmED G — G0, G ) emime,
s —f 2
Vs = / %(—i)&: {1_ ff } S (P GRITE G — G g, GV ) et
dqo , . 1—f d(e d(e ig05a
m:/%(—z)at{ y }(Gﬁf ) _ g q>) (Xoy — t)e 05y (L3)

V1 is obtained by inserting the distribution function in the integrand of (H.8) for AG,. V>
comes from Tj-type term of (H.6) in the previous appendix. In the calculation of AG, this
term vanishes because it is a total divergence. In the present case, since the distribution
function depends on qq, the derivative can act on it and the term remains. V3 and V4 come
from time-dependence of the distribution function f(qo).

Let us consider the region z° > 9%, and perform the ¢y integration. First, V4 and
T,-type contribution (H.5) in Vj turn out to represent the change of local temperature as

Ox GE(Xis5)| _ (Xay—1) - (L4)

T,-type contribution (H.7) in Vj is of higher order with respect to I';/M and can be ne-
glected.?! Therfore, we get

‘/1 + V4 ~ Z(_Z)d {1 _f{G} (Xxy - t)Zee_iQSSmy

+Z { }AGd( e q) . (L.5)

211t is nothing but the one obtained by inserting the distribution function into Us in the retarded propaga-
tor. In (G.15), we neglected higher order contribution in I'/M. In the present case, although go derivative,
coming from the double pole integral, can act on the distribution function f(g), the contribution becomes

a higher order contribution because of dq, f(qo) ~ f(qo)/T ~ f(go)/M, and can be neglected again.
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Let’s move on to V3. By using the explicit expression (G.13) of 9,,G ded) e get

R/A
d d
va — @;1815 {1 - f GR(;q) GA(g(l) e—iqoszy
(M M

d(eq)

[ <{5R7 @r}(@r+ M) GRS +¢&r ) Hz(eq)(@A + M)

d(eq)
— (@ + ML ({gA, QaH@a+ M) TES g 5A>

=V31 + V32 + V33,

e) (q)
w1y 171 (GRTY T (GASTY e
Y= 27r28t{ —f}( i y

x {6r Qr}( @R + M)Hd (@4 + M),

Gea)
— @;1 1= f AS —zqosmy
+ M

X (=1){6a, @a}(@r + M) Hd(eq (@a

e) eq)
C [dgo -1, [1-f o o—idos:
Vi = 27128t{—f}< !

< (ERILD (@4 + M) = (@n + M) 5,4) . (L6)

where

Note that the number of the factor Gg/M in V33 is less than those in the other two terms.
Hence V33 turns out to be a higher order with respect to I'/M and can be neglected. The
qo integration of V3; and V39 can be similarly performed as in U;, and we get

VO {1 - f;} {4 115} (—2 _ Sxy> 7.0t

ot 0T | — fq dew, rz 1,

. 6T a 1-— f; ;1 . Sﬂ —iQESmy
Z 81&8T{ —f }(rq 2>Z€6 ‘ @7

In the first line, half of the term containing 2/ Fg comes from V3g, and the other half of it
arises from the gy derivative of Gs/M. The term sg,/I'; comes from Oy e "%y in V3.
Note that time-derivatives in (I1.6) act on the distribution function only through the time
dependence of temperature. In the second line, we have used the definition of the width.
Noticing that V5 is obtained from V3 by changing its sign and exchanging 0,, and 0.
Then we can immediately get the time representation for V5. Similarly to (G.13), we get

deq) Ge” Ge?
0GR (t;q) = {Cr Pp}(Pp+ M) 7 +Cr | - (L.8)
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An exchange of 0,, and J; leads to an exchange of { and (. From the definitions of §

in (G.12) and ¢ in (G.7), the exchange results in

8226(_ Hlg* 0  Owg 0
ot oT ewqga? O(ewy) Ot Awy

in (I.7) in the leading order. Hence we get the expression of V3 as

Owg 8 [1—fo| (—1  say e
~ N (—i) 2 = D) g esay
V2 26:( )5 awq{ —fe }<rq o ) <€

Putting (I.7) and (I.10) together,

) 1— fS -1 s .
~ —2)d q ) Ze 1QeSzy
Vs + Vo E( Z)t{—f§}<Fq 2> e

€

is obtained.
Finally, from (I.5)+(1.11), we get the final result:

AGE (0% ) =3 (6(50)AGY + O(—5,)AGY) |

€

AGS) ~ — ldt {1__ 6iq} <_1 + (Xxy o t o ‘Sxy|/2)> Z:eiigfi(xﬂiyo)

iq Fiq

1= g o
_7’{ - Elq}AG%l($07y0;67q)7

iq

AG(;) ~ — ldt {1 - eiq} <_1 =+ (Xa:y —t— ‘Sa:y|/2)> Z;iefiQ:i(xU,yO)

“Jig Fiq

1— fe o
iq

where

AT 0 dw, O

W= ar T ot Gy

J Calculation of AG"2

(1.9)

(L.10)

(L11)

(112)

(1.13)

In the leading order approximation, off-diagonal components of the Wightman function are
given by eq. (3.36). Its deviation from the thermal value is obtained by taking a variation:

"ij _ dii "ij djj dii 'ij djj dii 'ij djj
AG% =—-AG%y 15 *GY — GR *AHR*Gz - GR *HR*AGQ
dii "ij djj dii 'ij djj dii "ig djj

—AG% 117+ G} _GZ * AL + G} —Gz 11« AG)

Sy y Py P Y
—AG%’*H%”*GX] —GdR“*AHQU*GX]—GdR“*ng*AG’XJ .

We will calculate these 9 terms in the following sections.
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Among all these 9 terms, it will turn out that leading order contributions to AG’2 that
eventually remain in the limit

H<I'<y~T~M (J.2)

come from three terms containing variations of the Wightman functions AG% or AH%,
namely the 3rd term, the 4th term and the 8th term in (J.1). These terms represent
variation of the distribution function Af, and are shown to be of order O(H/T"). After
summation of various terms, the other terms become O(H/T") x O(I'/T'y4) etc. and negligible
in the above limit compared to the leading terms.

We first give order estimations of the following quantities. First, since the distribution
function f(go) contains a factor e~%/T(") the derivatives are

f(qo) '

0uf(a0) ~ 2 Flao) ~ Hf(a0) s Oy f(a0) ~ L0

(1.3)

We have used T' x HT and that the typical frequency in the analysis is ¢o ~ 7. On the
other hand, the derivatives of Green functions (G.10) and (G.11) are
HT G(t; g0
Green functions contain a factor 1/(go — €2;) or 1/(go — ;) where @ = w; —dl';/2. In go
integrations, qg is replaced by positions of poles coming from other similar factors, and
these factors become 1/(€2; — €2;) for i # j or 1/(§; — ). Both of them are of order
1/AM ~ 1/T. Acting 0, we have
1 Q; HQ; HT

o= - (w0 a0y (7:5)

Then replacing go by ;, the first relation of (J.4) is obtained. The second relation comes

from the relation

1 -1
) = J.6
Pa0— Q5 (90— Q) 1o
and 1(go—;) — O(1/I"). Hence, for both of the derivatives, (0f)/f is smaller than (0G)/G
by a factor I'/T.
(OII)/11 is also smaller than (OG)/G. It is because of the following reason. The self-

energy II(qo) contains a factor 1/(qo — (wp +wi Fil'¢s/2)) where w, and wy, are energies of

the SM lepton and the Higgs propagating in the self-energy diagram. After performing gq
integration, qq is replaced by the position of poles €2; ; in G(qo). Due to (J.2), 1/(qo — (wp +
wi, Fil'¢p/2)) becomes of order 1/T" ~ 1/T'y4 unlike 1/T for G. Therfore, acting derivatives,
(OII) /II becomes smaller than (0G)/G by a factor I'/T.

J.1 Leading contributions

We first calculate three terms that are obtained by taking variations of the Wightman-type
functions. The other terms, which turn out to be subleading, are evaluated in appendix J.3.
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Since AG% is written as a sum of four terms of Vi 234 in (I.3), the 3rd term in (J.1)

can be also written as a sum of the following four terms Vi, 5, respectively. By us-
ing (I.3), (G.14) and (F.8), it becomes

- / dudvGR (503 QY (500; QAGL (X, s0pi @) = VI + Vi +VE+ V. (J7)

The first term V7 is written as

Vi =Vii +Vio+ Vi3 + Vi,

where
- / 6%) (=) {1_—ff } ;Gge@n;;eq) { 00, GGG — G, G
B [ D Gflax(eq) Ca Gi(eq) _ Gj(eCI) Cady, Gi(eq)} } ¢~ it05zy (1.8)
v, _ / c%) C {1_ff } % GUED (g, 9, G =i (1.9)
v / i {1 - f} (DI EIDGIN (X, — ¢~ ) e (1.10)
s —f 2

Only the last term V{, (J.11) becomes O(H/T') and remains in the above limit. The other
terms turn out to be negligible. Using the relation (G.10), the first term V7, looks of order
O(HT/T?) ~ O(H/T) x O(T/T). But the factor O(T/T) is cancelled between two terms
in the square brackets. Furthermore, combined with other terms in appendix J.3, they
become eq. (J.46) and negligible compared to the leading terms of O(H/T'). VY, looks of
order O(HT/T'?), but again combined with other terms in appendix J.3, they become (J.42)
and negligible. VY;, which is O(H/T"), is similarly combined to be (J.43) and (J.44), and
can be neglected.
Vy and V4 are given by

27 f 2

— Gy, G i, (J.12)

vy = / 905, {1__f } S GR I [a,GR e G

and

_f 2
- G%QQ)Hﬁ(e‘“aquflqu6"'q°smy . (J.13)

V?’/ - / %(_i)at {1 B f} ﬂG%QQ)H£QQ) aqOGdR(eq)Hg(eq)Gi(GQ)

Both of them remain in the above limit.
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Finally the last term V} is written as

Vi=Vii+Vib+ Vi

where
Vi = / %(—i)&g {1_ff } %iaﬁeq>néeq>aqoGﬁ@q)e*i%sﬂvy, (J.14)
v/, = / %(—z’)&t {1__ ff } (—1) R Gilea) (Xxy - S%) e~y (].15)
Vi = / %(—z’)aqoat {1__ ff } %iG%QQ)H;QEQ)Gﬁ@q)e*i%%y . (3.16)

Only the first term V}; is O(H/T') and remains. The other two terms become negligible
because Vi, = O(H/T'yy) = O(H/T) < O(H/T') and Vj; = O(H/T) < O(H/T).
Similarly, by using (I.3), (G.14) and (F.7), the 4th term in (J.1) becomes

- / dudv AGL (X g 520t QIS (500: GG (suyi0) = VI + V5 + Vi + V) (JA7)
where
dC_IO . 1—- f —1 d(e d(e d(e d(e
Vl” :/%(—Z){ —f } 2{ [aquR( q)CRGR( V- GR( q)CRaquR( q)}
— [0 GE VG - G, G| }HWG%E“%—@'M
dQO {
dQO

} 3q03 Gd eq)H (GQ)Gd(QQ) —iqoSzy
{ f} 6 Gd eq)H (GQ)G (eq) (X:py —t %) e—iQOswy

+/(;qo( o, { f } 8Gd eq)H(eq)Gd(eQ) —iqosay (J.18)
Vg”z/iqo . { f} e Geles
s
-G (eCI)Hd oq)a Gd(eq)} eq) e td0say , (Jlg)
dgo . . 1—f 1 d(e eq) ~d(e
N -
_ Gcll%(eq)ng(eq)aqo GdA(efJ)} H;geq) Gi‘(eq)e_iqos”y ’ (J.20)
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= [ eaa {7 g o

2 S
4 / @(—z)& 1—f (_I)Gd(eq)H/(QQ)Gd(GQ) (X —t4+ Sﬂ) e 1408y
2 _f p A A zy 9
+ [ SR o0 {l:ff} 5 GV i (3:21)

The arguments are parallel to V/ and we do not repeat the discussions.

The last term containing a variation of the Wightman function comes from the 8th
term in (J.1). It contains AIT%, and becomes

— /dudv G%eQ)(sm; q)AH'z(e‘D (Xuv; Suv; q)Gi(eQ)(sz; q ="+ (J.22)

where

2m f
+ % (8% G;l%(eQ)atH’p(eq) Gj(eQ) _ G;l%(e(I)atH;(eq)aqO GZ@Q)) } e~ 19082y ’ (J.23)
d . 1 - e /(e e
W= [ Srio { —ff} RV (G 1)
n % <8q0 G;l%(eCI) H/p(cq) GdA(te) o G;l%(eQ) H;}(eq) aqa Gi(eq)> } e—iqoszy ) (J24)

Only the second term of V;” becomes O(H/T") and remains in the limit. The first terms of
V{" and V" are combined to be (J.43), and the second term of V{" is combined to be (J.46);
these are negligibly small.

J.2 AG’2 in the time-representation

We now calculate the time-representation of AG’2 by Fourier transforming the leading
contributions in the previous subsection J.1. The other terms in (J.1) are evaluated in
the next subsection and after being combined they are shown to become negligible. We
consider the case 2° > ¢" in the following. The calculations are performed in parallel to
those in appendix I, so we do not repeat detailed calculations.

We suppose that the reference time ¢ and the arguments 2°, 3 in AG(2?, 3°) satisfy the
conditions, (X;—t) S 1/Tye and sy, S 1/T'y, since such situations appear in the calculation
of the lepton asymmetry (5.1). It is due to the fast damping of the self-energy II>. In
performing the Fourier transformation, we drop higher order terms with respect to H/T'
compared to the leading terms of order O(H/T").
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For V/, the leading order contribution with respect to H/T' comes from V. Performing
qo integration, it becomes

(e Owj, 0 [1-f +1/2 g
!~ Z€H (eq)ij Ze o J4 jq Q¢ Szy
‘/14 ZE: R (qu) ( Z) ot 8qu o ng (Qez _ er)2 € !

eatin w0 [1-f ~1/2 +1/2 | Lo
+ Zel_.[ (eq)iy €w Ze — q iq e 1QeiSzy
ZG: R ( q) ( ) ot awiq o ieq (Qei_er)2 (Qei—sz)Q
ok Bwg & [1—f) w12
~ E Z Il (eq)ij Zo(— q q QeSay ) 9
- R (qu) ( Z) ot awq { _f; } (Qez . Q;kj)2 e (J 5)

V7, have poles at gy = €; of GA°Y and gy = Q; of B,GAY = 9,(GHY — GXY). The
first line is the contribution of the pole at gy = €1; while the second term corresponds to
the residue of the pole at gy = §2;. We have dropped higher order terms, e.g., a residue
at the pole of the self-energy II' or the distribution function f since they are much more
suppressed by a factor I'/T". The second equality is obtained by identifying ; and €2; in
the leading approximation.

Vy and V4 are evaluated as

I '(eq)ij . wjq 0 1= 15,
‘/2 —XE:ZJ:[R (qu)Ze( Z) at aw]q{ *f;q

+1/2 -1 i } .

X + —
{(Qez‘ = Q)2 Qe — Qe Ty

'(eq)ij _\Owig 01— [
+Z€:Z€HR (EWQ)ZG( Z) at awzq{

_ f€
iq

(00— Q200 — O (90— 05200 - 0

~ '(eq)ij C\Owg O )1 fg
—ZE:ZGHR (qu)Ze( Z) 8t awq{ _f;

—1

+1/2 iLjg —1/2 iLjq ] o Qeisay

1 1 1 1 T e,
N 1ieSz 2
T, (Q —o;, T aa- Qq) RGP A v er] ‘ :26)

>< —_
2
and
- '(eq)ij N N
V3 —Z:ZeHR (qu)Ze(—Z)aafT _ ;:q
+1/2 1 i e,
. {(Qei — Q¢j)? .- Qc; qu} ‘

"(eq)id . 8T 6 1-— f
+ Z Zeﬂé ) ](qu)Ze(—Z)aafT { . q}

—[ig

+]‘/2 ZF](] _1/2 lr]q e*iQeiszy
(i = Qej)? Qi — 5 (Qei — )% Qi — Qg
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/(eq)i or o )1 fs
~ Z 1 (ewq) Ze(—i)— { A
z; R ! ot oT | —f

—1

X
2

e Mesay (J.27)

1 11 Lo T,
L \ Qe — Q0 Qe — Qe (Qei — Q) Qe — Qe

For V/, the leading contribution comes from V};. It becomes

"(eq)ij oT o 1— f¢ —1/2 i s
V;lll :Z ZGH}% @ J(qu)Ze( ) ot aT { _ ejq} M—/S))z e Qejsay
€ €1 €j

jq
(e or o [1- +1/2 —1/2 ~i0is
+ zg: Z Il (qu)Ze( v ot OT { zq (Qei — er)Q (Qe; — Q:j)Q e y
ea)id aT 8 1— —1/2 —i8des
3 2 g 2,0 L2 { } e o
. zq €1 €J

Similarly, we get the leading order terms from V" as

(eq)i dwig 0 |1 — ff ~1/2 s
VI o3 20 () Ze(—i) = ! M{ _ } (Q,_/Q* e (29)
€ v iq J

/ ij Gwz 0 1—;
=Yzl a0 gl {1
€ " iq

+1/2 1] e,
| e J.30
Q-2 Qq -, riq] ‘ ’ (3.30)

"(eq)i] 8T 8 ]._ Z‘E
V”:Zzen/gq“(ewq) Ze(=) 57 8T{ B Gq}

iq
+1/2 +1 i ] o
T | e (J.31)
. O* )2 . _ O )
(QGI er) Qez er F
’(eq)ij \O0T 0 | 1—ff +1/2 o
N 7 a7 (e Z(—i) 22 g\ T2 s, 29
v, EE 4 (ewg)Z(—i) 5o —rs [ Qa—0)2 € (1.32)

Finally, the leading order contributions in (J.24) comes from the second term of V".
It becomes

o, "(eq)ij COT 01— ff +1 —iQeiSx
% _z;ZEHR (ewq)Ze(—z)EafT e [CFEEVAT 07 e Sy

iq

l(eQ)ij o ali 1- 74‘6(] -1 _iQeisxy
+Z:Z€HA (ewq) Ze(—1) T OT{ e o —Q:j)2 e . (J.33)

iq
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Summing up all these contributions (J.25)~(J.33), we get the final expression
AGH @,y q)
e 1 fe ‘ |
ZZ&H}%QQ)U(GWQ)Ze(—Z.)A{ B EJ‘J} ﬁ o= Qesay
¢ ]q €l Ej

"(eq)ij . 1= f; —1 —iQesy

— iy

’ .. 1 fe . .
Z ZeHéeq)w (ewq) Ze(—i)A { 6]«1} ﬁ iy
€ i € S

~ O(5zy)

+ O(—5zy)

/e 7 . 1 - ZE _Z —q *S
+D 20 q”(qu)Ze(—l)A{ N qu} Q-0 ° e ”] - (J:34)

J.3 Irrelevant contributions

In this appendix we will see that after being combined, the other terms in (J.1) neglected
in appendices J.2 become subdominant in the limit of H < T and (X, — t) S 1/T,
Say = 1/Teg.

The neglected terms are obtained by taking variations of the retarded or advanced-type
functions. By using (G.14) and (F.7), the first term in (J.1) becomes

- / dudv AG%(Xxuy Szus q)H;Ezeq) (smﬁ Q)Gé(eq) <3vy§ Q)
dCIO . 1-—- f —1 d(e d(e d(e d(e
[} 5 Guetacte - ctriaancie)
- (Xxy —t+ Sgy)atajg(m) - ;aqoﬁtGdR(eGI)] T\ qaled) g —idosey (J.35)
The second term becomes

_ / dudv GE°V (34 QAT S (X, 003 Q) GLD (545 @)

d . 1- e " (e e

—f
— % (8q0 G%eq) 3tﬂ;%eq) Gz(eq) _ G%eq) 8tH/1§¢eq) 4o Gz(eq)) ] o052y
+ [ i {1_ff} S GO e (3.36)
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The 5th and 6th term become
— / dudv GLD (s @) AL S (X5 8005 Q) GA (5045 Q)

qu . 1_f e /(e d(e
-/ %(_Z){ -1 } |~ GG (X — 1

? /(e e /(e e —igos
3 (aqo Gﬁ(eq)atﬂ,a(x @ Giiq( v Gﬁ(eq)atﬂ,a(x q)3% Gflax( q)) ]6 0%y
+ [ SR, {lfff} S GV G D e aomy (.37)

and
- / dudv Gé(m) (Sg;u; Q)Héeq) (Suv§ q)AGdA (va; Svys (I)
dgo, )1—=f| ~a (eq)
-/ %(‘“{ - }Gp<eq>ﬂfq
_i e e e e
y [2 (aqudA( Ve Gl _ glleae, g ol q>)

- (Xzy —t— ?)atcﬁ(eq) + ;aqoatcj(e‘”] e~ i0say | (1.38)

The 7th and 9th term become

!

[ duds AGH(X 0 L (103 0) 15 ) (7.39)
_ / %(—i) {1_—ff} -

y [22 (0 G RO — G, G

- %aqoatageq) - (Xzy —t+ 3;”) athg(eq)] I (e G4 (J.40)

and

- / dudv G (5, DTTED (5,5 Q) AGH (X oy 5057 Q)
_ / %(_i) {1_—ff} GCIl%(eq)H’p(eq)efiqoSzy
8 [—22 ( Dy UV 4G _ gl g i) )
+ %aqoatgﬁeq) — G5 <Xxy —t- Syﬂ : (7.41)

2
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First let’s combine terms containing 040;GR a,p- Such terms appear
in (J.9), (J.18), (J.35), (J.38), (J.40), (J.41) and are shown to be combined to become

dgo—1 |1 - e (e e e (e e
[ /) (mactomats - aivipiaact)

- <8q03thl4(eq)Hi§eQ)GdA(e‘J) _ GZ(GQ)HigeQ)aqoathi‘(eq)) }efiqosm;.

Each of them is of order O(HT/T'?) but their difference becomes of order O(H/T) < H/T
due to the cancellation between contributions from the pole €2; and €2;.

Next let us see terms containing (X, — ). Such terms appear
in (J.10), (J.15), (J.18), (J.21), (J.23), (J.24), (J.35), (J.38), (J.40). They are com-
bined to become

axggeq>(x;sxy) « t(Xxy —1). (J.43)

The derivative dx acting on G is O(HT/I') and (X,, —t) = O(1/T). Hence it seems
that the term is of the same order O(H/T") as the leading order terms in appendices J.2.
But there is further suppression because the off-diagonal Wightman function in thermal

equilibrium itself vanishes as AM /T'yy ~ I'/T'y4 as shown in (3.45). Hence (J.43) is smaller
than H/I' by a factor I'/I'¢y ~ I'/T, and can be neglected.

The terms containing s, in (J.10), (J.18), (J.35), (J.38), (J.40) are combined to be

/ dn {I:ff } [(2G MG — DI g, i)

B <8tGdA(eq)H;§eq) Gi(eq) -~ GdA(eq)H;geq) athi(eq)> } %e—iqoszy . (J.44)

Each of them is of order O(H/I") but their difference becomes of negligible order O(H/T) <
H/T due to the cancellation between contributions from the pole ©; and Q;. Eq. (J.23)
and the third line of (J.36) and (J.37), which contain 0;IIg 4, are combined to be

dQO—l 1_f d(e /(e d(e d(e "(e d(e
57 { _f } [ (6q0GR( Q)atl-[lg q)GR( q) o GR( q)aqoﬂjg Q)atGR( Q))

B ( D Gi‘(eq) 8tH;§eq) GZ(GQ) _ Gi(e(l) 3151_[;(16(1) Buy Gi(eq)) } e~i05sy | (.45)

Again, each of them is of order O(H/T") but their difference turns out to be of negligible
order O(H/T) because of the similar cancellations.

Finally the terms containing ¢ in (J.18), (J.35), (J.38), (J.40), (J.41), and (J.8) are
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combined to be

dgy ~1 {1 - f}

27 2 —f

" { ( Do G%eq) CRGc]l%(eq) _ GdR(eq) CrOu, Gc}é(w)) H’éw) thi%(eq)
_GdR(eq)H;QeQ) (GdR(eq) CRaqOG;lg(eq) _— G%eq) CRGt]i%(eq)>
_ (8% G%QQ) CAGi(eq) _ Gj(eoo Cadiy, Gi(w)) H;geQ) Gj(eQ)

_i_Gi(BQ)HABQ) (Gi(eq)CAaqo Gi(e‘l) _ aqo GdA(eq)CAGZ(eq)) } . (J46)

Each of them is of order O(HT/T'?) but each line becomes of order O(H/T'). Moreover,
because of the cancellation between the first and second line, or the third and fourth line,
it turns out to be of order O(H/T') so that they are negligible again.

K Another derivation of AG'2

In this appendix we give another, quick and heuristic, derivation of AG’%. The derivation
use some of the results justified in the systematic derivation adopted in the paper. First
we assume that the deviations of the Wightman functions from the thermal value at time
t is given by the following form:

AGY (Xuy, s0y = 0;0) =Y i(ge + M){ AAT + ALY (Xpy 1)
q

€

+ eABY + eABY(Xpy — 1) + - } . (K.1)

AA, AB are terms which remain at X,, = ¢, and A and B are introduced to represent e
dependence of the sum. Here we take the leading order with respect to (X, —t)H ~ H/T.
Both of AA and AB have no spinor indices.

K.l Solving KB equation for G%

2

For the diagonal component, (I1.12) shows that

d (eq) 1 —
AAL =0, ABL = ”liq =AJ Jal (K.2)
q fq
AAL =0, ABL = —d, f{*V = —T,ABZ (K.3)

The Wightman functions in the thermal equilibrium at ¢ are given in (3.40) for the
diagonal component and (3.44) for the off-diagonal component. Hence they are similarly
written in terms of A and B as

GV (K sy = 0:0) = 3 5 (e + M{ ALV + BV}
q

€
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where

d(e d(e 1 d(e d(e 1 e
.A>( Q) .A (eq) 57 B>( q) — B<( q) — 5(1 _ zfq( 01)) (K4)
for the diagonal component and
A’%(eq) — B/%(GQ) = (K.5)

for the off-diagonal component.

K.2 KB equation for AG?
<

In the following we obtain the deviation of the off-diagonal component of the Wightman
functions AA/% directly by solving the KB equations using the above information. The KB
equations for the off-diagonal Wightman functions are given by

B .. 7 oq ..
i°0,0GY (2%, 4% q) — {m - Mi}Gg(SCO, y";q)
= /dzo H%“(JJOJO;Q)G?(ZO,?JO;Q)+/d20 %0, 2% Q)G (2% 9% a)  (K.6)

or

. ij 7-q
_Zf)/oayOG%J (xovyo; q) - G ( 7y (1){ (y ) }
Z/dzo Gék(woazO;Q)Hﬁf(zojyo;Q)+/d20 G, 2% ¥ (2%, % q) (K7

Setting 20 = 9° = ¢ and take a difference of these two equations. Summing over the spinor
indices, we have

OxGu(Xia)| (M= M)GL(X =t
X=t

= [0 Jer {5 G0 ba) - GE S (. ha)
/dz tr{HZk(tz L Q)G (20,1 q) — GiE(t, 2% Q)TIE (20 t,q)}. (K.8)

On the other hand, multiplying 79 and then summing over the spinor indices, we have

i ) Qg :
oxGlsia) = Ju{THGHX —ta) ) - (- )G (X =t
X=t
1 . | | .
= /dzo {2 (2% @) GY (0, 1) = °GE L @ (20, ) |
/dz ftr{voﬂé’“(t, L a)GH (0 a) - GH(L @I (O ha)f (K.9)

where

G%]S(X;q) = Ztr{G%J(X, s=0;q9)}, G>VH( iq) = Etr{'y“Gg(X,s =0;q)} . (K.10)
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We are now interested in the deviation from the thermal values at time ¢. The equa-
tions (K.8) and (K.9) are rewritten as

N N

iAAY — (M; — Mj)uTqAB%

= /dzo itr{ﬂg’q)ik(t, 205 Q) AGE (20,1 q) — AGE(t, 2% ISV (20, ¢, q)}

_ Z 1 e { T (e @) (AAY + eABY) — TG (e, a)(AAL + eABE)}
q

1 A A , ,
= o {o I gAY + - TP (0, A AL )
q
1 ; . A A
+ — {0 I (g, ) ABY — g 1V (w, q) ABE (K.11)
q

and

M 2 L0 A niiexy — ey b M AA A
quB 41; {7 D AGY(X =t;q) b — (M; — Mj)AAY
= / dz° 1tr {APTE™ (1,20 @) AGY (20, 1 q) — 10 AGE (L, 2 @) §M (20, 15 ) |

—Z { o (e, @) (AAY + eABY) — TG (e, @) (AAZ + eABE) |

M eq)t . e . ;
= o {0 (o, ) ABY + 10 (w,, ) ABY |
q
M eq)t o ;
+ ; {Hé\(}%k(wmcﬁ Ak] . h‘(}())k](WWQ)A.A%k} ' (K12)
q

The first line of each equation is nothing but the L.h.s. of (K.8) and (K.9) written in term
of the definitions in (K.1). The second lines of them are the r.h.s. of (K.8) and (K.9) in
which small deviations from the thermal values are considered. The terms represent the
dominant contributions and terms like Allg 4, Allz and AGR/4 are dropped. This is
justified because of the large damping factor TI(¢, 2°) ~ e~ 1t=2"ITes/2 of the self-energies. In
the second equalities , we performed time integrations and taking the trace with respect
to indices of spinor. In the third equalities, we used (D.11) and (D.16).

K.3 Diagonal component AG%“

Let us first look at the diagonal component. We use the simple expression of the
self-energy (D.13) by neglecting the medium effects and in the weak coupling limit. Then

we have

T (g, @) = (/Mg - TEVH (wy, q)
= —i(wg/M)I' = —i(wz/M*)T, . (K.13)

With this relation, (K.11) and (K.12) are simplified to be

iINAL = —iD AAL (K.14)
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and

M, . 2 7-d W
zw—qAB;’ - {yoa(t)AGg(X =t q)} = —quFqABg : (K.15)

Eq. (K.3) indeed satisfies (K.14). The second term of the Lh.s. of (K.15) vanishes in the
leading order approximation (K.1), but using the next to leading order approximation of
AG?, the second term becomes —il'y(|q|?/a?)/(Mw,). Then eq. (K.15) is satisfied.

K.4 Off-diagonal component AGlg
Then we study the off-diagonal component. Using II(w,, q) ¢, (K.11) and (K.12) become

e M ..
iAAY — (M; = M;)—ABY
q

.M 'ij 1 "(eq)ij djj dii
= —ig NI AAY + (g (€ (wq, q)) { AALT + AAZ }

P
1 oa)i ) 3
+ —(q- 1" (w,, @) { ABYT — ABLT} (K.16)
q
and
M 5 g 2 Y-q ! 1is
]- /74" ]. /e iq .. ii
= —ig (T + T} ABY + (g L1 (w,, @) {aBYI + Al
1 "(eq)iq .. i
(0 T g, @) { AAZ - AAd) (K17)

Here we absorbed the real part of the self-energy 11I; into the mass term in the L.h.s. by the
mass renormalisation.
For the off-diagonal component, we can expect that

AAs = ABS =0. (K.18)

This comes from the relation (3.45) or equivalently (K.5). Since it vanishes in the thermal
equilibrium, its variation due to the change of the local temperature is also expected to
vanish in the leading order approximation. Indeed it is confirmed by using (J.43). On the
contrary, since the equilibrium diagonal Wightman function survives in the same limit, its
variation (or AB # 0) does not vanish either. Furthermore, the second term in the Lh.s.
of (K.17) is also expected to give no leading contribution like the first term AB%.

Using the above arguments, the equations (K.16) and (K.17) are simplified as equations
to determine AA’% and AB/% in terms of AA% and AB‘%, and they are solved as

AAT\ -1 i(MT; + MT;)  AM
ABY | " (AMZ)? + (MT; + MT)? AMG  i(MT; + MT;)

y (2<q T ,,q)) {ABY - Asgﬁ}>
(q . Hp(eGDZj (wq, q)) {AB%” + AB%’L’L}

(K.19)

The regulator M;I'; + M;I'; controls the enhancement of the solutions for AG’2 . This
expression corresponds to (4.24).
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K.5 AG/2 based on a wrong assumption G/2 #0

Finally in this appendix, we discuss how we will obtain an erroneous answer with the
regulator of the type M;I'; — M;I';. Let us assume (which turns out to be wrong) that the
off-diagonal component did not vanish and is given by

IAAL = —iTAAL (K.20)
and
M 17 2 Y- q 7
zw—qABz - Ztr {70a(t)AG2(X =t q)} = —ZMF AB> . (K.21)

Here I'; = TM/w, is of the same order as I';; = I''M/w, (i = 1,2). These are similar to
the correct relations for the diagonal components, (K.14) and (K.15).

The above equations (K.20) and (K.21) are based on a correct-looking assumption that
the deviations of the off-diagonal Wightman functions out of equilibrium are obtained by
taking a variation of the the equilibrium value with respect to the local temperature. In
other words, it is assumed that there exists an “off-diagonal distribution function f,;(eq)”
which does not vanish at s;, = z—y = 0 and its deviation from the equilibrium value satis-
fies the relation A f(; = —d, f(;(eQ) /T,. (As a matter of fact, such a function does not exist.)

Under such incorrect assumptions, additional terms change the lh.s. of (K.16)
and (K.17), and the regulator is modified to be

Fi+Fj—>I‘Z-—|—I‘j—2f~I‘l-—F]-. (K22)

This is the way we could obtain an erroneous enhancement factor.

L Effects of backreactoin

Backreactions of the generated lepton asymmetry to the RH Wightman functions are given
by inserting (5.17) into (3.34) and (3.35):

i1 dq et 20 —90) ~d(eq)ii i d(eq)ii
A GEi (5,5 ) = !/ 0 i) GUDT () A, 11 ()G g), (L)

AHG, Sa;y7 dqo o0 20—y )G;EzGQ)ij(q)Aqujj(q)Gi‘(GQ)jj (q)

dq —igo(x0— d(eq)ii i1 eq)i
/‘0% V) GUD (A, T )GV () (L2)
dq 71 {L‘ — eq)it /54 eq)jg
/ Ot ) GEeV () A TP ()G M () . (L.3)
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Here by using (D.6) A,II>(g) becomes

A#Hg(q) :/ds e“qoSAHHiﬁ(t;s;q)

3
_Z/ om) 32w (Q;l)?,l;wk( Jw) (27")353((} p—k)
FM’ }5

X
q() — ngp — e¢,wk) F%¢/4

1 €r€p NEeED
x [2 (') ADYE ) + (W) ADL |
+ 1,
3

{(h h)UADg(%k) (hth): AD?(E;k)}] (L.4)
where
_ erep(1 — f(1 + f2 e
DZ(E;k) =" o fi ! E:f 2 = Dg(; k)¢ (L.5)
BE el SO ,
and
€r€g €r€g ereg(eq) TNECES SRECEH ereqp(eq)
ADyok) = Do) ~Paoiy + APk = Doy ~ Papry - (L6)

In the leading order approximation of small deviations from the thermal equalibrium, the
square bracket in (L.4) becomes

1 . €EpE TNEVE
5 ISR + R0 ) 7] {apgie, - oDl ) (L.7)
Let us write (L.1) and (L.2) as
@) = 3] A Zi(a) e (L8)

We have adopted the approximation e ®%5 ~ ¢=%#%5 ~ ¢~ hecause we are especially
interested in the case 1/T'y 2 s > 0. Also we have dropped rapidly damping contributions
~ e T/ from the pole of self-energy which are the higher order in I'/T¢p. Plugging
this form into (5.1) with the equilibrium value of 7> and performing the time integration,
we get

d
oL + 3Hny,

dt ALCo
d3 dqo 1
—/ B 2/2%[ (hh);

— tr{PRAMde(q)PLWSq)(QO,q)}H . (L.9)

i _Z o [tr{PRA,uZi (q )PLTF( q)(QO,Q)}
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Focusing on ¢q integration and using the KMS condition for the self-energy, we get

doo__ 7 (q0,q) = dao 1 (—i){l_f(%)}ﬂéeq)(%,q)

o 2m g0 — —f(qo0)
~ d’p &3k ”
_g;d)/ (2m)32w, (27T)32wk(_gw) (2m)383(q —p — k) x (=1)

_ yEeeg(eq)
% DP(ka) ﬁ (—Z) {1 - f(QO)} (Ll())

€wg — €wp — €pwg — 1L /2 T —f(a0)

qo=€gWpt+EpWi, +i1—‘g¢/2

In the second line, we have neglected the poles of f(qp) in contour integral through the
upper go plane. Considering the weak couplong limit in which I'yy, < T, the imaginary
part of the distribution function is negligible. Moreover, in this limit, we can confirm
that the real part of 1/(ew — ey, — €pwi — il'¢p/2) does not contribute in (L.9) by the
straightforward calculation. the remaining imaginary part goes to the Dirac delta function
7o (ew —epwp —€gwy). This means that, in (L.9), the approximation f(ejwp+€egwy) =~ f(ewq)
is justified and the distribution function is allowed to come out from the inside of p and k
integration. This approximation is equivalent to the replacement:

dgo i ) 1
%QO — QETF(;CI)(QO,C]) — (—Z) {l_f](:(w":g)} 77_‘_geq)(a,uq,q) (L.ll)

in (L.9). Using the expression m,(ewy) = —gwied,./(16m), mx(ewy) = 0, It turns out that
only the off-diagonal components of A,G> contribute to (L.9). After simple calculations,
we get the backreactions (5.18) and (5.19).

M Separation of AG’2 into “on-shell” and “off-shell”

In this appendix we give detailed calculations of the separation of various Green functions
into “on-shell” and “off-shell” contributions discussed in section 6. Since the leading order
terms in Glg contain derivatives of the distribution functions, we consider only terms
including 0, f and O.f.
M.1 G

R/A

We first extract terms oscillating with frequencies € and Qs in G/}%e/xil). For the equilib-

rium Green functions, the extraction can be easily carried out by looking at their time
representations, (3.28) and (3.29):

GV (0% q) =[GV (20 9% @i + GV (2°,1° q));
'(eq)ij "(eq)ij —1 —iQei (2P —
[G}% q) J(xO’ y(); q)]z = @(Sxy) Z ZSH}g q) ](qu)ZEQ — e Qei(z0—10)
. €t €j
'(eq)ij '(eq)ij +i i (20— g0
[G}% ) J(l“oa y’; q)lj = O(szy) Z ZEH}% @ J(qu)ZeQ —0.° Qe (@7 =4) (M.1)
. €t €j
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and

G (eq)ij(xo,yo;q) _ [G}fq)ij(xo,yo;q)]i i [Gé D (0 4,0, a)l;

eq)t "(eq)ij +'L _sO* _ .0
[GILgQ)J( ’y CI)] @(—Sxy)gzeﬂéq)j(ewq) GWe i (m y°)

/(eq)ij "(eq)ij —1 —z*x—
[Gé a) J(:L,O’yo;q)]j = @(_Smy) ZZeHé qa) ](qu)ZﬁQ*' — Q* e Q ( y°) . (MQ)

M2 AGy,

For the out-of-equilibrium Green functions AGIR A0 the separation is a bit more involved.
Let us start with the expression (4.11) of the off-diagonal retarded propagator:

AGZ]( ay7q) W1+W2+W3’
W, =— /duodvoG (GQ)”( ,u; Q)11 (qm(u v ,q)AGd”( 040 q),

WQ = _ /dUOdUOAde (JZ U ,q)H '(eq)ij (u v ’q)Gd(QQ)jj ('UO, yO; Q) 7
W3 = _/duodvoG (eqm(ﬂﬁ u aQ)AH oy (u’,0% q)G (eqm( “y%a) . (M.3)
By using identities in appendix F, we can calculate these integrals. W; becomes

i = [ 90— e 0, G GG — G 0, G o

+ / % %Gcll%(eq)wn;(zeq)ljaqo atG(}i%(eq)jje_qusa;y
T

d iy (eq)ij jj T —i
e (S o

The leading order terms containing waves with frequency €; is given by taking the residue
of the €; in G%eq)“ and we have

(Wi ~ Z Zenljgcq)ij(ewq)ze (Qq _€Q ) 652 <18Q1 ;aQei> e~ eisay =11 Xay

Q1=0
(M.5)

Here we used the identity (F.5). To extract a leading order contribution with frequency
(1, it’s convenient to rewrite W1 into the following form:

dgg —1 eq)ii (eq)ij e e e e 17 .—1q0S
W [ 0 G 0, G G — G G G e

2r 2
dqgo —1 eq)iir (eq)ij eq)ii —iqos
+/23_?2 o (GCI;( q) 1—[]“(2 q) J) dgG% q)ﬂe qoSzy
o [ e G (X, — e o0
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It is equal to (M.4) up to a total derivative. Taking the residue of the pole §2; in AGéj‘j ,
we get the leading order contribution with frequency §2; as

’ .. B 8 . o
(W] ~ ZZeHéQQ)ZJ<GWQ)Ze o _6 e (Zan - ;8Q> iy —iQ1 Xay
€ €1 010
"(eq)ij +1€ &uq 7 iy i1 X
+ Z ZGHR (qu)Zeﬁ ot (’Lan ) 58957;6 eiSzy 1 X2y
) K Q1=0
(M.7)

Similarly, we can extract the following leading order contributions from Whs:

/ eq)1] € aw . 7/ —q i Sz —q =
[WQ]j = ZZEH}é @ ](EWQ)ZE Q. —Q )2 atq (Zach —t+ 28951') € Deisoy=i01 Xay
e ( €t ej) 01=0
(M.8)
and
'(eq)ij —¢ aw —iQeiSay—1Q1 X
7;2 ZEH ZE _ _ eiSzy 1Azy
ek 32 2 ) 2=t (1900 1= 0 ) @m0
€ 1=
(ea)ij —ie 0 ' — Qi say—i
DDA () ey 5 (100, 1) jda e MmN (L)
€1 € 01=0

W3 in (M.3) is calculated as

Ws = / i‘f * (0GR G — GV ATV 0, GV ) e 0%

+ / Z—‘f(—1)Gcgeq)”atngqmacgeq)ﬁ (Xyy — ) €105 (M.10)

It turns out that all terms are suppressed by a factor I'/T and there are no leading order
contributions from Wiy:

[Wsli = [Ws]; =0. (M.11)

Summing up W; (¢ = 1,2,3), the retarded Green function AG’, is separated in the
leading order approximation as

AGH (2,9% @) ~[AGE (2, 4% @)l + [AGE (2%, q)]; ,

"ij "(eq)ij —1€
[AGE (4% a))i =O(szy) Z ZeHJEzQQ) ](GWq)Zem
€ €1 €]
a » —1Qe;i Say—1Q1 X,

« 24 (10, — 1) Log e iOammi@Xe|
ot Q1=0

ij "(eq)ij +ie
AGH ("4 @)l =O(sm) Z ZALE Y (ewy) Ze g
€1 €)

Owg i . A
X — 8 78 ) _ZQeiny_'LQlXxy
8t (Z Ql ) 2 Qez €

. (M.12)
Q1=0
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M.3 Useful identities

In order to perform the following calculations, we first introduce two useful identities

@@F(Qm q, QQ) /:v du / dvefiﬂe(:vfu)fin(achu)/27iq(u7v)fiXinq2(vfy)fng(v+y)/2
2 27
dq +1
— [ YR, q+Q/2+ Q)2
/27T (e:q+Q/2+ o/ Q)Q*96+Q+(Q1+Q2)/2

« e~ H(a+Q/2+Q1/2)s2y —i(Q1+Q2+Q) Xy (M.13)

and

dq d v 4 4 o .
/ % % Flgr,q, ) / du / dve— i1 (@—u)—iQ1 (a-+u) /2—iq(u—v) ~iX Q—if2} (v—y) ~iQa (vHy) /2

— @ _ _ * —i

w e~ Ha=Q/2-Q2/2)s2y—1(Q1+Q2+Q) Xuy (M.14)

Note that the complex frequency €2 is introduced in the above identities unlike (F.5). In
the following, we will use these identities together with (F.5).

M.4 G’2

By using the decomposition (M.1) and (M.2), we separate G>’(eq) into “on-shell” and “off-
shell” terms as

G =62 onoshell + [Ga ] ofshell

'(eq)ij "(eq)ij d(eq)jj d(eq)jj

G 2(qq) J]on—shell =-[G ngQ) J] Hz(q q)JJ e A(qQ)JJ
d(eq)ii d(eq)ii "(eq)ij

_ GR(qq) « ]-_-[2((1q) “ [GéqQ) ]]i’

'(eq)ij "(eq)ij d(eq)jj d(eq)jj
G %(qq) ]]off—shell =-[G }qu) ]]i « H%(q id GA(qOI)]]
d(eq)it d(eq)it "(eq)ij

_ GR(qq) % H%(qQ) % [GéqQ) J]

— G T AT (M.15)

J

J

In the “on-shell” terms, the same mass eigenstate i or j propagates.?? On the other hand,
the “off-shell” terms contain both of the mass eigenstates ¢ and j simultaneously.

22Gince I’ is flavor off-diagonal, differences between the flavor eigenstates and the mass eigenstates in
Grya are higher orders with respect to (h'h)'/(hTh)".
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M.5 On-shell part of G,z(eq)

Plugging the decomposition (M.1) and (M.2) into above and using the identities (M.13)
and (M.14), we obtain the following on-shell contributions:

1 (eq)ij d(eq)jj d(eq)jj
[G ]j * H% q * G

R q Aq
TV S R ()
- g Ze _ q €t Yy
XE:ZHR (ewq) 0u =0, 0 '_Q:j( Z){ -3 e
earis : 1= e
S PR MY L ) gt or1s)
. Qez’ - er - qu
and
_Gcll%(e(cll)ii " Hd(eq) [G (GQ)UL
'ea)ii —1 —ZT,‘ 1- fl —iQei (20 —y°
- g ZEH/& ! J(qu)ZeQ:i — O Qe — é:z =0 { - zeqq} ’ o
e i 1= e
=3 2V (ew,) 2 (i) i@ =y (M.17)
€ Q* Q* o i€q

Summing the above two on-shell contributions, we have eq. (6.3).

M.6 Off-shell part of Glz(eq)
The first off-shell contribution comes from the i-th propagation in G;éj of the first term
of (3.35), and becomes (supposing z° > 3°)

_ [G;geg)ij]i * H‘é(flq)jj * Gi(e;l)jj

/(eq)ij +1 il'jq 1= fi iy
~Y " z1 Z. - q ei(2°=y) M.18
. R () Qi — Q2 Q ~—Q*j( Z){ ~fe € (M.18)

The j-th propagation of the second term in (3.35) gives the off-shell contribution and

becomes (for 20 > y9)?3

d(eq)is d(eq)ii eq)i
_GR(:; *H<(Q) [G(Q)J]]

~ "(eq)ij +1 _iriq . 1- iEq —iQe; (20—y°) M.1
~ EZGHA (ewq)ZEQ:i oo, _sz( z){ e . (M.19)

iq
From the last line of (M.15), we get the off-shell contribution by using the identity (F.5)
(for 20 > 49):
et , i, lea)is

q <q Aq
"(eq)ij _Z . 1_ff —3 _$O_O
~ ZZEHIJ( a) J(qu)Zem(—Z) { _ pe q} (& e V) . (MQO)
€ e € iq

Z5Note that the frequency of the wave function is given by Q. It is because, for z° > 3°, the pole of the
Jj-th eigenstate of G 47 does not contribute to the Cauchy integral because the pole is in the lower complex
plane.
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Note that the enhancement factors of these off-shell contributions have a factor 1/(€; —

Q7). Summing the on-shell (6.3) and off-shell contributions, we can of course recover the
full result (3.43).

M.7 On-shell part of AGlg

Finally, we move on to AG"/. Taking a variation of (3.35), we get the following 7 terms:
<

AG/%ij — AG,}? % chl(eq)jj % Gi(eQ)jj _ G;%eq)ij * Ané(eq)jj % GZ(GQ)jj
— Géeqm * H‘é(eq)jj * AGijj — AG%i * H‘é(eq)ii * Gfgeq)”
_ GCJI%(QQ)“ % AHc%l(eq)ii * G;(XGQ)ZJ _ G%GQ)” % chl(eq)ii " AGZJ

~A {G%i < T30 ij{j} . (M.21)

Let us apply the decomposition (M.12) into the first term. Using the identity (M.13)
and performing ¢o integration to pick up the pole gy = Q¢ ; — Q1/2 in [AG/]?]M, f(qo) is
replaced by f(e; — Q1/2). The derivatives with respect to Q1 or Qg ; act on it in the
leading order approximation. As a result we have

— AG;;J('l « Hté(gq)jj " Gi(:q)jj]on—shell =] AGE{I e Hg(gqm " Gj(gQ)jj
'(eq)ij L\ Owjq O 1—f; 1 +il'jq —iQ¢ s
~ Z 1 €Wy ) Le(—1 Jjq . o~ ejsay
zﬁ: R ( q) (=) ot aqu { —f;q (er _ ng)2 Qi — Qqj
'(eq)ij L\ Owjq O 1—fi, | -1 i —iQ%;s
= ZGH Ze - Jq - € Ty . M22
zﬁ: R (ewq) ( Z) at 8qu { —f;q qu Qgi _ er & J ( )

For the second term in (M.21), we apply the decomposition of G in (M.1). After
using (M.13), we get

oa)ii dlea)id dlea)id o) dlea)id dlea)id
_[Glgzq) 7y AH%((;?Q)JJ % GA(;q)N]on—shell = _[G}%Zq) J]j « AH%(SQ)JJ % GA(SQ)JJ
'(eq)ij \OT 0 J1-f] 1 +ilje  _iags
~ Y ZI (ewg) Ze(—1) === L - e reidey
2 R 7 ot oT | — i (Qej — er)2 Qe — Qe
'(eq)ij £ OT 9 J1—fi | —1 i —iQe;s
= Z 1 Ze(—1)——— Ny — sy M.2
2 L 17 Wl S o o o (M.23)

Summing up the these two on-shell contributions, (M.22) and (M.23), we get

A {[6 ), e e}

j
'(eq)ij ) 1— fS +1 +il'jq —iQ; (20 —y0)
~ zZ I (ewq) Ze(—1i) dy 1 » e W\t Ty
2 A e S e o
_ '(eq)ij : L=fig| -1 i —iQe; (20 —y°)
= E Z 11 Ze(—i) d L — € v, M.24
el ) 240 t{ £, }qu Qo — Qg ¢ 2

- 79 —



For the 4th term in (M.21), we apply the decomposition of G;(‘GQ) (M.2). Using (M.14),
we get

DG * TG GV o ghell = —AGH * LG+ [G450Y);
'(eq)ij wiqg 0 1-f 1 —il'ig —iQs
o~ Z 11 Z, q ciSzy
2 A (EWQ) ( ) ot awzq { _ ieq } (Qel _ Q:Z)Q Q; _ Q:J e

dwig 0 [1-— e
=D 2 () Ze( - >afawzq{ -1 }r G T )

On-shell contribution from the 5th term in (M.21) is similarly calculated as

d(e "(eq)ij d(e eq)ii ’(eq)ij
[GR(q q)ii AH ( q)ii Gfqu) ]}on—shell = 7GR(q q)ii AH ( q)i [G/g q) J]i

q
"(eq)ij \OT 01— ff 1 —ilig —iQeis
~ ZEH (ELL) )Z€(_Z)77 . q - " " e eiSzy
ze: 4 ! ot or | — iq (e — er)2 Qg — QEj
— /(eq)ij _ 02& 1 - _1 _72 —iQeiszy M 2
= Z:ZEHA (ewq) Ze(—1) 5 5T *flq T 0~ 02 e . (M.26)

Summing us another set of these two on-shell contributions, (M.25) and (M.26), we get

A { GdR(eg)ii . Hé(t;q)ii N [G;Ee?;)ij]i}

/ 17 ]. — —1 +ZF1 i (29— g0
~ > 2TV (ewq) Ze(—i) dt{ E } T
€ € € €l €j

iq

= Z Z1 Y (e,) Zo(—i) dy {1__ ifq} ;il ﬁ e~ ei(@=y") (M.27)
To summarize, after summing all on-shell contributions, (M.24 ) and (M.27), we have
(for 20 > 40)
[AG/%U (2%,y% a)] on-shell
=3 2T () Z(~)A {1_ } g ¢
¢ €j

jq €

Q
’(eq)ij 1- i —1 —iQei Sz
+ 3 ZAL VY (ewy) Ze(— z)A{ i q}Q_Q e~ eisey (M.28)

M.8 Off-shell part of AGlg

Let us also calculate off-shell contributions to AG? for completeness.
The off-shell contribution of the first term in (M.21) is given by

i e d(eq)jj e d(eq)jj
— AGRJq ( DIy A(qqm]off—shell = | AGRq] Hz(q DTy A(qqm (M.29)
~ /(eCI)ij awlq a 1 - iq 1 711—‘311 _iQsiny
- Z:ZEHR () Ze(=i) =5, awlq{ e [ -2 0a -y € ‘
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From the second term in (M.21), we have the following off-shell contribution:

_[G;gzq)ij * Ancé(gq)jj N GdA(eq)jj]Off—SheH =[G ngq)”] ATTY ( ) Gi(‘jq)jj

erq

"(eq)i] 8T 3 1-— ,Le 1 - —iQei Sz
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. €i €j €i €

q

Summing (M.29) and (M.30), we have (for z° > 3%)

—A{[G ] *Hd” *Gd”}

~ "(eq)ij 1- i —1 +iqu — Qe (20—y0
_ZG:ZEHR oz dt{ - eq} (Qa— 2200 -9 ¢ o

iq €j

The third term in (M.21) has no leading order contribution:

_[G’Igff)ij]i * Hfé((;?Q)jj « AGZJQ _ _[G;gzq)ij}j « chl(gonjj N AG;% —0

(M.30)

(M.31)

(M.32)

To see this, perform the time and frequency integration. Using (M.13) with @ = 0, we have
a factor f(qo + Q2/2) = f(€Q) by picking up the pole at Qc — Q2/2. The derivative with
respect to © would come from the double poles of AG 4 (G.14), but since we are interested

in the region z° > y", these poles on the upper complex plane do not contribute. Therefore

no derivatives of the distribution function appear. Similarly the 6th term in (M.21) also

vanishes in the leading order approximation:
—GRT GV [AGT ) =GRV e < [AG ) =
The 4th term in (M.21) give the following off-shell contribution:

i3 eq)it /e ] 11 d(eq)ii ’e 1]
[AGd (qQ) * G}égq‘l) ]]Off—she]l = AGd % Hz(qq) * [GéqQ) J]j

(M.33)

(M.34)

"(eq)ij wiqg 0 1= 1 +il'iq —iQeis
~N"z1 Z. a csay
ZE: a (w20, awzq{ —fo [ Qa-an—an €

The 5th term in (M.21) gives the off-shell contribution as

d(eq)ii d(eq)ii ’(eq)ij d eq)ii eq)i
_[GR(qq) « Aﬂz(qoo « G,quq) ]]off—shell Se ( q)ii « ATTY ( q)i [G '(eq)i J]
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Summing (M.34) and (M.35), we have
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The last line in (M.21) gives off-shell contributions. They are composed of (J.22), (J.40)
and (J.41). Using (F.5), we get the following leading order contributions:

eCI)Z] 8T a 1- lq *iﬂeiszy
(J.22) ZZH wq) Zel(—i) - 8T{ A S o

+1 .
Q*

'(eq)ij or 0 J1-fj -1 i€t

+ ;ZGHA (GWQ)ZE( ) 8t 8T { —ffq (QGZ — Q:])2 e Y ’
(M.37)
(eq)ij awlq 0 1- 1q +1 —iQe;i Sz
(J.40) + (J.41) ZZH (ewq) Ze(—i) awzq{ P ST s y
i -1

(eq)ij OQwig 0 J1=Tigl 71 ioisn,
+ZE:Z€HA (ewg) Ze(—i) =5, Awiq { —tig } (i — 625" e |
(M.38)

Summing up these, we have

_A {Gjl%(eél)ii + TI< "(e ) GA(eq)JJ}

-~ "(eq)ij . 1- ze +1 —iQe; (29 —1y0)

iq

_ -1 )
+ZZ TV (ew,) Zo(—i) dy {1_ ! q} TP e~ ei(@—4") (M.39)

—O*)2
iq €l er)

Of course, if we sum up all the on-shell and off-shell contributions, (M.28)
and (M.31), (M.36), (M.39), we can recover the full result (J.34).
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