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1 Introduction
Let E be a real Banach space with the norm | - || and the dual space E*. The value of

x* € E* at y € E is denoted by (y,4*) and the normalized duality mapping J from E into
25" is defined by

T ) = {x* € E*: (x,6%) = |12 | #*

Al ==}, VxeE.

Recall that a (possibly multivalued) operator A : D(A) C E — 2F with the domain D(A)
and the range R(A) in E is accretive if, for each x; € D(A) and y; € Ax; (i = 1,2), there exists
aj € J(x —x3) such that (y; — y2,j) > 0. (Here J is the normalized duality mapping.) In
a Hilbert space, an accretive operator is also called a monotone operator. The set of zeros
of A is denoted by A710, that is,

AT'0:={zeD(A):0 € Az}.

If A=10 # , then the inclusion 0 € Ax is solvable.

Iterative methods have extensively been studied over the last forty years for construc-
tions of zeros of accretive operators (see, e.g., [1-7]). In particular, in order to find a zero
of a monotone operator, Rockafellar [7] introduced a powerful and successful algorithm
in a Hilbert space H, which is recognized as the Rockafellar proximal point algorithm: For
any initial point xy € H, a sequence {x,} is generated by

Xn+l :]rn (xn + en); Vn >0,
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where J, = (I + rA)™! for all 7 > 0 is the resolvent of A and {e,} is an error sequence in H.
Bruck [2] proposed the following in a Hilbert space H: For any fixed point u € H,

Xn+l =]rn (M), Vn=>0.

In 1991, Giiler [8] gave an example showing that Rockafellar’s proximal algorithm does
not converge strongly. Solodov and Svaitor [9] in 2000 proposed a modified proximal
point algorithm which converges strongly to a solution of the equation 0 € Ax by using the
projection method. In 2000, Kamimura and Takahashi [10-12] introduced the following
iterative algorithms of Halpern type [13] and Mann type [14] in Hilbert spaces and Banach
spaces: For any initial point xy,

Xntl = OpXg + (1 - an)]rnxnr Xp+l = OpXo + (1 - an)]rnxn + €, Vn > 0
and
Xpsl = OpXy + (1 - an)]rnxnr Xn+l = OpXy + (1 - an)]r,,xn +e, VYn>0,

where {o,} C (0,1), {r,} C (0,00), and {e,} is an error sequence, and obtained strong and
weak convergence of sequences generated by these algorithms.

Xu [15] in 2006 and Song and Yang [16] in 2009 obtained the strong convergence of the
regularization method for Rockafellar’s proximal point algorithm in a Hilbert space H: For

any initial point xy € H
Kps1 = I, (ntt + (1= atp)x, +€4), Vn >0,

where {a,} C (0,1), {e,} C H and {r,,} C (0, 00).

In 2012, as in [17], Zhang and Song [18] considered the following Rockafellar-type it-
erative algorithm (1.1) and Halpern-type iterative algorithm (1.2) for finding a zero of an
accretive operator A in a uniformly convex Banach space E with a weakly continuous du-
ality mapping J, with gauge function ¢ or with a uniformly Gateaux differentiable norm:
For any initial point x, € E and fixed point u € E,

Xns1 = Buxn + (1= B, (anu +(1- (xn)xn): Vn>0 (L1)
and
Xp+l = Opld + /gnxn + (1 -0y — /gn)]rnxn: ‘v’n 2 O: (12)

where the sequences {a,},{8,} C (0,1) and {r,} C (0,00) satisfy the conditions:
(i) limy— o0y = 0; (ii) Doty = 00; (iii) limsup,,_, o, Bx < 1; and (iv) liminf,_ o7, > O.
In particular, in order to obtain strong convergence of the sequence generated by (1.2) to
a zero of an accretive operator A, they utilized the well-known inequality in uniformly
convex Banach spaces (see Xu [19]). The results of Zhang and Song [18] in a Banach
space with a uniformly Gateaux differentiable norm and the corresponding results of
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Song [17] are mutually complementary since Zhang and Song [18] assumed uniform con-
vexity on the space instead of reflexivity on the space in Song [17] and relaxed the con-
ditions 0 < liminf,,_, « B, < limsup,_, B, <1 and liminf, . 7, > 0, lim,_, o % =1on
sequences {f,} and {r,} in Song [17]. Yu [20] filled the gaps in the result of Zhang and
Song [18] for the Halpern-type iterative algorithm (1.2) by utilizing the result on the se-
quence of real numbers in [21], which is of fundamental importance for the techniques
of analysis. Also, Zhang and Song [18] studied the Rockafellar-type iterative algorithm
(1.1) in a uniformly convex Banach space with a weakly continuous normalized duality
mapping J or with a uniformly Gateaux differentiable norm.

In this paper, motivated by the above mentioned results, we consider viscosity iterative
methods for the Rockafellar-type iterative algorithm (1.1) and Halpern-type iterative algo-
rithm (1.2). By using a new method different from ones in [18, 20] which recover the gaps
in [18] as in [20], we establish results on strong convergence of the sequences generated
by the proposed iterative methods to a zero of an accretive operator A, which solves a cer-
tain variational inequality in a uniformly convex Banach space having a weakly continuous
duality mapping J, with gauge function ¢ or having a uniformly Gateaux differentiable
norm. Our results improve, develop and complement the corresponding results of Song

[17], Zhang and Song [18], Yu [20] and Song et al. [22] as well as many existing ones.

2 Preliminaries and lemmas

Let E be a real Banach space with the norm || - || and let E* be its dual. When {x,} is a
sequence in E, then x,, — x (resp., x,, — &, x,, — x) will denote strong (resp., weak, weak*)
convergence of the sequence {x,} to x.

Recall that a mapping f : E — E is said to be contractive mapping on E if there exists a
constant k € (0,1) such that ||f(x) — ()|l <kllx - yll, Vx,y € E. An accretive operator A is
said to satisfy the range condition if D(A) C R(I +rA) for all » > 0, where I is an identity op-
erator of E and D(A) denotes the closure of the domain D(A) of A. An accretive operator A
is called m-accretive if R(I + rA) = E for each r > 0. If A is an accretive operator which satis-
fies the range condition, then we can define, for each r > 0, a mapping J, : R(I + rA) — D(A)
defined by J, = (I + rA)~!, which is called the resolvent of A. We know that J, is nonexpan-
sive (i.e., |J,x — J.yll < & = yll, Y,y € R + rA)) and A™10 = F(J,) = {x € D(J,) : J,x = x} for

all » > 0. Moreover, forr>0,¢>0and x € E,

t t
Jrx :]t<—x + (1 - —)]rx>, (2.1)
r r

which is referred to as the resolvent identity (see [23, 24] where more details on accretive
operators can be found).
The norm of E is said to be Gdteaux differentiable if

X+ tyl| —|[|x
lim llx + gyl = llxll

t—0 t

exists for each x, y in its unit sphere S = {x € E : |x|| = 1}. Such an E is called a smooth
Banach space. The norm is said to be uniformly Gateaux differentiable if for y € S, the

limit is attained uniformly for x € S.
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A Banach space E is said to be uniformly convex if for all ¢ € [0,2], there exists §; > 0
such that

llx +yll

lx[l = llyll =1 implies <1-38, whenever ||x—y| >e.

Let/>1and M > 0 be two fixed real numbers. Then a Banach space is uniformly convex if
and only if there exists a continuous strictly increasing convex function g : [0, 00) — [0, 00)
with g(0) = 0 such that

2+ (L= 1)y | < Allell” + (= 2yl = or(R)g (Il - y1) 2.2)

for all %,y € By;(0) = {x € E : ||x|| < M}, where w;(%) = A'(1 = 1) + A(1 — 1)’. For more detail,
see Xu [19].

By a gauge function we mean a continuous strictly increasing function ¢ defined on
R* := [0, 00) such that ¢(0) = 0 and lim,_, » ¢(r) = co. The mapping J, : E — 2E" defined
by

Tp@) = {f € E*: (. f) = 1%L IF I = o(llxl))},  VxeE

is called the duality mapping with gauge function ¢. In particular, the duality mapping
with gauge function ¢(t) = ¢ denoted by 7, is referred to as the normalized duality map-
ping. The following property of duality mapping is well known [23]:

@(IA] - llxll)
[l

Jo(Ax) = signk( )j(x), VxeE\ 0,2 R, (2.3)
where R is the set of all real numbers; in particular, J (—x) = -7 (x), Vx € E. It is well known
that E is smooth if and only if the normalized duality mapping 7 is single-valued, and that
in a Hilbert space H, the normalized duality mapping 7 is the identity.

We say that a Banach space E has a weakly continuous duality mapping if there exists a
gauge function ¢ such that the duality mapping J, is single-valued and continuous from
the weak topology to the weak* topology, that is, for any {x,} € E with x,, — x, J,,(%,) —
Je(x). For example, every /¥ space (1 < p < 00) has a weakly continuous duality mapping
with gauge function ¢(¢) = 71 [23].

Let LIM be a continuous linear functional on [*° and (a1, 42, ...) € [*°. We write LIM,,(a,,)
instead of LIM((ay,a>,...)). LIM is said to be a Banach limit if LIM satisfies || LIM || =
LIM,, (1) =1 and LIM,,(a,.,1) = LIM,(a,) for all (a1, a,,...) € [°°. If LIM is a Banach limit,
the following are well known [25]:

(i) foralln>1, a, <c, implies LIM,,(a,) < LIM,(c,),

(i) LIM,(ann) = LIM,(a,) for any fixed positive integer N,
(ili) liminf,_ « a, < LIM,(a,) <limsup,_, ., a, for all (a1,a,,...) € [*°.
We need the following lemmas for the proofs of our main results.

Lemma 2.1 (23, 25] Let E be a real Banach space and ¢ be a continuous strictly increasing
function on R* such that ¢(0) = 0 and lim,_, o, ¢(r) = 0. Define

@(t):/ o(t)dr, VteR"'.
0
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Then the following inequalities hold:

O(kt) <k®(t), 0<k<l,

P(llx+yll) < @(llxll) + (jpx +),  Yry€E,
where jo(x + ) € Jo(x + y). In particular, if E is smooth, then one has
e+ 912 < lIxl® + 200, T (x + 7)), ¥y € E.

Lemma 2.2 [26] Let a € R be a real number and let a sequence {a,} € I*° satisfy the
condition LIM,(a,) < a for all Banach limit LIM. If limsup,_, .. (@n1 — an) < 0, then

limsup,,_,  a, <a.

Lemma 2.3 [27] Let {s,} be a sequence of non-negative real numbers satisfying
Sl < (L= A)Sy + Aby, Y >0,
where {),} and {3,} satisfy the following conditions:
(1) {)"n} C [01 ]-] and Zf,io An = 00;
(i) limsup,_, o8, <0 or Y oo Aud, < 00.
Then lim,,_, o s, = 0.

Also, we will use the next lemma which is of fundamental importance for our proof.

Lemma 2.4 [21] Let {s,} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {s,,} of {s,} such that s, < s,,.1 for all i > 0. For

every n > ny, define the sequence of integers {t(n)} by
(1) := max{k < n: 8 < Sg41}-

Then {t(n)},>n, is a nondecreasing sequence verifying
lim t(n) = 00
n=00

and, for all n > ny, the following two estimates hold:

St(n) =< St(n)+1» Sn = St(n)+1-

3 Main results
In this section, we study the convergence of the following two iterative algorithms: For an
initial value xg € C,

Xns1 = Bukn + (1 - ,Bn)]rn (ar{f(xn) + (1 - an)xn): Vrn>0 (31)

and

Xn+l = ar(f(xn) + Buxn + (L -y — ﬂn)]r,,xm Vn=>0. (3.2)
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Throughout this section, it is assumed that A : D(A) C E — 2F is an accretive operator
satisfying the range condition with A™10 # @; C is a nonempty closed convex subset of E
such that D(A) ¢ C c N
k €(0,1); and {a,.}, {B,} C (0,1) and {r,} C (0, 00) are sequences satisfying the conditions:

(C1) lim,— o oy = 0;

(C2) > ooty =00

(C3) 0 <B,<ac<lforsomea;

(C4) liminf,_, . r, > 0.

We need the following result for the existence of solutions of a certain variational in-
equality.

o RU +7A); f : C — C is a contractive mapping with a constant

Theorem ] [28, 29] Let E be a reflexive Banach space with a weakly continuous duality
mapping J, with gauge function ¢. Let C be a nonempty closed convex subset of E, let
T : C — C be a nonexpansive mapping with F(T) #} and f : C — C be a contractive
mapping with a constant k € (0,1). For t € (0,1), let {x,} be the unique solution in C to the
equation x; = tf (x;) + (1 —t) Ix,. Then {x,} converges as t — 0" strongly to a point q in F(T),
which solves the variational inequality

(1=)a) Tpla~p)) <0, VpeF(T).
Using Theorem J, we have the following result.
Theorem 3.1 Let E be a reflexive Banach space having a weakly continuous duality
mapping J, with gauge function ¢. Let {x,} be a sequence generated by (3.1) and y, =

ayf(x,) + 1 = ay)xy, for all n > 0. Let LIM be a Banach limit. If lim,_, |y, — J5,¥ull = 0,
then

LIMVI (<(1 _f)(q)7 jgo(q - xn))) < 0;
where q := lim_, o+ x, with x, being defined by x, = tf (x;) + (1 — t)],x; for each r > 0.

Proof Let x, be defined by x; = tf(x;) + (1 — t)J,x; for 0 < ¢ <1 and r > 0. Then, since
A0 # @, {x;} is bounded. In fact, for p € A0 = F(J,) for r > 0, we have

;- pll < t|f (%) - p| + A = O = Tl
<t|f) -p| +@-0)lx - pl.

This gives that
;= pll < [f@x) —p| < ) =f®)] + |[f0) - P|
< kllxe —pll + () - p|.-

Thus

1
lloc: — pll < -k Hf(P) -p

|, te(0,1),
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and hence {x,;} is bounded. Also, by Theorem J, {x;} converges as t — 0* strongly to a
point in F(J,) = A0, which is denoted by g := lim;_ o+ x;.

First we show that {x,} and {y,} are bounded. Since A™10 # ¥}, we take p € A™10 = F(J,)
for all 7 > 0. From (3.1) and the nonexpansivity of J,, for all n, we have

%1 — pll
< Bulln = pll + @ = B 3u —
< Bulln = pll + (1= B) | etnf () + (1 = @), — p|
< Bulln = pll + (0 = B[ |[f(x0) = f D) + A = @) I, = pll + [ (0) - ]
< Bullon = pll + (1= B)[enkllx, = pll + (1= @) 1%, = pll + @ [ f(2) - ]

= (1- - B)A =Ko lxs —pll + (1 - B)(1 —k)anw
gmax{llxn—P||»”f(f)_4;(p”
< max{ lxo - pll, ”f(lpii;(p” .

Hence {x,} is bounded. Also, for p € A™10, we get

Iy =PIl < otu[f (xn) = f@)]| + A = ) 10 = Il + | f(p) - |
< o, kl|l%y = pll + 1 = ) 1%, — pll + o |[f (@) - P

= (1= (1= Ky s — pll + (1 ke, V) =Pl

1-k
If () - pli }

< max{nxn—pn, s

and so {y,} is bounded. Moreover, since ||/, y, — p|l < |ly. — pll, it follows that {J,, y,} is
bounded. Also, {f(x,)} is bounded. As a consequence, with the control condition (C1), we
get

9 = %l = 0t [ @) = % | < u(|f )| + Ixall) = 0 (11— 00). (3.3)

Since lim,,_, o6 || — J,,¥x | = 0, by (3.1) and (3.3), we obtain

m 1, = Jp, Yull < Hm (60 = yll + 1yn = T, ¥ull) = O (3.4)
H—0Q n—0oQ0

and
lim ||%,41 = Jr,¥ull = im By,llx, — i, 90|l < lim al||x, — J;, yull = 0. (3.5)
H—0Q n—0o0 n—0oQ

Now, we show that LIM,,({( - /)(¢), J,(q — %,))) < 0, where g = lim,_, o+ x, with x, being
defined by x; = tf (x;) + (1 — £)/,x, for each r > 0. Indeed, it follows that

Xt —Xns1 = (1 - t)(]rxt - xn+1) + t(f(xt) - xn+1)'

Page 7 of 19
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Applying Lemma 2.1, we have

CD(th - xn+l||) = CD((I - t)”]rxt _xn+1||) + t(f(xt) — Xn+ls j(p(xt _xn+1))- (36)

Along with using the resolvent identity (2.1), noting

r r
Wryn =Tr,ynll = /r(r—yn + (1— r—)]rnyn> —JYn
r
= 1-— ”yn _]rnyn”
Tn
r
< V== {(lyn = 2all + 125 = T, 2 11),

we observe also that

”]rxt _xn+1” S ”]rxt _]rxn“ + ”]rxn _]ryn“ + ”]ryn _]r,,yn” + ”]rnyn _xn+l||
< |1x = xull + 1% = yull

r
1- —
n

+ (”yn = x|l + 1% _]rnyn”) + 1y dn = Xnall

= |l —xull + €ns

Where Ep = (1 + |1 - él)”xn __yn” + |1 - imxn _]rnyn” + ”xn+1 _]rnyn” - O as 7n — o0 (bY
(3.3), (3.4) and (3.5)), and

(F () = Xt Tp (6 = 1)) = ([ (00) = %r T (6 = Xa1)) + 190 = Xt @ (16 = s 1)

Thus it follows from (3.6) that
D(lle = xpall) < D(A =) (lloee —xall)) + A= Dllenll @ (Nl = %pin )
+ t({f(0) = %00 T (60 — xna1)) + e = xmir @ (116 — %iall)). (3.7)
Applying the Banach limit LIM to (3.7), we have
LIM,, (P ([l% = %p1ll)) < LIM,, (@((1 = ) (Il = x4ll)))
+ (1= ) LIM,, (llenll@ (1% = %naa 1))

+ t LIM,, ({f (%) — %2, Ty (% = %,001)))

+ t LIM,, (ll: — et ll@ (1% = %1 l))- (3.8)

Hence, noting lim,_, » &, = 0 and applying the property LIM,(a,,1) = LIM,(a,) of the
Banach limit LIM to (3.8), we obtain

LIM, ((x; — f(x2), T (e — %))

1
< ;LIMn(CD((l = O)llxe = %all) = D (lxe = x1l)) + LIM,, (Il = 2 [l 0 (Il = 26,11))

Page 8 of 19
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1 [l =2t
=--LIM, </ w(r)dr) + LIM, ([lx: — %[l (lle = x4 ll))
a

t )|l —2n

= LIM,, ([l = xall (@ (% = 2411) = 9(6,)) ) (3.9)

for some t,, satisfying (1 — £)||x; — x| < 6, < ||x; —x,]. Since ¢ is uniformly continuous on
compact intervals on R* and

Iy — x4l = 0, < Ellocy — x4l

2
< t<ﬁllf(10> -p|| + lIxo —pn) -0 (t—0),
we conclude from (3.9) and g = lim,_, ¢+ x; that

LIM, (I =£)(q), Tp(q — %4))) < limsup LIM, ({x — f (x¢), T (e — %))

t—0
= lim S(I)JP LIMV:(”xt _xn” ((p(”xt _xn”) - ¢(9n)))
t—

<0.
This completes the proof. d

By using Theorem 3.1, we establish the strong convergence of the Rockafellar-type iter-
ative algorithm (3.1).

Theorem 3.2 Let E be a uniformly convex Banach space having a weakly continuous dual-
ity mapping J, with gauge function ¢. Then the sequence {x,} generated by (3.1) converges
strongly to q € A™10, where q is the unique solution of the variational inequality

(-, T(g-p) <0, VYpeAo. (3.10)
Proof First, we note that by Theorem J, there exists a solution g of a variational inequality
(T-q), Tplq-p)) <0, VpeATo,
where g = lim,_, o+ x; € A~10 with x, being defined by x; = tf (x;) + (1 — £)],x; for each r > 0
and 0 < ¢ < 1. From now, we put y, = a,f(x,) + (1 — @, )x, for all n > 0.
We know that ||x, — p|| < max{|lxo —p|, ﬁ If(») - pll} forall z > 0 and all p € A710 and
{%n}, {n}, {f (%)} and {J,,y,,} are bounded by the proof of Theorem 3.1.

First, by using arguments similar to those of [18] with u« = f(x,) and the inequality (2.2)
(I=2,A= %), we have

1
I =l < e =l + ol Gea) = a|* = @ = B) L& (19 = T3,

where g : [0,00) — [0, 00) is a continuous strictly increasing convex function in (2.2). From
the condition (C3), it follows that (1 — 8,) > (1 —a) > 0 for all # > 0 and

1
(1—a)zg(||yn ~Trnll) = @ [f ) =g < 120 = 11 = 1201 — qlI*. (3.11)
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In order to prove that lim,,_, « ||x, —¢|| = 0, we consider two possible cases as in the proof
of Yu [20].

Case 1. Assume that {||x, — g||} is a monotone sequence. In other words, for ny large
enough, {||x, — ¢q||} is either nondecreasing or nonincreasing. Hence {||x,, — g||} converges
(since {||x, — q||} is bounded). Thus, by (3.11) we obtain

Tim g(1lyn = Jr,yull) = 0.

Thus, from the property of the function g in (2.2), it follows that
lim ”yn _]ry,yn” =0.
n—00

Now, we proceed with the following steps.
Step 1. We know from (3.5) that lim,,_, o [|%,:1 — %] = 0.
Step 2. We show that limsup,,_, . (({ - f)(g), J,(q — %)) < 0. To this end, put

ay = <(1 _f)(q): j(p(q _xn))x n= 0.

Then Theorem 3.1 implies that LIM,(a,) < 0 for any Banach limit LIM. Since {x,} is
bounded, there exists a subsequence {xn/.} of {x,} such that

lim sup(a,41 — a,) = lim (a,,j+1 - a,,/,)
Jj—00

n— 00

and x,,;, — z € E. This implies that x,,,; — z since {x,} is weakly asymptotically regular by
Step 1. From the weak continuity of a duality mapping J,,, we have

w-jlir?o NAUEE e W',E‘Eo To(q —xn) = Tp(q - 2)
and so

lim sup(a,.41 — a,) :;Erélo((l “N@, To(q = xn1) = Ty (q —x,,/.)> =0.

n—00

Then Lemma 2.2 implies that limsup,,_, . 4, <0, that is,

lim sup<(1 -Nq), Tp(q - xn)) <0.

n—0o0

Step 3. We show that limsup,,_, .. (({ —f)(q), Jo(q — y»)) < 0. In fact, let {y,,} be a subse-
quence of {y,} such that y,, — v € E and

limsup((Z - £)(q), T (q — yu)) = il_iglo((l -N@, TG~ yn)).

n—0o0

Since lim,,_, o ||y — ¥l = 0 by (3.3) in the proof of Theorem 3.1, we have also x,, — v.
From the weak continuity of /,, it follows that

W'il_ifg j(p(q_yni) = W'il_if& jw(q _xn,-) =]<p(q - V)‘
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Hence, by Step 2, we have

lim sup<(1 -, Tplq —yn)>

= 1im (I =£)(@), Ty (q = yn) = To(@ = %) + lim (I =£)(@), Ty (q — 1)
= lgrg((l _f)(q)7 jgo(q - xn,‘))
<limsup(( - /)(q), Tp(q — %a)) < O.

n—00

Step 4. We show that lim,,_,  [|%, — ¢|| = 0. Indeed, by using (3.1), we obtain

(%041 = q”‘p(”xnﬂ - q”) = (,Bn(xn -q)+ (1= B)Unyn — ), jw(xnﬂ - q»

< Bullxn —¢Z||<ﬂ(||xn+1 - 61||) +(1- /Bn)”yn - q”§0(||xn+1 —61||)

and so

l%ne1 = qll < Bullxn —qll + A = Bu)llyn —4ll. (312)

Since

In—q =0y (f(xn) _f(‘I)) T Uy (f(‘I) - Q) +(1-an)(x, —q),

by Lemma 2.1, we also get

‘D(HJ/n - q”) = @(Ol,,, Hf(xn) —f(Q) ” + (1 - an)”xn - 61||) + Otn(f(61) -4 j(p(yn - 61))
= cb(ank”xn —qll + Q= ap)llx, — q”) + an(f(Q) =4 T — 61))
< (1- (@ -K)an) (1% — qll) + ctulf (@) — 4, T 0 — ). (3.13)

As a consequence, since ® in Lemma 2.1 is an increasing convex function with ®(0) = 0,
by (3.12) and (3.13), we have

O (Ine1 —gll) < @(Bullxn — gl + A= Bu)llyn —qll)
< B ®(Il%n —qll) + @ = B)(lyn —qll)
< Bu®(ll%n — qll) + (A = B) (1 = (1 = k)t D (Il — qll)
+ (L= Bu)anlf (@) — @ Ty (yn — q))
= (1- 1= B)A-k)a,) P(llx, - qll)
+ (L= Bu)anlf (@) — @ Ty (yn — 9))- (3.14)

Put

Jon = (L= )L - Ky and sn:ﬁ«l—f)(q),%(q—yn)).

Page 11 of 19
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From the conditions (C1)-(C3) and Step 3, it follows that A, — 0, > 7o) A, = oo and
limsup,,_, ., 8, < 0. Since (3.14) reduces to

cD(thﬂl - 6]||) <(1- }\n)(b(”xn - 61||) + Anbus
from Lemma 2.3, we conclude that lim,,_, o, ©(||x,, — ¢||) = 0 and lim,,_, », ||x,, — ¢|| = 0.
Case 2. Assume that {||x, — ¢||} is not a monotone sequence. Then, we can define a
sequence of integers {t(n)} for all n > ng (for some ny large enough) by
t(n) = max{k eN:k <n|xx—qll < %1 — qll}.
Clearly, {t(n)} is a nondecreasing sequence such that t(n) — oo as n — oo and
”xr(n) - QH =< ||xf(n)+1 - q”
for all # > ng. In this case, we derive from (3.11) that
nli)n(;log(“yt(n) _]r,(n)yr(n) ”) =0.
So, by the property of the function g in (2.2), we have
"yr(n) _]r,(,,)yr(n) ” =0.
From (3.3), (3.4) and (3.5), we also have
nlin;o ”xr(n) _yr(n)” =0,
nllgolo ”xr(n) _]rr(n)yr(n) ” =0
and
nlingo ||xr(n)+1 _]rr(n)yr(n) ” =0.
By using the same argument as in Theorem 3.1 with {%;(,}, {¥:(»} and {],r(n) Yr(m)}, Wwe obtain

LIM, (- £)(@), T (q — %)) <O.

Moreover, by using the same argument as in Step 1-Step 4 of Case 1 with {x.(,}, {y-(»)} and
{],TW Yz(n)}, we obtain the following:

Step 1" limy,— o0 1% ()41 = Xz @) || = 0;

Step 2" limsup,_, (I = )(q), Ty(q — %:(n))) < 0;

Step 3" limsup,_, o (( =f)(q) Tp(q — y=(m)) < 0;

Step 4’ limy— 00 P(||%0r) — qll) = 0 and limy,— 00 P(|[#7(1)+1 — ¢ll) = 0. Hence

lim [|%¢) —¢ll =0 and  lim |[x;¢)a — ¢l = 0.
n—00 n—00
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From Lemma 2.4, we have

1%n = qll < 1%(my1 — 4ll-
Therefore, lim,,_, o, [|x,, — ¢g|| = 0. This completes the proof. O

By taking B, = 0 in Theorem 3.2, we obtain the following result, which is an extension
of Corollary 3.4 of Zhang and Song [18] to the viscosity iteration method.

Corollary 3.1 Let E be a uniformly convex Banach space having a weakly continuous du-
ality mapping J, with gauge function ¢. Let {x,} be a sequence generated by

Xns1 =, (a,‘f(xn) +(1- a,,)x,,), Vn > 0.

Then {x,} converges strongly to q € A™10, where q is the unique solution of the variational

inequality (3.10).

Theorem 3.3 Let E be a uniformly convex Banach space having a uniformly Gateaux dif-
ferentiable norm. Then the sequence {x,} generated by (3.1) converges strongly to q € A™0,
where q is the unique solution of the variational inequality

((-N@,T(q-p) =0, vpeAo. (3.15)
Proof We also note that by [30], there exists a solution g of the variational inequality
(U-1)q),Tq-p)=<0, VpeAo,

where g = lim;_, ¢+ x; € A710 with x; being defined by x; = tf(x;) + (1 — £)],x; for each r > 0
and 0 < ¢ < 1. From now, we put y, = «,,f (x,) + (1 — ), for n > 0.

We also know that {x,,}, {y,}, {/;,%.} and {f (x,,)} are bounded by the proof of Theorem 3.1.

As in the proof of Theorem 3.2, we divide the proof into several steps. We only include
the differences.

Step 1. By considering two cases as in the proof of Theorem 3.2, we have that
limy,— o0 [1yn = J, ¥l = 0 and limy,— oo 1y2(s) = Jr(y Yz |l = 0, where 7(n) is as in Case 2
in the proof of Theorem 3.2.

Step 2. (1) In the case when lim,,_. « ||¥x — Ji,,¥x |l = 0, we show that

limsup((I - f)(q), T (g — yn)) < 0.

n—0o0

To prove this, let a subsequence {y,,} of {y,} be such that

limsup((Z - £)(q), T (q - yn)) = ;lirllo<(1 -N@), T (q-yn))

n—0o0

and y,; — z for some z € E. Since

%= yn = A= )¢ = yu) + t(F(x0) = yu),
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by Lemma 2.1, we have

[l _yn”Z <(1- t)2||]rxt _yn||2 + Zt(f(xt) — Y T (% _yn)>~
Along with using the resolvent identity (2.1), noting

r r
]r<_yn + <1_ _>]rnyn) _]ryn
'n T'n

r
1-—

n

1y _]ry,yn Il =

=

”yn _]r,,yn”’

we observe also that

”]rxt _yn” f ||]rxt _]ryn” + ”]ryn _]rnyn” + ”]rnyn _yn”

r
1- —

n

=< llx: = yull + (1 + )Ilyn —Jrunll

= 1% = yull + €ns
wheree, = (1+]1- é DUyn—=Jr,941l) = 0 as n — oo (by Step 1 and condition (C4)). Putting
aj(t) = (1= )&y (212 =y ]| + £5) = 0 (= 00)
and using Lemma 2.1, we obtain

% =y 17 < (U= 02 e = 3 1P + 28{f (x0) = Yiys T (30 = )
< W= 02 (Wt = Ty | + Wi, = 3 1)
+ 28(f (xe) = %0, T (@ = y)) + 28126 = 3,112
< (L= 0%l =y I* + a5(2)

+ 2t(f(xt) =%, J (¢ —y,,l.)) + 2t — Y, 2.

The last inequality implies

(1 = F 050 T (5= ) = Sl =y I + a0,

=2 2t
It follows that
. t
lim (x; — f (%), T (= y))) < =M, (3.16)
j—>oo 2

where M > 0 is a constant such that M > [lx; — y,||> for all # > 0 and ¢ € (0,1). Taking
the limsup as £ — 0 in (3.16) and noticing the fact that the two limits are interchangeable
due to the fact that J is uniformly continuous on bounded subsets of E from the strong
topology of E to the weak* topology of E*, we have

limsup((I - f)(q), T (q - y»)) = jlirgo((f -N@), T (@-yx)) < 0.

n—0o0

Page 14 of 19


http://www.journalofinequalitiesandapplications.com/content/2013/1/255

Jung Journal of Inequalities and Applications 2013, 2013:255
http://www.journalofinequalitiesandapplications.com/content/2013/1/255

(2) In the case when lim,,_ o [|Yr(n) — Jremdcmll =0, by using the same argument with

{y26n} and {J;, ¥z}, we also have limsup,,_, . (I = f)(q), T (q = yz(m)) < 0.
Step 3. (1) In the case when lim,,_, o |y — J;, x|l = 0, we conclude lim,,_, ||x, — ¢q|| = 0
Indeed, by using (3.1) and applying Lemma 2.1, we obtain

[E ¢Z||2
= (:Bn(xn - q) +(1- ﬁn)(]rnyn - q), T 1 — q)>

< Bull%n = qllIxna = qll + A = Bu) lyn — gl %41 — 4l

<5, ll%: — qII* +2||xn+1 -qI? f(-B) Iy, —ql? +2||xn+1 -qI?
and
Iy, — ql?
= {anf () + L~ 2)tn — 2, T O — @)
= (o (f (%) = £ (@) + (1 = ) (0 — @) + 2 (F (@) — 7), T O — 9))
= (ank”xn —qll + (1 —ay)llx, - 6]||) lyn —qll + Oln<f(6]) -4, T n— 61))
2 2
_ (1 (- k)Oln) llx, — 4l ;’ ly. —qll + Ofn{f(q) —%j()’n —Q))~
Thus
(%641 — CIHZ < Bullxn - 6I||2 + (1= Bu)llyn - q||2 (3.17)
and

2(1 - k)ay,
lyn —qll* < (1 - 4) % — ql?

1+(1-Kk)a,
20
m(f(@ @& T n — > (3.18)

Combining (3.17) and (3.18) yields

2(1 - k)ay,
%1 — gl < Bulln — gl + (l—ﬁn)(l— ¥>|Ixn -q?

1+(1-Kay,
+%(f(q)—qyj(yn—q))
= (1—(1—ﬁn)%)llxn—qllz
0B (@) - 4,70~ ) 3.19)
Put
“ g a5, U@ T )

1+(1-kay,
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From the conditions (C1)-(C3) and (1) of Step 2, it follows that A, — 0, Y>> A, = 00 and
limsup,,_, ., 8, < 0. Since (3.19) reduces to

041 —gll> < (L = 1) 1% = qlI> + XSy

from Lemma 2.3, we conclude that lim,,_, ||, — g|| = 0.
(2) In the case when lim,_, o [|Yr(n) — ],T(n) ¥z |l = 0, by using the same argument with
{0} e} and Uremdm} and (2) of Step 2, we can obtain

lim |[x:() —¢ll=0 and lim [[x;(;.1 —¢ll = 0.
n—00 n—0o0
From Lemma 2.4, we have

”xn - 4|| = ||xr(n)+l - q”
Therefore, lim,,_, o, [|x,, — ¢g|| = 0. This completes the proof. O
By taking B, = 0, we also have the following.

Corollary 3.2 Let E be a uniformly convex Banach space having a uniformly Giteaux
differentiable norm. Let {x,} be a sequence generated by

Xpi1 = Jr, (ar(f(xn) +(1- an)xn)¢ Vn > 0.

Then {x,} converges strongly to q € A™10, where q is the unique solution of the variational
inequality (3.15).

Corollary 3.3 Let H be a Hilbert space. Assume that A : D(A) C H — 2" is a monotone
operator satisfying the range condition with A™'0 # () and that C is a nonempty closed
convex subset of H such that D(A) C C C M0
by (3.1). Then {x,} converges strongly to q € A™10, where q is the unique solution of the

R(I +rA). Let {x,} be a sequence generated
variational inequality
(U-f)),q-p)<0, Vpeao. (3.20)
By taking B, = 0 in Corollary 3.3, we also have the following.

Corollary 3.4 Let H be a Hilbert space. Assume that A : D(A) C H — 2" is a maximal
monotone operator with A™10 # 0. Let {x,,} be a sequence generated by

Xp1 = Jr, (anf(xn) +(1- an)xn)¢ Vn > 0.

Then {x,} converges strongly to q € A™10, where q is the unique solution of the variational
inequality (3.20).

Proof Since A is maximal monotone, A is monotone and satisfies the range condition
D(A) C H =R(I+rA) forall r > 0. Putting C = H in Corollary 3.3, we can obtain the desired
result. O
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By using arguments similar to those in the proofs of Theorems 3.1, 3.2 and 3.3 and [20],

we can obtain the following theorems for the Halpern-type iterative algorithm (3.2).

Theorem 3.4 Let E be a reflexive Banach space having a weakly continuous duality map-
ping J, with gauge function ¢. Let {x,} be a sequence generated by (3.2) and LIM be a

Banach limit. If lim,,_, o |%,, — Jy,, % || = O, then

LIMn (((1 —f)(Q), \7¢(q - xn))) <0,
where q := lim;_, o+ x; with x; being defined by x; = tf (x;) + (1 — t)],x; for each r > 0.

Theorem 3.5 Let E be a uniformly convex Banach space having a weakly continuous dual-
ity mapping J, with gauge function ¢. Then the sequence {x,} generated by (3.2) converges
strongly to q € A0, where q is the unique solution of the variational inequality (3.10).

Theorem 3.6 Let E be a uniformly convex Banach space having a uniformly Gdteaux
differentiable norm. Then the sequence {x,} generated by (3.2) converges strongly to q €
A0, where q is the unique solution of the variational inequality (3.15).

Corollary 3.5 Let H be a Hilbert space. Assume that A : D(A) C H — 2" is a maximal
monotone operator with A™10 # (. Let {x,} be a sequence generated by (3.2). Then {x,}
converges strongly to q € A0, where q is the unique solution of the variational inequality
(3.20).

Remark 3.1
(1) Theorem 3.2 improves and develops Theorem 3.7 of Zhang and Song [18] in the
following aspects.
(a) The following gaps, which authors in [18] overlooked, are corrected: there exist

two subsequences {z,,} and {z;} of {z,} satisfying

1 ,
Z(l_ﬂni)g(nzni _]rnzn,'”) Sani”M—PHZ; VlZO

and
1 .
Z(l_ﬂn}')g(”ZVl/_]rnjzrl/'”) >05n/”M_p” ) V]ZO’

where x,,,1 = Buxy + (L= By, Zu 2n = i + (1 — )x, and p € A70.

(b) The case of an iterative scheme z, = a,u + (1 — a,,)x,, in [11, Theorem 3.7] is
extended to the case of a viscosity iterative scheme y, = o, f (x,,) + (1 — 0tp) %y,
where f : C — C is a contractive mapping with a constant k € (0,1).

(c) We utilize the weakly continuous duality mapping J,, with gauge function ¢
instead of the weakly continuous normalized duality mapping J in
[11, Theorem 3.7].

(2) Theorem 3.3 extends Theorem 3.8 of Zhang and Song [18] to the viscosity iterative
method together with our proof, which corrects the gap in the proof of [18].


http://www.journalofinequalitiesandapplications.com/content/2013/1/255

Jung Journal of Inequalities and Applications 2013, 2013:255 Page 18 of 19
http://www.journalofinequalitiesandapplications.com/content/2013/1/255

(3) Theorem 3.2 and Theorem 3.3 improve Theorem 3.3 and Theorem 3.4 of Yu [20],
which were given without proofs, to the case of the viscosity iterative method
together with our proofs. Theorem 3.3 also develops and complements
Theorem 4.2 of Song [17]. In particular, the limit point ¢ € A~10 of the sequence
{x,,} in Theorem 3.3 is the unique solution of the variational inequality (3.15) in
comparison with [10, Theorem 4.2].

(4) Theorem 3.5 and Theorem 3.6 extend Theorems 3.1 and 3.2 of Zhang and Song [18]
and Theorem 3.1 and Theorem 3.2 of Yu [20] to the viscosity iterative method.

(5) Corollaries 3.1 and 3.2 improve the corresponding results of Zhang and Song [18]
and Song et al. [22]. Corollary 3.4 also develops the corresponding results of Xu [15]
and Song and Yang [16].

(6) Asin [22, 31, 32], we can replace the contractive mapping f in our algorithms by the
weakly contractive mapping g (recall that a mapping g : C — C is said to be weakly
contractive [33] if ||g(x) — gl < llx - yll = ¥ (lx - yI)), Vx,y € C, where
Y : [0, +00) — [0, +00) is a continuous and strictly increasing function such that ¥
is positive on (0, 00) and ¥(0) = 0).
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