-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Springer - Publisher Connector

Gu Fixed Point Theory and Applications 2013, 2013:181 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/181 a SpringerOpen Journal

RESEARCH Open Access

Some new common coupled fixed point
results in two generalized metric spaces

Feng Gu”

“Correspondence:

gufeng99@sohu.com Abstract

Institute of Applied Mathematics . . .

and Department of Mathematics, The purpose of this paper is to extend some recent common coupled fixed point
Hangzhou Normal University, theorems in two G-metric spaces in an essentially different and more natural way. We

Hangzhou, Zhejiang 310036, China also provide illustrative examples in support of our new results.

MSC: 47H10; 54H25

Keywords: common coupled fixed point; coupled coincidence point;
w'-compatible mapping pairs; generalized metric space

1 Introduction and preliminaries
In 2006, Mustafa and Sims [1] introduced a new structure of generalized metric spaces,
which are called G-metric spaces, as follows.

Definition 1.1 [1] Let X be a nonempty set, and let G: X x X x X — R* be a function
satisfying the following axioms:

(Gl) G(x,9,2)=0ifx=y=2z;

(G2) 0<G(x,x,y) forall x,y € X with x # y;

(G3) G(x,x,9) <G(x,9,2) forall x,y,z € X with z #y;

(G4) Gx,y,2) = G(x,2,9) = G(¥,2,x) = - - - (symmetry in all three variables);

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
Then the function G is called a generalized metric or a G-metric on X and the pair (X, G)
is called a G-metric space.

It is known that the function G(x,y,z) on a G-metric space X is jointly continuous in all
three of its variables, and G(x,y,z) = 0 if and only if x = y = z (see [1]).

Based on the notion of generalized metric spaces, Mustafa et al. [1-6] obtained some
fixed point results for mappings satisfying different contractive conditions. Chugh et al.
[7] obtained some fixed point results for maps satisfying property P in G-metric spaces.
Shatanawi [8] obtained some fixed point results for contractive mappings satisfying ®-
maps in G-metric spaces.

In 2009, Abbas and Rhoades [9] initiated the study of common fixed point theory in
G-metric spaces. Since then, many common fixed point theorems for certain contractive
conditions have been established in G-metric spaces (see [10-19]).

Bhaskar and Lakshmikantham [20] introduced the notion of coupled fixed point and
proved some interesting coupled fixed point theorems for mappings satisfying the mixed
monotone property. Later, Lakshmikantham and Ciri¢ [21] introduced the concept of
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mixed g-monotone mapping and proved coupled coincidence and coupled common fixed
point theorems that extend theorems due to Bhaskar and Lakshmikantham [20].

In [22, 23], authors established coupled fixed point theorems in cone metric spaces.
In 2011, Shatanawi [24] obtained some coupled fixed point results in G-metric spaces.
Recently, in [25, 26] authors established some coupled fixed point and common coupled
fixed point results in two G-metric spaces. Recently, coupled fixed point and common
coupled fixed point problems have also been considered in partially ordered G-metric
spaces (see [27-38]).

The aim of this article is to prove some new common coupled fixed point theorems for
mappings defined on a set equipped with two generalized metrics.

First, we present some known definitions and propositions.

Definition 1.2 [1] Let (X, G) be a G-metric space, {x,} C X be a sequence. Then the se-
quence {x,} is called:
(i) a G-Cauchy sequence if, for any ¢ > 0, there is an ny € N (the set of natural
numbers) such that for all i, m,1 > ng, G(x,,, %, X1) < &;
(ii) a G-convergent sequence if, for any & > 0, there are an x € X and an n € N such that
for all n,m > ngy, G(x,%,,%,,) < €.
A G-metric space (X, G) is said to be G-complete if every G-Cauchy sequence in (X, G)
is G-convergent in X. It is known that {x,} is G-convergent to x € X if and only if
G(x1, %, %) = 0 as n,m — 0.

Proposition 1.3 [1] Let (X, G) be a G-metric space. Then the following are equivalent:
(1) {x.} is G-convergent to x.
(2)
(3) G(x,,x,%) — 0 as n— oo.
(4)

G(x,,%,%) — 0 as n — 00.

G(x, %, %) — 0 as n,m — o0.

Proposition 1.4 [1] Let (X,G) be a G-metric space. Then, for any x,y € X, we have
G, 9,9 <2G(y,x,%).

Definition 1.5 [20] An element (x,y) € X x X is called:

(C1) acoupled fixed point of the mapping F: X x X — X if F(x,y) =x and F(y,x) = y;
(Cy) acoupled coincidence point of mappings F: X x X — X and g: X — X if F(x,y) = gx
and F(y,x) = gy, and in this case, (gx, gy) is called a coupled point of coincidence;

(C3) acommon coupled fixed point of mappings F: X x X - X andg: X — X if F(x,y) =
gx=xand F(y,x) =gy=y.

Definition 1.6 [25] Mappings F: X x X — X and g: X — X are called:

(W1) w-compatible if gF(x, y) = F(gx,gy) whenever F(x,y) = gx and F(y,x) = gy;
(W,) w'-compatible if gF(x,x) = F(gx, gx) whenever F(x,x) = gx.

Recently, Abbas, Khan and Nazir [25] extended some recent results of Abbas et al. [22]

and Sabetghadam et al. [23] to the setting of two generalized metric spaces.

Theorem 1.7 (see [25, Theorem 2.1]) Let G, and Gy be two G-metrics on X such that
Ga(x,9,2) < Gi(x,9,2) forall x,y,z € X, and let F : X x X — X, g: X — X be two mappings
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satisfying

G (F(x,y), F(u,v),E(s, t))
< a1Gy(gx, gu, g5) + a G (F(x, y), gx, gx)
+ a3 Ga(gy, gv. gt) + asGo (F(u,v), gu, gs)
+as5G, (F(x,y),gu,gs) +a¢G, (F(u, v),F(s, t),gx) 1.1)

for all (x,y),(u,v),(s,t) € X x X, where a; > 0, fori=1,2,...,6 and a1 + as + as + 2(ay +
as +ag) <1 IfF(X x X) C g(X) and g(X) is a G1-complete subspace of X, and F and g are
W’ -compatible, then F and g have a unique common coupled fixed point.

Theorem 1.8 (see [25, Theorem 2.6]) Let G; and G, be two G-metrics on X such that
Ga(x,7,2) < Gi(x,9,2) forall x,y,z€ X,and let F: X x X — X, g: X — X be two mappings
satisfying

Gl (F(x’y),F(u’ V))F(S’ t))
<k max{ Ga(gx, gu, gs), Go(gy, gv, gt), Gy (F(x, ¥), gu, g5) } (1.2)
for all (x,y),(u,v),(s,t) € X x X, where 0 < k < % IfFX x X) C g(X) and g(X) is a G-

complete subspace of X, and F and g are w -compatible, then F and g have a unique com-
mon coupled fixed point.

In this manuscript, we generalize, improve, enrich and extend the above coupled fixed
point results. It is worth mentioning that our results do not rely on the continuity of map-
pings involved therein. We also state some examples to illustrate our results. This paper
can be considered as a continuation of the remarkable works of Abbas et al. [22, 23] and
Sabetghadam et al. [25].

2 Common coupled fixed points

We begin with an example to illustrate the weakness of Theorem 1.8 above.
Example 2.1 Let X = [0,1]. Define G;, G2 : X x X x X — [0,00) by
4
Gi(xy2) =lx—yl+Ily-zl+lz-x and Gax,y,2) = = (lx =yl + 1y -zl + 1z - x])
for all x,7,z € X. Then (X, G1) and (X, G;) are two G-metric spaces. Define a map F: X x
X — X by F(x,y) = %x+ %y and gx = 3 forallw, y € X. For (x,y) = (4,v) = (2,0) and (s, ) =

(0,2), we have

Gi(F(x,9), F(u,v), F(s, 1)) = G1(F(2,0),F(2,0),F(0,2))

115
:Gl 5257 o
8§ 88

=1
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and

maX{Gz(gx,gu,gs), Gz(g)’,gV,gt)y G2 (F(x’y)’gu’gs)}
= max{G»(g2,£2,£0), G2(¢0,£0,¢2), G»(F(2,0),¢2,20) }

1
= maX{GZ(lr 17 O)r GZ(O; 0) 1)’ GZ(gr 1) 0) }

Then it is easy to see that there is no k € [0, %) such that
G (F(x,y), F(u,v),F(s, t)) < kmax{Gz (gx, gu, gs), Go(gy, gv, gt), Gy (F(x,y),gu,gs) }

for all (x,9), (u,v),(s,t) € X x X. Thus, Theorem 1.8 cannot be applied to this example.
However, it is easy to see that (0,0) is the unique common coincidence point of F and g.
In fact, F(0,0) = g(0) = 0.

Now we shall prove our main results.

Theorem 2.2 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,y,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying

G (F(x, ), F(u, v), E(s, 1))
< ;1 Gy(gx, gu, gs) + a2G1 (g, g, gt) + a3 G (F (%, y), g, g%)
+ 4sGa(Fl,v), gt ) + asGa (E(s,0),g5,5) + 6o (F(x,7), gt g5)
+ 4G (F (1), g5,9%) + as Ga (E(s, 1), g, gu) + 1o G (E(x, ), g, gu)
+ 410G (F(u,v), gu, gs) + an Gy (E(s, 1), g5, gx) + a12Ga (F(x,5), F(1,v), gs)
+ a3 Ga (F(u,v), (s, ), gx) + 414G (E(s, 1), F(x, ), gue) 1)

for all (x,9),(u,v),(s,t) € X x X, where a; > 0, fori=1,2,...,14 and
a)+ady +de+dg+ 2(&3 +ad4 +ds+app+apnt+as+ (l14) + 3(&7 +dg + 6111) <1 (22)

IfF(X x X) C g(X) and g(X) is a G,-complete subspace of X, and F and g are w -compatible,

then F and g have a unique common coupled fixed point.

Proof Let x¢,50 € X. Since F(X x X) C g(X), we can choose %1,y € X such that gx; =
F(x0,90) and gy1 = F(y9,%0). Similarly, we can choose x3,y, € X such that gx, = F(x1,1)
and gy, = F(y,%1). Continuing in this way, we construct two sequences {x,} and {y,} in X
such that

8Xn+1 = F(xmyn) and &Vn+1 = F()’n,xn), Vn>0. (23)
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It follows from (2.1), (2.3), (G5) and Proposition 1.4 that

G1(g%> 8Xn11,§%n+1)
= G1(F(n-1, Y1) F(n Yu)s F (s Y1)
< a1G2(g%n-1,8%n> &%) + 42G2(&Vn-1,8Vn» §Yn)
+ a3 Gy (F (X1, Yn-1) &¥n-1, §¥n-1)

+ 614G2 F(xnryn)rgxmgxn) + aSGZ(F(xmyn);gxmgxn)

(
+ ﬂ6G2 (F(xn—lryn—l)’gxmgxn)
+ a7Go (F (s Yn)s @%ns §n-1) + A8 Go (F (X Vi) @1, 8%n)

+a9Ga (F(Xn-1,Yn-1), §5n-1,8%n) + 010 G2 (F (X Yn)> &> §n)

—

+ a11G2 (F (X Yn)> @%ns @n-1) + 12 G (F (-1, Y1) F (%ss V) &%)

—~

+ a13G2 (F (%> Y)s F %> Y)» @n1) + @14 G (F s yin)s F (1, Y1), 8n)

= a1G2(g¥n-1,8%n, §%n) + A2G2(gVn-1,8Vn> &Vn) + A3G2(gXn, §Xn-1,8%n1)
+ a4 Go(g%n11,8%n %) + A5 G2(€Xn11, 8%, &%) + a6 G2(8%n, §Xn, §%n)
+a7Go(g%n11,8%nr §xn1) + A8 G2 (g% 11, §Xn-1,8%n) + A9 G2(Xn, §¥n-1,8%n)
+ 410 G2(g¥n+1, %0 §%n) + A11G2(€%011, §n) 1) + A12G2(€%1, §Xn+1, &%)
+ a13G2(g%n41, %01, &n1) + 14 G2(€X141, §%n) &%)

= (a1 + a9) G2(gxn-1,8%n §%n) + A2G2(&Vn-1,8Yn> &Yn) + 43 G2 (gXn, §%n-1,8%n-1)
+(aq + as + aio + ary + a14) Ga(g%41, 85> §%n)
+ (a7 + ag + a11) Ga(g%n-1, %> §%n+1)
+ 413G (g%415 §Xn41 §Xn1)

< (a1 + a9)Ga(gxn-1,8%n, &%n) + A2G2(gVn-1,8Vn> &Vn) + 2a3G2(g%n1,8%n, §%n)
+2(aq + as + ay + ar + a14) G2(g%n, gXn+1, &ns1)
+ (a7 + as + an) | Go(@%n-1,8%n §%n) + G(@Xns §%nr Gns1) ]
+ 13 Ga(@Xn-1, %> &Xn) + G2 (s 1) Gna1) |

< (a1 +2a3 + a7 +ag + ay + an + a13)Ga(gxu-1, 8%, &n) + A2G2(Vn-1,8Yn> &Vn)

+[2(aq + as + az + ag + aro + an + arz + a1a) + a13 | G (g% Xn i1, §ons1);
which implies that

G1(8%, 8Xn11, §¥ns1)

- (a1 + 2a3 + a7 + ag + ag + an + a13) G2 (gXn—1,Z%ns §%n) + A2 G2(ZVn-1, V> Vn)

1—2((14+6l5+6l7+ﬂ8+ﬂ10+6l11+d12+6114)—tl13

(2.4)
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Similarly, we can prove that

G1(2V1> 815 8Vn+1)

- (a1 +2a3 + a7 + ag + ag + an + a13) G2(gVn-1, V> &Vn) + 2 G2 (8Xn_1, §%ns §Xn)

1-2(ayq +as +a; +ag +ayp + an + ap + di) — az

(2.5)

By combining (2.4) and (2.5), we obtain

Gl (gxmgxnﬂ’gxnﬂ) + Gl(gyn:gynﬂ;gynﬂ)
< M Ga(g%n-1,8%n &%n) + G2(Qn-1,2Vn» ) > (2.6)

2 .
where A = A\ Tapt 43 a7 tagta a1 a3 . Obviously, 0 <A < 1.
1-2(ag +as+ay+ag+ajpg+ail +aip +aia)—ai3

Repeating the above inequality (2.6) n times, we get
G1(g%n 8%ns1,§%ns1) + G1(Vn> &Vns15&Vns1)
< M Go(gXn-1, 8% 8%n) + Ga(8Vn-1,8Vn &Vn) |
< M G1(@Xn1,8%n &Xn) + GL(QVn-1, Y &) ]
< W[ Ga(g¥n-2,8%n-1,8%n-1) + G2(Qn-2:¥n-1,Vn-1)]
< 2°[Gu(g¥n-2,ZFn-1,8%n-1) + G1(Qn-2LVn-1,&Vn-1)]
< - 2 V[ Galgro gr1,g%1) + Ga(gyo, @1, g)]- 2.7)

Next, we shall prove that {gx,} and {gy,} are G-Cauchy sequences in g(X).
In fact, for each n,m € N, m > n, from (G5) and (2.7), we have

G1(&X> §%m> §%m) + GL(&Y> &Ym> &Yim)
< G1(g%n g%ns1,8%ns1) + G1(g%41, §%42) §Xns2)
+ G1(@Vn 8Vn1,&Vn+1) + G1(QVns1, 8Vn2r &ns2)
+ o+ Grgxm—2, 8%m-1,8%m-1) + G1(€%m—1, Zm> EXm)
+ G1(&Ym-2,8Vm-1,8Vm-1) + G1(&Vm-1,8Vm> &Ym)
<[+ M [Ga(gwo, grnngm) + Ga(gY0, 291 901) ]

n

= - [Gz(gxo,gxngl) + Gz(gyo,gyl,gyl)],

which implies that

lim [ G1(g%u, &%m> &%m) + GL(&Vn L &m) ] = 0,

n,m—> 00

and so

lim Gi(gx,, g%, 8%,) =0 and  lim  G1(gVu, 2Vm>&Ym) = 0.

n,m—> 00

Page 6 of 21
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Hence {gx,} and {gy,} are G;-Cauchy sequences in g(X). By G;-completeness of g(X), there
exist gx, gy € g(X) such that {gx,} and {gy,} converge to gx and gy, respectively.
Now we prove that F(x, y) = gx and F(y,x) = gy. In fact, it follows from (G5) and (2.1) that

G1(F(x,), g%, gx)
< Gi(F(%,9), 8%ns1,8%ns1) + G1(g¥ns1, ZX, gX)
= G1(F(%, ), F%s Y)s F(ns Y)) + G1(g%n41, 8%, gX)
< a1Ga (g%, g%, §%n) + A2G2(gY, QY n) + a3Ga (F(x, ), g%, gx)
+ a4.G (F (s Yn)> &8s &%n) + A5G (F (X Yn)s @ns @) + a6 Ga (F (%, Y), 8%, g%n)
+ a7Go(F (% Yn)s @%ns @%) + A Go (F (%0, Y), 8%, @%n) + a9 G (F (%, 7), g%, g% )
+ a10Ga (F (%> Y)s 8% &%n) + @11 G (F(Xss V), G%n> GX)
+ a12 Gy (F (%, ) F (%> Y), %n )
+ a13G (F (%> Y)s F (s Yin)> 8%) + @14Go (F (%, y), F(%,9), @) + G1 (@1, 8%, gX)
< a1G1 (g, @Xn> @%n) + A2G1(gY, QY ) + a3 G (F(x, ), g, gx)
+ a4 G1(@Xn11 8% &8n) + A5G (115 Z¥nr @) + a6 Gr (F (X, Y), 8r g
+ a7 Gy (X115 ZXnr @X) + A3 G1 (11, %> ZXn) + A9 Gy (F(, ¥), g%, g%n)
+ 410 G1(€Xn+1> 8 &Xn) + A11G1 (@11, 8 &%) + A12G1 (F (X, ), X1, §n)
+ a13G1 (@11, @41, 8X) + 14 G1 (841, F(%,7), §%n) + G1(ghn11, g%, g%)-

Letting n — oo in the above inequality, we obtain
G1(F(x,y), g%, gx) < (a3 + ae + as + a1y + a14) G1 (F(x, ), gx, gx). (2.8)

By (2.2) we have that as + a¢ + a9 + a2 + aa < 1. Hence, it follows from (2.8) that
G1(F(x,9),gx,gx) = 0, and so F(x,y) = gx. In the same way, we can show that F(y,x) = gy.
Hence, (gx, gy) is a coupled point of coincidence of mappings F and g.

Next we prove that gx = gy. In fact, from (2.1) we have

G1(gx, gy, 8y)

= Gi(F(x,9), F(y,x), F(y,x))

< a1Ga(gx, gy, gy) + axGa(gy, gx, gx) + as Gy (F (x,y),gx,gx)
+asGy(F(y,%),20,8)) + asGa(F(y,x), 2y, 8y) + a6 G2 (F(x,),29,2))
+ ;G (F(y,%), 27,%) + asGs (F(y,%), g%, gy) + a9 G (F(x, ), g%, )
+ a1 Go (F(y, x),gy,gy) +anGs (F()” x),gy,gx) +a1Gy (F(x,y),F(y, x),gy)
+ a13G(F (5, %), F (3, %), gx) + a1aGa (F(y,%), F(%,7),2y)

= a1Ga(gx, gy, gy) + a2 Ga(gy, gx, gx) + asGa(gx, gx, gx)
+a4G2 (g9, 8y, 8) + a5 G2(9, 89, 8Y) + a6 G2(gx, 8, £Y)


http://www.fixedpointtheoryandapplications.com/content/2013/1/181

Gu Fixed Point Theory and Applications 2013, 2013:181 Page 8 of 21
http://www.fixedpointtheoryandapplications.com/content/2013/1/181

+a7G2(gy, 8, gx) + ag G2 (Y, g%, gy) + a9 G (gx, g%, &)
+a10G2 (8, €9, &) + an G2 (gy, €9, g%) + a12Ga(gx, £y, 8Y)
+ a13G2(8Y, £y> 8%) + a1aG2(gy: g%, gY)

= (a1 + a6 + a7 + ag + an + a1z + i3 + d1a) G2 (gx, gy, gY)
+ (az + a9)Ga(gy, gx, gx)

< (a1 +ae +ay +as +an + ax + a1z + awa) Gi(gx, gy, gy)

+ ((12 + ﬂ9)Gl(gy;gx,gx),

which implies that

ay + dg

Gi(gx,gy,8y) <

Gi(gy, g, gx). 2.9
T 1-(a1+ae+az+ag+an +ay+diz +du) 1(87,8%.8%) (2.9)

In a similar way, we can show that

ay + dg

Gr(ey,g%,8%) = T ) G1lex, 20, 29)- (2.10)

ay +ade +ad; +adg+dyp +dpp +diz+au

as+ay
—(a1+ag+ay+ag+ajl+ayp+aiz+aiq)

so that gx = gy. Thus, (gr, gx) is a coupled point of coincidence of mappings F and g.

Since 5 <1, from (2.9) and (2.10), we must have G;(gx,gy,2y) = 0

Now, we claim that a coupled point of coincidence is unique. Suppose that there is an-
other x” € X such (gx’,gx) is a coupled point of coincidence of mappings F and g, then by
(2.1) we have

Gi(gn.gx &%)

= Gy(F(x,%),F(x,x ), F(x %))

<a1G,(gr,gx ,gx ) + a2Ga (gn, gx ,gx ) + a3 G (F(x, %), gx, gx)
+asGy(F(x,), g%, ) + asGa (F(x',x), g%, gx") + a6 G (Fx, %), g%, gx)
+a,Gy(E(x %), g%, gx) + asGa (F(x',x), g, gx') + a9 Ga (F(x, %), gx, g
+awGy(F(x,x),gx ,gx) + an Gy (F(x %), gx', gx)
+a12Gy (F(x,%), F(x, %), g
+aGy(F(, %), E(x' ), g%) + aGa(E(x %), F(x, %), g% )

= a1Gy(gx,gx , g% ) + a2Ga (g, gx , g% ) + a3 Ga(gw, g, gx)
+a4G(gn,gx ,gx) + asGa(gx ,gx ,gx ) + agGa(gx,gx ,gx )
+a;Gy(gn', gx ,gx) + asGa (gn, gx,gx ) + as G (gn, gn, gx )
+a10Ga(gx,gx,gx ) + anGa(gx', gx . gx) + a1nGa (gr, gx , gx")
+a13Ga(gx, gx ,gx) + a1aGa (g, g, gx’)

= (a1 +ay +dg + a7 + ag + an + ay + ai3 + a14) G (g, gx’, gx)

+ a9 Gy (gx, gx, gx)
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< ((11 +dy+adet+ad;+ag+dyn+app+ast a14)Gl(gx,gx',gx )

+ a9 Gy (gx, gx,gx ),

which implies that

Gi(gn gx',gx)

a .
< 2 G, (gx,gx,gx ) (2.11)
1—(ay+ay+ae+ay; +ag+an +ap + a3+ da)

In the same way, we can show that

Gi(gx , gx gv)
ag

Gi(gx,gx ,gx). (2.12)

<
T 1—(a1+ay+ae+ay+ag+an +dadn+ a3+ dia)

Since 49 <1, from (2.11) and (2.12), we must have G;(gx,gx’,

1-(a1 +ag +ag+az +ag+ayy +aia+aiz+aa)
gx ) = 0 so that gx = gx . Hence, (gx, gx) is a unique coupled point of coincidence of map-

pings F and g.
Now we show that F and g have a unique common coupled fixed point. For this, let
gx = u. Then we have u = gx = F(x, x). By w -compatibility of F and g, we have

gu = g(gx) = gF(x,x) = F(gx, gx) = F(u, u).
Thus, (gu, gu) is a coupled point of coincidence of F and g. By the uniqueness of a coupled
point of coincidence, we have gu = gx. Therefore, u = gu = F(u, u).
To prove the uniqueness, let " € X with ©” # u such that
u =gu = F(zf, u) and u=gu=F(u,u).

By using (2.1), following the same arguments as in the proof of (2.11) and (2.12), we obtain

Gi (gu,gu&,gu*)
ag

< G1(gu, gu, gu’ 213
T 1—(a1+ay +ae+ay +ag+an +dpn + a3+ dia) 1(gugugu) ( )
and
G (gu',gu, gu)
< © Gi(gu',gu’,gu) (2.14)
u,gu ,gu). .
_1—(611+612+6l6+6l7+6lg+6lu+(112+6113+6l14) 18w, 8u 8
Since 49 7 <1, from (2.13) and (2.14), we must have G, (gu,gu’,

1—(1,11+u2+a6+u7+a8+un+a12+a13+a14
gu') =0 sothat u = gu = gu =u . Thus, F and g have a unique common coupled fixed

point. This completes the proof of Theorem 2.1. O

Remark 2.3 Theorem 2.2 improves and extends Theorem 2.1 of Abbas et al. [25], the
contractive condition defined by (1.1) is replaced by the new contractive condition defined
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by (2.1). Theorem 2.1 also improves and extends Theorem 2.4, Corollaries 2.5-2.8 and
Theorem 2.11 of Abbas et al. [22]

Now, we introduce an example to support Theorem 2.2.

Example 2.4 Let X = [0,1], and let two G-metrics G;, G, on X be given as

Gi(®,y,2)=|x—y|+|y—z|+|z—x and
1
Ga(%,9,2) = E[Ix—yl +1y—z| + |z —x|]

forallx,y,z€ X.Define F: X x X - Xandg: X — X as

F(x,y) = % and gx= g
forall z,y € X.
Now, for (x,%), (u,v), (s, t) € X x X, we have

Gl (F(x’y),F(u’ V)rF(S’ t))
X+y u+v s+t
=Gl Ton ? an 2 Aan
32 32 32

=%[|x+y—(u+v)|+|u+v—(s+t)|+|s+t—(x+y)|]

1
—[lx—ul+ly—vl+lu—s|+|v—t|+]s—x|+]t - yl]

IA

| = Pl =

1
Z[Ix—u|+|y—v|+|u—s|]+1[|v—t|+|s—x|+ |t—y|]}

—_——
[

9]

1
2 (gx, gu, gs) + ng (gy,gv, gt)

IA

1 1
Ga (g, g g9) + 5 Ga(27,8v,88) + 175 G (F(x,9), g, g%)

1 1 1
+ EGZ (F(u,v),gu,gu) + EGZ (F(s, 1), gs, gs) + EGZ (F(x,y),gu,gs)

1 1 1
t oo Ga(F(u,v), gs, gx) + = Ga(F(s, ), g%, gu) + I Ga(F(x,), g%, gu)

1 1 1
+ EGZ (F(u,v),gu,gs) + EGz(F(S, £),85,8%) + EG2 (F(x,p), F(u,v), gs)

1 1
- F ) ,F ) y T~ F » rF ’ ’
t g Ga(F(u,v), F(s,t), gx) + o G2 (E(s,8), F(x, ), gu)

for all (x,y), (&, v),(w,z) € X x X. Thus, (2.1) is satisfied with a; = a, = %, as =dg = ds =

1 1 1
a0 = a1p = 413 = d14 = 335, @6 = A9 = ;¢ and ay = ag = ay = =5, where

3
ap+as +ade + dg + 2(az + ag + as + ay + dyp + daiz + aw) + 3(a; + ag +a11)=E<1.

It is obvious that F is w -compatible with g. Hence, all the conditions of Theorem 2.2 are
satisfied. Moreover, (0, 0) is the unique common coupled fixed point of F and g.

Page 10 of 21
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In Theorem 2.2, take o1 = a1, 0y = dy, A3 = dg, 0y = A3, 05 = d1g, 0 = d13 and dq = ds =
a; =ag = ag = dyn = dyp = dia = 0, to obtain Theorem 2.1 of Abbas et al. [25] as the following
corollary.

Corollary 2.5 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying
Gl (F(x’y),F(u’ V)rF(S’ t))
< oGy (gx, gu, gs) + a2 Go(gy, gv, gt) + a3 G, (F(x, y),gu,gs)
+ 4Gy (F(x,), g%, gx) + a5 G (F(u, v), gu, gs) + a6 Go (F(u,v), F(s, £),gx)  (2.15)
for all (x,9),(u,v),(s,t) € X x X, where o; > 0, for i =1,2,...,6 and o1 + og + a3 + 2(0a +

as +a6) <L IFF(X x X) C g(X) and g(X) is a Gi-complete subspace of X, and F and g are
W’ -compatible, then F and g have a unique common coupled fixed point.

In Theorem 2.2, take s = u and ¢ = v to obtain the following corollary, which extends and
generalizes the corresponding results of [22, 23, 25].

Corollary 2.6 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,y,z) for
allx,y,z€ X,and let F: X x X — X, g: X — X be two mappings satisfying
G (F(x,y), F(u,v), F(u, V))
< a1Ga(gx, gu, gu) + a, G (gy, gv, gv) + az G (F(x, ), gx, gx)
+a4Gy (F(u, v),gu,gu) +asG, (F(u, v),gu,gu) +a¢Gy (F(x,y),gu,gu)
+ a7 G (F(u, v), gu, gx) + asGa (F(u, v), gx, gu) + as Gy (F(x,y), gx, gu)
+a1pGy (F(u, V),gu,gu) +an G, (F(u, v),gu,gx) +a1nGy (F(x, ), F(u, v),gu)
+ a13Ga (F(u,v), F(u, V), gx) + a1aGa (F(u, v), F(x, ), gv) (2.16)

forall (x,5),(u,v) € X x X, where a; > 0, fori=1,2,...,14 and

ai+ay +de +ag +2(as +ag +as + ayg +ap + a3 +ady) +3(a; +ag +an) <1.

IfF(X x X) C g(X) and g(X) is a G-complete subspace of X, and F and g are w -compatible,
then F and g have a unique common coupled fixed point.

Ifwetakew =ay, B=ay, y =asandas =as =as =a; =ag =dayg =ay = dy = dip = di3 =
a14 = 0 in Theorem 2.2, then the following corollary, which extends and generalizes the
comparable results of [22, 23], is obtained.

Corollary 2.7 Let Gy and Gy be two G-metrics on X such that Gy(x,y,z) < Gi(x,y,z) for
allx,y,z€ X,and let F: X x X — X, g: X — X be two mappings satisfying

G, (F(x,y), F(u,v),E(s, t))

< aGalgx, gu,gs) + BGa(gy,gv,gt) + Y Go (F(x, y),gu,gs) (2.17)
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forall (x,9),(u,v),(s,t) € X x X, wherea, B,y > 0anda+p+y <LIF(X xX) Cg(X) and
g(X) is a Gi-complete subspace of X, and F and g are w'-compatible, then F and g have a
unique common coupled fixed point.

Ifwetakea =ay, B=ay, Yy =a¢, 8 =asandas =a, =as =a; =ag =ajp =ay = aip = di3 =
ais = 0 in Theorem 2.2, then the following corollary is obtained.

Corollary 2.8 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,y,2) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying

G1(F(x,9), F(u,v), F(s, 1)) < aGa(gx, gu,gs) + BG2(gy»gv. gt)
+yG, (F(x,y),gu,gs) +68G,y (F(x,y),gx,gu) (2.18)
forall (x,y),(u,v),(s,t) e X x X, wherew, 8,y,8 > 0anda+B+y +8 <1L.IFF(X x X) C g(X)

and g(X) is a G,-complete subspace of X, and F and g are w'-compatible, then F and g have
a unique common coupled fixed point.

If we take o1 = a3, oy = dy, 03 = a5, oty = Ay, 05 = A2, Qg = d13, A7 = dig and d; = ay = dg =

a; = ag = ag = ay; = 0 in Theorem 2.2, then the following corollary is obtained.

Corollary 2.9 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying
G1(F(x,y), F(u,v), F(s, 1))
< a1Gy(F(x,), g%, gx) + a2 G (F(u, v), gu, gu) + a3 Gy (F (s, 1), g5,5)
+ 04 Gy (F(u, v), gu, g5) + a5 Ga (F(x,y), F(u, v), gs)
+ a6 G (F(u,v), F(s, 1), gx) + a7 G (F(s, £), F(x, ), gu) (2.19)

for all (x,9),(u,v),(s,t) € X x X, where «; > 0, fori=1,2,...,7 and

1
O] + 0y + 03 +04 + 05 +Ol6+ﬂ7<§.

IfF(X x X) C g(X) and g(X) is a G-complete subspace of X, and F and g are w -compatible,
then F and g have a unique common coupled fixed point.

Ifwetakew =ay, B=ag, Yy =anand a; =a =das =aq =ds = dg = dyg = Ao = d1p = d13 =

ais = 0 in Theorem 2.2, then the following corollary is obtained.

Corollary 2.10 Let G, and G, be two G-metrics on X such that G,(x,y,z) < Gi(x,y,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying

G1(F(x,y), F(u,v), F(s, 1))

< aGy(F(u,v),gs,gx) + BGa(F(s, 1), gx,gu) + y G2 (F(s, t), g5, gx) (2.20)
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for all (x,9),(u,v),(s,t) € X X X, where o, 8,y >0anda + B +y < % IfF(X x X) C g(X)
and g(X) is a Gy-complete subspace of X, and F and g are w'-compatible, then F and g
have a unique common coupled fixed point.

Theorem 2.11 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,y,z) for
allx,y,z€ X,and let F: X x X — X, g: X — X be two mappings satisfying

G (F(x,y), F(u,v),E(s, t))

Ga(gx, gu, gs), Ga(gy, gv, gt), Go(F (%, ), gu, £5),
Ga(F(x, ), gx, gu), 3 Go(F(x,7), g%, &%), 3 Go (F(u, v), gu, gu),
3Ga(F(s, 1), g5, 85), 3 G (F(u,v), gu, g5)»
%GZ(F(x,y), F(u,v),gs), %GQ (F(s,t), F(x,y),gu)

< kmax (2.21)

for all (x,),(u,v),(s,t) € X x X, where 0 < k < 1. If F(X x X) C g(X) and g(X) is a G-

complete subspace of X, and F and g are w -compatible, then F and g have a unique com-
mon coupled fixed point.

Proof Let xg,y0 € X. We choose x1,y; € X such that gx; = F(xo,y0) and gy1 = F(y0,%0), this
can be done in view of F(X x X) C g(X). Similarly, we can choose x;,y, € X such that
gxy = F(x1,91) and gy, = F(y1,%1). Continuing this process, we construct two sequences
{x,} and {y,} in X such that gx,,; = F(x,,y,) and gy,s1 = F(yy, %).

By using (2.21) and Proposition 1.4, we obtain

Gl (gxn;gxnﬂ’gxnﬂ)
= Gl (F(xn—lryn—l)rF(xn:yn)xF(xmyn))

G2(g%n-1,8%n g%n), G2(€Vn-1,&Vn» &)
G2(F(%n-1,Yn-1) 8%n> §%n), G2 (F (X1, Yn-1), §%n-1,8%n),
< kmax 3 Go(F(n-1, Y1), 8%n-1,&%n-1) 5 G2 (F (X» Yin)» 8> &n)s
3 Go(F (s Yn)s %> 8%n)s 5 Go(F(%ns V) @1s Gn)s
3 Go(F (-1, Yn-1)s F s Y1), 8%n)s 5 G2 (F (Xss Yn)s F (X1, Y1) &)

Go(g%n-1, 8% 8%n)s G2(€Vn-1,&Vn &)
Go (g%, 8%n §%n), G2 (8%, §%n1,8%n),

= kmax %GZ (gxmgxn—lvgxn—l)r %GZ (gxml’gxmgxn)’
% Go (g1, 8%ns §%n)s % G2 (gXn+1) &% G%n)s
5 G2(8%ns @11, 8%n)s 5 G (@11, %> Gn)

= k max G2 (g%n-1,8%n> 8%n)> G2(8Yr-1, V> &),
%GZ(gxmgxn—l,gan), %Gz(gxnﬂ,gxmgxn)

< k max Gz(gxn_l’gxn’gx”)’ G2 (gyl’l—bgyn:gyn))
GZ (gxn—l,gxmgxn), Gz(gxn,gxn+1,gxn+1)

= kmax{Gz(gx,,_l,gx,,,gx,,), Gz(gyn—l;gymgyn)’ GZ(gxn:gxnﬂygxnﬂ)}

< k max{ G1 (gxn,l,gx,,,gx,,), Gl (gynfl,gyn,gyn), Gl (gxmgxwrl:gxnﬂ)}' (222)
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If

max{ Gl (gxn—l,gxmgxn), Gl (gyn—l;gymgyn); Gl (gxn:gxwrl)gxnﬂ) }
= G1(g%n, &%n+1> &ns1),

then inequality (2.22) becomes
Gi (gxmgxnﬂygxnﬂ) <kG (gxmgxwl:gxnﬂ):
which is a contradiction. So that

max{ Gy (gxu-1,8%n &%n)> G1(&Vn-1,LYn> €Yn)> G1( &> @11, &Xns1) }

= max{ Gy (g1, Z¥n» §%n)> G1(n-1, QY &n) }-

This implies that

G1(@%n> @1, &ns1) < kmax{Gy(gx—1,8%m &%n)s G1(&Vn-1,LVn» ) }- (2.23)
In a similar way, we obtain

G1(€Ymr ns1>€Yns1) < kMax{Gi1(gYy-1,8Yn» &Vn), G1(EXn-1,8%n, g%n) }. (2.24)
Repeating inequalities (2.23) and (2.24), we obtain

G1(g%n ns1> @ns1) < kmax{Gi(gxn_1,8%n &%n)> GL(&Vn-1, LY &Vn) }

< k* max{Gi(g¥n—2, &¥n-1,8%n-1) G1(&n-2, En-1,&Vn-1) }

< k* max{G1(g¥n-3,&¥n-2&%n-2) G1(Vn-3, §¥n-2:Ln-2) }

<K maX{Gl(gxo,gxngl), Gl(gyo,gyl,gyﬂ} (2.25)

and

Gl (gyn:gynﬂrgynﬂ) =< k max { Gl (gyn—hgymgyn)) Gl (gxn—lxgxmgxn) }
< k* max{G1(gyn-2,Vn-1,@Vn-1)s G1(%n-2,%n-1,8%n1) }
< k* max{G1(gVn-3,8Vn-2:8Vn-2)> G1(g¥n—3, Gn—2, &¥n-2) }

< k" max{G1(gyo, g1, y1), G1(gro, gx1,g%1)} (2.26)

By virtue of inequalities (2.25) and (2.26), for each m,n € N, m > n, repeated use (G5) of a
G-metric gives

Gy (gxmgxm’gxm) <G (gxn:gxml;gxnﬂ) + Gl(gxnﬂygxnﬂ,gxnﬂ)

+ oo+ Gr@Xm—2, 8m-1,8%m-1) + G1(LXm-1,8%m> §%m)
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= (k" + K km_l) maX{Gl(gxo,gxl,gx1), Gl(gyo,gyl,gyl)}

n

=

X max{Gi1(gxo, gx1,8%1), G1(gy0, &1, 1) }

and

Gl (gymgymrgym) =< Gl(gymgyn+1’gyn+l) + Gl (gyn+1:gyn+2xgyn+2)
+o 4 GV m—2 8 m-1>8m-1) + G1(&Vm-1,Vm>&Ym)
< (K" + k™" + -+ K™7) max{ Gy (gxo, gxr, gx1), Gi (€90, 891, 201) }

n

< X maX{G1(gxo,gx1,gx1), Glcgyo,gyl,gyl)},

which implies that

lim G(gxs gxm gxm) =0 and  lim  G1(gY) €Ym» &Ym) = O-
Hence {gx,} and {gy, } are G;-Cauchy sequences in g(X). By G;-completeness of g(X), there
exist gx, gy € g(X) such that {gx,} and {gy,} converge to gx and gy, respectively.

Now, we prove that F(x,y) = gx and F(y,x) = gy. For this, using (G5) and (2.21), we have

Gi(F(x,), g%, gx)
< G1(F(%,), 8%ns1,&8ns1) + Gr(g%n41,8%, gX)
= Gl (F(x’y);F(xn;yn); F(xmyn)) + Gl(gxn+17gxygx)

Ga(gx, g%n, &%n), G2 (€Y, Vi EVn)»
Go(F(x,9), 8%, &%n), Go(F (x,), 8%, g%n),
< kmax 5 Go(F(x,5), g% %), 5 Ga(F (s Yn)> &ns &%n)s
5 Go(F (s Y)s %> 8%n)s 5 Go(F(ns V) s §n)s
5 Go(F(%,), F (X1 Yn)s &%n)s 5 Go(F (s Y)s F (%, ), @)

+ G1(g%ns1, 8%, g%)

G2(g%: &%ns 8%n) G2(8Y: &Y &)
G2(F(x, ), g%, 8%n), Go(F (x,), 8%, 8%n),
= kmax LGy (F(x,y), g% g%), 3 G2(%n41, 8% 8%n)s
3 G (@11, €% %n)s 5 G2 (%415 s Gn),
1Go(F(%,5), @%n11,8%n)s 3 Ga(@hns1, F (%, ), g%n)

+ G1(g¥n1, 8%, gX)

G2 (gx, 8%n, 8%n), G2(8), V> &Vn)»
Go(F(x,), 8%, 8%n), G2 (F (%), g%, 8%1),
3Ga(F(%,), g% %), 5 G2(8%n1, %ns §%n),

2Go(F(,9), @Xn11,8%n)s 3 Ga(@hni1, F (%, ), &%)

+ Gi(gwys1, g%, g%). (2.27)

= kmax
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On taking the limit as n — 0o, we obtain that
G1(F(x,9), g%, gx) < kG (F(x, ), g%, gx) < kG (F(x,),gx, gx), (2.28)

which implies that G (F(x,y), gx,gx) = 0, and so F(x,y) = gx. In a similar way, we can show
that F(y,x) = gy. Hence, (gx, gy) is a coupled point of coincidence of the mappings F and g.
Now, we shall show that gx = gy. In fact, from (2.21) we have

Gi(gx, 89, £y)
= Gi(F(x,9), F(y,x), F(y,x))

GZ(gx,gy,gy)r G2 @y;gxrgx)’ GZ(F(x,y)rgyrgy); GZ(F(x’y)rgx)gy);
< kmax %GZ((F(x’y)rgx)gx); %GZ(F(ny);gy;gy)) %GZ(F()’:x),gy;g)’),
3G (F(3,%),29,89): 3 G2 (F(%,9), F (5, %), gy), 3 G2 (F (5, %), F (%, 9), gY)

= kmax{G,(gx, gy, 2y), G2(gy, g%, g%) }
< kmax{Gi(gx, g7, 2)), G1(gy g%, g%) }. (2.29)

In the same way, we can show that

G1(gy, g, gx) < k{Ga(gy, g%, gx), Gi(gx, 27, 87)}- (2.30)

If

max{Gi(gx, 29, 2y), G1(gy, g% g%) } = Gi(gx, gy, ),

then by (2.29) we have Gi(gx,gy,gy) < kG1(gx,gy,gy). This implies that G;(gx,gy,gy) = 0,
so that gx = gy. If

max{G(gx, g9, gy), G1(gy, g% gx) } = G1(gy, g, g%),

then from (2.30) we obtain Gi(gy,gx,gx) < kGi1(gy,gx,gx), which implies that Gi(gy, gx,
gx) =0, so that gx = gy.

Therefore, (gx, gx) is a coupled point of coincidence of mappings F and g.

If there is another ™ € X such that (gx’,gx") is a coupled point of coincidence of map-
pings F and g, then by (2.21) we get

G (gn gx ' gx)
=G (F(x, x),F(x*,x*), F(x*, x))

Ga(gx,gx",gx"), Go(gx, gx*, gx"), Go (F(x, %), g%, gx°),
Ga(F(x,x), g%, gx ), 1 Go((F(x, %), gx, gx), 3 G2 (F(x", %), gx", gx"),
1Gy(F(x' %), g5, gx"), 1 Go(F(x', %), gx", gx"),
1Gy(F(x,%), F(x', %), g5 ), 1 Go(F(x, %), F (%, %), gx")

< kmax

= kmax{G, (gx, gx ", gx ), G2 (gx , g%, gx) |
< kmax{G (gr,gx ,gx ), G1(gx . gr. gx) }. (2.31)
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In the same way, we can show that

Gi(gx',gr.gx) < k{Gi(gx', gx.gx), G (gr.gx’,gx') }. (2.32)

If

max{Gi (gr,gx ,gx ), Gi(gx , g%, gx) } = Gi(gx.gx g% ),

then by (2.31) we have G,(gx, gx", gx") < kGi(gx,gx",gx"). This implies that Gy (gx, gx",gx) =
0, so that gx = gx". If

max{G (gx,gx ,gx ), Gi(gx . g%, gx) } = Gi1(gx , g, gx),

then from (2.32) we obtain G;(gx ', gx, gx) < kG;(gx, gx, gx), which implies that G;(gx, g,
gx) =0, so that gx = gx".

Thus, (g, gx) is a unique coupled point of coincidence of mappings F and g.

Now we show that F and g have a unique common coupled fixed point. For this, let
gx = u. Then we have u = gx = F(x,x). By w'-compatibility of F and g, we have

gu = g(gx) = gF(x,x) = F(gx, gx) = F(u, u).

Thus, (gu, gu) is a coupled point of coincidence of F and g. By the uniqueness of a coupled
point of coincidence, we have gu = gx. Therefore, u = gu = F(u, u), that is, (&, u) is the
common coupled fixed point of F and g.

To prove the uniqueness, let v € X with v # u such that
v=gv=F(v,v) and u=gu=F(u,u).
By using (2.21), following the same arguments as in the proof of (2.31) and (2.32), we obtain

Gi(u, v, v) = Gi(gu, gv,gv) < k{G1(gu,gv. gv), Gi(gv, gu, gu) }
= k{Gl(u, v,v), Gi(v, u, u)} (2.33)

and

Gi1(v,u,u) = Gy(gv,gu,gu) < k{Gl(gv,gu,gu), Gl(gu,gv,ng)}
= k{Gl(v, u, u), Gi(u, v, V)}. (2.34)

If max{G; (&, v,v), Gi(v,u, u)} = G1(u, v,v), then by (2.33) we have G;i(u,v,v) < kG;(u,v,v),
which implies that G1(u,v,v) = 0, so that u = v. If max{G;(u,v,v), G1(v,u,u)} = G1(v, u, u),
then from (2.34) we obtain G1(v, u, u) < kG1(v, u, u), which implies that G (v, u, u) = 0, so
that u = v.

Thus, (¢, %) is a unique common coupled fixed point of mappings F and g. This com-
pletes the proof of Theorem 2.11. O
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Remark 2.12 Theorem 2.11 improves and extends Theorem 2.6 of Abbas et al. [25] in the
following aspects:

(1) The contractive condition defined by (1.2) is replaced by the new contractive
condition defined by (2.21).
(2) The condition 0 <k < % is replaced by the new condition 0 < k < 1.

Corollary 2.13 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < Gi(x,,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying

G1(F(x,y), F(u,v), F(s, 1))

< kmax{ G, (g, gu, gs), G2(gy,gv.g1) G (F (%, ), gu» gs) } (2.35)
for all (x,9),(u,v),(s,t) € X x X, where 0 < k < 1. If F(X x X) C g(X) and g(X) is a G-
complete subspace of X, and F and g are w -compatible, then F and g have a unique com-

mon coupled fixed point.

Remark 2.14 Corollary 2.13 improves and extends Theorem 2.6 of Abbas et al. [25], the
condition 0 < k < % is replaced by the new condition 0 < k < 1.

Next, we introduce two examples to support Corollary 2.13.

Example 2.15 Let us reconsider Example 2.1. For all (x, ), (&, v), (s, £) € X x X, we have

G1(F(x,y), F(u,v), F(s, 1))

1 5 1 5 1 5
=G| =x+ =y, —u+—=v,—=s+—t
16 16 16 16 16 16

<1(| |+ |u—s| +|s — x[) 5(l |+ v—t+t-yl)
= p(w—ulslu=si+ls—xl)+ = (y-vi+lv—tl+]t-y
> 2 (g —gul + gu —gsl + 15— gx]) + - = 13y — vl + lgv—gt| + gt ~ &)
= — . —(lgx —gul + |gu — gs| + |gs — gx|) + — V| +|gv -
325gg gu — &S| + 185 - & 325gyg gV —g gl -8y
5
= 35 G2(gx gu.g5) + <gy,gv, gt)
5 25
(5 + 5) max{ G (gx, gu, gs), (gy,gv.gt) }
15
=% max { G, (gx, gu, g5), G2 (g9, gv, gt), Ga(F (%, ), gu, gs) }.

Then the statement (2.35) of Corollary 2.13 is satisfied for k = %. Other assumptions of
Corollary 2.13 are easy to verify. So, by Corollary 2.13, there exists a unique x € X such

that gx = F(x,x) = x. In fact, it is easy to see that (0, 0) is the unique common coupled fixed
point of F and g.

Example 2.16 Let X = [0,1]. Define G;, G, : X x X x X — [0,00) by

Gix,y,2) =lx—yl+|y—zl+|z—x and Gyx,y,2)=— (Ix yl+ly—zl +lz-x])
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for all x, 7,z € X. Then (X, G;) and (X, G,) are two G-metric spaces. Define a map F : X x
X — XbyF(x,y) =1- %x— %y and gx = x for all x,y € X. We have

G (F(x,y), F(u,v),E(s, t))

5
< =(lw—ul+|u—sl+ |s—x|)+§(|y—v|+|v—t| + (6= y1)

gl o

25
= 3—2G2(gx,gu,gS) + 3—2(gy;gv,gt)

5 25
< (5 + 5) max{Gz(gx,gu,gs), (gy,gv,gt)}

15
< 1¢ max{Galgx, gu,g5), Ga(gy, v, 1), Go (F(x, ), g14,5)
Then the statement (2.35) of Corollary 2.13 is satisfied for k = %. Other assumptions of

Corollary 2.13 are easy to verify. So, by Corollary 2.13, there exists a unique x € X such
that gx = F(x,x) = . In fact,g(%) = F(%, %) = é.

Remark 2.17 Theorem 1.8 cannot be applied to Example 2.16 since (1.2) does not hold.
In fact, if (1.2) holds for some k € [0, %), then

= Gi(F(0,1),F(1,0),F(1,0))

< kmax{G,(g0,g1,g1), G(g1,£0,£0), G2(F(0,1),¢1,¢1) }

3
= kmaX{GZ(O) lr 1)7 G2(1) 01 0); GZ (gv 1! 1) }

which is a contradiction.

Corollary 2.18 Let Gy and G, be two G-metrics on X such that G, (x,y,z) < Gi(x,y,z) for
all x,y,z€ X, and let F: X x X — X, g: X — X be two mappings satisfying

G (F(x,y),F(u, v), F(s, t)) < kmax { GoF(x, ), 916, g5), GalE(x,), g, 1)

Ga(gx, gu, g5), Ga(gy, gv» gt), } (2.36)

for all (x,9),(u,v),(s,t) € X x X, where 0 < k < 1. If F(X x X) C g(X) and g(X) is a G-
complete subspace of X, and F and g are w -compatible, then F and g have a unique com-

mon coupled fixed point.
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Corollary 2.19 Let Gy and G, be two G-metrics on X such that Gy(x,y,z) < G1(x,,z) for
allx,y,ze X,andlet F: X x X — X, g: X — X be two mappings satisfying

Gy (F(x,), F(u,v), F(s, 1))

GZ((F(x’y)’gx’gx)’ Ga(F(u, v),gu,gu),
< kmax Ga(F(s,t),gs,g5), Go(F(u,v), gu, gs), (2.37)
Gz(F(x:J’),F(M; V),gS), GZ(F(Sr t)»F(x,y),gM)

for all (x,y),(u,v),(s,t) € X x X, where 0 < k < % IfF(X x X) C g(X) and g(X) is a G;-
complete subspace of X, and F and g are w -compatible, then F and g have a unique com-

mon coupled fixed point.

Remark 2.20 Theorem 2.2 and Corollaries 2.5-2.10 improve and extend Theorems 2.2,
2.5, 2.6, Corollary 2.3, 2.7 and 2.8 of Sabetghadam et al. [23].
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