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1 Introduction

Theories described by Einstein gravity plus a few massless fields (such as those appearing

in supergravity), in asymptotically anti-de Sitter spacetimes, have a well-known first-order

phase transition at temperatures of order the inverse curvature radius of the background

AdS spacetime [1]. At this “Hawking-Page” temperature THP , the solutions correspond-

ing to a black hole with AdS-scale curvature and to a self-gravitating hot gas of massless

particles exchange dominance in the free energy landscape. When such theories appear

as holographic duals to large-N, strongly coupled gauge theories, they typically signal a

deconfinement transition with a large jump in entropy, typically a deconfinement transi-

tion [2, 3].

Whether one is studying gravity, gauge theory, or the relationship between them, the

thermodynamic landscape in various ensembles — the maxima, minima and saddle points

of the entropy and of various free energies — contains important additional information. In

a first order transition, metastable phases provide important long-time intermediate phases

when cooling the system, and can appear as transients in the long-time response to a per-

turbation. For example, in holographic gauge theories, the contribution of the metastable

supergravity gas to the long-time behavior of the bulk finite-temperature dynamics above

the Hawking-Page transition has been argued to be a key to understanding unitarity in the

quantum dynamics of black holes [4].

Another interesting configuration is the black hole with sub-AdS-scale horizon, which

has negative specific heat; it is unstable in the canonical ensemble, but potentially stable in

the microcanonical ensemble, for a range of masses [1, 5]. Such black holes should provide

a key to understanding holography at sub-AdS scales.

In this work we will attempt to provide a unified overview of the thermal landscape of

simple theories of gravity coupled to light particles, the latter modeled as a self-gravitating

fluid. In section 2 we will study static configurations as a function of core density, and com-

pute their energy E, temperature T , entropy S, and Helmholtz free energy F = E − TS.

For fluids in asymptotically AdSD spacetimes, these have been found and the first three

quantities computed [6–9]; we will review those solutions for D = 3, 5 and compute in addi-

tion the free energy F (T ) and the specific heat at constant volume CV . We will study the

stability to perturbations at fixed energy and temperature. For self-gravitating gasses, the

instabilities for fixed-energy perturbations were identified based on the assumption that

solutions which were local maxima of the entropy were stable to local perturbations of

the fluid density [6, 8, 9]. This is a proven theorem for asymptotically flat spactimes [10],

but not for asymptotically AdS spacetimes. Our results are consistent with the conjecture

that this theorem extends to asymptotically AdS spacetimes (other work on the stability

of stars in AdS includes [11–13]). This story is closely related to recent work on the sta-

bility properties of black holes [14–18]. The results for fixed temperature are new. They

give the unsurprising result that the instability for temperature-preserving perturbations

sets in when the specific heat turns negative, but also show that the instability persists

at higher core density as the specific heat turns positive. Finally, in the AdS3 and AdS5

cases we consider the inclusion of S5 and S3 factors in a Freund-Rubin compactification
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of type IIB supergravity, and show that this does not significantly affect the physics (al-

though it does make the numerical solutions more difficult to extract). Our analysis is

restricted to configurations that are homogeneous on the SD, but for the general reasons

explained in section 2.1 we do not expect inhomogeneous solutions (if they exist) to alter

our main conclusions.

In section 3 we will combine the rich landscape of static configurations of section 2 with

the landscape of black hole solutions, to discuss the thermodynamic landscape of gauge

theories with holographic AdS duals. One lesson, perhaps understood by many but not

spelled out clearly in the literature, is that the landscape and the pattern of instabilities

differ in the canonical and microcanonical ensembles. It is known that for quantum theories

in finite volume, and for theories with sufficiently long-range interactions, the canonical

and microcanonical ensembles are not equivalent. This allows for the existence of stable

configurations in the microcanonical ensemble — small black holes — with negative specific

heat. We will review this story of ensemble inequivalence, including comparatively recent

results regarding the relationship between them [19], and discuss the microcanonical and

canonical phase diagrams of holographic gauge theories in this framework.

Finally, the implication of our work is that there is a maximum mass above which the

self-gravitating gas of radiation simply ceases to be a solution. While this was known to

happen at temperatures of order the string scale [20], we find that in a certain large-N

scaling limit, the instability sets in at lower temperatures. As we will argue, this implies

that the gas of light supergravity modes cannot explain the long-time behavior of finite-

temperature correlation functions, contrary to the conjecture in [4].

2 Self-gravitating hot gasses in AdSD and AdSD × SD

In this section we will describe the classical static configurations of gravitating hot fluids

coupled to gravity in asymptotically AdSD backgrounds, and study their stability proper-

ties. This will allow us to give a fuller picture of the thermodynamic landscape in section 3.

We will find via explicit calculation in AdS3 and numerical checks in AdS5 that perturba-

tions which fix the energy go unstable precisely when the entropy as a function of the total

mass (or core density) ceases to be a local maximum. This is known to be true in asymp-

totically flat four-dimensional geometries [10]. While it was assumed that this relationship

between local maximization of the entropy and stability would also hold for asymptotically

AdS spacetimes by [6, 8, 9], to our knowledge our results provide the first check of this

assumption (which remains to be proven).

We will also examine the solutions for fluids in AdS5×S5 and AdS3×S3; the essential

point will be that while the equations of motion are more difficult, the presence of the sphere

does not sigificantly alter the solutions we found in pure AdS. We will also provide a hand-

waving argument that the initial instability for the self-gravitating hot fluid is homogeneous

on the SD factor of the spacetime. However, this does not exclude the possibility that the

endpoint of the homogeneous instability is a meta-stable configuration that is localized on

SD. Even if such configurations exist, however, we expect them to become unstable at

some higher temperature for the general reasons given below.
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Before studying the full solution, we will review the classic argument for the instability

of gravitating systems at finite temperature, and provide a parametric bound for the onset

of such an instability in asymptotically AdS backgrounds.

2.1 Stability and graviton self-energy for hot spacetimes

Before entering into a full analysis of the solution to Einstein’s equations, we recall prior

work regarding the stability of flat and asymptotically AdS spacetimes in the presence of

a fluid with sufficiently high density or pressure. Although it is not consistent to ignore

backreaction, this analysis does give the correct parametric dependence of the onset of

instability as a function of the density or temperature.

The initial observation of the instability of sufficiently uniform matter in Newtonian

gravity is due to Jeans [21]. One finds that the linearized density perturbations satisfy a

second-order wave equation with an imaginary “Jeans” mass depending on the background

density. Perturbations at wavelengths longer than the magnitude of the inverse Jeans mass

are unstable and grow exponentially. Dimensional analysis shows that the Jeans mass MJ

must be

M2
J = −κ2ρ (2.1)

where κ2 is Newton’s constant (also known as 8πGN ).

A relativistic version of this argument was provided by Gross, Perry, and Yaffe [22] in

their study of hot flat space. The authors showed that the component g00 of the graviton (in

the frame at which the thermal bath is at rest) obtains a tachyonic mass term at one loop,

δm2(g00) ∼ −κ2 · TD , (2.2)

where T is the temperature, κ2 the gravitational coupling (with dimension (length)D−2),

and we have generalized the result to D spacetime dimensions. This again essentially

follows from dimensional analysis, and is in keeping with the above result if ρ = σTD for

some Stefan-Boltzmann constant σ.

The calculation of [22] is not easily generalized to the curved space backgrounds we

are interested in. Furthermore, it has the serious flaw that the hot fluid in flat space is

not a solution to Einstein’s equations, so there will be a “tadpole” term in the graviton

equations of motion at the same order as the tachyon term. More generally, the canonical

ensemble is not well defined for self-gravitating systems in asymptotically flat spacetimes.1

Nonetheless, it gives the correct parametric dependence of the onset of instability when that

instabilty sets in at a wavelength below the radius of curvature of the correct spacetime.

We will be interested in asymptotically anti-de Sitter backgrounds, which provide a

kind of gravitational “box” inside of which thermodynamics for gravitating systems can be

made sensible. The negative background curvature changes the stability, as a scalar with

1Of course, in the early universe the finite temperature radiation and matter source expansion, and a

notion of local thermal equilibrium is still available. At distances below the cosmological horizon scale, the

calculations above are quite relevant for understanding the formation of structure in the linear regime.
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negative (mass)2 can remain stable provided the squared mass is above the Breitenlohner-

Freedman bound [23]:

m2 ≥ − D
2

4L2
, (2.3)

where L is the AdS length. The parametric dependence agrees with the tentative con-

clusion of work by Gribosky, Donoghue and Holstein [24] who, using real time formalism

for quantum field theory at finite temperature and accounting for the tadpole generated

by the classical gravitational backreaction, generalized [22] by expanding in powers of the

spacetime curvature. Their result was that there is indeed a negative self-energy of the

form (2.2), although with a different O(1) coefficient than that of [22].

Eqn (2.3) together with the results of [22] suggest that an instability, if any, should

occur at temperatures of order

TDJ ∼
1

κ2
DL

2
(2.4)

In the limit that the radius of curvature is below the Planck scale, this temperature is

well above 1/L. Note that for typical Freund-Rubin compactifications on AdSp × Sq, the

radius of curvature of both factors is of the same order L, and we should set D = p + q.

Furthermore, if there are additional factors in the compactification geometry whose radius

of curvature is & T−1
J , these will also alter the story.

Our arguments above give a crude scaling; they do not take into account the details

of the effects of the AdS background on the density profile of thermally excited matter,

or the backreaction of said matter on the metric. Therefore, we will proceed to directly

studying the spacetime background corresponding to a self-gravitating fluid. While the

above estimate for the temperature at which an instability sets in is correct, the full story

is much richer.

2.2 General equations for AdSD backgrounds

2.2.1 Static solutions

At finite temperature, spacetime is filled with a gas of particles in thermal equilibrium.

The evolution of a D = d+ 1-dimensional system with AdS length L is therefore described

by Einstein’s equations coupled to the stress-energy tensor of thermal matter:

Rab − gabR/2− d(d− 1)/2L2gab = κ2TMab , (2.5)

with the usual conventions. We approximate the gas as a perfect fluid described by a

stress-energy tensor of the form

T ab = (ρ+ p)uaub + pgab, (2.6)

where ρ and p are the density and the pressure, respectively, and ua = ∂xa/∂τ is the flow

vector of the fluid. We will specialize to spherically symmetric solutions, with metric ansätz

ds2 = −f(r)e−χ(r)dt2 + dr2/f(r) + r2dΩd−1, (2.7)

where dΩd−1 is the metric of a d− 1-dimensional sphere.
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A complete specification of the dynamics requires an equation of state p = p(ρ). As in

the case for static self-gravitating fluids in asymptotically flat spacetimes [25, 26], Einstein’s

equations, together with the conservation of stress-energy ∇aT ab = 0, give rise to a set of

first order equations of motion:

fp,ρρ
′ + (ρ+ p)

(
dr

2L2
+

κ2r

d− 1
p+

(d− 2)(1− f)

2r

)
= 0, (2.8)

f ′ +
2− d
r
− dr

L2
+

(d− 2)f

r
+

2κ2r

d− 1
ρ = 0, (2.9)

χ′ +
2κ2r

(d− 1)f
(ρ+ p) = 0, (2.10)

where the prime sign stands for derivative with respect to r. We should also include

the equation of state p(ρ); from here on out, we will assume a linear equation of state

p = wρ.2 We expect this to be a good approximation so long as the massless supergravity

modes are the dominant component of the fluid, as these should behave like radiation with

w = (D − 1)−1. Moreover, the primary interactions are dimensionful, suppressed by the

string or Planck scale. Since we are studying sub-stringy temperatures and densities, we

expect microscopic interactions, and therefore the consequent changes in the equation of

state, to be small. At sufficiently high temperatures Kaluza-Klein modes on the sphere will

play a role and this approximation might break down, although presumably this simply

corresponds to a higher dimensional radiation equation of state. Nevertheless it would

be interesting to study the effect of non-linear equations of state, which we will leave for

future work.

It appears that three constants of motion are needed, for three first-order equations

with unknowns f, χ, ρ. We demand that the solution be asymptotically anti-de Sitter,

so that as r → ∞, f → r2/L2 + O(1) and χ → 0. (Note that only the first derivative

of χ appears, so that a constant term is unfixed by these equations; this can be shifted

by rescaling t, so it is an unphysical constant). We demand regularity at the origin,

leaving either the mass term at infinity (the coefficient of −1/rd−2) or the “core density”

ρ0 ≡ ρ(r = 0), at the origin as the constant of motion.

In practice, we will choose the core density ρ0, integrating out from the origin. Global

thermodynamic quantities such as the energy and temperature can be computed as func-

tions of the core density. They are not in general monotonic, but instead reach a maximum

and then decrease (due to the large gravitational backreaction at high densities). To give a

preview, in figure 1 we plot as a representative case the energy and boundary temperature

as functions of the core density for the case of a radiation (w = 1/2) gas in AdS3 (we will

describe how we extract these quantities below), based on the analytic solutions in [27].

The temperature and energy both have a maximum value, with the maximum temperature

occurring at a value of ρ0,Tmax smaller than that for the maximum mass ρ0,Emax . Thus,

for ρ0,Tmax < ρ0 < ρ0,Emax the specific heat cv ∝ ∂M/∂T < 0, indicating an instability of

the canonical ensemble. For ρ0 > ρ0,Emax a tachyonic mode appears and the star becomes

2In appendix B we present equations of motion for perturbations with a general equation of state.
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Figure 1. The total energy E and temperature T of spherical stars in AdS3 for radiation (w = 1/2),

as functions of the core density ρ0.

dynamically unstable.3 We expect the same qualitative features to persist at least for

0 < w < 1 and for a range of dimensionalities, and we will check it explicitly for radiation

in AdS5, AdS3 × S3, and AdS5 × S5.

2.2.2 Thermodynamic quantities

Each value of the core density ρ0 corresponds to a distinct geometry with energy E and

entropy S in the microcanonical ensemble, or free energy F and temperature T in the

canonical ensemble. We can eliminate ρ0 and use the curves S(E) and F (T ) to describe

microcanonical and canonical phases, respectively. In doing so we need to choose the

maximum of S or the minimum of F , in the cases where there are several classical solutions

for a given E or T , as seen in figure 1.

The energy is given by the ADM mass [29]4

E ≡MADM =
1

2κ2

∫
S∞

(gij ,j −gjj ,i )dni , (2.11)

where latin indices refer to spatial components, repeated indices are summed over, S∞ is

a sphere at infinity and ni is a radial unit vector pointing outside S∞. Given this formula,

we can compute E starting from the ansätz. Once eqs. (2.8)–(2.9) have been solved for a

given value of ρ0, we can then insert the specific values of f , ρ, and χ into the ansätz (2.5)

and then insert that into (2.11) to get E(ρ0).

To compute T we assume thermodynamic equilibrium holds, which implies:

Tloc =
√
−gttT . (2.12)

for constant T , where Tloc is the “proper temperature” measured by a physical thermome-

ter. We take T to be the temperature in the dual field theory. We will consider fluids with

a linear equation of state p = wρ; given ρ(r), we can then calculate Tloc via the appropriate

3The latter, or at least the existence of a zero mode at this critical value of ρ0, follows from a theorem

given in [28].
4For 1

d−1
< w < 1 the backreaction of the fluid on the metric leads to divergences in the ADM mass,

which can be cancelled by appropriate holographic renormalization. This never occurs for w ≤ wrad. = 1/d.
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generalization of the Stefan-Boltzmann law:

ρ = σT
1+w
w

loc = σ (−gtt)−
1+w
2w T

1+w
w . (2.13)

At large radius, the local density falls off as ρ ∼ µ/r
1+w
w for some constant µ. Thus, we

can extract the global temperature:

T = (µ/σ)
w

1+w /L . (2.14)

To compute the microcanonical entropy S(E), we again use local thermodynamic equi-

librium to compute a coarse-grained entropy density given ρ, p = wρ, and Tloc. The total

entropy S is the integral over space of the entropy density

s =
p(ρ) + ρ

Tloc
= (1 + w)σ

w
1+w ρ

1
1+w . (2.15)

One can show that for solutions to (2.8)–(2.9), with ρ, T determined by local thermal

equilibrium, the above definitions of S, T,E are consistent with the first law dE = TdS.

Finally, the free energy of a given solution is F = E − TS.5

2.2.3 Dynamical stability

We wish to understand the mechanical stability of our solutions under perturbations that

preserve either the energy or the temperature, and how such stability is correlated with

the thermodynamic properties of these solutions.

We consider small deviations from the the stress-energy tensor (2.6) and metric (2.7).

For solutions with harmonic time dependence ∼ e−iωt for all fields (in the linear approx-

imation), a dynamical instability is present when there are imaginary frequencies in the

spectrum. The symmetry of the initial configuration suggests that the first instability will

be an s-wave perturbation, of the form δgtt(t, r), δgrr(t, r), δu
a(t, r), δρ(t, r) and δp(t, r).

The full set of equations for these perturbations can be found in appendix B. Here,

we give the equations for the perturbations of the source fields δρ and δur for the case

of a linear equation of state, where the sound speed of perturbations c2
s ≡ δp/δρ = w

is constant:

δρ′(r) =

(
iκ2r2e−χ/2(p+ ρ)2

(d− 1)f3/2w

{
d

L2
+
d− 2

r2
+

2κ2p

d− 1

}
+
iωeχ/2(p+ ρ)

wf3/2

)
δur(r) (2.16)

−
(

dr

2L2fw
+

κ2rp

(d− 1)fw
+
rκ2(2p+ ρ)

(d− 1)f
+

(d− 2)(1− f)(1 + w)

2rfw
+

dr

2L2f

)
δρ(r)

δur ′(r) =−
(
d− 1

r
+
d− 2

2rw
− r

2fw

{
d

L2
+
d− 2

r2
+

2κ2p

d− 1

})
δur(r) +

iωeχ/2√
f(p+ ρ)

δρ(r) .

(2.17)

5Note that we are not assuming that the canonical and microcanonical ensembles are equivalent — as

we will discuss in section 3 below, they are not. This inequivalence means that we cannot use F (T ) to

extract S(E), as T is a multivalued function of E.
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Compatibility with either the microcanonical or canonical ensemble imposes boundary

conditions at r →∞. General solutions in this limit have the boundary behavior

δur ∼ a/rd−1−1/w, δρ ∼ b/r
1+w
w . (2.18)

In the microcanonical ensemble, where energy is conserved, we need to require the energy

flux through the boundary to vanish. The energy flux is∫ t+∆t

t
dt

∫
dΩd−1Tij(∂t)

inj ∝ a , (2.19)

where nj is a outward unit vector orthogonal to the (r = constant) surface, so fixed energy

imposes the condition a = 0. In the canonical ensemble the boundary temperature has to

be conserved. Given the expression (2.14), we see that fixed temperature requires b = 0.

Since a is no longer fixed, eq. (2.19) shows that energy can enter and leave the boundary

at infinity. We can think of this as exchanging energy with a heat bath coupled to the

boundary that maintains thermal equilibrium.6

2.3 Stars in AdS3

For self-gravitating fluids in AdS3, Einstein’s equations can be solved exactly in the case

of linear and polytropic equations of state [27].7 We will make use of a different metric

ansatz from (2.7). In the case p = wρ with 0 < w < 1, the solution is:

ds2 = − r
2

L2
dt2 +GL2dφ2 +

dr2

G

G =
r2

L2
− C − 2κ2w2µ

(1− w)
r
w−1
w

ρ = µ/r
1+w
w (2.20)

We will assume that the energy density is positive, so that µ > 0. In this case, one can

show that G′ > 0 for all r > 0. Thus, all zeros of G on the positive real axis are simple

zeros. Assume that the largest such zero is at r = r0; we can write

C =
r2

0

L2
− 2κ2w2µ

(1− w)
r
w−1
w

0 (2.21)

There is a potential coordinate singularity at r = r0, corresponding to the origin of polar

coordinates. Smoothness requires r0 ≤ r <∞ and

µ =
(L− r0)r

1/w
0

L2κ2w
. (2.22)

The local density at the core is therefore

ρ0 =
L− r0

L2κ2wr0
. (2.23)

6Stability of the canonical ensemble is often found by studying negative eigenvalues of the wave operator

in the Euclidean geometry for the finite-temperature solution. This would require a Lagrangian description

of the fluid. This will be studied in [30].
7A derivation of these solutions from a 4d Randall-Sundrum construction can be found in [8].
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Positivity of the energy density requires r0 < L. Since ∂r0C > 0, C will increase mono-

tonically with r0, and as r0 → 0, C → −∞. Thus we can demand 0 ≤ r0 ≤ L; in this

range there is a one-parameter family of space times labeled by r0. At r0 = L, we can

define r2 = r̃2 +L2 to show that the metric is simply that of anti-de Sitter space in global

coordinates. For r0 = 0, the metric is that of the “zero mass”, zero temperature BTZ

black hole.

We can now compute thermodynamic and stability properties of these solutions. The

energy is

E =
πr0(2wL− r0(1 + w))

L2κ2(1− w)
, (2.24)

Global AdS space-time corresponds to E = −π/κ2. The energy takes its maximum value

at r0,Emax = wL/(1 + w) < L, at which value

Emax =
w2

1− w2

π

κ2
> 0 (2.25)

For smaller r0, the mass decreases until r0 = 0,M = 0. There is also a solution with M = 0

at r0,b = 2wL
1+w > r0,Emax . For positive mass, there are two solutions. The temperature and

total entropy are

T =
(r0σ)

1
1+w (L− r0)

w
1+w

Lσ(L2κ2w)
w

1+w

S =
2π(1 + w)L(wr0σ)

w
1+w (L− r0)

1
1+w

(1− w)(Lκ)
2

1+w

. (2.26)

The temperature has a maximum at r0,Tmax = L/(1 + w) > r0,Emax ; this occurs at a lower

energy than Emax. Interestingly, at this value of r0, ∂r0µ = 0, and ∂2
r0G = 0. In particular,

in a Taylor expansion of G about r = r0, the quadratic term vanishes. We believe this

is a new result. There should be a physical reason for this apparent coincidence, since it

happens for all values of w, but we have not found any.

The curves S(E), F (T ), and p(T ) are plotted in figure 2. For r0,Tmax < r0 < L, − π
κ2
≤

E ≤ 0, and there is only a single solution at fixed E. For E ≥ 0, 0 ≤ r0,≤ r0,Tmax there are

two branches of solutions, which meet at r0 = r0,Emax . The branch r0,Emax ≤ r0 ≤ r0,Tmax

has higher entropy than the branch 0 ≤ r0 ≤ r0,Emax . On the other hand, as a function of

temperature, there are always two solutions; one branch corresponds to r0,Tmax ≤ r0 ≤ L,

and has the lowest free energy.

Thus, for E < 0, r0,Tmax < r0 ≤ L, the solution is thermodynamically preferred

amongst all spherically symmetric solutions without horizons, in both the canonical and

microcanonical ensemble. For r0,Emax < r0 ≤ r0,Tmax , the solutions are preferred in the

microcanonical ensemble but disfavored in the canonical ensemble. Finally, for 0 ≤ r0 <

r0,Emax , the solutions are disfavored in either ensemble.

We can also compute the microcanonical specific heat cV ≡ dE/dT =

−(T 2d2S/dE2)−1, which is

cV =
2π(wσ)

w
1+w (1 + w)

(1− w)L
1−w
1+w κ

2
1+w

r
w

1+w

0 (L− r0)
1

1+w (Lw − r0(1 + w))

L− (1 + w)r0
(2.27)
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Figure 2. The energy-entropy curve, temperature-free energy, and energy-pressure (boundary

equation of state) curves for radiation stars in AdS3. The solid black curve is both entropically and

thermodynamically preferred, the blue dotted section is entropically preferred but thermodynami-

cally disfavored, and the red dashed line is always disfavored.

We have plotted this as a function of r0 and as a function of E in figure 3. We can already

see from the equation above that cV starts positive at r0 = L and becomes negative through

a pole for r0,Emax < r0 < r0,Tmax , which is the regime at which the temperature begins to

drop as the mass continues to increase, and in which the configuration is the preferred

solution in the microcanonical ensemble but disfavored in the canonical ensemble. For

r0 < r0,Emax , cV becomes positive again through a zero; this is the regime in which the

solution is disfavored in either ensemble.

2.3.1 Dynamical stability

The metric ansätz (2.20) is in a different gauge than (2.7) but under a change of coordi-

nates8 (2.17) gives:

δur ′ =
1− w + 2L2κ2wρ

wr(1 + L2κ2wρ)
δur +

iωL

rρ(1 + w)
δρ

δρ′ = i

(
(1 + w)ωLρ

wrG
+

2κ2L(1 + w)2ρ2

ωrw(1 + L2κ2wρ)

)
δur − (1 + w)(1 + 2L2κ2wρ)

rw(1 + L2κ2wρ)
δρ . (2.28)

As discussed in section 2.2.3, fixed mass requires that the leading term in δur = ar1/w−1+. . .

vanish, while fixed temperature requires that the leading term in δρ = b/r1+1/w+. . . vanish.

8The change of coordinates is going from a gauge where gφφ = r2 to one where gtt = −r2/L2, which is

just a redefinition of the radial coordinate.
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Figure 3. Specific heat as a function of the parameter r0 (left figure) and mass (right figure). The

specific heat changes sign through a pole at the maximum temperature solution, and changes sign

through a zero at the maximum mass point. As above, the solid black curve is both entropically and

thermodynamically preferred, the blue dotted curve is entropically preferred but thermodynamically

disfavored, and the red dashed line is canonically and microcanonically disfavored.

For a given set of boundary conditions, eq. (2.28) can be thought of as eigenvalue equations

for ω.

We find instabilities for both a = 0 and b = 0 at sufficiently high core density. In the

case a = 0, corresponding to perturbations in the microcanonical ensemble, let ωE denote

the lowest frequency consistent with eq. (2.28). An instability sets in when ω2
E becomes

negative. As we can see in figure 4, this occurs precisely at the solution with maximum

mass, Emax ∼ O(1/κ2). This is consistent with the extension to asymptotically anti-de

Sitter spacetimes [31] of the flat space results of [32]: the appearance of a turning point

in E, as a function of some parameter labeling the solutions (such as the core density),

indicates the onset of an instability. Note also that this instability sets in precisely when

the solution ceases to be a maximum of the entropy S, even ignoring black hole solutions,

as we can see from figure 2. This is reminiscent of the results of [10] for asymptotically

flat spacetimes. In that work, mechanical stability was correlated with the entropy being

a local maximum with respect to local perturbations. We have found that at the onset of

instability, a higher entropy solution exists at fixed mass.

In the case b = 0, let ωT the lowest frequency consistent with eq. (2.28). As can be

seen in figure figure 4, the instability appears when the temperature reaches a maximum

as a function of the core density, while the mass is still growing. This corresponds to the

onset of negative specific heat. This occurs when σT 3
max ∼ O(1/(L2κ2)). Inspection of

figure 3 and figure 4 show that at a still higher value of the core density, the specific heat

becomes positive again, but the instability persists. As can be seen from figure 2, the

solution ceases to minimize the free energy even ignoring black hole solutions at the same

temperature; the fact that the instability remains indicates that the solution is not even a

local minimum of the free energy.

2.4 Stars in AdS5

Next we consider radiation in asymptotically AdS5 backgrounds (d = 4 and p = ρ/4),

relevant for the physics of four-dimensional large-N, strongly coupled gauge theories. In

– 12 –
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Figure 4. Frequency of the lowest normal mode in the microcanonical (left figure) and canonical

(right figure) ensemble, for a self-gravitating gas of radiation in an asymptotically AdS3 background.

Recall following figure 2 that the black solid line is thermodynamically and entropically preferred,

the blue dotted line is entropically preferred but thermodynamically disfavored, and the red dashed

line is canonically and microcanonically disfavored.

particular, such solutions describe the “confined” phase of these gauge theories, which

dominate the canonical thermodynamics below the Hawking-Page/deconfinement transi-

tion, and are metastable above it [2, 3]. Unfortunately exact solutions are not available, so

we must resort to approximations and numerical solutions.

We can warm up by computing the entropy and free energy functions, perturbatively

in the asymptotic value of the density. Writing ρ = µ/r5 + . . ., we find

E =
4π2

3L
µ+

π2κ2

16L4
µ2 +

7π2κ4(5040 log(2)− 3487)

2916L7
µ3 + . . .

S = σ1/5µ4/5

(
5

3
+

5π2κ2

72L3
µ+

5π2κ4(5040 log(2)− 3487

1944L6
µ2 + . . .

)
(2.29)

Note that the expansion is in powers of κ2µ/L3 ∼ µ/N2 for the dual to strongly-coupled,

large-N N = 4 super-Yang-Mills theory [33]. We can combine these results to get the

leading O(κ2) = O(1/N2) corrections to the energy-entropy scaling for a self-gravitating

gas of particles.

S =
5π2/5σ1/5

28/531/5
E4/5

(
1 +

κ2E

320π2L2
+ . . .

)
(2.30)

as well as the the temperature-free energy scaling,

F = −σL
4π2

3
T 5
(
1 + σL2κ2T 5/48 + . . .

)
(2.31)

Note that the corrections to the leading S ∼ E4/5 occur in a power series in κ2E/L2 ∼
(EL)/N2, and the corrections to the leading F (T ) ∼ σL4T 5 are a power series in

σL2κ2T 5 ∼ σ(LT )5/N2. Following the discussion of instabilities in AdS3, we might expect

instabilities to set in when the entropy and free energy have non analytic behavior, where we

would expect the above power series to break down; this should occur at EL ∼ L3/κ2 ∼ N2

and σ(LT )5 ∼ N2. We will show below that this scaling is correct.

We can also construct the full nonlinear solutions numerically. The results for entropy

S(E), free energy F (T ), and pressure P (E) are shown in 5. The structure is indeed
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Figure 5. The energy-entropy curve, temperature-free energy, and total pressure-energy (boundary

equation of state) curves for stars in AdS5. The solid black curve is both entropically and ther-

modynamically preferred, the blue dotted section is entropically preferred but thermodynamically

disfavored, and the red dashed line is always disfavored. The structure is the same as for the AdS3

case, figure 2, though we have to zoom in because the dotted blue section is much smaller.

much the same as the AdS3 case. There are two branches as a function of either mass

or temperature; the branches join at a maximum entropy and energy for S(E) and at

the minimum free energy and maximum temperature for F (T ). Again, the maximum

entropy/maximum energy configuration occurs at a higher core density than the minimum

free energy/maximum temperature configuration.

figure 6 shows the microcanonical specific heat as a function of core density and energy.

The specific heat also turns negative at core density at which the free energy ceases to be a

minimum among static solutions with self-gravitating radiation; it becomes positive again

at the core density at which the entropy ceases to be a maximum.

2.4.1 Dynamical stability

Following the discussion of section 2.2.3 and 2.3.1 we can determine the dynamical stability

of these solutions. As before, we denote the lowest frequency squared for fixed-energy

perturbations as ω2
E and for fixed-temperature perturbations as ω2

T ; instabilities set in

when these become negative. The numerical results are plotted in figure 7 below. Our

numerics indicate that the results are qualitatively the same as for AdS3. ω2
E becomes

negative, signaling an instability in the microcanonical ensemble, at the core density at

which the energy and entropy are both at their maximum in this family of solutions. ω2
T

– 14 –
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Figure 7. Frequency of the lowest normal mode in the microcanonical (left) and canonical (right)

ensemble for AdS5 radiation stars. As before the black solid line is thermodynamically and entrop-

ically preferred, the blue dotted line is entropically preferred but thermodynamically disfavored,

and the red dashed line is canonically and micro canonically disfavored. The structure is the same

as for the AdS3 case figure 4, though we have to zoom in as the dotted blue section is much smaller.

becomes negative, signaling an instability in the canonical ensemble, at the core density at

which the specific heat becomes negative, the free energy is at the minimum in this family

of solutions, and the temperature is the maximum in this family of solutions.

2.5 Stars in AdSp × Sq

In the Freund-Rubin type compactifications that appear in gauge-gravity duality, the nega-

tive curvature of the AdSp factor is balanced by positive curvature in an Sq factor plus flux.

In several well-known examples the radius of curvature of both factors is the same. The

phenomena we are interested in — the temperature and mass at which various solutions

to self-gravitating radiation become unstable — occur at energies and temperatures much

higher than this radius of curvature, by a factor of order Lp−2/κ2. Thus, we should check

that the inclusion of this extra energy does not significantly change the solutions we have

constructed above. We will focus on the case of AdS5 × S5 and AdS3 × S5.

The potential complication is that the backreaction of the thermal gas can interfere

with the stabilization mechanism for the Sq factor. Thus we will specifically include the

radius of the Sq in the equations of motion that we integrate. However, assuming Sq

– 15 –



J
H
E
P
0
6
(
2
0
1
4
)
1
5
2

symmetry we know there is a Kaluza-Klein truncation to the AdSp system coupled to a

massive dilaton as well as to the fluid (though the coupling to the fluid is modified by the

dilaton), and we don’t expect a massive field to change the phase structure much.

2.5.1 AdS5 × S5 stars

We begin with a truncation of IIB supergravity to the metric and the self-dual five-form

flux; this has the Freund-Rubin compactification to AdS5×S5 as its vacuum solution. The

equations of motion are [34–36]

Rab =
1

6
Fac1c2c3c4Fb

c1c2c3c4 , F = ∗F, dF = 0. (2.32)

Global AdS5 × S5 is a solution with F = L4(1 + ∗)ε5, LAdS5 = LS5 = L, where ε5 is the

volume form on a unit five-sphere (that is,
∫
S5
ε5 = π3). When we couple the theory to the

fluid (2.6), eq. (2.32) becomes

Rab =
1

6
Fc1c2c3c4aFb

c1c2c3c4 + κ2 (Tab − T ccgab/8) . (2.33)

The metric ansätz is now (2.7) plus an additional 5−sphere whose size depends on the AdS

radial coordinate r:

ds2 = ds2
5 + L2e2C(r)dΩ2

5. (2.34)

After some rearrangements, the equations of motion become:

(3 + 5rC ′)p,ρ
p+ ρ

ρ′ − 5C ′(3 + 2rC ′)− 3(f − 1)

fr
+
κ2rp

f
+

2(5e8C − 2)r

e10CL2f
= 0, (2.35)

(3 + 5rC ′)f ′ +
2(f − 1)(3 + 10rC ′)

r
+ 30rfC ′2 − 40r2C ′

e10CL2

+
4(5e8C − 8)r

e10CL2
− rκ2

4

[
5r(p− ρ)C ′ − (5p+ 3ρ)

]
= 0, (2.36)

(3 + 5rC ′)χ′ +
80r sinh(4C)

L2fe6C
− 10

(
1− rC ′ + 2

f
+

4r2

fe10CL2

)
C ′

−κ
2

4f

[
5r2(p− ρ)c′ − r(13p+ 3ρ)

]
= 0, (2.37)

rfC ′′ + fC ′ +
4r

e10CL2
(1− e8C) + 2C ′

(
1 +

2r2

e10CL2

)
− rκ2

8
(p− ρ)(1− rC ′) = 0. (2.38)

Note that κ2 denotes the ten-dimensional Planck scale in these equations. After using

the equation of state to determine p(ρ), we have three first order and one second order

equations in four unknowns ρ, χ, f and C; this is because we have exhausted all of the

constraints from diffeomorphism invariance. Finally, since we will be interested in energies

and temperatures well above the scale 1/L, we will consider the equation of state p = ρ/9,

corresponding to radiation in ten dimensions.

We will demand that the asymptotic behavior as r → ∞ for solutions to (2.35)–

(2.38) is:

f =
r2

L2
+ 1− ε

r2
+ . . . , ρ =

µ

r10
+ . . . χ =

χ0

r8
+ . . . , C =

χ0

30r8
+ . . . , (2.39)
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microcanonically unstable at L2κ2ρ0 ≈ 25. It is clear that the inclusion of the five-sphere doesn’t

qualitatively change the structure of the solution.

while the behavior at the origin is:

f = 1 +O(r2), ρ = ρcore +O(r2), χ = χcore +O(r2), C = Ccore +O(r2). (2.40)

This demand is nontrivial for C; it is a massive field in AdS5, and so there is a potentially

non-normalizable solution which can grow rapidly at large radius, whose backreaction de-

stroys the asymptotic AdS structure. This leads to a delicate shooting problem when

we fix the boundary conditions ρ(0), C(0) at the origin: a small error leads to a large

non-normalizable component for C(r) at large radius. In the end, there remains a one-

parameter family of asymptotically AdS5 × S5 solutions which are spherically symmetric

in both factors. We find that the radius of the S5 varies only weakly in r. If we measure

the size change by LS5(r = 0)/LS5(r =∞), we see that even at core densities beyond the

unstable point, the radius of the S5 only changes by a few percent (see figure 8). We show

the S(E) and F (T ) curves in figure (9), and find that the qualitative results of section

2.4 indeed still hold. The one difference is the scaling of the temperature at which the

canonical ensemble becomes unstable: it occurs when σ10(LT )10 ∼ L8/κ2
1 ∼ 1/N2.

Because our analysis is restricted to s-wave configurations on the sphere, an open

question is whether an inhomogeneous mode on the sphere could develop an instability

before the homogeneous mode does.

2.5.2 AdS3 × S3 stars

Starting with type II supergravity in 10 dimensions and reducing on T 4, we can consistently

truncate to N = 1, D = 6 supergravity, which has a metric, self-dual 3-form field strength,
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Figure 9. The energy-entropy curve and temperature-free energy curves for stars in AdS5 ×
S5. The solid black curve is both entropically and thermodynamically preferred, the blue dotted

section is entropically preferred but thermodynamically disfavored, and the red dashed line is always

disfavored. The structure is the same as for the AdS3 and AdS5 case, figures 2 and 5. Note that

κ2 here is the ten-dimensional Planck scale.

and complex Weyl spinor satisfying Γ7ψ+ = +ψ+ [37, 38].9 The equations of motion are

Rab = HacdHb
cd, Habc =

1

3!
εabcdefH

def . (2.41)

Just as in (2.34), we use the ansatz

ds2 = ds2
3 + L2e2CdΩ2

3, F = L2(1 + ∗)ε3. (2.42)

Coupling to our perfect fluid (2.6), we have

Rab = HacdHb
cd + κ2

6{Tab − gabT cc/4}, (2.43)

This and conservation gives the following equations

(2 + 3rC ′)p,ρ
p+ ρ

ρ′ − 3C ′ − 3

2
rC ′2 +

2r

fL2

(
3e−C − 2e−3C + κ2L2p

)
= 0, (2.44)

(2 + 3rC ′)f ′ + 6rfC ′2 − 4r

L2
(4e−3C − 3e−C) + κ2

6r(ρ+ 3p)

+
3r2κ2

6C
′

2

(
ρ− p− 8e−3C

κ2
6L

2

)
= 0, (2.45)

(2 + 3rC ′)χ′ − 6C ′ + 3rC ′2 − 12re−3C

L2f
(2− 2e2C + rC ′)

+
rκ2

6

2f

[
p(14− 3rC ′) + ρ(2 + 3rC ′)

]
= 0, (2.46)

C ′′ − κ2
6(p− ρ)

2f
− 4

L2f
(e−C − e−3C) +

(
1

r
+

2re−3C

L2f
+
κ2

6r(p− ρ)

4f

)
C ′ = 0. (2.47)

9As usual we can’t write down a consistent Lorentz invariant Lagrangian for the self-dual form. This

problem can be alleviated by adding a antisymmetric tensor multiplet with an anti-self dual field strength,

a complex Weyl spinor satisfying Γ7ψ− = −ψ− [37]. However, when constructing perfect fluid stars we

need only concern ourselves with the bosonic equations of motion.
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Figure 10. Comparison of AdS3 × S3 numerically constructed stars to AdS3 analytic solutions.

Note that the dilaton only mildly changes the structure of the solutions, though the effect is clearly

stronger for smaller w. For the case of 6D radiation we are unable to numerically find the mass

turning point, though we conjecture it exists.

In what follows we will focus on the case of linear equations of state, p(ρ) = wρ, and not

just w = 1/5 for reasons that will become clear shortly. At large radius, we have

ρ =
µ

r
1+w
w

+ . . . , f =
r2

L2
− ε+ . . . , χ = χ0/r

4 + . . . , C = χ0/15r4 + . . . . (2.48)

Unfortunately, due to the dilaton we can not find explicit analytic solutions. Constructing

solutions numerically (and treating the massive dilaton in the same way as we did for the

AdS5×S5 case) we find structure of the solutions is qualitatively extremely close to that of

the analytic AdS3 system. In figure 10 we plot energy versus temperature for w = 1/5 and

w = 1/3 for AdS3 × S3 alongside the analytic solution (2.24), (2.26). When studying the

case of 6D radiation, we are unable to find the mass turning point as it appears to occur at

a very high core density where we lose numerical control. However the shape is remarkably

similar to the AdS3, w = 1/5 solution. We conjecture that the mass turning point still

exists and the phase diagram is the same as for AdS3. For the case of w = 1/3 the mass

turning point occurs sooner (that is, at a lower core density) and again we find qualitative

agreement with the AdS3 system and therefore the results of section 2.3 still hold.

3 Thermodynamics and the gauge theory dual

In this section we map out the thermodynamic landscape of gravitational theories in asymp-

totically AdS spacetimes, paying attention to the implications for the gauge theory duals.

In the prior section we focused on the self-gravitating radiation, including the entropy

and free energy of these solutions. These configurations are known to dominate the ther-

modynamics at low temperatures and energies. Gravity at high energes and temperatures

in AdS is known to be dominated by black holes, with large entropies of order RD−2/κ2
D

for AdSD backgrounds [1]. In the limit of large Planck mass, there is a sharp first-order

phase transition at finite temperature. When there is a gauge theory dual, this represents

a deconfinement transition, with a large number of degrees of freedom participating in the

thermodynamics [2, 3].
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For systems in infinite volume with sufficiently short-range interactions, the canonical

and microcanonical ensembles are known to be equivalent. However, the above transition

occurs when the gauge theory is at finite volume, and is dominated by spherically symmetric

configurations. In such cases the ensembles are known to be generically inequivalent. A

sign of this is the presence of microcanonically stable black holes with negative specific

heat [5, 39]. Nonetheless, the microcanonical phases can be identified with equilibrium

points in the canonical ensemble, although these may be metastable or unstable points.

We will open by reviewing some basic aspects of first-order transitions in systems with

inequivalent microcanonical and canonical ensembles. Following this, we will explore in

detail the landscape of AdS5×S5 and AdS3×S3 compactifications. Finally, we will discuss

the implications of this landscape for the dynamics of small perturbations at finite tem-

perature, which has been discussed as a diagnostic of unitarity of black hole evolution [4].

3.1 Review: microcanonical versus canonical thermodynamics

For local field theories with short-range forces, the microcanonical and canonical ensembles

are equivalent in the thermodynamic limit. This ensures that the specific heat at constant

volume is positive at all temperatures and energies. For theories of this kind with a first

order phase transition, the curves s(ε) and ε(T ) are shown in figure 11. In this figure s, ε

are the energy and entropy per unit volume, and T =
(
∂s
∂ε

)−1
. In figure 11(a), the curve

corresponds to the configurations with maximum entropy at fixed energy; in figure 11(b),

the curves correspond to configurations with maximum free energy at fixed temperature.

The straight line in the curve s(ε) is a coexistence line, in which a fraction fhigh = ε−ε1
ε2−ε1

of the total system consists of domains in the high energy phase with energy density

ε2. The domain boundaries contribute due to the surface tension, but their contribution

is subextensive in the thermodynamic limit. All the points on this line have the same

temperature. The result is the sudden discontinuous jump in energy in the curve T (ε),

which signals a first order phase transition. Note also that the specific heat CV = ∂E/∂T

has a delta function discontinuity here.

However, there are many cases in which the two ensembles are known to be inequiv-

alent. This generically happens for finite systems away from the thermodynamic limit; it

can also occur for theories with sufficiently long-range forces such as mean field theories

or gravitating ensembles, in which the interaction between phase domains effectively no

longer occurs just along the domain boundaries. In these cases, the s(ε) curve for a theory

with a first-order phase transition is shown in figure 12 [40]. The coexistence line bends in

and includes a piece known as a “convex intruder”. A heuristic explanation of this for local

theories is that at finite volume, the surface tension contributes a finite amount to the en-

ergy of a given configuration of phase domains [41, 42]. This structure is characteristic of a

probability distribution with two distinct peaks at different energies [43]. In this case, there

is a region where the entropically dominant configuration in the microcanonical ensemble

has negative specific heat, and corresponds to a thermodynamically unstable configuration

in the canonical ensemble.

When there is a set of macroscopic variables φ characterizing the phase at each value

of the energy, and there is a good Landau free energy that can be written as a function of
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ε1 ε2

(a) Microcanonical phase curve.

T

ε

ε1

ε2

(b) Canonical phase curve.

Figure 11. Phase curves for a system with a first-order transition and short-range interactions in

the thermodynamic limit. Figure (a): entropy density (s) as a function of energy density (ε) in the

microcanonical ensemble. Figure (b): energy density as a function of temperature in the canonical

ensemble.

ε

s

ε1 ε2

A L C
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S
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P
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H

(a) Microcanonical phase curve.

T

ε

ε1

ε2

SL

S
H
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BL

BH

AH

A L

Tp

(b) Canonical phase curve.

Figure 12. Phase curves for a a system with a first-order transition, when the canonical and

microcanonical ensembles are not equivalent. Figure (a) denotes the curve in the microcanonical

ensemble, and figure (b) is the energy as a function of microcanonical temperature. The regime

ε1 < ε < ε2 is the coexistence region. The regions BL,H are local but not global minima of the free

energy, and have positive specific heat. The regime C (the “convex intruder”) has negative specific

heat; when there is a set of macrostate variables for each energy, it will be a saddle point or local

maximum of the free energy. Finally, the points PL,H correspond to the two phases at the phase

transition temperature Tp = (∂S/∂E)−1
∣∣
PL,H

.
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φ, each part of the s(ε) curve has an interpretation in the canonical ensemble even when

the ensembles are inequivalent [19]. In figure 12 we show both the s(ε) and corresponding

ε(T ) curves in this case, where T is defined as the microcanonical temperature. The region

AL corresponds to the “low-temperature” phase when it is a global minimum of the free

energy. The two points PL,H , which have the same slope (and thus the same temperature

Tp) correspond to the high and low-temperature phases at the phase transition. The region

BL corresponds to the “low temperature” phase at a temperature where it is metastable

in the canonical ensemble. The region AH corresponds to the high temperature phase

when it is a global minimum of the free energy. The region BH corresponds to the “high-

temperature” phase when it is a local minimum of the free energy, metastable in the

canonical ensemble. The region C, with negative specific heat, corresponds to the local

maximum of the free energy between the two phases. The points SL,H correspond in the

canonical ensemble to the “spinodal” points at which the local, metastable minima of the

free energy coalesce with the local maximum and become unstable.

For the case of a single variable φ, figure 13 shows the canonical free energy curves at

various temperatures as a function of φ, and identifies the extrema with the microcanonical

phases. This shows a simple scenario. More generally there can be additional saddle points

or maxima of the canonical free energy, as a function of the parameters φ, which do not

correspond to any microcanonical phase.10 In particular, we will argue below that this

occurs for 2d CFTs with gravitational duals.

3.2 AdS5 × S5 and d = 4, N = 4 large-N super-Yang Mills

We begin by considering maximally supersymmetric type IIB string theory on AdS5 × S5,

with the AdS5 factor written in global coordinates; this is dual to N = 4 super-Yang-Mills

theory on S3 × R, and it has a first-order phase transition at finite temperature [1] above

which the theory deconfines [2, 3]. The specific values of the temperature and energy at

the phase transitions are of course known, and are reviewed in appendix A.

3.2.1 Review of phase structure

In the standard scaling limit used in the AdS/CFT correspondence, in which we take

N → ∞ with λ fixed and large, the microcanonical and canonical phase structures have

been discussed in a number of publications [5, 39, 44–46].

The different microcanonical phases are:

1. A phase consisting of a hot gas of supergravity modes. This will have entropy S =

σ(EL)4/5 for some constant σ proportional to the Stefan-Boltzmann constant, for

EL < 1. For higher energies, S = σ10(EL)9/10, characteristic of a ten-dimensional

gas. This corresponds to phases AL, PL, and BL in figure 12.

2. When (EL) ≥ λ5/2 there is a “Hagedorn” phase dominated by a long string [47–49],

with entropy S = 4π
√
α′E − a lnE. Here a ≥ 1 will have a soft dependence on E,

depending on the size of the string with respect to the AdS scale. Note that these

10We would like to thank Hugo Touchette for explaining this to us
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(a) T = Tspinodal,H =
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(b) Tspinodal,H < T < Tp.
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(c) T = Tp.
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(d) Tp < T < Tspinodal,L =
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εSL

.
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(e) T = Tspinodal,L.

Figure 13. Canonical free energies as a function of an order parameter φ, as one dials the tem-

perature through the first-order phase transition. Extrema of the free energy are labeled by the

corresponding phases on the microcanonical curve, in the case that the ensembles are not equivalent.
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states have negative specific heat due to the logarithmic term; nonetheless they can

be stable in the microcanonical ensemble. This phase corresponds to SL and part

of C in figure 12. Note that in this energy range, the self-gravitating gas is still a

mechanically stable configuration, but with subdominant entropy.

3. 10d “small black holes”, Schwarzschild black holes with horizon size less than L,

localized on the S5. These have negative specific heat, but can be stable in the mi-

crocanonical ensemble, when they equilibrate with their Hawking radiation. [1, 5].

These black holes maximize the entropy when EL ≥ N20/17 [5], and correspond to

much of region C in figure 12. We estimate that the top end of this range is at

(EL) ∼ .1N , at which point the 5d black holes begin to dominate the thermodynam-

ics. Based on the Gregory-LaFlamme-like instabilities of the 5d black hole [16], we

expect this phase to extend at least up to energies of order EL ∼ .2N2. It may ex-

tend farther, but absent a specific solution it is hard to tell. We also expect that the

self-gravitating supergravity gas continues to be stable well into this regime, athough

it is entropically subdominant.

4. 5d “small black holes” (black hole solutions that are uniform on S5) with horizon

radius less than L/
√

2 and with negative specific heat, corresponding to the highest

energy portion of phase C in figure 12. These are mechanically unstable to collapse

to 10d black holes when EL ∼ .2N2 [16]; their specific heat becomes positive when

EL = 9N2/16, at the point SH . Meanwhile, in the same energy regime, a second

branch of supergravity solutions opens up at EL ∼ 20L3/κ2
5 ∼ .5N2, as can be seen

from figure 5 of the previous section. The branches meet at energies close to the end

of the small black hole phase.

5. “Large black holes”, 5d AdS black holes with positive specific heat. These cover

regions BH , PH , and AH . Note that the Hawking-Page temperature THP = 3/(2πL)

corresponds to the inverse slope of s(ε) at PH , when EL = 3N2/2.

We next revisit the canonical phase diagram. The order parameter direction in the

canonical phase curves in figure 13 can be identified with a Polyakov loop-like variable [46].

The canonical phases are:

1. Below the “spinodal” temperature TSH =
(
∂S
∂E

)−1 ∣∣
SL

= (
√

2π)/L, the self-gravitating

supergravity gas, corresponding to region AL of the microcanonical phase curve, is

the global minimum and there are now other known local minima of the free energy.

At T = TSL , an inflection point or “spinodal” appears corresponding to a black hole

with (classically) infinite specific heat.

2. For temperatures TSL < T < THP = 3/(2πL), the self-gravitating supergravity gas

still describes the global minimum of the free energy; meanwhile, there is a metastable

minimum of the free energy corresponding to a “large” AdS black hole with negative

specific heat, and a maximum of the free energy correponding to a “small” AdS

black hole with negative specific heat. This is consisent with the results of [19], that
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the regime BH and C in the microcanonical phase curve should correspond to a

metastable local minimum and local maximum, respectively, of the free energy.

3. At T = THP the free energies of the supergravity gas and the “large” black hole

agree, and the system undergoes a first-order phase transition. This corresponds to

PL, H on the microcanonical phase curve.

4. For temperatures THP < T < TSL ∼ λ1/4/L, the large AdS black hole — region AH
on the microcanonical phase curve — is a global minimum of the free energy; the

self-gravitating supergravity gas is a metastable local minimum of the free energy,

corresponding to region BL of the microcanonical phase curve, and the “small” AdS

black hole is a local maximum or saddle point of the free energy, corresponding

to region C of the microcanonical phase curve. Note that at temperatures slightly

above the Hawking-Page temperature (about 4 percent), the 10d “small” black hole

will begin to dominate. Again, these results are consistent with [19].

5. At the temperature TSHL ∼ λ1/4, we reach another spinodal point at which the hot

supergravity gas and the long string phase merge, corresponding to the Hagedorn

transition in AdS space [20, 44]; this is the “correspondence point” discussed in [50].

At higher temperatures, there is no metastable supergravity phase.

It would be interesting to find an interpretation of the small black hole phase as a

“coexistence phase” in the dual gauge theory.

3.2.2 A different large-N limit and the appearance of the Jeans instability

In the previous section, we found that no spherically symmetric configuration of hot self-

gravitating matter exists above a critical energy of order EL ∼ L3/GN ∼ N2. At such

energies, we expect the “Jeans temperature” to be σ(TJL)5 ∼ EL. To find the correct

dependence, note that if TL� 1 we must think of the configuration as hot ten dimensional

matter. In this case, we expect σ10(TL)10 ∼ EL, or TJL ∼ N1/5.

If we dial N →∞ at fixed λ, TJL� TS,RL ∼ λ1/4, and the hot supergravity gas ceases

to be a metastable configuration in the canonical ensemble at temperatures well below that

at which the supergravity gas becomes relevant. This leads to the canonical phase structure

described above. However, if we scale N,λ so that N1/5 � λ1/4, the supergravity gas ceases

to exist as a configuration at energies well below this Hagedorn temperature. This requires

that gs � N−1/5. Thus it is possible to keep the string coupling weak and the Planck scale

small. In this limit classical supergravity is still the leading approximation at large N, and

our analysis is self-consistent.11

In this scaling limit, the microcanonical phases simplify somewhat, as the Hagedorn

phase is completely absent. Instead, we expect region BL to extend to energies of or-

der N20/17, where the small 10d black hole (in equilibrium with its Hawking radiation)

11However, if one attempts to compute string and quantum gravity corrections, these can mix; for example

an O(λ−5/2) correction to classical supergravity will come in at the same order as the one-loop quantum

gravity correction.

– 25 –



J
H
E
P
0
6
(
2
0
1
4
)
1
5
2

maximizes the entropy. The spinodal temperature, at which the small black hole and

self-gravitating supergravity gas coalesce, is of order TSLL ∼ N2/17 � N1/5. In the canon-

ical ensemble, at temperatures slightly below TJ , we expect a new local saddle point to

appear in the canonical free energy, corresponding to the second, thermodynamically un-

stable solution with higher core density. We do not have a good description of an order

parameter-like variable that interpolates to this solution. At T = TJ , this saddle point co-

alesces with the metastable supergravity gas; above this temperature, only the large black

hole is even metastable.

3.3 AdS3 × S3 and 2d CFTs

Next, we consider string theory on AdS3 × S3 ×M4, where M4 is some Ricci-flat compact

manifold such as T 4 or K3. The solution can arise as the near-horizon limit of a bound

state of NS5-branes and fundamental strings, a bound state of D5 and D1 branes, and so

on. For specificity we will consider M4 = T 4. We will assume that the volume of T 4 is

much smaller than the AdS radius, and that we are working at temperatures well below

the inverse radius of the T 4, so that the physics is essentially six-dimensional.

If we have p fundamental strings and k NS5-branes, the bulk string and Planck scales

are [51, 52]:

8πL

κ2
3

= 4pk =
2

3
c (3.1)

L

`s
=
√
k (3.2)

where κ2
3 is the 3-dimensional Planck scale, `s the string scale, L the AdS radius of curva-

ture, and c = 6kp is the central charge of the dual CFT. Similarly, for p D-strings and k

D5-branes wrapping the T 4, we have:

8πL

κ2
3

= 4pk =
2

3
c (3.3)

L

`s
=

(
kp

v

)1/4

=
( c

6v

)1/4
(3.4)

Here v = 1/g2
6, where g6 is the string coupling in six dimensions; in the CFT dual to the

D1-D5 system, it is an as yet unidentified modulus of the CFT.

3.3.1 Review of phase structure

The dual 2d CFT on a spatial circle of size R has a first order Hawking-Page transition

at finite temperature TR = 1/2π. In the microcanonical ensemble, the phase structure is

similar to that for AdS5. One difference is that there is no 3-dimensional black hole with

negative specific heat. Once again, we work in the limit that c→∞ with c/v fixed.

We will start by listing the microcanonical phases, using the D1-D5 description to

discuss the gauge theory dual. Here we will set δE = E + π
κ23

, so that δE = 0 for the

AdS3 vacuum.
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1. A phase containing (6d) supergravity modes, with entropy S = σ(δEL)5/6. This will

describe regions A, PL, and part of BL in the microcanonical phase diagram.

2. When δE ∼ 1/`s, EL ∼
(
c

6v

)1/4
, a “Hagedorn” phase dominated by a single long

string, again with S = 4π
√
α′δE − a ln δE, corresponding to SL and part of region

C in the microcanonical phase diagram. In this regime, the stable branch in figure 2

continues to exist, but has lower entropy than the long string.

3. For (1/`s) < δE . π
κ33

+ ∆, a phase corresponding to a 6d Schwarzschild black hole

with horizon radius less than L. (The factor of ∆ will be described in the next

paragraph). The entropy is

S ∼
(

9

2c

)2/3

(EL)4/3 (3.5)

and the specific heat is negative. This corresponds to part of C in the microcanonical

phase diagram, up to point SH ; there is no 3d black hole solution with negative spe-

cific heat. Note that we do not have good solutions for this phase, especially close to

SH . At best we know that they are gravitational solutions with considerable entropy.

Note that just below the energy SH , at δE = π
κ23

, the specific heat of the subdomi-

nant stable configuration of supergravitons turns over and becomes negative, while a

second, mechanically unstable configuration of self-gravitating radiation appears, as

seen in figure 2, with positive specific heat but lower entropy than the stable star or

the black hole.

4. For π
κ2

+∆ = 2πc
3L +∆ < δE, a 3d black hole phase. For supersymmetric compactifica-

tions, such black holes are built on the Ramond ground state of the dual CFT. There

is a “zero mass” black hole, with vanishing horizon area, at energy δEL = πL
κ23

= c
12 ,

where GN is the 3d Newton’s constant. The entropy of the 3d black holes is:

S =
12π2L

κ2
3

√
Eκ2

3

π
− 1 =

πc

6

√
12δEL

c
− 1 (3.6)

This entropy starts at zero, so the 3d black hole phase must begin at an energy

slightly higher than π
κ2

, at
∆κ23
π ∼ O

(
κ
4/3
3

L2/3

)
. Below this energy, the 3d black holes

remain stable, merely entropically subdominant. Both the dynamically stable and

dynamically unstable configurations of self-gravitating radiation persist up to δE =
1+π
κ2

, at which point the black hole is the only stable solution.

For the D1-D5 system, we should be able to construct an order parameter φ again out

of the square of a Polyakov loop. The phases of the canonical ensemble are:

1. For T < THP = 1
2πL , the dominant configuration is the supergravity gas, correspond-

ing to region AL of the microcanonical phase curve. Note that the spinodal point

SH occurs at zero temperature: at this temperature, the “zero mass” black hole,

with energy δE = π
κ23

and vanishing entropy, first appears as a solution. At finite
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energy below the Hawking-Page transition, we expect the self-gravitating gas and

the BTZ black hole to be separated by a saddle point in the free energy; with the

latter, metastable configuration corresponding to region BH on the microcanonical

phase diagram. At arbitrarily low temperatures, there is no candidate “small” black

hole. However, the unstable equilibrium configurations of self-gravitating radiation,

corresponding to the dashed line in figure 2, has the right order of magnitude of free

energy (at zero temperature, it has the same free energy as the “zero mass” black

hole). The order parameter φ would appear to vanish, as it does for the stable mini-

mum, since the bulk theory has no horizon. The combination of φ and the entropy of

the configurations can distinguish the various solutions, however. Note that in this

case, this saddle point in the free energy does not correspond to a micro canonically

stable phase, nor is there any reason that it should.

2. At T = THP , the system undergoes a Hawking-Page transition, at which the BTZ

black hole and the self-gravitating radiation gas has the same free energy.

3. For T > THP , the BTZ black hole describes the global minimum of the free energy.

The black hole corresponds to region AH of the microcanonical phase diagram, and

the stable configuration of self-gravitating radiation corresponds to region BL. At a

temperature of this order, the black hole localized in six dimensions should appear as a

saddle point with non vanishing φ separating the BTZ black hole from the metastable

configuration of self-gravitating radiation; this should correspond to region C of the

microcanonical phase diagram.

4. At T = TSL ∼ 1
`s
∼
(
c

6v

)1/4 1
L , we reach the spinodal point SL, at which point the

6d black hole goes through the correspondence point of [50] and a long string phase

begins to dominate over a gas of self-gravitating radiation. At this temperature, the

unstable configuration of self-gravitating radiation should remain as a saddle point of

the free energy. At higher temperatures, there is no metastable supergravity phase.

3.3.2 A different large-c limit and the appearance of the Jeans instability

As with self-gravitating radiation inAdS5, we have found that a gas of supergravitons ceases

to exist in AdS3 for energies larger than ML = αc for some constant α. These correspond

to temperatures of order TJL ∼ c1/6 ∼ (`/`p)
1/6. We can again ask whether this will

destabilize the metastable supergravity solution in the canonical ensemble at temperatures

below the Hagedorn temperature. For the D1-D5 system, the Hagedorn temperature is:

THL ∼
L

ls
=
( c

6v

)1/4
(3.7)

Therefore TJ � TH when:
1

g2
6

= v � c1/3 (3.8)

Small 6d string coupling g6 corresponds to v large, which is a strong coupling limit of the

CFT. Nonetheless it is clearly possible to keep g6 small and c large consistent with this
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condition, so that bulk supergravity is a good approximation. As before, in this limit the

Hagedorn phase will disappear from the microcanonical phase diagram; the SUGRA gas

will extend all the way to the point SL.

3.4 Implications for dynamics

As we have seen, thermal AdS becomes unstable at sufficiently high temperature — either

at the string Hagedorn temperature [20, 44], or, with an appropriate scaling limit, at a

temperature parametrically below the string temperature and the Planck scale.

This fact has interesting implications for the question of unitarity of black holes. In

AdS, large black holes are thermodynamically stable — they do not evaporate. However, as

was pointed out in [4], semi-classically they still appear to violate unitarity in a very precise

sense. Bulk correlation functions computed in black hole backgrounds decay exponentially

at late times. For example, the typical behavior of a response function at late times is

f(t) ≡ |〈O(0)O(t)〉|2 ∼ e−at/β, (3.9)

where a is a numerical constant and O is some (suitably regulated) bulk operator [53, 54].

This exponential decay can be understood as arising from the tendency of horizons to

swallow whatever is thrown into them, with a response that is quasi normal (i.e. the

frequency has an imaginary part). Hence all trace of any initial perturbation is lost after

a few thermal timescales.

By contrast, a finite temperature quantum system with finite entropy and unitary time

evolution cannot behave this way. The long time average of correlators is non-zero:

1

2T

∫ T

−T
f(t)dt ∼ e−bS (3.10)

for some constant b — inconsistent with (3.9). In addition there are Poincare recurrences,

meaning that f(t) is a quasiperiodic function of time that returns arbitrarily close to its

initial value infinitely many times. [53, 54] This inconsistency is a particularly precise

version of the black hole information paradox.

In [4], Maldacena proposed that the non-zero time-average could be accounted for by

incorporating other geometries besides the black hole in the calculation of the bulk correla-

tion functions. Specifically, he pointed out that thermal AdS at the Hawking temperature

has the same asymptotics as the black hole, but (due to its lack of a horizon) correlators

computed in it oscillate rather than decay. Furthermore, in the high-temperature phase

where the black hole is thermodynamically dominant, the contribution of thermal AdS

should be suppressed by a relative factor of

e−β(FAdS−FBH) ∼ e−cS , (3.11)

where c is an O(1) constant. Since correlators in the black hole decay exponentially, the

long-time average would come only from the oscillating thermal AdS contribution, and

hence have the correct exponential-in-S suppression. The issue of origin of the Poincare
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recurrences would still remain [54], but perhaps that could arise from quantum interference

in the integral over geometries.

However, the instability of thermal AdS at either the Hagedorn temperature TH (in the

usual large-N/large-c limit) or the Jeans temperature TJ means that above these tempera-

tures, the proposal in [4] fails even at the level of the long-time average [54]. In particular,

in the limits described in section 3.2.2 and section 3.3.2, thermal AdS becomes pertur-

batively unstable at a temperature where gravity is still a good description, so that the

free energy in (3.11) becomes imaginary and thermal AdS can no longer account for the

non-zero time-average in (3.10). Of course it is always possible that there is yet another

geometry or stringy solution that is not captured by our analysis and could replace AdS

at high temperatures (for instance, a star solution that is inhomogeneous on the sphere,

or a solution with a sufficiently non-linear equation of state), but we are not aware of

any candidate.
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A Black hole solutions and thermodynamic quantities

A.1 AdS5 black holes

In this appendix we recall the black hole solutions in AdS5 and their energy and temper-

ature, expressed in terms of both bulk parameters and, for the case that the dual gauge

theory is N = 4 large-N super-Yang-Mills, in terms of the gauge theory parameters.

The Hawking-Page black hole in five dimensions is [1–3, 55]:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

3

f(r) = 1 +
r2

L2
− r2

0

r2
(A.1)

where dΩ2
3 is the volume element on the unit three-sphere, and L is the radius of curvature

of the ambient AdS5 spacetime. The energy of this configuration, measured with respect

to vacuum AdS5, is

E =
3π2r2

0

κ2
5

=
3

4
N2 r

2
0

L3
(A.2)
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where κ2
5 = 8πGN,5 is the 5d gravitational coupling constant, and the rank N of the dual

gauge theory is determined by:

N2 =
4π2L3

κ2
5

(A.3)

The black hole horizon occurs at the largest zero of f(r), denoted r+:

r2
+ =

−L2 +
√
L4 + 4L2r2

0

2
(A.4)

The temperature is

T =
r+

πL2
+

1

2πr+
, (A.5)

and the entropy is

S =
4π3r3

+

κ2
5

= πN2
(r+

L

)3
(A.6)

We note two particularly interesting points in this family of solutions. The Hawking-

Page transition, above which the black hole dominates the thermodynamics of string theory

on AdS5×S5, happens at r+ = L, T = 3/(2πL). The energy of the black hole at this point

is EHPL = 6π2L3

κ25
= 3

2N
2. Next, the temperature below which the black hole has negative

specific heat, corresponding to the spinodal point SH in figure 12, occurs when r+ = L√
2
,

TSH =
√

2
πL , ESHL = 9

16N
2. Finally, an instability for the black hole to localize along the S5

is believed to set in at r+ ∼ .4259L, at a mass and temperature below that of ESH , TSH .

A.2 Black holes in R1,9

The solutions for black holes localized in ten dimensions in AdS5 × S5 are not known.

Here we will consider 10d Schwarzschild black holes in flat space in the limit that their

Schwarzschild radius is much smaller than the AdS radius L. The full solution is

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

8

f(r) = 1−
(r0

r

)7
(A.7)

The energy is

E =
256π4r7

0

105κ2
10

=
64

105
N2 r

7
0

L8
(A.8)

where κ2
10 is the ten-dimensional gravitational coupling. In the AdS5×S5 background dual

to N = 4 super-Yang-Mills, the rank of the dual gauge group is:

N2 =
4π4L8

κ2
10

(A.9)

The entropy of the 10d black hole is

S =
64π5r8

0

105κ2
10

=
16π

105
N2
(r0

L

)8
(A.10)

Finally, the temperature is

T =
7

4πr0
(A.11)
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A.3 AdS3 black holes

The metric for the 3d BTZ black hole is [56, 57]:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dφ2

f(r) =
r2 − r2

+

L2
(A.12)

Here φ ≡ φ+2π, and L is the radius of curvature of the ambient AdS3 space-time. Note that

at r+ = 0, this black hole is a compactification of AdS3 in Poincaré coordinates. It has a

null singularity along the Poincaré horizon r = 0, and corresponds to the zero-temperature

black hole. In 2 + 1 dimensions, the BTZ black hole always has positive specific heat.

The energy of the BTZ black hole is

E =
π

κ2
3

(
1 +

r2
+

L2

)
=

c

12L

(
1 +

r2
+

L2

)
(A.13)

in units in which the AdS3 vacuum has energy −π/κ2
3 = −c/(12L). When the bulk

gravitational theory has a 2d CFT dual, c = 12πL/κ2
3 is the central charge. The entropy is

S =
2π2r2

+

κ2
3

=
πcr2

+

6L2
(A.14)

and the temperature is

T =
r+

πL2
(A.15)

The Hawking-Page transition occurs at

r+ =
L

2
(A.16)

or at T = 1
2πL , E = 5c

48L , S = πc
12 .

A.4 Black holes in R1,5

We will be interested in black holed localized in six dimensions, in the case of AdS3 ×
S3 compactifications. As with the discussion of 10d black holes above, we will consider

Schwarschild black holes in flat space, approximating black holes whose horizon radius is

smaller than the radius of curvature of AdS3 × S3.

The metric is

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

4

f(r) = 1−
(r0

r

)3
(A.17)

where dΩ4 is the volume element of the unit 4-sphere. The mass of this black hole is

E =
16π2r3

0

3κ2
6

=
2

9π
c
r3

0

L4
(A.18)
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where, when the theory has a 2d CFT dual, the central charge is

c =
24π3L4

κ2
6

(A.19)

The entropy is

S =
16π3r4

0

3κ2
6

=
2

9
c
r4

0

L4
(A.20)

and the temperature is

T =
3

4πr0
(A.21)

B The perturbation equations for AdSd+1

In this appendix we give the full system of equations for s-wave perturbations of a fluid in

AdSd+1, without any assumption on the equation of state. We will continue to work in the

gauge where r measures the size of the Sd−1, so ds2
r,t const. = r2dΩd−1. As we are considering

only s-wave perturbations, we include the perturbations δgtt, δgrr, δu
r, δut, δρ ∝ e−iωt.

Identifying ua as the fluid velocity means we need u2 = −1+O(δ2), which gives an algebraic

constraint

δut =
e3χ/2

2f3/2
δgtt. (B.1)

We are then left with the perturbative conservation and Einstein equations. We find

appropriate linear combinations to solve for δgrr, δg
′
rr, δg

′
tt, δg

′′
tt, δu

r ′, δρ′. Our symmetries

and gauge constraints have given us an algebraic constraint for grr and δur,

δgrr +
2iκ2reχ/2(p+ ρ)

ωf3/2(d− 1)
δur = 0. (B.2)

It is beneficial to use this to remove δgrr from the remaining equations. We find the

following equations for δg′tt, δu
r ′, δρ′:

δg′tt = −d− 2

r
δgtt −

2κ2re−χp,ρ
d− 1

δρ

+

(
dr

L2f
+
d− 2

rf
+

2κ2rp

(d− 1)f

)(
δgtt +

2iκ2re−3χ/2
√
f(p+ ρ)

(d− 1)ω
δur
)

(B.3)

δρ′ = −

(
dr

2L2f
+ κ2rp

(d−1)f

p,ρ
+
rκ2(2p+ ρ)

(d− 1)f
+

(d− 2)(1− f)(1 + p,ρ)

2rfp,ρ

+
dr

2L2f
− p+ ρ

2L2rfp2
,ρ

{
dr2 + (d− 2)L2(1− f) +

2κ2L2r2p

d− 1

}
p,ρρ

)
δρ

+

(
iκ2r2e−χ/2(p+ ρ)2

(d− 1)f3/2p,ρ

{
d

L2
+
d− 2

r2
+

2κ2p

d− 1

}
+
iωeχ/2(p+ ρ)

p,ρf3/2

)
δur, (B.4)

δvr ′ =
iωeχ/2√
f(p+ ρ)

δρ−
(
d− 1

r
+
d− 2

2rp,ρ
− r

2fp,ρ

{
d

L2
+
d− 2

r2
+

2κ2p

d− 1

})
δur. (B.5)

Note that we have used the constraints to remove the metric perturbations from the

equations for δρ, δur.
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