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Abstract

We study relationships between spinor representations of certain Lie algebras and Lie super-
algebras of differential operators on the circle and values of {-functions at the negative integers.
By using formal calculus techniques we discuss the appearance of values of (-functions at the
negative integers underlying the construction. In addition we provide a conceptual explanation of
this phenomena through several different notions of normal ordering via vertex operator algebra
theory. We also derive a general Jacobi-type identity generalizing our previous construction. At
the end we discuss related constructions associated to Dirichlet L-functions.
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1. Introduction

This is the first part in a series of three papers (cf. [34,35]) where we study a
relationship between Lie algebras of differential operators on the circle and certain
correlation functions associated to vertex operator algebras and superalgebras. This
work was motivated by work of Bloch et al. (see [4,5,28-30]). Also, it is closely
related to extensive work on the representation theory of Lie algebras of differential
operators on the circle (after Kac and Radul [20]). However, our motivation to study
these Lie algebras is different.

(1) This part deals with spinor constructions of classical Lie algebras of differential
operators on the circle [1,14,20,23,37,3]. More precisely, we extend [4,28,29] in
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the setting of vertex operator superalgebras (see below for a detailed discussion).
In addition, we introduce y-twisted vertex operators (see Section 6) and study
their properties (see also [4]).

(ii) In Part II [34] we introduce the so-called n-point correlation functions (certain
graded g-traces) associated to vertex operator algebras and study their elliptic
transformation properties (g-difference equations). In a special case, these n-point
functions are closely relate to generalized characters associated to Lie algebras
of differential operators. This part has overlap with some of the results of Zhu
[39,40].

(iii) In Part III [35] we study further modular properties of generalized characters
associated to an arbitrary unitary quasi-finite representations [20,14] and modular
(resp. elliptic) properties of both g-twisted [11] and y-twisted correlation functions
(resp. n-point functions).

To understand our work we will need several well-known constructions. We start
with an infinite-dimensional Heisenberg Lie algebra with a basis consisting of symbols
h(n) and 1, for n€ Z, n # 0, with bracket relations

[A(m), h(n)] = mOminol. (1.1)
We also add a central element 4(0) such that (1.1) still holds. This algebra acts on
the “vacuum module” M(1) := C[A(—1),h(—2),...] (a polynomial algebra in infinitely

many variables) in a natural way. It is a well-known fact that the Virasoro algebra has
a representation on the vacuum module M (1) given by

c— 1

1
L(n) — E};,h(—k)h(k—i-n)., (1.2)

for n€ Z, where § § denotes normal ordering, i.c.,
¢ h(n)h(m) g = h(n)h(m)

if n < m and
e h(n)h(m) ¢ = h(m)h(n)

if m < n. In [4] Bloch realized that a certain infinite-dimensional Lie algebra of differ-
ential operators & (containing the Virasoro algebra as a proper subalgebra) admits a
projective representation on M (1) in terms of “quadratic” operators.

Similar constructions have been known in theoretical physics for a while (see [3,37],
etc.) under the name # o, and # |, .-algebras. More importantly Bloch found that if
we redefine normal ordering procedure in a certain way using the values of the Riemann
{-function, the central term has an especially simple shape (it is in particular a pure
monomial). In the special case of the Virasoro algebra (with ¢ = 1) this corresponds
to replacing the operator L(n) by the operator

Lm)y=Ln) + 3 8- D0 = Ln) — 5 o (13)
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for which we get

3
[L(m). L)) = (m = m)E(m + m) + 55 O (1.4)

In [28-30] Lepowsky interpreted these phenomena by using formal calculus com-
bined with the theory of vertex operator algebras, as developed in [6,15,13]. More
precisely, the appearance of the {-function values at negative integers is closely related
to a particular (formal) conformal transformation x — ¢* — 1 which arises in the geom-
etry underlying vertex operator algebras (see [18,39]). Since the new normal ordering
procedure can be defined for an arbitrary vertex operator algebra (cf. [29]), the result
of Bloch is a very special case of the general theory. We should mention that in the
paper [12] negative integer values of the Riemann zeta function are obtained from a
different point of view.

In Section 2 we introduce certain Lie superalgebras of superdifferential operators
that we call Y2} and Py (the subscripts R and NS refer to the Ramond and
Neveu-Schwarz sectors) which contain the Lie algebra 2 & 2~ (“symplectic” &
“orthogonal”). We used several different generating functions and this largely simplified
our computations. Also, use of generating functions was very convenient for some
results needed in Section 3.

In Section 3 we build up a projective representation of %y in the following way:
Let W, neZ + %, and 1 be a basis for an infinite dimensional affine superalgebra f,
with bracket relations

[Wla l/4rl] = 5n+m,0 L,

and let F = A(Y1/2,Y352,...) be the exterior algebra, which is an f-module. We
consider the vector space

W=M(1)®F.

Then, there is a natural projective representation of %\ on W. Here we shall call
this representation “orthosymplectic” since it is an extension of the metaplectic repre-
sentation of the algebra 2" and spinor representation of 2.

Then we discuss the connection of this construction with the theory of vertex operator
superalgebras. Namely, the space W is a N =1 vertex operator superalgebra (see [22])
equipped with a vertex operator map

v Y(v,x) € End(W)[[x,x"']], (1.5)

for v € W. Notice (cf. [28]) that for the construction of ¥ Zyq on W it is more natural
to use the slightly modified vertex operators

X(v,x)=Y(x"O,x). (1.6)

These operator were used, for different purpose, in [15]. Any vertex operator of the form
(1.5) (resp. (1.6)) will be called an “X-vertex operator” (resp. “Y-vertex operator’) or
shorthand an X-operator (resp. Y-operator).

We then define a new normal ordering procedure by using a generating function for
negative integer values of the Riemann’s {-function and a Hurwitz’s {-function {(s, %)



132 A. Milas | Journal of Pure and Applied Algebra 183 (2003) 129—190

which is essentially the Riemann’s {-function, since the duplication formula holds. The
generating function for {(1 —n,1), neN, is

e)c/2

e —1

(1.7)

Now by using the new normal ordering the central term looks much simpler and it
is again a pure monomial. We can illustrate this on the example of the Neveu—Schwarz
superalgebra spanned by L(n), G(m), with the bracket relations given by

3

[L(m), L(n)] = (m — n)L(m + n) + %%Moc (1.8)
[G(m), L(n)] = (m . g) G(m + n) (1.9)
[G(m), G(n)] =2L(m + n) + % (m2 — i) Smsn.0C. (1.10)

This algebra (with ¢ = %) has a representation on W, and new generators are given by

N 1
L(m)=L(m) — 7 c,

G(n) = G(n),

for m,n€Z + 1. Therefore we have

2
[G(m), G(n)] = 2L(m + n) + '1"—2 Smin.0C. (1.11)

Then by carefully rewriting the Jacobi identity for the vertex operator superalgebra,
we establish a new “Jacobi identity”. This is a generalization of the result from [29].
By using the new Jacobi identity for X-vertex operators we can explain most of the
calculations obtained in Section 2.2. This new Jacobi identity involves iterates like

X (Y[u, y]v,x). (1.12)

Even though the operator (1.12) is an iterate of a Y-operator and an X-vertex oper-
ator, it should be thought as the X-vertex operator of a single “vector” Y[u, yJv. For
some special u and v, X(Y[u, y]v,x) is essentially the same as DO (x), D> (x) and
GO (x) (for notation see Section 2). The x variable controls degree, the regular part
of y controls filtration of the Lie (super)algebra we are working with, and the singular
part of y is related to the {-correction term.

When we study 9 and its super (or sub) generalization, the notion of a graded
character (as in [39]) is not the most natural. Specifically, tr|y¢"?) carries only partial
information, ignoring the higher “Hamiltonians” that are present in deformed theories.
Hence, it is more natural to consider “generalized characters” (cf. [20,1,4], etc.):

e 0]
ey [[ar . (1.13)

i=0
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where ¢; = €™, and the operators L()(0) span the “Cartan subalgebra” of 9. In
the above equation 7; should be thought of—at least for some special models—as a
coupling constant in the Hamiltonian theory.

In Section 5 we analyze a generalized character associated to the & Zyg-module
M(1)® F and prove its quasimodularity (in an appropriate sense [5]).

In Section 6 we consider a Lie algebra of (pseudo)differential operators &, (and its
classical subalgebras L) and a representation in terms of (new) quadratic operators
built up from the expressions of the form

Xx(ua y): ZX(_n)unert(u)fly_na (114)
kezZ

where y is a primitive Dirichlet character of conductor N (cf. [17]). When we change
the normal ordering, as in the previous cases, the negative integer values of the Dirichlet
L-functions L(s, y) are related to 2., in the same way as the Riemann (-function is
related to 2. This is a generalization of the results in [4, Section 6].

At this point we fully do not understand a significance of (1.14) in the theory of
vertex operator algebras (or conformal field theory). However, graded g-traces associ-
ated to twisted y-operators have a nice interpretation in terms of automorphic forms
[35].

1.1. Notation

Through the whole text we denote by N the set of positive integers. We work always
over the field of complex numbers, C. We denote by x;’s y;’s, x, ¢, etc. commuting
formal variables. C(x) stands for the field of formal rational functions, C((x)) is the
ring of formal Laurent series truncated from below and by C[[x,x']] the vector space
of formal series. Also we denote by d(x) =3, ., x" € C[[x,x~']] the formal delta
function (cf. [13]). Often our generating functions will have coefficients in vector
spaces, modules, etc. Most of the results hold if we replace the field C with some
cyclotomic extension of Q.

2. (Super)differential operators on the circle
2.1. Lie algebra &

Lie algebras of differential operators on the circle [19] play a prominent rule in
conformal field theory (see [14]).

We will use the formal approach that uses formal variables and formal derivatives.
Let us denote by & the Lie algebra of formal differential operators on the circle, i.e.,
the Lie algebra spanned by D", k € Z and n € N, where ¢ is a formal variable and
D =1t(d/dt). 2 has two distinguished bases

k dl
t Fn ke, leN 3,
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and
{*D': keZ: kez, 1eN}.

In this work we will mostly use the latter one. By defining deg(t*D') =k, & becomes
a Z-graded Lie algebra. In what follows we will be interested only in the Lie algebra
structure of & and not in the associative algebra structure. We have the following
commutation relation:

["D", D" = " (D + k)" D" — (D + k)" D™), (2.1)
where ki,ky € Z and [, 1, € N. It is important to notice that & has a filtration
...g‘(i) - @(,’+1)...,

where Z;) is spanned by elements of the form #'D*, k < i. From (2.1) it follows that
[Za), 2] C D(i+j—1). Therefore & is a filtered Lie algebra. For practical reasons one
wants to work with a bit smaller Lie algebra Diff[z,#~'], which is determined with the
following exact sequence:

0 — Diff[t,t7'] = 2 — C[t,t~ '] — 0.
In other words, Diff[¢,#~'] is an associative algebra of differential operators ¢ € & such
that (1) =0.
The Lie algebra & has the following 2-cocycle with values in C (cf. [20])
Yoo i+ k) if b=~k >0,
P Dl fephy = —k<i<-1 (2.2)
0 if ky +k #0.

Denote by 9 =9 @ CC the corresponding central extension. It can be proved

(see [10,33]) that & is the unique non-trivial central extension of Z. Therefore &
is characterized with the non-split exact sequence:

05C—9—9—0.

Representation theory of the Lie algebra  is more interesting than the representation
theory of & itself (see [19-21]).

The Lie algebra & has many Lie subalgebras. Here we give an example of a large
class of subalgebras:

Proposition 2.1. Let I C C[x] be an ideal and Z; the vector space of differential
operators of the form t* f(D), f€l, ke Z.

Besides Lie subalgebras &; there are two distinguished subalgebras of Diff[¢,~'].
We study them in the next sections.

2.2. Lie algebra 9"

It is known [20] that there is a close connection between & and a certain Lie
algebra of infinite matrices , g/(c0). By using the same analogy we can construct some
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“classical subalgebras” of & that correspond to classical Lie subalgebras of gl(oo).
In [4] a symplectic subalgebra 2 C Diff[t,t~!] is constructed as the 0;-stable Lie
subalgebra of & with respect to the involution

0,(:"DFYy = (=D — n)*D,

where k€N and n € Z. Moreover, Bloch showed that 27 is the maximal proper Lie
subalgebras of & that contains a Lie algebra of vector fields—Witt algebra—spanned
by D, k € Z, that satisfy

Wwitt C 2 C Diff[z,t'].

Again, it is reasonable to study the central extension 2 C &, induced by (2.2).
Let us recall the definition of the formal delta function é(x) =), ., x". We denote
by e’ € Z[[x]], the formal power series

ann
Z n

n=0

The following statement is a reformulation of a result from [4, Proposition 1.19],
in terms of generating functions. It was also suggested and proved by Lepowsky
(see [28,30]).

Proposition 2.2.

_y t
9" = span {coeffyk 1me 05 (7) e”??’D
172 X

t

+e 7P (
X

)eleD, kleN, mez}. (2.3)

Moreover, we may assume in (2.3) that y, =0.! Let
1 t t
@yl,yz(x) — (e—y15 () e’2D + e 12) () ey‘D> ,
2 X1 X1

[2772(x1), 277 (x2)]

then

1 ¢ e 3 x;

V2 eyz—y4x1
—__ QY4,}/3+)’1—)/2(X2)5 + 9y3,y4+y1—yz(x2)5
2 0y, X X2

1 0

+ = — (@ (x,)0 e n + @I (x))5 e’ x .
2 ayl Xo X

(2.4)

! Meaning, that 2+ is spanned by coefficients of e ~*125(¢/x)D + d(t/x)e”1PD.
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Proof. Let us consider the right hand side of (2.3). It is spanned by

(—1Y'D*¢'D"D + (—1Y"D"¢'D*D,
for m,ke N, [ €Z. Since

0,((=1)*D*¢'D"D + (-1)y"D"t' D" D)

=0,(t'(()(D + D*D™"D + (=1)Y"(D + [Y"D*D)

=t'((-1)"(-=D)*(~D = I)"D + (—1)"(~D)"(—D — 1" D)

=t ((=1Y"D"(D + 1)"D + (—1)*D™(D + 1)*D)
=(=1)y"D"'D*D + (—1)*D*¢' D" D,

(2.5)

the right hand side of (2.3) is contained in 2. Now suppose that ¢/ p(D)D € ™, where
p is some polynomial. Since Z* is 0,-stable, it follows that t/ p(—D — I)D =t' p(D)D.
Hence p(—D — [) = p(D). Now the vector space of all polynomials #; C Clx],
satisfying p(x)= p(—x — [), is spanned by the set {x* + (—x —I)*: k > 0}. Moreover,
{xF 4+ (—x — I)}: k €27} is a basis for 2;. Anyhow, the right hand side of (2.3) is

spanned by
(—D)D*¢'D + ¢'D*D = '((-D — 1)* + D")D,

keN, [€Z. Thus we may assume in (2.3) that y, =0.

We shall prove (2.4) by using the following simple (but crucial) identity

e~ VDs (1) e?Pp—5 <eylt) e2=yDp
X X

We have

[ (51). 274 (x2)]

! e 05 (L) enPp 4 e 5 (L) enPp
4 X1 X1 ,
xe 30§ i e Pp 4 e MD§ 4 ePp
X3 X2

:1 i(s e Mt ) el Ty e(2—yi—ys+y)D
4\ 0y x| X2

+i5 e Vit 5 e(2=y1=ya)y e(—yi—yity3)D
(3%) X1 2
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- (V1—y2—y4)
+i5 e B e TR eWi=r2=yi+y3)D
X1 X2

+i et ) ey eWi=r2=ys+y)D
oy X1 X2
- —y3—yi+
+ia et 5 elT Ty e(=ys—y+yty)Dp
oy X2 X1
- — 3=+
+i5 et 5 e(T Tty e(—ys—ntyty)Dp
0y, X2 X1
— — V1 — s+
_,_i(s e S Tty e(—Vi—yatys+tn)D
oy X2 X1
+i5 eVt 5 e(—y2—yatys)y by tbp ) (2.6)
0y X2 X1

If we apply the delta function substitution property (for more general version see [15])

y y -z » y+z
(5)ei(5)-0(5)(5) - (2) ()
X X1 X2 X1 X2 X2

in (2.4) we obtain

[ (51, 74 (x2)]

_L o (e [ (T )
40y, X2 X2

e(=2—yatystn )DD) )

( :
P e "t e(—rs=ntyty)Dp
X2

+li o eyl_y4x1 o e(yl—yz—y4)t e(yl—yz—y4+y3)DD
X X2
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+1 0 5 e =3y, 5 e(Vi=12=1)¢ 1D
X2 X2

138

40p

+ 5 67"/4[ e(7y17y4+}’3+}’2)DD
X2
:1 i QY4,y3+yl—yz(x2)5 2 ¥y, n @y3’y4+y‘_y2(xZ)5 er2 iy,

2 5y2 P _

* % 0i <§@Y3,y4+y2y1 (x2)0 (eyly“)ﬁ)

Y1 P
+ GYeYstr— (x2)5 (e}’l;yle )) ' - (2‘7)
2

Remark 2.1. In the previous proof we constructed a basis of 2 given by

{'(D+ D*D+D*D): k>0, 1€Z}.

It is also convenient to work with a basis {(—1)fD*¢//D¥*1: k >0, 1€ 7} as in [4]
This basis is obtained by extracting coefficients x{x5, » € N, in (2.3).

2.3. Lie algebra 9~

Another involution of the Lie algebra & is given by

0,(t* D"y = —t*(—D — k).

Let 2~ be the 0,-stable Lie subalgebra. Notice that this subalgebra is not con-
tained in Diff[#,#~']. Then we have
Proposition 2.3. (a) 2~ is spanned by the coefficients of the generating function
, t ,
9~ =span {coeffyfyéxme_}"Dé (;) P

_em DS (é) e"Pk 1N, mez}. (2.8)

Moreover, the same statement holds if we assume that y, = 0.
(b) Let

D (x)=e MP§ (;{) e ) (;{) eP. (2.9)
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Then the following commutation relation holds:

[D_,Vl,}’z(xl )’D'yz,y4(x2)]

- 2 My, _ . ey
:D}1~}4+yz yz(xl )5 ( . _|_DY27,V1+Y3 “(xl )b .
2 2

_D_yl,yz+y3—y4(xl)5 eyz_J;4xl _Dyz,y4+y1—yz(xl)5 eyl—yle . (2'10)
X2 X2

Proof. For every k,meN and /€ Z

O,((—1)ED* ' D™ 4+ (=1 )" D™ DY)
=021/ ((=1) (D + 1)'D" + (=1)"" (D + 1)"D")
= —'(=D"=D)(=D = 1" + (=1)" ' (=DY" (=D — 1)})
= (=1"D"(D + )" + (=1)!*"'D"(D + 1))

=(— t +(— t . .
( l)m—HDm le ( l)ka le (211)

Therefore the right hand side of (2.9) is contained in 2 ~. Now suppose that ¢/ p(D) €
2. Since I~ is the 0,-stable Lie algebra it follows that — p(—D — [) = p(D). Let
us denote the vector space of such polynomials by 2; C C[x]. —p(—x — [) = p(x),
so it is easy to see that 2, is spanned by x” 4 (—1)"*'(x + [)", where m € N. This
corresponds to the case y, =0 in (2.9). Actually {x" 4+ (—1)"*'(x +1)": me2N + 1}
is a basis for 2,.

The proof of (b) is a straightforward computation so we omit it here. [

Note that in general t*D & %~ for every k. Hence, Z~ does not contain the Witt
subalgebra spanned by ¢¥D, but rather a subalgebra isomorphic to it. It is possible
(compare with [4]) to define a symmetric, nondegenerate bilinear form B on C[t,¢7']
such that for every o € 27, B(of,g) + B(f,pg)=0.

Remark 2.2. It is important to notice that 0 and 0, are not morphisms of associative
algebras, therefore 2% and 2~ are not associative algebras.

Notice that D**! € & ke N. The Lie algebra spanned by these vectors is called
Cartan subalgebra of 2% and we denote it by #*. Similarly, a Lie algebra spanned
by (D+ %)21‘“ € 27, ke N is the Cartan subalgebra of &~ which we denote by J#~.

In the case of 9* the Cartan subalgebra is obtained by adding the central subspace
CcC.
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2.4. Lie superalgebras &7y, and & Dy

Now we switch to supermathematics (we will follow [7]). A supervector space is
a Z/27-graded vector space

V=",d .

An element v € Vy (resp. V) is said to be even (resp. odd). Its parity is denoted by
pla). A super algebra over C is a super vector space ./, given with a morphisms
(product): &/ ® o/ — /. By the definition of morphism, the parity of the product
of Z/27Z-homogeneous elements of .o/ is the sum of parities of the factors. The super
algebra .o/ is associative if (ab)c = a(bc) for every a,b,c € of. If we define

[]: A QA — A, (2.12)
by

la,b] = ab — (—1)P@WPP)pg,
for a,b homogeneous, then

[a,b] + (= 1) O"P[b,a] = 0,

[a,[b, c]] + (—1)P@PEP@OPEp [ g]] + (—1)P@OPOTPOP e 14, h]] = 0.

Therefore (.oZ,[,]) is a super Lie algebra.
The aim is to extend results from the previous sections in the Lie superalgebra
setting. Denote by

Clt,t',01=C[t,t",0], ® C[t,t~",01,,

the associative superalgebra of Laurent polynomials associated to an even, x, and an
odd, 0, formal variable. Assume that 02 = 0 and Ox = x0. A graded element A in
the superspace End(C[z,0]) is called a superderivation of the sign p(4) € {0,1} if it
satisfies

A(uv) = A(u)v + (—1)PDPOy4(v),

for every homogeneous u and v. Denote by DerC[¢, 0] a Lie superalgebra of all super-
derivatives of C[z,#~',0]. Now we construct a superanalogue of Diff[z,#~'].

Consider the associative algebra C(1) generated by 60, 0/00, and 1, modulo the
following anticommuting relations

0
{9’ 69] = 0ij»
0 0
[0,0] = [69’09} —0. (2.13)

C(1) is isomorphic to the four-dimensional Clifford algebra, which is isomorphic to
M,(C). We equip C(1) with the Z,-grading such that 6 and 0/00 span the odd and
00/00 and 0/000 span the even subspace. Hence C(1) (or M,(C))is an associative
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superalgebra. Then a super associative algebra
2 ® C(1),

can be embedded into the Lie superalgebra End(C[t,¢~!,0]) via
(D)Y@ g+ f(D)g.

We denote by Diff[#,¢~!,0] the corresponding image. Sometimes it is convenient to
think of elements Diff[¢,~!,0] in terms of m atrices (cf. [1]).

Now
Diff[z,¢~!, 0] = Diff[t,+ ', 0], ® Diff[£,t ", 0],,
where
Diff[¢,t~!, 0], = span tleﬁ 0,7D'o 2, kez, 1eN
0 0 20" ’ ’
Diff[z,t~", 0], = span {tkDIQ,tle;H: kez, le N} ) (2.14)
Let

S9 ={peDiff[t,t',0]: ¢(1)=0},

where we consider C[t,¢~',0] as a natural Diff[¢,~!, 0]-module. Then % is a Lie
superalgebra with

SYD=SDyD S,

where
S Gy = span tkDD’—aé)t"DIO—a'keZ leN
0 00 00’ ’ ’
k ! k [6
S Y =span < t"DD Q,tD%: ke, leN;. (2.15)

Diff[£,¢~!,0] has a Z-grading induced by Diff[z,7~!].
Consider a Z,-graded mapping

Y=9®: SY = S,
given by

d d
k - _ k N _ -
Yo <t F(D)D = 9> (“F(=D — k)D—, 0,
*F(D)0 2N —t*"F(-D — k)ei
7o 20) "~ 20°
k k J
N FD)DO) = F(=D — k)=,

7 (th(D)aag) = t*F(—=D — k)DO, (2.16)

where F € C[x].
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Proposition 2.4. y is a Lie superalgebra involution.

Proof. Since 0; and 0, are involutions of Lie algebras it immediately follows from
(2.16) that y? = 1. Suppose that v,w € %, and let v = vy + v; and w = wy + w; are
the corresponding graded decompositions. Then

P([vo + vi.wo + wi]) = P([vo, wol) + ([vo, w1]) + y([v1, wo]) + p([v1, wi] ).
(2.17)

We have to consider several cases. Suppose that
0 0
vo = F (D)D% 0+ Gl(D)Q@,
=F D)Di0+G Dy
w0 =FaD)D 5, U+ D)7,
Then
0 0
P([vo, wol) =7 ([Fl(D)D, FA(D)D] =5 0+ [Gi(D), Gz(D)]HaB)
0 0
= [0(FL(DID). Jo(Fa(DIDY] 350+ [10(G1 (D)), 10( Go D)0 25

= [7(v0), y(wo)]- (2.18)

In the previous calculations we used the formulas

o\ 0 o\ 0

In the other three cases: y([vo, wi]), y([v1,wo]) and y([vi,w;], ), the proofs are sim-
ilar. [

Let us denote by #; and 2, the following embeddings:

49D —> LDy, i=1,2,

such that
0
F)=F—
1 (F) %0 0,
0
(F)=F0—. (2.19)
00

for every F € 2. Also from now on we will write %y instead of .

Theorem 2.1. Let
SDy =S DL S D5,
be the vy-stable Lie subalgebra of & Zy. Then

(a) S Dyo=u(Z) (™),
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(b) STy, = span{coefl ., s G"(x1): mn €N, 1€ Z}, (2.20)
where
P —wn D t D — D t D a
GYI»)Z(x) —e 175 (,) e2’ DO +e »b§ (,) e P |
X X 00

Proof. The part (a) follows immediately from the description of the 0; and 6,-stable
subalgebras of Diff[£,#~!,0]. The description of the odd part is more complicated.

7 ((_l)katleDe_’_(_l)mD/;ztle(i))

= (Dk(—l)’"(D + 1y (,% + (=D + l)kD’"DH)

- (-1)”@’”;’1)"6% + (=)Dt D" Do), 2.21)
thus the right hand side in (2.20) is contained in V@;l. Suppose that
0
{'F(D)DO + ¢’ G(D) 55 € S Dy

From the definition of y it follows that F(—D — [) = G(D) and G(—D — I) = F(D).
Therefore a homogeneous element of S%y | is of the form /F(D)DO + t'F(—D —
1)0/00, where F is a certain polynomial. Therefore

{t’Dk“e +d(—DiD + l)"%: keN, ZEZ}, (2.22)

is a basis for 5/’9}{1. Since (2.22) are contained in the right hand side of (2.20), we
have a proof. [
It is more convenient to work with a twisted version of ¥%g. Let
S Dns = S Dns.o B S Dxsas
where the Z,-graded components are given by
S Dns.0 =S IR0
and
S Dns1 = {¢ € t'?Diff[1,:71,0]: @(1)=0}.

We define an involution y on ¥ %ys in the same as in (2.16).
In contrast with /%y, ¥Pys is not Z-graded (it is %Z-graded). The proof of the
following result is essentially the same as the proof of Theorem 2.1.

Proposition 2.5. Let S Zyg be the y-fixed Lie superalgebra. Then
y«gﬁs,o = 9’@1{0

F DY, = span{coefl ./ G*"72(x): m,n €N, 1 €Z},
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where

N
G =e Py, () PO + e oy, () P
X X

and 815(x) = x"25(x).

Remark 2.3. The centerless Neveu—Schwarz superalgebra has generators L, and G,
meZ and neZ + %, and commutation relations

(L, Ln] = (m — 1)Ly ip, (2.23)
n

[Gan] = (l” - 5) Gr+n; (224)

(G, Gl = 2L, 4, (2.25)

nmeld, r,scZ+ % If one considers a Lie superalgebra with the same commutation
relations, such that »,s € Z, then the corresponding algebra is the so-called Ramond Lie
superalgebra (with ¢ = 0). The mapping

0 0
o+l 7 n -
L, —t 3 not %0
G | — _tn+1/2£ + tn+3/20 ﬁ (2 26)
nty a0 ot '

is a representation of the Neveu—Schwarz Lie superalgebra. It is easy to see that the
Lie superalgebra &y contains the operators (2.26). A similar property holds for the
Ramond Lie superalgebra and the Lie superalgebra ¥ Z5.

Lemma 2.1. We have the following commutation relations:

(a) [G,Vl,yz (xl )’ GY3> Y4 (xz )]
— DY yatyi—ys (x1 )51/2 (eyl y3x1> 7i5y1,y2+y37y4(x1 )51/2 <eyzy4x1) ’
*2 0y4 5
(b) [G1%2(x1 ), DY (x3)]
:5i <Gyl,y4+y2y3 (xl )5 <eyzxy3XI) —|—Gy1’J’2*J/4+y3 (xl )5 (eyzxﬂx])) ’
2 N :
(C) [Gyw’z(xl )’Eys,y4(x2)]
=GN ()0 - — G (xS e~ Viyx,
X2 5 ,

where 9 and 9~ are embedded inside STy via (2.19).
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Proof.

(G301, G ()]

t ¢ 0
— e_le5 . eyzDBD e—yzD& v ele—’
[ . (X1> ey ) @
—nb L) o0 —yaD £\ 0
xe P81, (= ) ePOD + e P8y, | — | &P~
e X 0
:ig 51/2 et 51/2 M e(y4+)/1—yz—J’3)DD
20 o o
+ 51/2 (ey4t> 51/2 (W) e()’3+y2y1y4)DD)
x2 x]
a 6 eiy3t e)ﬂ*)@*,"zt
O0—-=—1|9 0 T ) astyi—n—y3)D
' a@ay4< UZ( X2 ) 1/2< R} >e
+ (31/2 <e_ylt> 51/2 (W> e(y2+y3—y1—y4)D>
X1 X2
:ie 5 e M2t 51/2 eYl*ysxl e(y4+y1,y2,y3)DD
20 o -
+4 (e_y“t> 51/2 (M) e(y3+yz—y1—y4)DD)
X2 X1

0 0 e V3t eMT2x, o
0—— (51 —1o (yaty1—y2—y3)D
" aoay4< ( % ) 1”( x )e

2ty =yi—ya )D)

:i@DyZ,YAJFYI_y}(xl )51/2 (eyl_y3x1 )
X2

00

0 0 - ey27y4x1
_ QiiD}’l,szrys*,m 5 .
303y (x1)0172 ( - )

In the previous formulas we used the following fact:

eVt et e’t e Vx
e () on () =2 (%) o (550):
X1 X3 X1 X2

The proofs of (b) and (c) are straightforward. [

145

(2.27)
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2.5. Lie superalgebras ST and STy

There is a natural 2-cocycle on Diff[£,t=!,0]. Let F(D),G(D) € Diff[t,~",0] such
that

0 0 3
F(D)= f1(D) 55 0+ f2(D) =5 + f>(D)0 + f4(D)0 =,

0 0 0
G(D) = 1(D) 55 0+ 92(D) 55 + 93(D)0 + g4(D)) =
Then [1],
P (M F(D), 1 G(D))

Yo iDaiG k) + f2(i)gG + k)

—h <i<-—1
—f3(Dg2(i + k1) — f4(i)ga(i + ky), for ky = —kr 2 0
0, for ky + ks #O

(2.28)

defines a 2-coycle on Diff[z,~!,0].
We denote Lie superalgebras induced by this 2-cocycle by %y in the Neveu—
Schwarz case, and by 7 in the Ramond case.

3. Representation theory of . 9;15 and vertex operator superalgebras

3.1. Highest weight representations for 9

Lie algebras &+ and &~ (shorthand &*) are Z-graded, but their homogeneous sub-
spaces are infinite-dimensional. Therefore it is important to distinguish among Z-graded
9% -modules, those representations with the finite-dimensional Z-graded subspaces. We
call such modules quasifinite (cf. [20,21]).

We will use the standard triangular decomposition

9t =9t o #* @ 27,

where Qf (resp. Z7F) are elements of strictly positive (resp. negative degree) and HE
is the Cartan subalgebra introduced earlier.

For any A € (A#%)* consider a one-dimensional @f @® A*-module C 4, with a basis
v4 such that i-vy = A(h)v, for he #* and ZE|c, = 0.

A Verma module is defined as

Ay - G
M(F*,4)=1ndJ ;. Co.

We denote the corresponding irreducible quotient by LT, 7).
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Besides subalgebras &; defined in the first section it is important to consider
parabolic subalgebras. A parabolic subalgebra 2 C = by definition (cf. [20]) satisfies
the properties 2; = IF, for every j =0, and 2; # 0 for some j < 0. Similarly we
defined a generahzed Verma module as

M(G*,2,4)=nd} C,.
Notice that the generalized Verma module is well-defined if and only if
[2,2]|c, = 0.

Parabolic algebras are a very important tool in studying quasifinite representations
(cf. [20,23]). We will be interested in a particular parabolic algebra.
The following fact is implicitly contained in [20].

Proposition 3.1. Subalgebra 2y, spanned by t*(d/dt)!, where k >0, is a parabolic
subalgebra of %. The corresponding generalized Verma module M(2,%y, A) is
quasifinite for every A. Py is generated by

d
9 CCaoC —.
+ettety

Similarly we consider parabolic subalgebras Woi C 9% spanned by 2y N * and
construct quasifinite modules M(Z*, 2, A). In particular if # |c, =0 and central
element acts as ¢, then we write shorthand M. (resp. L.) for M(Z%, 2y, A) (resp.
L(T*, A)).

3.2. Highest weight representations for Sy and ST

As in the previous section we consider a triangular decomposition
S D =S Ds . & S Hns ® S D »
induced by the %Z-grading and
SI =D, & SHRD S DY, _,
induced by the Z-grading. Here
SHns=H" B A~ @ CC,
and

SHr=H" A &CCaPHCGY,

n=0

where

GO =D (—1)(D + 1) %

Notice that the “Cartan” subalgebra .% Ay is not commutative and

(G,(O))z ( 1)}1D2n+1 (31)
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Let A€(¥ Hns)* or Ae(& A%’R)* and C, a one-dimensional module (character)
spanned by v,. In the Ramond case, in addition, relation (3.1) has to be satisfied in
End(A). The corresponding Verma modules are defined as

P _ S
M(y@ 5 A) - Ind(?@zﬂr@,y{/f}( CUA

ST

Yoyt _
M(S Dys, A) = Indyggs_ DI Hns

Coy, (3.2)
where
SN +lovy =S D 1l =0.
3.3. N =1 vertex operator superalgebras
The following definition is from [2,22]:
Definition 3.1. A N =1 vertex operator superalgebra is a quadruple (7,7, 1,7), where

V ="V ® Vay is a Z/2Z-graded vector space, equipped with a %Z-grading (that we
call degree)

V= @ v,
1

l’lEzZ
such that
Vo=EP Ve Vo= P (3.3)
neZ 1

n€Z+5
vectors T€ V3, and 1€ V), and the mapping
Y(ox) VeV — Vxx '],
?atisfying:
Y(1,x)=1d.
2. The truncation property: For any v,we V,
Y(v,x)we V((x)).
3. The creation property: For any ve V,
Y(v,x)1 € V[[x]],
;ii% Y(v,x)1 =v.

4. The Jacobi identity: In
Hom(V & V. V)[[xo.xg sxnxy ' sxz,xy '],
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we have

xalé (xl—xz> Y(u,x1)Y(v,x2)
X0

— Xy O (xz _x1> Y(v,x2)Y (u,x1)
0

=x, 16 (xlx_zxo) Y (¥ (t,x0)0,2) (3.4)

for any u,v€ V such that u and v homogeneous (here g, , = (—1)PP1)),
5. Neveu—Schwarz relations: Let

Y(t,x)= Z G(n)zf”%/z,
n€Z+%
and
1
5 V(G(=1/2)1.0) = Y (0.x) = %L(m)z_’”_z,

then L(m) and G(n) close Neveu—Schwarz superalgebra

3

[LGm). L(m)] = (m = m)L(m + 1) + "5 Sinoc

[Gm),L(m) = (m = 5 ) Glm + )

1

[G(m). G(n)] = 2L(r + ) + % (m2 - 4) S 06, (3.5)

such that L(0) - v = kv, for every homogeneous v € V.
6. The L(—1)-derivative property: For any veV,

Y(L(~1),x,) = % Y(v,x).

Remark 3.1. In some literature (cf. [32]) condition (3.3) is omitted. Also, if we drop
the Neveu—Schwarz relations (3.5) from the definition then the corresponding structure
is called vertex operator superalgebra (cf. [38,32]; see also the introduction in [9])

Let us fix a basis for /%y

1 1
IEZ)+ — lszr_l - tm(D 4 m)2r—2D’
’ 2 2
(r) 1 m2r—1 1 m 2r—1
1 = —mpr=1 4 (D 4+ m)> ),
’ 2 2
(r) nryr n r—1 r—1 J
O = "D+ (—1Y YD +n) " — (3.6)

0’
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where r > 1, meZ and ne”Z + . We always assume that 2 and &~ are embedded
inside % by using 2; and ;. Notlce the relation

1 +1% =) (3.7)

Consider a parabolic algebra generated by q 1 2 and ff@ﬁg, . and C. This is a super
analogue of the parabolic algebra considered in Proposition 3.1. We recall (see the
previous section) definitions of M, and L..

We define fields:

l(r)(x) Z l(") —m—r—l,

meZ
(r)(x)_zl(") —m—r— 1
meZ
3
g = D grx R, (3.8)
neZ+1/2

acting on some Sé@;s-module. We will distinguish the following fields:

L(x) = —1Px) — 1D), (3.9)

G(x)=vV—1gVx). (3.10)

It is not hard to check that these fields close the Neveu—Schwarz algebra. If we let
L(—1) = Res, L(x) then:

d
[L(=1) A(x)] = h(x),

where Ai(x) is any field in (3.8). Hence l(ir)(x),g(’)(x) are the so-called weak vertex
operators [32].

We will show that there is a canonical N =1 vertex operator superalgebra structure
on the spaces M, and L..

The following definition is from [32]:

Definition 3.2. Let M =M (SK@NS,A). We say that two weak vertex operators a(x),
b(x) € End(M)[[x,x~']] are mutually local if there is n > 0 such that

(r1 — x2)"[a(x1), b(x2)] = 0

A weak vertex operator on M which is local with itself is called vertex operator.
A family of vertex operators {a;(x)};cs is local if all pairs of operators are mutually
local.

Theorem 3.1. (a) Weak vertex operators lg)(x), l(f)(x) and g(x), r,s,t > 1, are
mutually local.
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(b) M. and L. have N = 1 vertex operator superalgebra structures. For every
A, such that central element acts as multiplication with ¢, M (V@ﬁs,/l) is a weak
M. .-module.

Proof. We will give the proof for ¢ =0 (in the case of M.). The proof for general
¢ can be easily deduced by using the same arguments as below and the formula
(2.28). Our proof is not the same as Proposition 3.1 in [14] (which deals with an
explicit construction). We rather apply general theory of local systems developed by Li
(cf. [32]). Moreover, some examples in [32] are similar to our construction (especially
Section 4.2 in [32]).

Proof of (a). Notice the following relations:

17(x) = x7""Coeff 1 1 (27(x) + 270 (x)),

1(x) = x "1 Coeff )y (Z7°(x) + T7(x)),

g (x) =x""""'Coeff ,r/n GO (x), (3.11)
where operators 27-%(x), 2*%(x) and G*°(x) are defined in Section 2.1. Therefore
e (r) n
[
D ot sz')y =2"(x)+ 27 "(x), (3.12)
r=1 :

and similar formulas hold for l(j)(x) and ¢")(x). Hence in order to prove that fields
(3.11) are local, it is enough to show that coefficients of 2*°(x), Z7-%(x) and G**°(x),
in the Fourier expansion with respect to y, are local. To prove this fact we will use a
well-known result (cf. [15]):

() — x)"0" <xl> =0, (3.13)
X2

for every m > n. By extracting appropriate coefficients in formulas in Propositions 2.2,
2.3 and Lemma 2.1, then multiplying with (x; — x,)" (n large enough) and applying
(3.13) we obtain the result.

(b) Now, we will closely follow general theory obtained in [32] (we skip unnecessary
details). Let

V= (g V) gD, 1) 12,
Notice that Id(x)|ss € V. Then (cf. Theorem 3.2.10 in [32]), V is a vertex operator
superalgebra. Then, because of g(")(—1/2)I(x) = 0 there is a map

Vi— M.,
such that /(x) is mapped to 1. Because of the universal property this is an isomorphism.

Also, again by Theorem 3.2.10 in [32], every Verma module M (Vl@ﬁs,/l) is a weak

My-module. Similar proof works for arbitrary ¢ # 0. L, = MC/MC(I), where MV is
the maximal ideal. If ¢ # 0, o ¢ Mc(l). Therefore (cf. [13]) L. is a vertex operator
(super)algebra. [



152 A. Milas | Journal of Pure and Applied Algebra 183 (2003) 129—190

Remark 3.2. It can be shown (by using a result from [31]) that for every A4,
M (yt@f{,/l) is a g-twisted M.-module (this notion was formalized in [11,8]; see also
[16,26]), where ¢ is the canonical automorphism of vertex operator superalgebra de-
fined by, for homogeneous u, o(u) = (—1)?"y.

3.4. Vertex operator superalgebra W =M (1) ® F

Certain representations of yﬁ@gs (or projective representations of ¥%yg) admit
realizations in terms of free fields. In some interesting cases these representations carry
a structure of vertex operator superalgebras.

Here we shall not consider the representations of Vf@i{ in detail, even though they
naturally appear. As we mentioned in Remark 3.2 they are related to the so-called
o-twisted modules for vertex operator superalgebras (see also Remark 5.2).

In this section we study a distinguished-simplest-projective representation of &%y
that admits a realization in terms of free fields.

We already mentioned in the introduction that there is a vertex operator algebra
structure on M (1) and a vertex operator superalgebra structure on F. Now we equip
W =M(1) ® F with a structure of a N =1 vertex operator superalgebra as in [22].
Simply take

w= %h(—l)zl + % o(=3/2)p(—1/2)1
and

t=h(—1)p(—1/2)1.

The central charge of W is equal to %
Let

X(x) =Y Or(—1)1,x),

X(x) =Y o(—1/2)1,x).

Also, we denote by &8¢ the normal ordered product defined in [15] (Section 8.4).
We study the normal orderings of quadratic operators, i.e., expressions of the type
X (x1)X(x2)s. For more detailed discussion concerning normal ordering see Section
3.1. It is convenient to put all derivatives of X (x;) and X (x;) into the same generating
function. Hence in all our calculations we shall deal with the generating functions,
considered in [28-30], of the form

sl P X (x))e? P2 X (xp)s = X (7 x1 )X (e¥x2)3.

In the calculations that follow we will use the following binomial expansion conven-
tion: Every formal rational function of the form 1/(x — y)* has to be expanded in the
non-negative powers of y by the binomial theorem. The same convention applies if y
is not a formal variable but rather a linear combination of several formal variables. For
formal expressions of the form, 1/(e‘x — e’w)f and 1/(1 — e*y)* we apply the same
convention.
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On the other hand the formal expression 1/(e” — 1)* stands for the multiplicative
inverse of (e’ — 1)*. Note that more general expressions of the form

1

m, (3.14)

where y is a formal variables are ambiguous (since (¢*~» — 1)¥ has more than one
multiplicative inverse inside C[[x,x~!,y,y~']]). Unless otherwise stated we consider
(3.14) as the multiplicative inverse of (e*~” — 1)* with the non-negative powers in y.
We apply the same expansion if y is a linear combination of several formal variables
(cf. Theorem 3.2).

The goal is to obtain a projective representation of the Lie superalgebra &%y in
terms of the quadratic operators. For these operators we have the following commuta-
tion relations (cf. [28-30]).

Theorem 3.2. (a)

[sX(e"x1)X(e"x2)s, eX (7 x2)X (e x2)e]

~ ~ Yi—=y3
-2 (:X(ey2x1 WX (e 7x,)85 (e xl)

0y X2

- - Y1—V4
+ e X(ex )X (e x)e s (e X1 ))

X2

o o 2—y3
Xi :X(e}’lxl)X(ey4+}f2—y3xl ):5 € X1
5)/2 X2

~ ~ V2= Va4
st (2220)

X2

N i ( eV3tya—yi—r2 5 <ey|x1>
Oy \ (1 — eystn—ys—12)2 e¥xy
eV3tya—yi—i» elx
+ (1 —erstyi—ya—n)2 0 (ey4x2>>
N 0 ( e tya=yi—m 5 (eyle>
0yy \ (1 —e=rs—ytrty)2 e’x,

estya—yi—r e2x)
+ (1 — e=ra=n+r2ty3)2 0 (eﬂxZ)) (3.15)

(b)
[8X (e”'x1 )X (e”x1)3, 2X (€”2x2)X (7 x2)2]

X2

. o e Yy,
=X (e x )X (™ x)30
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- - eyl_y4xl
+:X(ey2x1 )X(ey3+y1—y4xl):5 ( )

X2

. . V24
— X (X)X (e )80 (e XI>

X2

X2

~ ~ Y1i=»
_ :X(eyle )X(ey4+yl—y3x1 ):5 (e X1 )

eitya—r2—y3)/2 ey ety —y1—y1)/2 e iy,
eNtya—n—y ] e~ Vi—yatyty: ]

X2 X2

eWitys—r2—y4)/2 (ey1y4xl) e tya—yi—y3)/2 (eyz”xl)
b

eVityi—y—ys — ] X2 e~ Vi—ytytm ] X

(3.16)
(¢)
[eX (e”'x1 )X (e7x1)s, 8X (€722 X (e”x2)2]

eyl _y3x
:;X(eyle)X(ey4+y1—yle )201/2 < 1)
X2

0 o yi (o3 ty2—rs e My
+o— X (X)X (e x1)01)2
0y X2
Fi eW1=y3t+ys—y2)/2 @2~ Yy,
* 67)/2 <1 — e 2—ytyitys 51/2 ( X2 )

1 ey17y3xl
*l_eym—yl—mél/z( - )) (3.17)

(d)
[$X (e x1)X (e”x1)2, $X (™ x2 )X (e"x2)]
= i (:)?(e)/lxl )X(ey4+yz—y3xl ):5 (eyz—yle)
ayz X2
o -~ eYz—y4xl
+ X (e¥x) )X (e y“xl):é( . )> (3.18)
2
(e)

[eX (e X)X (e”x1)%, $X (7222 )X (e”x2)3]

X2

~ Yi—r3
::X(eyle )X(eywylfysxl ):5 <C X1 >

— X (e”x) )X (M T3 Vx))20 (ey] T ) (3.19)

X2



A. Milas | Journal of Pure and Applied Algebra 183 (2003) 129—190 155
Proof. We imitate the proof from [15] (Section 8.7.), as in [28-30], in the case of the

Virasoro algebra. (a) Instead of calculating [sX(e”' x| )X (e”2x])s, eX (e*x2)X (e¥*x3)s]
we consider

lim  [3X(e"x0)X (e"x1)3, $X (e x2)X (e™x3)3].

X0 —X1,X3—X2

Since,

Y1—»2 Yi—»2
e e = o (S0 ) =00 ().
6x1 X2

X2
we have

lim [X(e"x), ¢X (e x2)X (e™x3):]

Y1—r3 V2—¥3
_0 (X(eyzxZ)a (e xl) T X(e"x2)0 (e’”» . (3.20)
0y X X2

Now by using (3.20) we obtain

xlig)l{ [sX(e”°x0)X (¥ x1)seX (e”x2)X (e¥*x2)2]

Yo— V4 Yo—V2
TR (X(enx2 )X (e¥1x1)d (e x°> X (%)X (e x1)d (e xo))
Xo—>X] 5y() R%) X2

Y1—)4 yi—y2
o (X (%)X (¢x2)0 (e xl) +X (e730)X (€7x2)0 (e xl))
an x> 5

Yt Yo—ya
= tim (e e S )5 (S0

(€y2XQ —eVix )2 X2

Yaty1 Yo— )3
(o g ()

(e¥xy; — eVix; )2 X3

yi+y3 Y2—Y4
+ 2 ((:X(ey"xo)X(e”xz): L o ) o (e a ))

oy1 (e¥1xg — e¥3x7)? X2

<(.X (€7 50X (¢ )3 — 02 )5<ey2y3x1>). (3.21)

(eylxo_eysz )2 X

+7
0y2
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Let us consider the terms in (3.21) that contain X -operators. Then

i (:X(eysxz)X(eyle )20 (eyl_wxl) + 2X(e"x2)X (e¥2x)20 (M)>
oy X

X2

2 (:X(eym X ()20 ("yz_”xl) X (] )X (e"2)20 (e”_”x‘ ))
6y2 X2

X2

4 L3 V3tyi—y4 V2 . el My . Yatyi—y3
=—-—|X(e x1)X (e7x1)50 o +eX (e x1)

A
Oyl

Yi—y3 Y2—Ya
X(eyle ):5(6 X1>> + i (:X(ey‘xl )X(ey3+yz—y4xl ):5 <e xl)
X2 ﬁyz

X2

X2 — V3
+ 82X (&)X (727 x)20 (e x1)>’

X2
(3.22)

coincides with the first four terms on the right hand side of (3.15). From now on we
consider the remaining terms in (3.21), which do not involve X -operators. We have

im e)’3+y2xl)Q el +y4x0x2 eN +y4xOX2
Xo—X1 (e)’SxZ — el )2 (e)’lxo — e)’AxZ)z (e)’4xZ — e}’lxo)z

ey‘““”xlxz ey‘+y3xox2 e +y3.X'0.X'2
(e¥xy —e¥2ax )2 \ (eMxg — eMxp)?  (e¥3xy — e¥1xg)?

eV 3 x0x, ( et ax1x, e Vix x, )

(e"xg — e”xz)2 \(e7x] —e”x)>  (e¥x; — e¥x; )2

et +)’4xOX2 GYZersxle ey2+y3xle
. (3.23)

+
(eMxg —e™xy)? \ (e72x) —e”x)?  (e¥xy — e¥2x)?

After cancellations we can substitute x; for x¢ in (3.23). Therefore (3.23) is equal to

e +yz+y3+y4x%x2 1
(e)’lxl — e¥x; )2(6)/2)(;1 —e¥x; )2

1
(e)/lxl —erxp )Z(eYle _ ey4x2)2

1 1
a (QYSX2 — e)’z_xl )Z(ey4X2 — eYle )2 a (e)’4xZ — eyle )Z(e}’SX2 — e)’lxl )2>

o2 ( e x5 e x5

= +
Py1ya \(e%xy —enx)(e¥xy —evixy)  (e¥xy — e2xy)(ex; — eV1xy)

ey3+y4xe3 ey3+y4xe3
. (3.24)

(enx—enxn)(ex—etxy) (VX —edixy)(eh2x —evixy)
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Note that

1 1 1 1 1
(1 —ez)(l—ez) z(e"—e)\l—ez 1—ez)’

where

1 e e

e =1 (y-0)(+-x2+ )

eCly,y".x]l,

according to the conventions introduced earlier in this section. Now (3.24) is equal to

02 X%V x 1 n 1
0y16yz en=ytya—y — 1 \ 1 — eyz—y3x1/x2 1— ey3_YZx2/x1

x4 TV xy 1 n 1
ey tya=y — 1 \ 1 — el —Yx/x; 1 —er=x/x

XpeP37M xy 1 n 1
=yt — 1 \ 1 —e27Vx/xy 1 — e 22x/x

X637 x) 1 " 1
er—rty=n — 1 \1 —el=Mx;/x; 1 —eBx/x
0? eV rtr—y eIy eVs—r2tyi—y e Yy,
= 0 + 0
ayl ayz e~ —yitysty 1 X eystyi—y2—ya_1 X

eysty—yi—n e iy eraty—12—y e~ Vix,
+ 0 + 0 .
e Va—ytyity: ] X eratyi—n—y ] X2

(3.25)

Note that the formal expressions 1/(e”>~73t%4=31 — 1) and 1/(e™ 2t =% — 1) are
expanded in the non-negative powers of y3, y4 and y;. Finally (3.25) is equal to

0 eYa—rity2—ys ey
0y ((e—Y3—y1+y2+,V4 —1)? 0 ( X ))
0 eV3tyi—y2—4 eV Vix
+o— 5
Oy; \(ersty—r—ys — )2 X3
0 eV3—yity2—ya e Vix
+— 5
Oyy \ (e da—rtystyn — 1)2 X

0 eyA—yz-‘ryl—y; e}’l—J/}xl
+ E ((ey4+y1yzy3 —1)? 0 ( X )) ’
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Proof of (b).

[eX (e )X (e”x))3, X (€7 x2)X (7 x2)2]

= lim [2X(e"x0)X (e™x1)2, X (") X (€222

Xo—X1 eVix, — erxy

(yaty2)/2,,1/2 12 yi—y3
] . . e e
= lim <'.)‘(ey“xz))‘(eyle LR A M > o012 ( X xO)

(y3+12)/241/2,.1/2 Vi—Y4
~ ~ € (]
_<M@Mwﬂg%x+%xl>mﬂ<M)

e3xy; —er2x; X2

eVixg — er4xp X

(i+ya)/2,,1/2 1/2 Vv2—¥3
~ ~ c Xy X (&
+ (:X(ey‘xo)X(ey“xz): + 02) 812 <’“>

- N e(yl+y3)/2x1/2x1/2 eV day
- (:X(ey‘xo)X(e”xz):+02 d1)2 <le> (3.26)

exy — e¥ix;

Now

X0—X]

- - Yi—» - - Y1i—r4
nmwwmwwmmmcxﬂ—xwmwwmmmcmj
X2 X2
~ ~ eyz_ylx - - eyz—yAx
+ :X(ey‘xo)X(eysz):él/z (le) — 82X (e"x0)X (e xy )ed1)2 (le>
- - e)"l —yaxO - -
==X (X)X (e x)30 (x) FeX(e”x )X (e Yxy )8
2
Vi—Ya N . 2—ys N
5 <e . xl) +:X(ey1x1 )X(e,vwryz*yle ):5 <e . xl) _:X(eyl.)C])
2 2

- _ eyz*ﬂxl
X(€YS+,V2 y4x1 ):5 < ,
X2

and

xo—x1  €Yixy; — er2x X3 eV3x; —erx

- e(y4+yz)/2x;/2x;/2 5 e hxp) e(y3+yz)/2x;/2x:/2 5 SIEETIN
2 12 o

eVixg — eVixp

12_1/2 _ 12172 _
e(y|+y4)/2x0/ xz/ e by, e(y1+y3)/2x0/ xz/ e Yy,
12 - 12

X2

eVixyg — e3x; X2
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1212 _—1/2

e —y3+yz—y4)/2x x,x;

159

e(ys—y1+yz—y4)/2x}/2x0—1/2

= lim
xo—x1 (1 — e sz Xo )(1

e(yl+yry37y4)/2x1/2x1/2x—1/2

e—ri )
X3

(1 — ey37yl);—§)(] — eyzf}&t%)

e()’zz*yﬁyz*yz)/zxi/zxo_1/2

- — X X
(1—en y4;2)(1feyz ,Vsé)

e(raty—mn *Ys)/2x:/2x0_l/2

S (l—enna)d

— e~y
e o )

(3 —y2tya—yi )/2X2x0_1/2x1_]/2

+

— X — X
(176,V2 yzxf;)(lfeyzt ylﬁ)

e ty—n *y4)/2x{/2x0*1/2

+ "
(1 —em—n2)(1—

Va—y1 X2
e o )

e(a—ry+ys—n )/2xe1*1/2x071/2

(11— en—rsi(]

—e3TNn 2)
X0

e(V1=ys+y2—y4)/2 1

C(1- en—n2)(]

—en—nX
e XU)

1

Ten=y —en—vi ] —en—rni
X2

+ 1] —en—ni
X2

eWt+yi—y2—y3)/2
= 0

eVitya—y—ys _ ] X2

e =ys+y2—y1)/2 1
B eNi—rys —en—yi \ 1 — eyzfm xl + 1] —eya—2tL
x

e—yaty2—y3)/2 1
eVi—rys —en=y: \ | —eli—raiL 1] —era—niL
X2 X2

eW1—yaty2—y3)/2 1
B eV—rs —en—y \ |1 — ey "' + 1 —en—ni
x)

e tra—r—y — |

e}l—yle>

eitya—y2—13)/2 (ey2_y“x1 >

ety —y2—y4)/2 <€y1y4x1 )

ety —y—y1)/2 e2 ¥y,
e ty—n—y — ]

).

enty—n—y — ] X X
(3.27)
Then (3.27) can be written as
eitya—y2—y3)/2 e ¥y, ety —yi—y)/2 e Vix,
0
eNtya=y—yi _ ] X2 e~ Vi—yatyity: ] X2
e +y3—y2—y1)/2 ey, e tya—yi—y3)/2 ey,
enty—yn—yi — 1 X2 e~ V—ytyntys — | X3 ’
(3.28)

so we have the proof.
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Proof of (c).

lim [X(e"x0)X (e"x1)X (€"x2)X (€”x2)]

Xo—=X

zlirni

N ~ ey
p X (ex0)X(e”x2)801)2 ()
Xo—=x1 0 X2

eVl Vix
— X (e™x)X (e7x) ):51/2 (le>

(eMxg —ePxp)(exy —edixy) (&g — exp)(eixy — ey )

0 el tys )/zx(])/zxg/ze}’4 e1+ys )/2x(')/2x§/2ey4
0y2

et/ 12,32 g 1)/ 21232 g )

+
(e¥xy; —er2xy)(eV1xg —erxy)  (e¥xy —erxy)(er3xy; —eVixg)
GYI_)’,ZXI
::X(eyle )X(ey4+y1—y3xl ):51/2 .
2

0 oYV (ol V()3 t2—ri, e e’ M
+ .X(e X1 )X(e xl).51/2
%) X2

a e(.ylfy})/;x_l/le/z 1 1
4 1 2 _
0y, e2—yi — eli—ys <1 — e )X Jxp 1— eyl_y}xl/xZ>
e(Ys—yl)/2+y4—yzx;/2x1*1/2 1 1
B eVs—ri — eya—n 1— eyryle/xl N 1 — ey“*yzxz/xl

_e V2 Yat+yi—y3 ° eM
_,X(e .X'1)X(e X1 ).51/2 X
2

0 o3 yi O (aV3itia—Vi . e e My
+ —— X (eMxy)X (e X)) [ ———
ayZ X2
0 e1—y3tya—y2)/2 e Vix,
* 57)’2 (1 — e n—ytritm o172 < X )
1 ey17y3xl
e O (m» : (3.29)

Proofs for (d) and (e) are trivial. [




A. Milas | Journal of Pure and Applied Algebra 183 (2003) 129—190 161

Remark 3.3. Even though it involves only formal calculus it is interesting that the
proof of Theorem 3.2 is very subtle (cf. [28-30]). For instance, while proving (3.16)
we encountered series of the form

1
_ 3.30
1— eYl_y“(X]/Xz) ( )
which has to be expanded as a geometric series

(1= )xill

X
neN 2

In the calculations of the central term we had to multiply such a term with a delta
function, i.e.,

l 5 ey27}’3x0
1 —en=Yi(x;/x2) X2 ’

and then take the limit x¢ — x;. It is not hard to see that

Y1—)a
lim ! 5 (e xo), (3.31)

xo—x 1 — et =r2=ra(x /xy) X1

does not exist. Fortunately, we are taking a limit of four terms of similar form as in
(3.31), and then, after some cancellations, we indeed can take the limit xo — x;. After
some calculations we get (3.16).

The reader might think that there is a much shorter “proof” of (3.16). First substi-
tute x; for xp in (3.31) and then apply the delta function substitution so that (3.31)
surprisingly becomes

1 5 el *)’4x0
1 —entys—y2—mn X1 ’

which is a correct central term on the right hand side of (3.16). Of course, these two
steps are not rigorous and the “proof” does not work because

1/(1—e”1t¥=22734) does not make sense as a geometric power series in e¥1 73— Y2 =74,
This unrigorous procedure has the flavor of Euler’s heuristic interpretation of the for-
mulas Y, #*, k > 0 mentioned in the introduction.

By combining Theorem 3.2 and Lemma 2.1 we obtain immediately

Theorem 3.3. The mapping

¥ ST — End(W),
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defined in terms of generating functions

G2 (x) = X (e"x)X (e”x)s

G (x) = $X (e X)X (e”x)

G2 (x) — X (e x)X (e”2x) (3.32)
defines a projective representation of the Lie superalgebra & Jys.

Now we want to make a connection between the quadratic operators considered
throughout this section and the subspace 2 C W of all quadratic vectors in W, i.e.,
the subspace spanned by the set

{H(=Dh(=)L (=D(—j + 1/2)1,
@(—j + 1/2)p(—i + 1/2)1: i, j € Z o} (3.33)

Inside End(#), the vector space of all Fourier coefficients of vectors from 2, i.e. the
vector space spanned by operators u(n) where u € 2, ne€ Z, coincide with the image
of the representation ¥. To prove this fact first notice that [15]

oY o\"
Y(w(—n—1)y(—m —1)1,x) =12 {rj' <6x> Y(u,x)} {r:z' <0x) Y(U,x)} .

for every m,n > 0, and the formula

0

k
x'[D], = x*H! (ax> , (3.34)

holds for every k > 1, /€ Z. Then
span{u(n): ue 2 ne 7}, (3.35)

is a subspace of the image of ¥. Now by inverting the expression (3.34), i.e. by
expressing D' as a linear combination of the operators x*(9/0x)™*, k € N, we get the
opposite inclusion.

In fact we do not need all quadratic operators in W to build the representation V.
To explain this more precisely, let us first make a small detour.

Definition 3.3. Let /' be a vertex operator (super)algebra and U a L(—1)-stable
(L(—1)U C U) graded subspace. We say that a graded subspace U’ C U is a field
subspace for U if:

(a) The Fourier coefficients of elements of U’ and U span the same subspace inside
End(V),
(b) U’ is a minimal graded subspace of U (with respect to the inclusion) that satisfy

(a).
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Lemma 3.1. Let U C @, Vi be as above and U’ a graded subspace such that
U=Us@L-1U". (3.36)
i>1
Then U’ is a field subspace. Moreover,
U/L(-1)U = U’

Proof. Clearly every subspace U’ which satisfies (3.36), also satisfies the property (a).
Let us prove the property (b). Suppose on the contrary that there is a proper subspace
U" C U’ which satisfies (a). Then

U=> L(-1nUu". (3.37)

i=0

Claim. L'(—1) is injective on U.

It is enough to prove that L(—1) is injective. Suppose that L(—1) is not injective.
Then there exists u € U such that (d/dx)Y(u,x) = 0. But this implies u € Vj, contra-
diction.

Formula (3.37) and the claim imply that

dimy(U) <) ¢’ dimy(U") =

i=0

1 .
- dimy(U"),

where the < relation, between two g-series with integer coefficients, means that all
coefficients in the g-expansion satisfy the same relation. But (3.36) implies that

1
dimy(U) = 1— dim, (U").
Hence dim,(U) < dim,(U"), which is a contradiction since U’ is a subspace of U. [

Every vertex operator superalgebra is % Z-graded with finite-dimensional graded sub-
spaces. If the grading is lower bounded then U’ can be constructed inductively starting
from the lowest weight subspace of U. Also note that U is not unique but the graded
dimension

dim, U’ := tryr "
does not depend on the choice of U’ because
dim, U’ = (1 — ¢)dim, U.

Now we shall describe a field subspace for 2 C W, introduced in (3.33).

Proposition 3.2.
U’ = Span{h(=i)*1, h(=i)p(—1/2)1, (=) — 1/2)p(—j + 1/2)1,
ieN, jeN}
is a field subspace for 2.
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Proof. It is enough to show that

U = Span{h(—i)*1, i € N},

U, = Span{o(—k — 1/2)p(—k + 1/2)1, k > 1}
and

U; = Span{h(—i)p(—1/2)1, i€ N}
are field subspaces for

2, = Span{h(—i)h(—j)1: i,j € N},

92, =Span{op(—j + 1/2)p(—i + 1/2)1, i,j €N}
and

25 = Span{h(—i)p(—j + 1/2)1, i,j € N},

respectively. By comparing the graded dimensions of U{, U; and Uj with 2,, 2,
and 25 respectively we see that it is enough to show, because of Lemma 3.1, that if
Jj#k L(—=1)U/ NL¥(=1)U! =0, for i = 1,2,3. Suppose that for some n

Z e L(—1)"" 2 h(—i;)?1 =0, (3.38)
k=1

for certain o;’s (not necessary nonzero). Suppose that » is the minimal one. By using
[L(m),h(n)] = —nh(m + n), we have

L(—1)h(—i+ 1)

L()A(—i)*1 = 2ih(—i + (=il =i : 1,
(i—1)

for i # 1. Therefore

L)Y g L(—1)"**h(—ix '

k=1

=3 LD, L- 1) h(—i 21+ 3 o L(— 1) 2 L(Dh(—ig )1
k

k=1
= BroL(= 1" T R(—i P4 o L(— 1) (=i + 1)1,
k=1 k=1

where

n—1 .

L
=2 s and = - .
ﬁ S;;k i 17 —1
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Now we have a contradiction since n is the minimal integer such that (3.38) holds.
For the fermions we obtain

L(Do(—ix — 1/2)p(—ix +1/2)1 =
for iy # 1/2, by using
[L(m),p(n+1/2)]=—(n+ 1/2)p(n + m + 1/2).

Again suppose that »n is the minimal positive integer such that

D g L(—1)" P p(—ik — 1/2)¢(—ix + 1/2)1 = 0. (3.39)
k=1
Then

(ix + 1/2)L(—D)p(—ix + 1/2)p(—ix +3/2)1
i —1/2 ’

’

L(1) > o L(—1)" P4 (—ik + 1/2)p(—ix — 1/2)1
k=1

’

= " [L() L(— 1" p(—ik — 1/2)p(—ix + 1/2)1
k=1

D o L(— 1" LOY(—i — 1/2)p(—i + 1/2)1
k=1

=3 B L(—1Y""" " p(—ix — 1/2)p(—ix + 1/2)1
k=1

D A L= 1)+ 1/2)p(—ik + 3/2)1, (3.40)
k
where
n—1
i —1/2
) d p="% .
Bi E%S and 7% =777

Therefore we have a contradiction. Finally, for 25 the proof is essentially the same
as for 2; and 2, by using the relation L(1)p(—n — 1/2)h(—=1)1 = (n + 1/2)p(—n +
1/2)h(—1)1. O

3.5. {-function and a central extension of & Dy

Let us fix a basis for ¥y (this basis is different from the one we encountered
before, cf. Remark 2.1):

r!)?
L%) = % Coeﬂ‘y;ygx—m Dy"yz(x),
(s+ Dls! -
K7 L coeffyiﬂy;x,mDy"yz(x)
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and
G = rlcoefl - G72(x),

where reN, se N, me Z and ne€ Z + 1/2.
According to Theorem 3.3 the corresponding operators (acting on W) are given by

) ()
LO(m) = 37 coefl 53X (" 1)X (€702,

(s + 1)ls!

L (m) = coeff 1, . oX(e”x)X (e”x)3

Wy
and
G (n) = r! coeffy;xfn)?(ey‘x)X(eyzx),

where r€N, seN, meZ and neZ + 1.

Let us introduce a new normal ordering T asin [28-30]:

+ + a eV1—»n
+X (e x)X (e7x )+ =X (VX)X (e X)) — = ———, (3.41)
Oy; en—» —1
+~ .y L . e(y1—x)/2
+X(ey'x1 )X(e}’le )+ = :X(e}lxl )X(e}le ): + m (342)
and
X (X)X (e7x) )t = X (¥ x )X (ex))S. (3.43)

The formal expressions on the right hand of formulas (3.41) and (3.42) are ambiguous.
We will have a preferable variable for the expansion in applications that follow.

If we rewrite formulas (3.15)—(3.17) by using the new normal ordering, and pick
the expansions in (3.41) and (3.42) such that they match with the expansions in (3.2),
formulas (3.15)—(3.17) reduce to very simple forms (see also [28]):

[FX (e x1)X (e”x2)t, 1X (e x2)X (e"x2) 1]

0 Yi—y3
= (iX(enyl )X (7 x )16 (e all )
oy X2
Y1—Y4
X (e )X (e Hx ) 1S (e all ) )
X2

a Y2—V3
+ - (Tx(er X (e s [ 2
6y2 X2

X (@ x )X (672 x ) 1S (eyz;mx‘ ) ) : (3.44)
2
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[I)?(ey‘xl ))?(eyle )i, i)?(e”xz ))Z'(ey“xz )i]

4o~ . - -~ + e Vix
=X (e x))X (e x )46 ( 1

el y4xl )

~ ~ er2—r4
_iX(eYle)X(eyz+y1—Y4xl)+ ( x1>

+ 1R (ex )X (e Y4 x ) 1o

e yle
R (e )X (e ) S (3.45)

and

[EX (e x1 )X (1), TX (€)X (e7x2) 1]

eVl Vix
—IX(eyle)X(ey“y‘y3x1)151/2< . 1>
2

0 - - V2= V4
+— (iX(eylxl T I (e all >) . (3.46)
X2

0y

After extracting the appropriate (normalized) coefficients inside the new normal or-
dered products we obtain the operators LU)(m) and #)(m) given by

1m) =10 + -1y 25,

- 1—2r1/2
L (m) =L (m)+ (—1)"! fa-2nl/2) 2“ /2) Sm,0-
We used the classical formula
e’/? 1 o1 —n, 1/2)y"
=— —_— 3.47
e’ —1 y (;0 n! ’ (3.47)

where {(s, %) is a Hurwitz’s {-function.
The following formula has been proven in [4] (for another proof see [28,29]):

2
(2O (m), O (—m)] = Za_;L_(r)(m) n rts+ D ories (3.48)
J

2(2r + 2s + 3)! ’
where a; € Q (the structure constants).

Now we derive a similar formula for the Lie algebra &~ by extracting regular terms
in the normal ordering.
1

—J’1'

I)?(ey‘xl )X’(e”xl)i = i)?(eylxl VX (e2x, )Jt—i—
reg »

= [i)?(ey‘xl VX (e”2x, )i, IX(e”xz VX (e”x, )1]
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eYZ_,Vf&xl
+ +X(ey‘x1 WX (e¥4H727Vx )+ 0

e~ y4xl )

Y2— Y4
— X (e x)X (e “xl)+5(e x1>

e~ ysxl )
1 e“xl 1 ey‘x]
- — )+
V1= Y3s+ Y2t e Mt+ys—y2— )4 e¥ixy

1 »2 1 Vi
- 5(6,"‘)— 5(e x‘),(3.49)
V1= yat 2ty ey Vi+ya—y2— 1 ev3x;
where we used the binomial expansion convention introduced earlier. Apparently the
choice of the first variable, y;, in the expressions

1 1
and >
V1= V3t 2+ Vi+Y3s—y2— 4
is not as crucial as the fact that both expressions have to be expanded in the positive

powers of the same triple of variables (y,, y3 and y4). This also applies to

1 1
and

V1= Yat+ 2+ Vitya—y2—y3

Now, let us calculate the central term in the commutator [ ") (m), Z)(—m)]. We
are not interested in the explicit calculations of the structural constants; we leave this
problem to the reader. By using (3.49) we have

[Z(m), 2 (—m)]

+ X (e )X (e ) : 15

— TX (e x )X (¥ x )+5

:ijfz(j)(O)—l—coeff Pl skl

Y1 s y4x1 x2
J (r+D)!(s+1)!rls!

e(2=y)D _ o(n—y3)D ) (xl )
_ s
(2= ya) = (1 —»3) X2

2
_NTy oy s+ DY 2ri2s43 5 (X1
= § b; £(0) 2 2513 Coeﬂxl—”‘xgnD 0 5

< e(n2=y3)D _ o(y1—ya)D

(2 =) — (1 — ya)

(r+s)!(r+s+2)! 2r+25+3
@ 125 13)] coeff —n D 0 o

(r+s+ D2 —(r+9)(r+s+2)! 22543
(2r + 25+ 3)! ’

:ijg(j)(0)+ (3.50)
J
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where b; € Q) are the structural constants. Thus only the odd powers of m appear in

(3.50).
For the odd generators (‘T1 =$3’) we have

[ (e x1)X (ex1) 1, 1 X (e x2)X (e7x:) 1]

Yi—3
+ _ + 5 X1
:+X(ey2x1)X(ey“+y‘ y3x1)+51/2 < >
reg X2

0 R . y2— s
+67 (iX(ey‘xl)X(eyﬁyz_y“xl)i51/2 <e xl))
» reg X2

+i ( 1 5 <ey‘_y3x1>
I \(—y2—ys+ 31 +yap 2 X2

1 eyZ_y4x
+ 12 ( ‘)) (3.51)
M+ Yi—y1— )4 X2

Again we are interested in the commutation relations. For me Z + % we have

[G"(m), GY)(—m)]

Yi3%
J rls!

(3 e(yl—y3)D _ e(yZ_}’4)D X
o (%))
oy N1 —=3)— (2 —y1) \x2
=Y ¢LY0)+d; 29(0) + coeff, n,
J

= Z c][_,(j)(()) + d]g(])(o) + COfo s —m—1 ZX;nJrl 2

LD D (M)

(r+s+2)! X2

— T () (_1)V r+s+2
_Zj:c,Lf(O)er,g/(oH(r+s+l)(r+s+2)m++. (3.52)

where ¢;,d; € Q are structure constants. Therefore only the pure powers of m appear
in the central term.

Remark 3.4. This is a generalization of the Neveu—Schwarz case explained in the
introduction. Take ¥ = W. The total central charge is 3. The Virasoro element is

2
o' + w? where o' is the “bosonic” and w? is the “fermionic” Virasoro. In particular
Lo =L} + L}. Now

[Gy G =2Lo + 1/3(m* — 1/4)c.
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In terms of the new generators
- 1 1
Lh=Li+-¢-1)=L - =
0 0+2§( ) 0 24
and
£2=L2+1§(1/2—1)=L2—i
0T ’ 0 48

we have

- 3m?
[Gma G—m] = 2LO + %

The previous construction gives us a central extension of &%y isomorphic to the
one defined via (2.28). Therefore we constructed a representation of . %yq with central
charge ¢ = %

Remark 3.5. As observed in [4], in the formula (3.48) the rational number (r + s +
1)12/(2r + 2s + 3)! is a reciprocal of an integer. Notice that the same hold for the

corresponding rational numbers in (3.51) and (3.52).

4. New normal ordering and Jacobi identity
4.1. Change of variables in vertex operator superalgebras

Let (V,Y(,x),1,w) be a vertex operator algebra. As in [39] for every uc€V we
define

Y[u,x] = Y (&t Ou,e* — 1) e End(¥)[[x,x"']],

where we use the previously adopted expansion conventions (cf. Section 3.1).

Let us recall (cf. [13]) that a linear map f:V; — V, is a vertex operator alge-
bra isomorphism, where (7}, Y1(,x),11,1) and (V3, Y2(,x),1,, ;) are vertex operator
algebras, if

S(Yi(a,x)b) = Ya2(f(a),x)f(b),
f(o1) =,
f) =1,

The same definition applies for the vertex operator superalgebras. If in addition, the
mapping [ satisfies

f(r1) =12,

then we say that f is an N =1 isomorphism.

It is known (cf. [40,18,27]) that (V, Y[ ,x],1,&) is a vertex operator superalgebra
isomorphic to (V,Y(,x),1,w), where & = w — (¢/24)1. It requires more work to show
(cf. [18]).
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Proposition 4.1. (V,Y[ ,x],1,&) and (V,Y[(—1)?") ,x],1,®) are vertex operator su-
peralgebras isomorphic to (V,Y(,x),w). Moreover, if V is an N =1 vertex operator
superalgebra then (V,Y[(—1)7C),x],1,®, —t) and (V,Y[ ,x],1,®,7) are N =1 vertex
operator superalgebras isomorphic to (V,Y(,x),1,w,71).

Proof. First we show that (7, Y[ ,x],1,®) is a vertex operator superalgebra isomorphic
to (V,Y(,x),1,®). In the case of vertex operator algebras the equivalent result has been
proven in [39], under certain conditions, and in [18] unconditionally, where it follows
as a corollary of a much stronger theorem. For vertex operator superalgebras the proof
is the same. As in [18] (Example 7.4.5) we consider

Per—1: V — V>

Qer—1U = CXP (Z - aiLi> u,

i>1
where a;’s are (uniquely) determined with
exp Z aix'? d x = log(1 + x).

= ' dx

Then the same argument as in [18] (cf. formula (7.4.3)) implies that we have a vertex
operator superalgebra isomorphism. But in contrast to the vertex operator algebra case,
because of the %Z—grading, it is natural to consider

Ple_ U= exp (Z - aiLi> (—1)PWy,
i>1

This reflects multivaluedness of the map ¢, where f is an arbitrary conformal trans-
formation (see [18, Chapter 7]).

: ~ _ C
Since & = @10 = — 57 and

T =P 1T=T71,

we have to show that t is the Neveu—Schwarz vector in the new vertex operator
superalgebra (V, Y[ ,x],®). Since L[i] = L(i) + Zj>iajL(j) and G[i + 1/2] = G(i +
1/2) +32,.,b;G(j +1/2) for some a;,b; € Q, it is enough to show that

L[0]t = % 7, L[1]t=0,

G[—12t=20, G[1/2]t=0, G[3/2]= % cl. (4.1)
A short calculation gives us

Gl — 1/2] = G(—1/2) + 1/2G(1/2) — 1/8G(3/2) + - - -

G[1/2]=G(1/2)+0-G(3/2) + - - -
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which implies (4.1). Therefore (V,Y[ ,x],1,d,7) is an N = 1 vertex operator super-
algebra. Clearly, (V,Y[(—1)?* ),x],1,®,—1) is an N = 1 vertex operator superalgebra
as well. [

Remark 4.1. As we already mentioned, Proposition 4.1 deals with a particular change
of variables (according to [18, Chapter 7]) stemming from the conformal transformation
x — " — 1. It is possible to generalize this result for the more general conformal
transformation. Since the right framework for studying the geometry of N =1 vertex
operator superalgebras is by means of the superconformal transformations developed
in [2], we do not continue into this direction.

4.2. Jacobi identity and commutator formula

In this part we show how to obtain all the previous results by using some general
properties of the vertex operator superalgebras.

It was noticed in [29] that the Jacobi identity in terms of X-operators carries some
interesting features. A commutator formula for X-operators was implicitly used in
Zhu’s thesis as well (cf. [39]). In the case of vertex operator superalgebras we have
the following result (see [28-30] for vertex operator algebra setting). J,(x) = x"0(x),
for r € Q. Let us recall g, , = (—1)PtP®),

Proposition 4.2.

_eyl.sz

1 eyZ.lxl _
Yy O p X(u,x1)X (0,X2) — €%y O X(0,%2)X (u,x1)
0

ey[),IX2

=1 relu) ( ) X(Y[u, y]v,x2), (4.2)

where

X X X
y2,1:10g<1—2), y1,2:10g<1—1>, y:10g<1+0>,
X1 X2 X2

and rel(u) is defined (for homogeneous vectors) as deg(u) — [deg(u)] € {0, %}2
Moreover, the following commutator formula holds:

[X(Yur,x1]o1, y1), X (Yuz, x2]01, y2)]

eXO, 1 y2

= Resy,Orel(u )rel(v)) < >X(Y[Y[ul,xl]Uhy]Y[Mz,Xz]Uz,yz)- (4.3)

2 Here we do not assume that condition (3.3) holds.
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Proof. We start from the ordinary Jacobi identity, which involves Y-operators.

xalé (xl

=x, 0 ()szo> Y(Y(v1,%0)v2, y2)- (4.4)

_xz) Y (v1,x1) Y (02,%2) — &40 'O (—xzx;&-xl> Y(v2,x2)Y (v1,x1)

Hence

x5 ' (xl - xz)X(u,on(v,xz)
— &% O (w) X (v, x2)X (u,x1)
X0
X0

:xo_lé (x1 — ) Y(xL(O)u xl)Y(xé(o)v,xz)

— &U, VX, 15 (—xz—&—x1> Y(xL(O)U xz)Y(xf(O)u,xl)

_ —15( x°> Y (Y (O, x0 )t O, x)

—X Loy
:x2 ( 0 X< (( ) u,0> v,x2>
X2
) L(0)
:xl_lé (exz>X <Y ((xl) u,xo> U,XZ>
X1 X2 X2
y rel(u) [L(0)]
s (22 x ((n) v ((m) ) )
X1 X2 X2 X2
y rel(u)
:xl_lé (e x2> X <<x1> Y (O, o — l)v,x2>
X1 X2
y rel(u)
= 1‘15(”2> (’“) X(¥Tu, o)
X1 erx;

=x; 5rel(u)5 ( ; )X(Y[u y]v,x2), (4.5)

where y =log(1 + (xo/x2)) and rel(u) = deg(u) — [deg(u)]. At this point, variables x; »
and x,,; are here for cosmetic purpose.
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If we take Res,, of the left hand side of (4.2) we obtain
-1 eyxZ
[X(u,X] )’X(Urxz)] = Resxo x] 5rel(u)5 7 X(Y[u7 y]v’xZ)
-1 CyXQ
=Resy 126" Orei(u)0 (xl> X(Y[u, ylv,xz)
€yx2

=Resy Orei(u)0 o X (Y[u, ylv,x3), (4.6)

where in the last line y is a formal variable and not a power series as the above. If

we take u = Y[uy, yi]v; and v = Y[up, y2]Jv, we obtain formula (4.3). [

Unfortunately, formula (4.3) is not good for computational purposes—meaning that
taking residue of the right hand side of (4.3) might be cumbersome even though the
commutators [Y(u;,x), Y(v;,x)] might be simple. The following formula (see [29,30],
for vertex operator algebra setting) fixes the problem and can be used to calculate
expression in a much simpler way.

Theorem 4.1.

[X(YTur,x1]v1, y1), X (Y [uz,x2]v1, y2)]

EYF ] eyxz
= Euy v Resy ey(o/(yl) (5rel(u1)+rel(vl) < X )
1

x X (Y[uz, y21Y [ur, y11Y [v1, y]v2,x2))

-V
2/0 (S X2
= &uy o100 €y 0y RESy ") (5r01(u1)+r01(vl) ( X )
1

X X(Y[uz, y21Y[v1, = y11Y [u1, x]v2,x2))

5 ex

x(0/0 2

+ 3u1+vl,u28u1,u2Resx C (©/032) <5rel(u1)+rel(v|) ( ¥ >
1

X X(Y[YTuy, y11Y [u2, —x]v1, y2]02,%2))

_ 5 e”x;
_ 8u1+vl,u2ReSz e( y+z2)(0/0y2) <5rel(u1)+rel(vl) ( - )
1

X X(YTY[Y[uz, z]ur, y1]v1, y2]v2,x2)). 4.7)

Proof. Let us recall (cf. Proposition 4.1) that (V,Y[ ],1,®) has a vertex operator
superalgebra structure. Notice that in (4.3) variable y, for which we take a residuum,
is on the “wrong” slot—meaning that taking the residuum yields lots of terms that are
hard to compute in the closed form. To “shuffle” the terms we apply first the Jacobi
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identity for the expression inside the X-operator on the right hand side of (4.3).
[X(YTur, yi]or,x1), X (Yuz, y2]vr,x2)]

eyxz
= RCSy 5rel(u1)+rel(l‘1) (x>
1

XX (Y[Y[ur, yi]or, 1Y [u2, y2]v2,%2)

e’xy\ _ y—Xx
=Res,, Resy Orel(u )+rel(v)) (361) y; 1o (h>X(Y[Y[Y[M19 yilvi, x]ua, y]v2, x2)

ex
+ &y v1,u RESy, Orel(uy )rel(vn) (x2> X(Yuz, p21Y[Y [ur, y1]v1, y]o2, x2).
1
(4.8)

Let us first work out the second term in (4.8). By the associator formula (cf. [15])

CyX2
— | X(Y[uz, y21Y [Y[u1, y1]v1, y]v2,x2)

Euy+o1.up Resy 5rel(u1)+rel(vl) ( )C]

e’xy

- 8u|+vl,u2Resy Resx 5rel(u| )+rel(vy) < ) X (Y[MZs J/2]

X1

X (yr‘é <x;1y) Y[, X1¥ [01, Y] — &4,y y7 "0

X (‘yy 1“) Y[vl,y]Y[ul,x]> um)

0 nyz
= Euy+vu RCSy ey(a/('yl) (5rel(u1)+rel(vl) < X )
1

X X (YTuz, y21Y [u1, y11Y [v1, y]va,x2))

e M x,
- 8u1+t‘1,uzeul,v|Resx 5rel(u|)+rel(v]) 7){
1

X X(YTuz, y21Y[v1, —y1 — x]Y [uy,x]v2,%2))

= Cuy+u,u Resy ey(@/ﬁyl) (5rel(u1 )+rel(vi)

x (6;)162 > X(Y[uz, y2]¥ [ur, 1] ¥ 01, y]vz,m>

-
x(8/0 € "X
- 8u1+vl,u28u1,v1Resx € @/ (5rel(u1)+rel(vl) ( X )
1

X X(Y[uz, y21Y[v1, = y1]1¥ [u1,x]v2,x2)) . (4.9)
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Now we work out the first term in (4.3). We apply the skew-symmetry formula
(cf. [13]) for the expression

Y[Yuy, y1]vi, x]uz

which gives us

e’xy\ _ y—x
Res,, Res, drei(uy )+rel(vr) (M) Y, 15 ()/z) X(Y[Y[Y[uy, y1]vi,xJuz, y]vz,x2)

e’xy\ _ y—x
= Eu v ReSy RCSxérel(ul)Jrrel(vl) <> Yy 15 ()
X1 »2

xX (Y™ Y [uz, —x]1Y [ur, y11o1, y]v2,x2)

V2
8/ €7 Xy
= &uy o1,z Resx eX( /o2 (5rel(u1)+rel(01) ( X )
1

X X(Y[Y[uz, —x]Y [u1, y1]v1, y2]v2,X2))

V2
. o/e €7 X
= bu1+v],u28u1,queSx ex( /0y2) <5rel(u1)+rel(vl) ( X )
1

X X(Y[YTuy, y11Y [u2, —x]v1, y2]02,%2))

‘ e’ xy _ —Xx—z
+ Eur+o1,u RGSX RCSZ ex(é’/@yz) (5rel(u1)+rel(v|) (X> V1 1(5 ( ¥ >
1 1

X X(Y[Y[Y[uz,z]ur, y1]o1, y2]02,x2))
= Euy 010 G RS €17002) <5rel(u| Yrel(or) <ey;1x2 >
X X(Y[Y[ur, y11Y [uz, —x]v1, y2]02,%2))
o Res, eEN00) (% o) ( ej% )

X X(YTY[Y[uz, z]ur, yi]v1, y2]v2,x2)). (4.10)

By combining (4.8), (4.9) and (4.10) we obtain (4.7). O
4.3. Matching quadratics and iterates

In the previous section we derived a commutator formula for operators of the form
X(Y[u, y]v,x). Now, we make a precise link between these iterates and quadratics we
encountered in the construction of Y@;S in terms of boson (see also [28-30]) and
fermions.
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Proposition 4.3.
X(YTu,xJv, y) = eX (u, € »)X (v, )e + X (€™M YH (u,e" — v, ), (4.11)

where Y (u,x) =3, o u(n)x=""".
Proof.
X(Y[ux]o,y) = Y (MY [u.x]o, y)
_ exwt(u)ywt(u)+wt(v) Y(Y(M, y(ex . 1))0, y)
_ exwt(u)ywt(u)erT(v) Y(YJr(u’ y(ex _ 1))1)’ y)
+ MO Y (V7 y(e" — 1), y)

:X(CXWt(u)Y+(u, e — 1)0’ y) =+ exwt(u)ywt(u)+wt(v)Y(Yf(u’ y(ex o 1))17,)/)

Now

CXWI(u)yWI(u)+Wt(U)Y(Y_(Ll, y(ex o 1))1]7 y)

— lim exwt(u)ywt(u)ert(v)
n—y
LL(—1)u
2!

<Y (1 + yi((e" — DL(~Du)(~1) + 7} <(e* -1 (1)+-~-v,y)

— lim exwt(u)ywt(u)ert(v)Y((eL(71)y1(e”‘71)u)(_ 1 )U, y)

n—y

— lim exwt(u)ywt(u)ert(v):Y(e(exfl),"]lz(*l)u’ y)Y(U, y):

n—y

= ylliLny e W Wey (4 y 4 (¥ — 1))Y (v, ¥)8

= W PNOIORY (u, ye )Y (v, )8 = X (w, " Y)X (1, )8 O

Definition 4.1. We say that two homogeneous vectors u and v form a free pair if for
every n = 0
Ll(}’l)l) = Cu,véwt(u)+wt(v)—l,n 17

where Y (u,v)=>",., v(n)z~"!, and ¢, , € C. Note that, because of the skew-symmetry
(cf. [13]), we do not specify the order.

Corollary 4.1. Suppose that (u,v) is a free pair. Then

xwt(u)

X(Y[u,x]v, y) = X (u,e" y)X (v, y)s + (" — Iy
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Proof.

ywt(u)+wt(v)exwt(u)X(Y+(u’ y(ex _ 1))v,y)
_ wt(u)+(v)exwt(u) 1 _ exwt(u) |
=Y ywt(tt)+wt(v)(ex _ 1)wt(u)+wt(r) - (ex _ 1)wt(u)+wt(l;) '

Corollary 4.1 can be formulated slightly more generally:

X(Y[u,x1 — x2]v,€%y)

(P (0 )8 4 e —x2)wi(u) 4.12)
? y ? Y)e (erl—xz _ 1)wt(u)+wt(v)' :

Let us define a new normal ordering

X (1, € )X (0,62 )t = X(Y[u,x1 — 2], €2 ). (4.13)
In the case V=M(1)® F and

u,v € Ch(—1)1 & Co(—1/2)1,

u and v form a free pair. By applying (4.12) we see that (4.13) becomes a tautology

with 1 defined in Section 3.1 for the special quadratic operators.
Therefore formula (4.8) gives us an effective way of calculating commutators of the
form

X (1, €% y1)X (01, €2 y2) 5, +X (112, €% 32X (03,€% 12 )11,
where uy,up,v1,0; € Ch(—1)1 & Cy(—1/2)1.

Remark 4.2. There has been extensive study of the centrally extended Lie algebra of
differential operators, i.e., W,-algebras, and its subalgebras (see [37,3,20,1] and refer-
ences therein). In all these approaches the authors obtain many interesting properties of
these algebras and corresponding representations. We should stress that their approach
resembles classical representation theory. Our approach (also in [28-30]) is different.
We use the associativity and the change of variables in vertex operator algebras theory
which does not come up from the classical point of view. By doing this the number
theoretic counterpart (which is invisible from the classical representation point of view)
becomes very natural.

5. Quasi-modularity of generalized characters

Suppose that ¥ is a Lie algebra which contains an infinite-dimensional abelian
subalgebra %, spanned by L;, k=1,2,... . Suppose that a representation M of & is
Zo-diagonalizable with the finite-dimensional simultaneous eigenspaces. Then we form
a formal generalized character

M(q1,q2,...) = tr|qu‘q§2..., (5.1)
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In addition, if M is a projective representation then we may choose a particular lifting
for the operators L;. Let us assume that ¢/ = e?mmti e and M (91,92, --.) can be
expanded in the following way

‘Clzl DR ‘CZ

(2 + -+ i) 62

M(qlana"'): Z miz,“.,ik(fl)

(D25 ik)

where the coefficients m;, ; (7)) are analytic functions in a certain domain. It is more
convenient to work with multi-indices 7 = (i,...,i). We will use |[[| =iy + -+ + i.
We are interested in the modular properties of M(q1,q>,...) with respect to some fixed
arithmetic subgroup I' C SL(2,7).

We write 2.4/(1") for the ring of all quasimodular forms (see [5]) with respect to
I'. Then we have a (graded) ring isomorphism.

2.4(I') = (T @ C[Ga]. (5.3)

where .Z(I) is the ring of modular forms with respect to I'. It is not hard to see that
2.4((I) is stable with respect to d/0t. We denote by 2.4 (I") the graded component
of 2.4(I'), i.e., the space of quasimodular forms of the weight k. We can also define
the notion of quasi-modularity for an arbitrary half-integer weight & (see [24]).
The following definition is from [5].
Definition 5.1. The series (5.2) is a quasimodular form of the weight n if
mp(t1) € LM piv(y(I'),

where wt(/) =3a3 + Sas + - - - (a; is the multiplicity of 7 in I).

Let us recall that (normalized) classical Eisenstein series has g-expansion given by
{d—k) Zoo S dkt g
Gk(q )= ) + 1 ‘ d q,
n= n

for k=2,4,6,... . It is well known that Gi(q) is a modular form of the weight k£ for
k = 4, and a quasi-modular form of the weight 2 for £ = 2.

Now we consider a Lie algebra L = 9" @ 2~ and a L-module W =M ® F (cf.
Section 3.1). We pick

Loy = (=1YLO0) + (1) 2(0)
and

Ly =0.
Then

{(— - M nonw —
Lo Mo, ) =6 g7 [ a - dias )7 (5.4)
n=1
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—U(—1,1/2)/2 —L(=3,1/2)/2 - n—1/2) (n—1/2)
2. F(r,t,..) =g PRI T4 g gy, (5.5)

n=1
3. W(‘L'l,‘L'3,...):M(Tl,‘[3,...)F(‘Cl,f3,...). (56)

Because of (5.6) it remains to treat the generalized character F(ty,713,...). In [5]
the authors proved that M(ty,73,...) is a quasimodular form of the weight —1/2. A
generalized character for the vertex operator algebra stemming from the pair of charged
fermions is also considered. In our case we treat a single free fermion. Again our
approach is quite similar to the one in [5].

First notice that if we let 13=15=---=0 in (5.5) then we obtain a genuine character
of F with respect to Z(0):
mo(q)=q " T (1 +4""). (5.7)
n=1
Since

1/48 n/2
q—l/48H(1_q(n—1/2)):q/’ [I,-,(1—¢"%)
n=1 q1’24]-_‘[n>1(1 _qn)

we see that (5.7) is equal to

n(q)*
n(g>n(q'?)’

It is well-known that #(7) is an automorphic form [17,25] of the weight 1/2 for SL(2,7Z)
(with respect to some multiplier y). It is easy to check, by using a relation

2FQ2)y~'er(),

where

1/2 1/2
Y= ,
0 1
that m(t) is an automorphic form of the weight zero for I'(2) [25].

.....

since mg(7) is of the weight zero, it is enough to show that

log(F(11,72,-..)),
is a quasimodular form of the weight zero which reduces the problem to calculating the
expansion coefficients for log(F). We first consider the case » =1 and the coefficient

I
2mi 621/,1

[IC) | B—
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for each j &€ N. After some calculations

1
2mi 627/71

_ C(l 2]» 2) {2 i (271— 1)2 _]q(2n—1)m

n,m=1

2n—1 - n—1)m
_Z( ) q(2 1) /2}

m,n=1

10g(F)yry—0

{1 - 2]»%) 1 - 2-1 |
== 2 T 92j-1 22 Z d q

1=0 \d|ld odd

- D e (5.8)

1=0 \d|ld odd
Let us recall the level two Eisenstein series (introduced in [5,24])
2 i
Fi(q) = Gaj(g"?) — 77 Gy(q).
Then

SIS @ i =FPeh) - {1 —2)). (5.9)

1=0 \d|ld odd

(1 -25,5)=0Q"Y =11 -2)),
from (5.8) and (5.9) we obtain

Lo F(a)  F3(d)
log(F)lmts==0 = Sy ~ 5577

2mi 621/.,1

which is a quasi-modular form of the weight 2j for I'(4).
For r > 1
1 0"
(271?l')r 812j]_1 ce 612.,-,‘_1

10g(F)|ey=t;=-.=

- _ 2—2(Z,i/(—r) Z (27’1 _ 1)2(ij—r)+l(m(2n _ 1))r—lq(2n—l)m

m,n=1

oo

2 je—r)+l r—1
2n —1 2n—1)m 1
+) ( 5 ) (2 ) g2, (5.10)

n,m=1
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can be expressed as a linear combination of

0 ! (2) J ! (2)
(@T> Fa(ji—rn(®)  and <57> Fa=r1y(20),

which are modular forms (since 0/dt has degree 2) of the weight >, _, jix for I'(4),
i.e. an element of 2.4 )(I'(4)). Thus log(f') is a quasi-modular form of the weight
0. Since M(ty,13,...) is a modular form of the weight —1/2 (see [5]) we obtain

Theorem 5.1. W (t1,73,...) is a quasi-modular form of the weight —1/2.

Remark 5.1. It is not very surprising that the vector space spanned with characters
of irreducible modules for certain (rational) vertex operator superalgebras is invariant
with respect to I'(2) (cf. [35]). The natural question arises: What should be added to
the theory such that it is modular invariant (with respect to I'(1)) ? Because [I'(1) :
I'(2)] =6 we expect that the symmetric group S5 and the o-twisted modules will play
an important rule.

Remark 5.2. A similar result holds for the Ramond sector, constructed by using the
procedure in [31]. We already discussed (cf. Remark 3.2) that representations of Ra-
mond algebra y@i{ is a twisted M,.-module. In the free field case the construction is
much simpler. M (1) ® F has a o-twisted module, which can be constructed—without
changing the bosonic part—by using twisted 7/27-graded vertex operators. We start
with a twisted version of the fermionic superalgebra, i.e., the algebra with generators
are ¢,, n € Z and (anti)commuting relations

[p(n), @(m)] = Omn0-

Corresponding Fock space F is spanned by vectors of the form

o(=ni) - - p(—=n2)p(—m)1,
where ny > -+ > ny > n; > 0. Also we define the twisted field
F)=>_ pmx"""2
neZ
Then
~ ~ _ X1
[¢(x1), P(x2)] = x; 612 <) ,
X2
on F. Therefore (p(x)) is vertex superalgebra isomorphic to F* and F is a o-twisted

F-module. Hence, M(1) ® F is a o-twisted M ® F-module. The generalized character
for F is

oo
~ —{(—=1,1/2)/2 —{(-3,1/2)/2 3
F(ty,t,..) =g, OB 22 T+ q0s 0. (5.11)

n=1

It has modular properties similar to F(ty,13,...).
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Remark 5.3. The generalized character we consider has N =1 flavor (here N is the
number of fermions). Thus it seems plausible to study modular properties of generalized
characters for certain N =2 vertex operator superalgebras. The novelty is that in the
N =2 case one has to combine U(1)-charge so we expect a substantially different
result compared to the N =1 case. From the topological point of view this leads to
the so-called generalized elliptic genus (cf. [36]).

6. 9;‘:0 algebras and Dirichlet L-functions

In this section we make a connection between representation theory of an algebra of
pseudodifferential operators and vertex operator algebras. This approach, as a special
case recovers some results of S. Bloch (cf. [4, Section 6]).

6.1. y-twisted vertex operators

Fix N € N. Dirichlet character is a multiplicative homomorphisms
1:(ZINZ)* — C*.
Often, we extend y to the set of integers by letting y(N + a) = y(a) and y(a) =0 for

(a,N) # 1. If x can be lifted from a Dirichlet character of (Z/MZ)*, for some M|N,
via the natural homomorphism

(ZINZY* — (Z/MZ)*

then we say that y is imprimitive. A character y is defined as the minimal value of M.
A character y is called primitive modulo N (N is the conductor) if y is not imprimitive.
For the proof of the following lemma see [17].

Lemma 6.1. Let y be a primitive character modulo N. Then
N
3 (@) = 7(k)g (1), 6.1)
a=1

where g(x) =", 7(n)e* /N is the Gauss sum of y and 7 is the complex conjugate

(character) of .

Suppose now that V' is a vertex operator algebra and v € V. For every X -operator

X(u,x) =Y (xOu, ),

we consider a y-twisted operator?

Xy (u,x) = Z X(_n)un-«—wt(u)—lxin- (6.2)
kez

3 This operator should not be confused with the twisted operators that appear in the theory of twisted
modules [11,8,31,15].
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In our applications u is homogeneous of the weight 1 (or % in superalgebra case).
From Lemma 6.1 it follows (provided that y # 1 is primitive modulo N):

N
X (w,x) = g(D) "> 7(@)X (u, ™M), (6.3)
a=1

Note that y(a) = y(—a) implies y(—1) =1 and vice versa.
Now if we use (6.3) we obtain the following commutator formula (y # 1, u# 1)

[X;, (1, x1), Xy (v, %2)]

N x-+Q2ni(b—a)/N)
_—— _—— _ _ € X
=g(1)'g()"'Res, »_ w(@)i(b)s <2>
a,b=1
X X (Y [u,x]Jv, e®7PN)x,). (6.4)

However we always have (no matter what y is)
(X (4, 1), X, (u, x2)]
eyxz

=Res, Y () (n — myz(~n)(¥ [t Y10)(x2) " (6.5)

X1
nmeZ

Suppose that Y[u, y]v has the form
1
Y[u, yJv= — 1+ regular terms,
y

for some k € N. Then formula (6.4) (or (6.5)) become very simple

(X, (u, x1), Xy (1, x2)] = X(_I)Dkiléxu (j:) > (6.6)
where
0:(x) = Z T(n)x".
nez

Note that if y and p are primitive modulo N then py is primitive as well.
From now on we assume, if otherwise stated, that all characters are primitive and
nontrivial modulo N.
As in the previous sections we study quadratic operators (now equipped with an
appropriate twisting):
N
9D~ (™" Y SH@EDIX ()X (0, e TN, (6.7)
a,b=1

Remark 6.1. Notice that the factor ¢?™*N) in formula (6.7) is closely related to the
“operators” e™P/N) " je

¢ f(x) = f(e"x).
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This is well-defined. On the other hand, for ¢ # 0
W fa) = flx+e),

does not have rigorous interpretation inside C[[x,x~']]. Even though the operator on
the right hand side can be interpreted as a differential operator of an infinite order, the
right hand side might not be defined.

6.2. Dirichlet L-functions and the new normal ordering

Let L(s, ) be a Dirichlet L-function associated with a primitive character y (cf. [17]).
It is easy to see that every Dirichlet L-function can be expressed as a linear combination
of certain Hurwitz zeta functions {(s,u). The generalized Bernoulli numbers associated
with y are defined by

@ Sy
DT =2 By
a=1 n=0 :

where the expression on the right hand side is the Taylor expansion inside |y| < 27/N.
As in the rest of the paper we will treat the previous series formally (without referring
to convergence).
Then it follows that (for the proof see [17]) L(1 — m, ) = —B, ,/m, for m > 1.
Now let u,v €V such that u(1)v =1. Consider
X, (u, e x)X,u(v, € x)8

N

=909 sr@pB)X (" TN )X (v, e PNy (6.8)
a,b=1

As in (3.30) we introduce a new normal ordering for X, (u,e” x)X, (v, e"x).
IXZ(u, e x)X, (v, eyzx)ir
=X, (1, x)X, (v,e"x)s

N o )
—\— —— 0 y(a)u(b)eh*Yz+(2m(a—b)/N)
1 1 (
— 9@ ;1 572 ( ey1—y2+Quila—b)N) _ | (6.9)

We will use the following key result:

Proposition 6.1. Suppose that y # 1 is a primitive Dirichlet character modulo N.
Then (formally)

x—(2mia/N)

Ng(/)7 Z y(a)_ Z g.ga()Zema/N) _ 1 (610)

If x is a complex variable the previous formula makes sense for 0 < |x| <
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Proof. Note first that

g~ Z M)

has a partial fraction decomposition
N

b
—1 a
9(x) Z ef _ e(2ma/N)’

a=1
where

},(m)emx y(m)(e(Znia/N))m+1
ba = Res—eanum Z _ Z N (e@ria/N) )N

m=1

N i -
_ S o (m)(e@riaN) yn+1 _ enial) X(a)g(x).

N N (6.11)
Now
N
b e(2ma/N) X(a)
-1 a _
g(x) ; o _ oCmuaN) N Z; ex — e(2mia/N)
1(a)N
- Z o —Qmia/N) _ 1 (6.12)
Because of
N
> wa)y=0
a=1
it follows that
N _
—(2mia/N) 7((1)

I
ex (2mia/N) _ ex—(27zia/N) -1’

a=1

and the statement follows. [
By using the previous proposition, formula (6.9) can be written in the form
iXx(u, eV x)X,(v, eyzx)i
=X, (u, "' x) X, (v, 62 x)8

(b)eby1=y2)+@2mab/N))

g(u) (7)™ 1N2x<a>g(u)— Z”

a=1

=X (u, " X)X (v, €7 x)8

eNOi—») — 1
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2 e 20)g(D (b))
a—yzNg(u) g~ 9(%) ; Ni—1) _ |

=X (u, e x) X, (v, 07 x)3

N
J — 1 —1 (py)(b)e?L—72)
= 55, MG ;—GN(},_M — (6.13)
Because
l9(F = (=1)g()g(f0)-
and |g(w)|> = N, then it follows that (6.13) is equal to
N
. . ('ux)(b)eb(yryz)
X (u, €' x) Xy (v,€7x)8 + p(—1) Z TN — 1 (6.14)
b=1

Notice that the last expression is symmetric under the involution

Vi Ad J/Z,X <~ :u
6.3. Lie algebra 9., and its subalgebras

Let s C CJ[[t]] be an algebra of formal every convergent power series. Let D=¢d/d¢
as before. Then for every A(t)e #, A(D)e Z acts on V[[t,t~']], where V is an
arbitrary complex vector space. For example consider e’ for a € C. Then e’y(t) =
g(e“t) for every g(t) € C[[¢]]. Also we have relations:

e“P = cos(aD) + isin(aD)
and

>l — 14,
where cos and sin are, as usual, defined in terms of power series. Consider a vector
space Y, spanned by all operators of the form

£ F(D)e?,

where a € C, k€ Z and f € C[t], i.e. the algebra of quasi-polynomial differential oper-
ators. Y, has a structure of Z-graded associative algebra and where the zero degree
subalgebra is spanned by D¥e®?. If 4,B € 9, then

A(D)*B(D) = t*A(D + k)B(D),

where B(D + k) is a well defined element of 7.
Now we generalize the generating functions Z”"??(x) considered in Section 2.2. For
every a,b € C we define

@yn,yz,a,b(x)

— D e D _(b—a)D — D eibt D _(a—b)D
= e Mo —— ) e”e D+e 7?5 — ) er7e D. (6.15)
X X
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Then the coefficients of &*-¥»%?(x) span a Lie subalgebra 2%, C 9., defined as the
0,-stable subalgebra, where 0; is given by

0,(* A(D)D) = t*A(—D — k)D,

for A(D) € Y.

If we choose a different involution 0, then we denote the corresponding 0,-fixed Lie
algebra by .

Actually we obtain the same algebra if we assume in (6.15) that @ or b (but not
both) are equal to zero. The generators are given by

2
aby . y2a.b
Leb) .= > coefl v yr0 2707247 ().
Then every Lf,f’a’b) is a linear combination of some L,(,f’b) = Lf,:’o’b). We define in
the same way the operators LU>*?)(m) acting on M and the corresponding operators

Z(r,a,b)(m).
Suppose that y and u are primitive and nontrivial mod N. Let u(—1)=1 (u is even).
Then
N

L0500y := 3" g7 g(i) ™ Ha)i(b) L2250
a,b=1

N

_ g(i)flg(ﬁ)fl Z Z(a)ﬁ(b)L(r,Znia/N,Znib/N)(0)
a,b=1

+(=1) %L(—Zr — Lyp). (6.16)

Remark 6.2. It was noticed in [4] that commutators
[Z(rl,xl,ul)(m)’ Z(rz,xz,uz)(_m)],

written in terms of (-regularized operators, have the trivial central terms. This is a
consequence of the following observation:
The generating function for L"-1:#)(m)’s is given by

N
A
° V1 2 ] _
OXX(uae x)X/‘(Uae x), + ,LL( 1) po eN(YI*yZ) 1

(6.17)
If yu # 1 then it does not involve any negative powers of y; and y,. This is clear
since

N
> pla)=0,
a=1

for every nontrivial character p # 1. On the contrary, in the case of 2%, 2~ and
S D the y-singular terms were “responsible” for appearance of the pure monomials
in the commutators written in terms of {-regularized operators. Here singular terms are
absent.
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Remark 6.3. Notice that the whole section can be generalized for Lie superalgebras,
by constructing the co-analogue of & Zy;s and ¥ Zy.
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