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Abstract

Some existence and multiplicity results are obtained for solutions of semilinear elliptic equations with Hardy terms,
Hardy—Sobolev critical exponents and superlinear nonlinearity by the variational methods and some analysis techniques.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction and main results

Consider the following semilinear elliptic problem

" || 25)2
u=0, x €012,
where (2 is an open bounded domain in RN (N > 3) with smooth boundary 32 and0 € 2,0 < u <& = %’

0<s <2 feC(2xR,R),2s) = % is the Hardy—Sobolev critical exponent and 2* = 2*(0) = % is

the Sobolev critical exponent. F(x, ¢) is a primitive function of f(x, ¢) defined by F(x,t) = fé f(x,s)ds forx € 02,
t €R. Hé () = WOI’Z(Q) is the Sobolev space with the norm

||u||=(/9(|Vu|2— %)dx)é,
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which is equivalent to the usual norm of HO1 (£2) due to the Hardy inequality (see Lemma 3.1 in [7]) and

Io (1Vul? = pl2L) dx

. 2 Hlep

Aus(2) = I1nf o3
ueH} ()\(0} (fg M0 dx) )

[x]*

2

is the best Hardy—Sobolev constant which is independent of {2 by Theorem 3.1 in [7], so we denote A, ; instead of
A s(92).

Problem (1) in the case s = 0 and i = 0 has been widely studied since Brezis and Nirenberg (see [1,4,10] and the
references here). In recent years, people have paid much attention to the existence of solutions for singular problems
concerning the operator —A — # (0 < p < o) with Sobolev critical exponents (the case that s = 0) (see [2,5,6,
9,15] and their references). Some authors also studied the singular problems with Hardy—Sobolev critical exponents
(the case that s # 0) (see [7,8,11,12,14]). But there are few results dealing with the case 0 < 4 < 1,0 < s < 2 and
the general form f(x, t). In [11,12,14] and so on, the authors only studied the special cases of f(x, ¢). For example,
in[11], f(x, 1) = A|t]9~ !¢ with suitable ¢. In the present paper, we use a variational method to deal with problem (1)
with general form and generalize the results in [11].

Due to the lack of compactness of the embeddings in Hj (2) < L% (2), H(2) — L*(£,|x|2dx) and
HO1 (2) — L¥® (2, |x|~*dx), we cannot use the standard variational argument directly. The corresponding energy
functional fails to satisfy the classical Palais—Smale ((PS) for short) condition in Hol(Q). However, a local (PS)
condition can be established in a suitable range. Then the existence result is obtained via constructing a minimax level
within this range and the Mountain Pass Lemma due to A. Ambrosetti and P.H. Rabinowitz (see also [13]).

Here are the main results of this paper:

Theorem 1. Suppose that N >3, 0<pu <u,0<s <2,
(f) f e C(2x RT,R), and lim,_, o+ L& =0, lim,_, 400 {;5;’,) = 0 uniformly for x € 2, and

t
(f2) There exists a constant p, p > 2, such that 0 < pF(x,1) < f(x,t)t forallx € 2,t € R\ {0}

Assume that

N N-2JE—p)|a
=rp. 3)

YA vEiE Ja

Then problem (1) has at least a positive solution.

p>max{

Corollary 1. Suppose that N > 4,0 < u < — 1,0 < s < 2. Assume that (f1) and (f2) hold. Then problem (1) has
at least a positive solution.

Theorem 2. Suppose that N >3, 0<pu<u,0<s <2,

(f) f € C(2 x R, R), and limj; o L2 = 0, limy; o0 ‘ft‘lng{ = 0 uniformly for x € 2, and

(f4) There exists a constant p, p > 2, suchthat 0 < pF(x,t) < f(x,t)t forall x € Randt € R \ {0}.

Assume that (3) holds. Then problem (1) has at least two distinct nontrivial solutions.

Corollary 2. Suppose that N > 4,0 < u <u—1,0 <s < 2. Assume that (f3) and (f4) hold. Then problem (1) has
at least two distinct nontrivial solutions.

Remark 1. Theorem 1 generalizes Theorem 1.1 in [11] where the author only studied the special situation that
f(x, 1) = Alt]97%t with rg < g < 2*. There are functions f satisfying the assumptions of our Theorem 1 and
not satisfying those in [6,7,11,12]. For example, let

faet) =gl 1 +alr

for (x,1) € 2 x R, where g(x) > 0, g € L®¥(f2), @ > 0and ro < k < [ < 2*. Then f satisfies the conditions of
Theorem 1, while it doesn’t satisfy the conditions of Theorem 1.1 in [11] and others.
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2. Proof of theorems

It is obvious that the values of f(x, t) for ¢t < O are irrelevant in Theorem 1, and we may define
fx,t) =0 forxe 2, t <O0.

In order to study the existence of positive solutions for (1) we shall firstly consider the existence of nontrivial solutions
to the problem

u (u+)2*(s)—1
—AM—MW:T—’-f(X,M), XE.Q\{O},M:O,XGZ).Q. “@
X X

The energy functional corresponding to (4) is given by

1 —1/ L /(”ﬂzm /F d H (2
“W=3 QO‘” “|P>x >® Jo wr g uE B

By the Hardy and Hardy—Sobolev inequalities (see Lemma 3.2 in [7]) and (f}), [ € C 1(HO1 (£2), R). Now it is well
known that there exists a one to one correspondence between the weak solutions of problem (4) and the critical points
of I on HO1 (£2). More precisely we say that u € H(} (£2) is a weak solution of problem (4), if for any v € HO1 (£2), there
holds

325 (s)—1
(I'(w), v) :/ (Vqu 2) / @™ vdx—/ f(x, wvdx = 0.
2 | I |x]* Q

Let {u,} be a sequence in H0 (£2) and ¢ € R. {u,} is called to be a (PS). sequence in H(}(Q) if I(u,) —
¢, I'(uy) = 0in (HOl (£2))* as n — oo. We say [ satisfies (PS), condition if any (PS). sequence {u,} C HOI(.Q) has
a convergent subsequence.

Lemma 1. Assume (f1) and (f2) hold. Suppose ¢ € (0, 25\, SS)A ' ) then I satisfies (PS), condition.

Proof. Suppose that {u,} is a (PS), sequence in H(} (£2). By (f2), we have

c+1+oumwnzlw0—§u%%xw>

1 1 5 (u+)2*(s) 1
=(5—5)WM|+(5 y“J]° g —:é<Fumw—5fummw>m
>(1—1)wm%

“\2 0

where & = min{p, 2*(s)}. Hence we conclude {u,} is a bounded sequence in HO1 (£2). By the continuity of embedding,

* . .
we have ||u, ||%* < C; < o0o. Going if necessary to a subsequence, one can get that

u, — u weakly in H(}(Q),
u, —u inLY(02), 1 <y < 2%,
U, —> u ae.in §2,

as n — 00. By (f}), for any ¢ > 0 there exists a(¢) > 0 such that
1 * —
| f(x,Dt] < ffﬂtl2 4+ a(e) for(x,t) € 2 x (0, +00).
1

Set > 0. When E C {2, mes E < §, we get

8= 2:(8)

/f(x’ un)”ndx’ =< / | f G, up)uy|dx
E E

S/a(e)dx—i——e/ |un|
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1
< a(e)mes E + —eC
< a(e) 3¢, 1

< €.

Hence { /. o G upuydx,n € N } is equi-absolutely-continuous. It follows easily from Vitali Convergence Theorem

that

ff(x,un)undxe/ f(x, wudx,
(0} 2

as n — 00. Using the same method, we can prove that
/ F(x,uy)dx — / F(x,u)dx,
2 ?

asn — oo. Let v, = u, — u, since I'(u,) — 01in (HOI(Q))*, we obtain

+32%(s)
||un||2—f %dx—/ F G unupdx = o1).
2 Ixl Q

From the Brezis—Lieb Lemma in [3] and (5), we have

+ 2*(5) + 2*(s)
ol + lul® - /(v|)|s f(") —fgf(x,mudx:o(l),

|x|*

and

(u+)2*(s)
lim (7' (un), u) = ||u||2—/ — dx —/ f(x, wyudx = 0.
n—>00 o IxP o)

It follows from (8) that

rwy = (Lo ! WO ) dx — [ F(x,u)dx
“”‘(5‘2*@)/9 g e [ Pt

From (f), we conclude that

I(u) > 0.
Since I (u,) — c(n — 00), together with the Brezis—Lieb Lemma and (6), we obtain
(v+)2*(3) / (u+)2*(s)
1 == -
(un) ||vn|| + || -5 / s P
> ,H*®

=1(u)+—llvn|| 2*()/ I dx + o(1)
=c+o(l).

Therefore, one gets that

1 1 w;HZ'®
I ~Jlval?® = 2 dx = 1).
() + 2||Un|| 7o Jo kP x =c+o(l)
From (7) and (8), we have
(v+)2*(v)
ol = [ s = o1,

|S

then v, ||?

+32* (S)
lim o )? =k, lim / @) — K,
n—oo

n—00 |x|3

- / F(x,u)dx + o(1)
N

— 0as n — oo. Otherwise, there exists a subsequence (still denoted by v,,) such that

(&)

(6)

(7

(®)

(€))

(10)

(an
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where k is a positive constant. By (2), we deduce that

125 6) \ PO
||Un||2>A,”</ @) ) foralln € N,

|x|*

2 s
thenk > A, k76, ie, k > (A,M)%, which, together with (10) and (11), shows that

I(u) 1k + — ! k < 2- A = 0,
u) = c— —— <
20 2%(s) 2(N — ) 3
which contradicts (9). Therefore, we get
||vn||2—>0 asn — oo.

This proves u, — u in Hy (£2) as n — oo.
From the discussion above, [ satisfies (PS), condition. [

From Lemma 2.2 in [11], we know that A, ; is attained when {2 = RN by the functions

VE
[Ze(wa(ﬁfm ] 2-s
NG

yS(-x) = N-2
— = Q=9)Vir=p \ 2=s5
|x|\/lj_\/li_l/« <g+|x| Vi )

for all ¢ > 0. Moreover, the functions y; (x) solve the equation

W uFO2
—Au — W = Tu, in R \{0}
Let
26(N — $)(T — )\ 209 (
ng( £ ) u) ’ Ua(x):ya)C).
N Ce

1179

Define a cut-off function ¢ € Cgo(()) such that ¢(x) = 1 for |x| < R, ¢(x) = 0 for |x| > 2R, 0 < ¢(x) < 1, where
Bar(0) C 2. Set us (x) = 9()Ue (x), ve(x) = ue(x)/ ([ luel* O1x] 7 d) /270 50 that [, [ve[* x|~ dx = 1.

Then we can get the following results by the method used in [7]:

N2 2 N=2
Au,,s + Cre 25 < |lvg|” < A,u,s + Cze 2=,

and
JE JE N
C48ﬁq Ef |v€|qu < C58ﬁq, 1 <qg<-—=",
o) VE+VIE—
JE JE N
Cae 50 Ine| < / velidx < Cse¥5d|Inel, g =
o) VE+ V-1
c VIE(N—g /%) | |qd c VIE(N =g /) N o
1€ Q2—9)Vir—p < Vg x < Cs¢ Q2=s)V/r—p s — < qg < .
o VE+VIE—

Moreover, we can obtain
2% _N_ 4
[ve|” dx < C6(2A,s)V2, fore — 0.
0]

In fact, since HJ} (£2) = L?"(£2) and (12) holds, one can deduce

*

2
. T
/ lve|* dx < Cq (/ |va|2dx)
9 9]

(12)

13)

(14)
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N

= Cy (Au,s + nglgf—f)ﬂ

Co(A, )72 (e — 07).

IA

Lemma 2. Suppose that 0 < u < @, 0 < s < 2. Assume that (f), (f2) and (3) hold. Then there exists ug € HO1 (12),

ug # 0, such that

2
sup I (fug) < ————— A2 .
IZIO) 2(N —s) s

Proof. We consider the functions

/2 5 2%(s)
80 = 10 = Sl = £ —/QF(x,rvadx,
2 2%(s)
t) = — — .
g = vl = 55
Note that lim;_, 10 g(t) = —00, g(0) =0, g(t) > 0 fort — 0%, so sup,( g(#) is attained for some z, > 0. Since

(e 1
0=g'(t:) =1¢ (nvgn2 —17 72 —/ fx, tavg)vgdx) :
Ie J2
we have
*(g)_ 1 ey
vl = 17" 2+t—/9f<x,rgv8>vedx > 17 072
&
Therefore, one gets
2
fe < el 702 =10,
By (f1), it is easy to verify that

If(x,0) <et” "V +d(e), de) > 0.

Hence, we obtain
lvell* < 279072 4 & / 11?2 (v ¥ dx + d(e) / |ve | dx.
2 0}
By (12)—(14), when ¢ is small enough, we conclude that

202 o Aps
& — 2 °

On the one hand, from (12) we claim that
o P55 < A5 + coe
In order to prove this, we first prove the following inequality:
a+b*<a +ra+D*""b, a>0,0<b<1, r>1.

In fact, set

hx)=((@+x)* —ad*—ra@+D"x, a>0,0<x<1, »>1.

Clearly, h'(x) < 0,x € (0, 1), s0 h(b) < h(0) = 0, then (17) holds. Leta = A, 5, b = C3e 25 , A =

holds.

(15)

(16)

7)

then (16)
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On the other hand, the function g(¢) attains its maximum at tg and is increasing in the interval [0, tg], together with
(12), (15) and (16) and F(x, t) > Cjo|t|® which is directly got from (f;), we deduce that

g(ty) < §(t2)—/ F(x, tove)dx
2

2—3s 2N=s)
= m”vsﬂ = —/Q F(x, tsvg)dx
2_ N—s 2
< 2(N——Ss)Aﬁj; +C1]8% —/QF()C,tsvg)dx
2—s N—s N=2
< ——— A7 +Cper= - C /tpvpd
= Z(N—S) LS 11 10 0 gl €| X
P
2 N—s N2 A ()2
< Al +Cpe>= —C o / Pdx,
e T +Chie 10( > leal x
where C11 = ng;_s. Furthermore, from (13), we get
2(N—s)

VEN—p/1)
/ [ve|Pdx > Cye C—siit |
0}

By (3), we obtain that

N-—-2 J_(N p«/_)
2—y (2—s)\/u o

Choosing ¢ small enough, we have

sup 1(1v0) = g(ts) < ———AFT . O
=0 2(N =)

Proof of Theorem 1. Let X = HOl (£2). From the Hardy and Hardy—Sobolev inequalities, we can easily get:

2%(s)

2 2. |ue]
lull7 < Cllull”; / S
2 x|

It follows from (f;) that

dx < Cllu|*®; lull3 < Cllul|* forVu € X. (18)

38, > 0 suchthat | f(x, 1) <> ~! fort > §;
Ve >0, 30 < § < 81, suchthat|f(x,t)] <et for0 <t < &;
iM; > 0, |f(x,t)] <My forallt € [, 81]

for all x € 2. Therefore, we deduce that
If, 0l <et+2 "V My < et + (1 + M8 2!
for all € R and for x € 2. Then one gets

1 *
|F(x,1)| < §s|r|2 + Cralt)? (19)

forall £ € R and for x € 12, where C1o = (1 + M18)% ). By (18) and (19) we have

1 +2* (s)
I(u) = 5” ull® T G )/ (v |)3|3 —/QF(x,u)dx
1 2 9 ut 2%(s) _ 2 2%
2 Sl = s e g ||u||L2 — Crallull3:
1 C S *
> ull? = ——[u > — ||u||2 — CCppllu|?

2 2%(s)
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for ¢ small enough. So there exists § > 0 such that I (u) > B forallu € 0B, = {u € HOI(Q), lul| = r}, wherer > 0
small enough. By Lemma 2 there exists ug € HO1 (£2), ug # 0, such that

2
sup I (tug) < ——— A5 .
tzg 2(N —s) o

It follows from the nonnegativity of F(x, t) that
+)2 (5)

I (tup) = —t 2luoll* — 2*( ) 2"(5)/ (u B —fQF(x,mo)dx

|x]*
+)2 ()

% u
—t 22 2 @/ o)™ 7y
2*() G

lim;_, 4 I (tug) — —oo. Hence we can choose 7y > 0 such that ||foug|| > r and I (fouo) < 0. Applying the Mountain
Pass Lemma in [13], there is a sequence u, C X satisfying

I A

I(u,) —c>B and [I'(u,) — 0,

where
¢ = inf max I (h(t)),
het t€[0,1]
T =1{h € ([0, 1], X)|h(0) =0, h(1) = tyuop}.
Note that
<pz=c= 1 X X u u uy) < ———— A
tel0.1 r€l0, om0 t>g 0 2N —s) 1°

Now Lemma 1 suggests {u,} C HO1 (£2) has a convergent subsequence, still denoted by {u,}. Assume that {u,}
converges to u C H(} (£2). From the continuity of I’ we know that u is a weak solution of problem (4). Then
(I'(w),u”) = 0 where u~ = min{u, 0}; thus u > 0. Moreover, we can get that u is a nonnegative solution of
(1). By the Strong Maximum Principle, we get that u is a positive solution of problem (1), so Theorem 1 holds. [J

Proof of Theorem 2. By Theorem 1 problem (1) has a positive solution u;. Set g(x,t) = — f(x, —t) forzr € R. It
follows from Theorem 1 that the equation
u |u|2 (s)—2
—Au — M = ———u + g(x, u)
x| x|
has at least a positive solution v. Let uy = —wv, then u» is a solution of
u |u|2 (s)—2
—Au— p—s = ————u+ f(x,u).
x| lx®

It is obvious that u; # 0,u> # 0 and u; # u». So equation (1) has at least two nontrivial solutions. Therefore,
Theorem 2 holds. [
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