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Abstract 

Kochol, M., The notion and basic properties of M-transversals, Discrete Mathematics 104 

(1992) 191-196. 

Let I be a finite index set and Jet d denote the family (A,: i E I) of finite subsets of S. Let M be 

a matroid without loops on I. A family (x,: i E I) of elements of S is an M-system of 

representatives of .~4 if x, E A,, for any i E I, and the set {i E I: x, = s} is independent in M, for 

any s ES. Let (xi: i E I) be an M-system of representatives of Sp; then the set X = {x,: i E I} 
(i.e., the set of distinct elements of the system (x,: i E I)) is called the M-transversal of _cI, (If 

U, is the k-uniform matroid of rank k, then the Uk-transversal is usually described as 

k-transversal, or as system of representatives with repetition.) The aim of this note is to prove 

an M-transversal version of Rado’s and Perfect’s Theorem and to give a short proof of a similar 

result known for k-transversals. 

1. Introduction 

Throughout this paper I denotes a finite index set and .z& denotes the family 

(Ai: i E I) of subsets of a finite set S. Let M be a matroid without loops on I. 

We expect the reader to be familiar with matroid theory. All terminology and 

notation related to matroids are essentially the same as that of Welsh [9]. 

We say that a family (xi: i E I) of elements of S is a system of representatives 
(SR) of & if xi EAT, for any i E I. If, in addition, xi #xi, for any i #j, then 

(xi: i E I) is called the system of distinct representatives (SDR) of &. 

The subset X of S is called a transversal of & if there exists an SDR (xi: i E I) of 

d such that X = {xi: i E Z}. 
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A system of representatives (xi: i E I) of & we call an M-system of repre- 
sentatives (M-SR) of .z4 if the set {i E I: xi = s} is independent in M, for any s E S. 

A subset X of S is called an M-transversal of ~4 if there exists an M-system of 

representatives (Xi: i E I) of J& such that X = {Xi: i E Z} (i.e., X is the set of the 

distinct elements of the family (xi: i E I)). 
If .Z E Z, then denote by tiJ the subfamily (Ai: i E J) of d. 

Let J c I, and let X s S be a transversal of Se,. Then X is called a partial 
transversal of ~4. Furthermore, IJI and )I - JI are called the length and defect of 

the partial transversal X, respectively. 

Similarly, let .Z 5 I, and let X G S be an M-transversal of dJ. Then X is called a 

partial M-transversal of d. Suppose K to be the maximal set (with respect to the 

cardinality) such that X is an M-transversal of tiK. Then JKI and II - KI are 

called the length and defect of the partial M-transversal X, respectively. 

Let U, be the uniform matroid of rank k (i.e., .Z G Z is independent in ZJ, iff 

I.ZI 6 k). Then an SR (yi: i E I) of .& is a U,-SR of ~-4 iff I {i E I: yi = s} I s k, for any 

s E S. Let us note, that U,-transversals were usually denoted as k-transversals (see 

[7, 9]), or were described as systems of representatives with repetition (see [ 1,3]). 

Furthermore, U,-transversal is a transversal in the usual sense. 

We shall, for brevity, write A(J) = IJ {Ai: i E J} and use an analogous notation 

for families denoted by other letters. 

Rado’s Theorem [5,6] is perhaps the most fundamental result in transversal 

theory. 

Theorem 1. Let M2 be u mutroid, with rank function r,, on the set S. The jinite 
family of subsets &! = (Ai: i E I) of S has a transversal which is independent in the 
mutroid M2 if and only if & satisfies the following condition: for any J E I, 

r44J)) 2 IJL 

2. Main results 

We shall need some additional notations. Set S’ = S x I. Let X s S’. Set 

X/s = {i E I: (s, i) E X}, for any s E S, 

X/i = {s E S: (s, i) E X}, for any i E I, 

X/Z = IJ X/i ( cS). 
id 

Next, for the matroid M, with rank function r, on the set I, we denote by M’ 
the matroid on S’, with rank function r’, such that 

r’(X) = C 4X/s), 
scs 

(1) 
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for any X E S’. (M’ is in fact a direct sum of matroids Mj on {s} x I such that MI 
is induced from M by bijection i I+ (s, i), i E 1.) 

Next, considering again a family zz$ = (Ai: i E I) of subsets of S, let us denote 

the elements of A;, for i E I, by u~,~, . . . , ai,,,. Then set, for any i E I, 

A: = {(a,,,,, i), . . . , (a,,,,, i)} c S’. Thus d determines exactly one family ~4’ = 

(Al: i E Z) of subsets of S’. 

Let M2 be a matroid, with rank function r,, on the set S. The matroid M”, with 

rank function r”, on the set S’ is defined by the requirement that, for any X G S’, 

r”(X) = rz(X/Z). (2) 

(The set {(x1, i,), . . . , (x,, i,)} is independent in M” iff the set {x,, . . . , x,} is an 

n-element set, independent in M,, and i,, . . . , i, are arbitrary, not necessarily 

distinct elements of 1.) 

The following lemma is easy to check. 

Lemma 1. Let &, SB’, M, M’, M2 and M” have the same meaning as above. Then 
the following conditions are equivalent: 

(a) There exists X c S such that r*(X) 2 t and X is a partial M-transversal of & 

with defect d. 
(b) There exists X’ G S’ such that X’ is independent in M’, r”(X’) 3 t, and X’ is 

a partial transversal of d’ with defect d. 

We shall also need another auxiliary lemma. 

Lemma 2. Let X, Y E S’ and r’, r” have the same meaning as above. Then 

r’(X) + r”(Y) 3 r’(X n Y) + r”(X U Y). 

Proof. Let X, Y G S’. Suppose u E XII - Y/I. Then X/u # 0 and Y/u = 0. Since 

M is a matroid without loops, then 

r(X/u) 3 1 and r(X/u fl Y/u) = 0. 

Suppose u $ XII - Y/I. Then r(X/u) 2 r(X/u fl Y/u). Hence 

C &X/s) = sGs r(X/s 17 Y/s) + IX/l - Y/II 
ses 

2 sTs r(X/s n Y/s) + r2(X/Z U Y/Z) - r*(Y/Z). 

Thus r’(X) + r”(Y) 2 r’(X n Y) + r”(X U Y). 
If ~4 = (Ai: i E I) is a family of sets, we write for any s E S, J G I, 

A(s, J) = {i EJ: s E A;}. 

(Let us note that A(s, J) E 1.) Then, for any s E S, J c I, 

A’(J)/s = A(s, J). (3) 
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We now prove a general theorem which is a slight modification of Welsh’s 

Theorem [7, 91. 

Theorem 2. Let {f,: q E Q} be a set of submodular and nondecreasing functions 
from 2’ to Z+, i.e., for any q E Q ; and any X, Y c S, f, satisfies the following 
conditions : 

ifXsYcSthenf,(X)Gf,(Y), and 

f,(X) +fg(Y) sf,(X u Y) +f,(X l-l Y). 
Moreover, let them be mutually submodular, i.e., for any q, p E Q, and any 

X, YGS, 

f,(X) +f,(Y) a min{f,(X U Y) +f,(X n Y), f,(X u Y) +f,(X n Y)) 

holds. Let s&? denote a finite family (Ai: i E I) of subsets of S. Then & has a system 
of representatives (xi: i E I) such that 

f,{xi:iEJ}31J(, foranyqEQ,JsZ, 

if and only if 

fqA(J)alJl, foranyqEQ,JsZ. 

Proof. It is easy to see that 

f(X) = yj; {f,(X)) 

is a submodular and nondescending function from 2’ to Z+. Hence, it is enough to 

prove this theorem in the case IQ] = 1. But this has been done in Welsh [7, 91, 

concluding the proof. 0 

In general, the collection of k-transversals of a family ti of subsets of S does 

not form the basis of a matroid (see [9]). Thus also the collection of 

M-transversals does not. However, we generalize the Rado’s and Perfect’s 

Theorems to get the following. 

Theorem 3. Let s4 = (Ai: i E I) be a family of subsets of S, and let M be a matroid 
without loops, with rank function r, on the set I. Let M2 be a matroid, with rank 
function r, , on the set S. Let d be a nonnegative integer, d c 111. Then s& has 
partial M-transversal X with defect d and such that r2(X) 2 t if and only if, for all 

J E Z, 

,zs rA(s, J) 2 IJI - 4 

r,(A(J)) 3 IJI - IZ( + t. 

Proof. Take Q={l,2}, fi=r’+d, f,=r”+lZl-t in Theorem 2. f,,fi are 

nondecreasing, submodular and, by Lemma 2, mutually submodular. By Lemma 
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1 and Theorem 2, & has the required partial M-transversal if and only if, for all 

JsI, r’(A’(J))+dalJI, and r”(A’(J)) + 111 - f 2 IJI hold. But from (l), (2), (3) 

follows: 

and 

r’(A’(J)) = c r(A’(J)ls) = c rA(s, J), 
SCS st.S 

r”(A’(J)) = r*(A’(J)/Z) = r2(A(J)), 

concluding the proof. Cl 

As an application of this theorem we can give a shorter proof of the following 

result (see Welsh [S, 91). 

Corollary 1. Let & = (Ai: i E I) be a family of subsets of S, k 2 1, and M2 be a 
matroid, with rank function r,, on the set S. Then & has a k-transversal (i.e. 

Uk-transversal) with rank not less than t if and only if, for any J E I, 

k IA(J)l 2 IJL 

r*(A(J)) > JJI - 111 + t. 

(4) 

(5) 

Proof. The necessity of (4) and (5) is obvious. Conversely, let (4) and (5) be true 

for any J G I. We show that the conditions of Theorem 2 are satisfied replacing d 
by 0 and r(X) by min{JXI, k}, the rank of I!/,. For if not, take J the smallest 

subset of I such that 

2 min{lA(s, J)I, k) = c min{lA(s, J)I, k} < IJI. (6) 
SES scA(/) 

From minimality of J, it follows that, for any j E J, 

,yE:Jj min{lNs, J - {i))l, k) 3 IJI - 1. 

If there exist j E J and s E Ai such that 

min{lA(s, J>I, k) > miNlA(s, J - {j})l, k) 

then (6) fails to hold. Hence, for any j E J, and any s eAj, min{lA(s, J - 

{j})l, k} = k, and, thus, for any s EA(J), min{lA(s, J)I, k} = k. Then 

sE& min{lA(s, J)L k) = k IA(J 

Comparing this with (4) and (6) we get a contradiction. Thus ti satisfies the 

conditions of Theorem 2 and & has a k-transversal with rank not less than t, 

completing the proof. 0 
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3. Al-transversals 

It is of some interest to note, that we can extend our results in the following 

way. Let A denote the family (M,: s E S) of matroids without loops on the set I. 

The system of representatives (Xi: i E I) of ti we call &system of representatives 
(A-SR) of ~4 if, for any s E S, {i E Z: xi = s} is independent in M,. 

The subset X of S we will call an d-transversal of ~4 if there exists an .&-system 

of representatives (xi: i E I) of & such that X = {Xi: i E Z}. Partial A-transversals 

of &, their length and defect, can be defined similarly as for M-transversals. 

For any s E S, let r, denote the rank function of the matroid M,. Let us denote 

by ML the matroid on S’ with rank function r> such that, for any X G S’, 

r&(X) = C r,(Xls), 
scs 

hold. The following theorem can be proved in the same way as Theorem 3. 

Theorem 4. Let & = (A;: i E I) be a family of subsets of S and let .AI be a family 
(M,: s E S) of matroids without loops on I. For any s E S, let r, be the rank function 
of M,. Let M2 be a matroid, with rank function r,, on the set S. Then & has a 
partial A-transversal X with defect d such that r2(X) 3 t if and only if, for all J E I, 

zs r,A(s, J) Z= IJI - 4 

r2A(J) 2 IJI - 111 + t. 
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