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For weakly stationary stochastic processes taking values in a Hilbert space,
spectral representation and Cramér decomposition are studied. Using these
ideas and the moving average representation for such processes established
earlier by the authors, some necessary and sufficient spectral conditions for
such stochastic processes to be purely nondeterministic are given in both
discrete and continuous parameter cases.

1. INTRODUCTION

This note is devoted to the study of the spectral theory of weakly stationary
stochastic processes taking values in an infinite-dimensional, separable Hilbert-
space J# (# -valued processes). The attempt to extend to infinite-dimensional
processes the theory for finite vector-valued processes developed by Wiener and
Masani [25] has given rise to several papers in recent years [9, 18, 5, 7]. The main
effort in these papers has been to extend the factorability criterion of [25] to
certain spectral density operators. However, as has been shown by P. Lax [16],
in the infinite-dimensional processes of interest, i.e., in the “genuinely” infinite-
dimensional case, the conditions of Wiener and Masani are not extendable.
(see also [9, p. 909]). It is this case that is considered here.

In two earlier papers we gave a time domain analysis of infinite-dimensional
processes in which the central role was played by the notion of multiplicity,
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first introduced by H. Cramér [2] and T. Hida [11] and discussed by the former
in a series of papers [3, 4]. In the present paper we continue in the same spirit
and show that the multiplicity of an #-valued process equals the rank of the
spectral density operator of its purely nondeterministic part. Qur definition
of the rank follows Zasuhin [26] and uses the Wold decomposition given in [14]
to show that it coincides with the rank of the purely nondeterministic part. All
this is done in Section 2. Section 3 contains the Bochner theorem and the Cramér
decomposition of the spectral distribution operator.

Our main results are given in Section 5. Theorem 5.1, which is the extension
of Rozanov’s Theorem 11 of {23] to the infinite-dimensional case, gives necessary
and sufficient conditions (in terms of the spectral distribution operator) for an
H-valued process {X,} to be a purely nondeterministic process of rank A. 'The
factorability criterion for the spectral density operator is given in Theorem 5.1.
Using a theorem of Payen [20], we give a necessary and sufficient analytic
condition for an #-valued process to be purely nondeterministic of rank M.
In Section 6 we give, without proof, analogous results for continuous-parameter
H-valued processes.

Most of the results of this paper were announced in [13].

In the following section, we give some preliminaries which will be used
throughout the paper.

2. PRELIMINARIES

Let (2, &, P) be a probability space and J# be a separable Hilbert space with
inner-product ¢ , » and norm || |. We say that a random variable X on £2 to 5
is #-valued if for each w € 2, X(w) € H#, and E|| X |? = fg | X'||? 4P is finite.

DeriNTION 2.1. A sequence {X,; # = 0, &1, 4-2,...} of 5#-valued random
variables is called an J#-valued stationary stochastic process (SSP) if for each
hy,hycH andn < m,

E<‘¥m » h1><Xn ’ h2> = Y((m - n); hl ’ hz) = <F(m - n)hl ’ h2>,

where I'(m — n) is the gramian of X,, , X, (see Gangolli [9]). Since for each ,
E| X, |? < oo, we get for he #, (X, , k) e Ly, P), the space of complex-
valued square integrable functions on (£, &, P), we can associate with {X,}
the following (closed) subspaces of Ly(£2, P).

(a) The subspace Ly(X) of Ly(f2, P) generated by the family of random
variables {(X,, , k> forn = 0, +1, 42,... and k€ 5}
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(b) The subspace Ly(X : n) of Ly(£2, P) generated by {{X,,, i>, m < n,
hed}.

We now consider PLQ( xn1¥<X7 » 2, projection of (X, , h> ontoLy(X : n — 1).
By Lemma 7.1 of [14] we have

PLg(X:n—1)<Xn yhy = <Yn,n-1 B for each s e o, (21)

where Y, ,_; is an S#F-valued random variable. Clearly, Z, = X, — Y, ,,
is #-valued. This is the innovation in X, . Because of stationary, we get, for

hoH e,
E{Zy WX Zy By = EXZy, B){Zy, }'D. (2.2
Since Z, is an #-valued random variable, we get (see [13])
E(Zy, h){Zy, by = (Sh, I, (2.3)

where Se T(#, ), the class of self-adjoint nonnegative definite, compact
operators of finite trace.

DeriNITION 2.3. (a) The operator S will be called the Prediction Error
Operator of the process {X, ,n = 0, +1,...}, and the dimension of the closure
of the range of S is called the rank of the process X, .

(b) An s#-valued process {X,, 0, -1, 4-2,...} is said to be of nearly full
rank if #(.S) the null space of S is trivial (i.e., {0}).

As in [13], we call an 5#°-valued stationary process purely nondeterministic if

+®
() Ly(X :n) ={0},  where O is the zero of Ly(X) (2.9

=00

and deterministic if

Ly(X :n) =Ly(X)  for some (and hence for all) . (2.5)

We now recall the following Wold-decomposition [14, Proposition 7.1]:

Lemma 2.1. Let{X,,n =0, £1,...} be an # ~valued stationary process; then
X,=XP+ X2 n=0+l,.,

where {X3} and {XP} are H-valued stationary processes such that {X} is
purely nondeterministic, { X} is deterministic, and Ly(X®) | L(X®),
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From the above proposition it follows that Z, = Z", and hence
(Shy 'S = B (20, ByXZ0, By = (SO, B 2.6)

Thus we observe that the rank of the process is equal to the rank of its purely
nondeterministic part.

Lemma 2.2, Let{X,,n = 0, 4-1, 4-2,...} be a purely nondeterministic process,
then the subspace R* of Ly(X) generated by {Z, , h>, h € A, is isomorphic to the
closure of the range Z(S*12) of S*/2, where S/2 denotes the square root of the operator
S [22, p. 265].

Proof. 1In view of (2.3), the operator T, given by
T{Zy, k) = S'?h  for hedf,

extends to an isometry on Rt onto Z(S1/2).
It can be easily observed that [22, p. 263] n(S) = 5(S'/%). Hence we get the
following theorem from (2.6), Lemma 2.2, and [14, Theorem 4.1(i)].

TuroREM 2.1. The rank of an S -valued stationary stochastic process is equal
to the multiplicity of its purely nondeterministic part.

This shows that our definition of rank is a natural generalization of the one in
the finite-dimensional case.

3. BocHNER THEOREM AND CRAMER DECOMPOSITION

This section establishes the Bochner theorem for an J#-valued stationary
process. This allows us to define the operator-valued spectral measure of the
stationary process.

Let {X,,n =0, 41,...} be an s#-valued stationary process, then we can
introduce on Ly(X) the shift-operator U as

VKX, by = (X,.;,hy foreach h and =n. (3.1)

We get from the stationarity of {X,} that U is a unitary operator. Hence by
Stone’s Theorem [22, p. 281],

U=[  eRE@), (3.2)

v (0,27]

where E is a projection-valued measure on the Borel subsets # of (0, 2m).
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Consider now E(4X X, , #). It equals by [14, Proposition 7.1] {X(4), k), where
for each 4, X(4) is an 3#’-valued random variable. Let us define the operator F(4)

as
CF()h, 17y = ECX(A), i< X(4), ).
We now have the following Bochner Theorem.

Tueorem 3.1. Let {X,}*° be an f-valued stationary stochastic process;
then for each n, the gramian

I(n) = | : e~ IF(dN),

where (1) F(A) for each A c B belongs to T(H#, H);

(it) F is a measure in the sense that if A; are disjoint members in &, then
{F(Usr 4;) — Z’f F(4,)} — 0 as k — oo, where T denotes the trace';

(i) T(n) = [y e“mIF(dA) = [o" e~ IG(dN) implies F(d) = G(4).

DeriNITION 3.1, We say that F is absolutely continuous if the (possibly
complex) measure {(F(-)4, h’) is absolutely continuous with respect to (<€), the
Lebesgue measure [ on (0, 27|, and F is called singular if for each %, &' € 57,
(F(*)h, k"> is singular with respect to 1.

We denote wz,, = {x | x € Ly(X), (E(d)x, x) < 1} and weg = {x | x € Ly(X),
{E(d)x, x> is singular to [}. It is known [10, p. 104-105] that sz,, and sz are
mutually orthogonal subspaces of Ly(X) and Ly(X) = w,, B #g . Clearly, »,,
and a2 are U-invariant. Also by Lemma 7.1 of [13],

P, KXo, b =<(X5%hy and P,LX,, k) = (XS5, k),
where X;° and XS are # -valued random variables. We thus have

TreorEM 3.2 (Cramér decomposition). Let {X,,n =0, -£1,..} be a sta-
tionary 3-valued process. Then

X, =X+ X8 =0, L1,

where the processes { X"} and { XS} are mutually orthogonal 3 -valued stationary
processes with shift-operator U, as for {X,}, the spectral distribution operator of
X129 is absolutely continuous, and that of X\ is singular.

! For a T(o#, 5#)-valued measure, this condition is precisely equivalent to the fact
that {F(4)h, k') is countably additive for each k, b’ € #.
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CorOLLARY 3.1 (Cramér decomposition). Let F be the spectral distribution
operator of a stationary S -valued process, then

F =F, + Fy,

where Fo, and Fg are T(H, #)-valued measures on & such that F,, < 1 and Fy
1s singular with respect to I.

Applying Theorem 3.2 to the deterministic part in Theorem 2.1, we get

CoroLLARY 3.2. Ewvery stationary H -valued process X, can be decomposed
into three pairwise orthogonal stationary H# -valued processes in the following manner:

X = X(l) +X(2)+X(s)

where {X ) is a purely nondeterministic stationary X -valued process, { X'} is a
determinwtic H -valued stationary process with absolutely continuous spectral
distribution operator, and { X} is a deterministic stationary H-valued process with
singular spectral distribution operator.

For an example of the J#-valued process, where the second part of the
above decomposition is present, see M. Nadkarni [19].

We now obtain a Radon-Nikodym theorem for the operator-valued measure
F,.. Let us recall that a T(o¢, 5)-valued measure G is said to be absolutely
continuous if for each 4, A € #, the (possibly complex-valued) measure
{G(")h, ") is absolutely continuous with respect to .

Let {e,} be a CONS in ; we then define by g,,(0) = (d/d]) < G(A) ¢; , 5>
the Radon—Nikodym derivative of {(G(d)e; , ¢;>. Let us define by g = {g;(")}
the infinite-dimensional matrix. Then g can be considered as a spectral density
of G. It should be noticed that the spectral density operator is defined uniquely
only as a matrix, i.e., when the CONS is fixed. In the infinite-dimensional case,
this point has been emphasized by Gangolli [9, p. 903]. This is also the case in
the finite-dimensional case although Rozanov [23] seems to have overlooked this
fact.

Obviously the matrix g has the following properties:

) g=g*% (ii) g is nonnegative definite; (iii) 3°; £:4(2) (3.11)
converges a.e. [I].

From (i) and (ii) we get

(8 < 8ugu ae [ (3.12)
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Let us now define, for each 2 € 5 and A € (0, 2], the spectral density operator

Gk =3, (h, &) gis(Ne; - (3.13)

4,3

Then (3.11), (3.12), and (3.13) give the following theorem by standard procedure;

TaeoreMm 3.3. Let G K lbe a T(#, H)-valued measure, then (i) the spectral
density operator G’ can be defined uniquely for each CONS by (3.13), (i)
G'(N e T(H, H) ea. [l], and (iii) For each 4 B, G(4) = [, G'(X) dA, where
the integral is defined as in [12, p. 79].

In view of the fact that the spectral density operator is defined with respect
to a CONS, it seems natural to consider the coordinatization of X,, with respect
to {¢;} from now on. That is, we can treat X,, as a “column” vector (X¥) =
((X, , e,>) where, of course, Y5, E | (X, , D2 < co.

Using an extension of the ideas of [25], we call vector X, = (X)) (k =
1, 2,...,) an L,*(X)-valued random variable, and the process {X, ,n =0, +1,...}
of these vectors (when co-ordinatized) an L,”(X)-valued stationary process.
If U is the shift-operator given before, we can write X\ = fﬁ" e E(d)) X
Let us consider the vector £(d) = (E(4) X{?). Then &4) is an Ly*(X)-valued
countably additive orthogonally scattered (c.a.0.s.) measure in the sense of
Mandrekar and Salehi {17, Section 6] and the matrix F(4) = [£(d4), &4)] is a
T(l,, L,)-valued operator measure in the sense of [17, Section 2]. The stochastic
integrals with respect to £ are defined in [17, Section 6]. We now quote the
following Isomorphism Theorem [17, Section 6] which will be used in Section 5.

THeoREM 3.4. The space L,°(X) = {J ﬁ" AQR) E(dX), AeLy g}, where Ly g
is the space of all operator-valued functions square-integrable with respect to
T(l, , L)-valued measure F [17, (4.10)] and

[ AQ) gan, | 2 A0) gan)] = | 2 ANF@) AN [17, 49)].

In the next section we obtain a Riesz—Fischer Theorem following Wiener and
Masani [25, 3.9(b)], which will be used to obtain the factorization theorem.

4. FACTORIZATION OF THE DENsITY
Let ¥, A" be two separable Hilbert spaces and HS(#, ) be the class of

Hilbert-Schmidt operators on ## into ¢ [8, 1010]. We denote | |z the Hilbert—-
Schmidt norm. Let us denote by %0, 27) the space of HS(3#, H')-valued
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functions A(*) on (0, 27], where [( o0y | AQ)|E dl is finite. If we identify in

Z(0, 27] the functions 4, B such that | A(-) — B(*)|g = Oa.e. [I], then Z,(0, 27)
becomes a Hilbert space with the inner product ((4, B)) = 1/2» Io {4, B*} dl
and norm || 4 ||z = ((4, 4A))Y/~

The proof of the above statement is a consequence of the fact that HS(o#, %)
is a Hilbert space with norm | |; given by the inner product (4, B} = 74B*
(e.g., Schatten [24, p.32]) and the classical arguments [12, p.46]. For a function 4
in %(0, 2] we define the n-th Fourier coeflicient

— i_ i —ind
A= f Ay do,

where the integral is as in [12, p. 79]. The following is a straightforward extension
of Wiener and Masani [25, 3.9 (b) & (c)] for (0, 27].

Tueorem 4.1. (a) If A, is the n-th Fourier coefficient of A € L0, 2=], then
Zf: | 4, |5 < oo; conversely, if the A, are such that z‘:z | 4, % < o, then
there is a function A € £)(0, 2] whose n-th Fourier coefficient is A, (Riesz—~Fischer
Theorem).

(b) If A, B € %, and have n-th Fourier coefficients A, , B, , then the mtegral
1/2m _[0 A(6) B*(6) df exists as a weak operator integral and equals > 4,B,*
(Parseval’s Identity).

(c) Withthe hypothesis of (b), the n-th Fourier coefficient of AB is Zfz ApBo_ i
(convolution formula).

As these results follow readily as in the complex-valued case?, we omit the
proofs. We shall denote by %,* the subspace of (0, 2=] consisting of functions
A such that A(n) = 0,2 < 0.

We now recall the following theorem as a consequence of [14, Theorem 9.2].

TueoreM 4.2. Let X, = (X{¥) be an H-valued weakly stationary, purely
nondeterministic process, then

x® 3 by(k; m) &(m + n), (4.1)

mL0

o~
LN

where (i) M = dim R,

2z For (c) it should be noted that if B € Z,(0, 27], so is B*.
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(i) {&m)} (m = 0, +1,...) are mutually orthogonal [6] stationary processes,

M

@) S Y Y |5k mEE| £m) is finite and
k=1 =1

i=1 m<0

(iv) Ly(X;n) = 21: D Lyé; 5 n).

Let us denote by £, the vector {¢}, where for &2 <X M, £ = £4(0) and
£&F = 0 a.e. [P] for k > M. Also define the matrix B(m) for m < 0 as b;;(m) =
b(i;m) for ¢ = 1,2,..., and j << M and zero otherwise. Then (4.1) can be
rewritten as

X, =Y Bubpin-

m<0

Let D be the diagonal matrix with entries E | £, |2 along the diagonal for 7 < M
and other entries zero, then B, D' e HS(l, , ), since Y <o | B,D'2 3 < 0
by (iii) of the above theorem. We, therefore, have

Xn = Z Bm£m+n' (42)

m<0

From (4.2), by a simple transformation, we get

X, =3 Buéum: where B, = £8_,. (4.3)
m=0
Furthermore,
rank of D = multiplicity of X, . 4.4)

The following is our factorization theorem.

Turorem 4.3. A stationary S-valued process {X,,,n = 0, +1,...} is purely
nondeterministic iff the spectral distribution F is absolutely continuous, and F,(\) =
D) D*(N), where ) =Y _, B, D'/2eimr ¢ L+,

Proof. We observe that the gramian

P(n) = [X,, X)) = Z B, xDB,*.

m=0

Since v . | B, D2 |% is finite, we get by Theorem 4.1 (a) that there exists a
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function @ € %, such that () = Z,‘,::_m B, D'2gimA But B, = 0 form < 0
and hence

() = 3 B, DVeim,
m=0
Using Theorem 4.1 (b) and (c), we get
27
I'(n) = f e imB(X) PH(A) dA.

0

By uniqueness of the spectral density we now get the required result.
~Conversely, consider a sequence of s#-valued random variables £, such that
(€., €n] = D8,y and consider X, = Z:=0 B,&. . Then

Ty = | :" @) B*() d\ = I'(n).

Since X, is obviously purely nondeterministic, so is X,, [14, p. 616].

5. THE RANK oF THE SPECTRAL DENSITY

In this section we obtain the main result of the paper and apply it to obtain
analytic conditions on the spectral density in order that the process is purely
nondeterministic of rank 34, We now state the main theorem.

TuEOREM 5.1. The necessary and sufficient conditions for an H#-valued
stationary process {X, ,n = 0, +1,...} to be purely nondeterministic of rank M
are the following:

(i) The spectral distribution operator is absolutely continuous;
(i) The rank of its spectral density operator fis M a.e. [I];
(1) fQ) = D) D*X(X), where D(A) = S o BiD\2eikr gs in £,;H(0, 2m],
where D is a diagonal matrix.

Before we proceed to the proof of the theorem we observe thatin Theorem 3.4
one can take AQX) = A N[ F(N)]12, where A} is HS(l, , l)-valued [17, (4.12)].
With this notation, we have

[ 4oy Fan 4 — [ 2,00 BARGTRON 40 A (50

where -P,(R( f172(X))) denotes the orthogonal projection onto R( f1/%(})).
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The above equation will be crucial to our proof.

Proof of the necessity. The process &, = (UmEP)eL,™(X) by (iv) of
Theorem 4.2, and hence by Theorem 3.4, gives us &, = [(,3,7 A(A) {(dA), where
AL, ;. Thisimplies that £, = [(g.5,7 €~™A(X) {(dA) since {(d) = (E(4)X?).
Thus, by Theorem 3.4 and (5.0),

[éns & = | o AN F(@) 45
= f(o ) ]e“imz\Ao(/\) P(R(FI2(X))) Ag*(NdA. (5.1)

But [£,,, &] = 8,,0D by the definition of D, and, therefore,

[gm » §0] = %J‘ e~tm]) dA, (5-2)

(0,271

Hence, by Theorem 3.1 (iii) and Theorem 3.3,

D

AN PRf(R) 4*(N) = 5~ 2

e [l (5.3)

Since now £, is a stationary L,°(£)-valued process with shift-operator U, we get,
using Theorem 4.2 (iv) and Theorem 3.4 by similar arguments as above, that

f@ = %m-Bo(f\) P(R(D'V2)) By*(2) ae. [, (5-4)

where B(}) is given by the equation X, = [ B(A) n(dA) and n(d) = (E(4) &P).
We get that rank f1/%(d) = rank of DV2 which implies

rank f(A) = rank D = M ae. [I]. (5.5

The other two conditions follow from Theorem 4.3. Sufficiency follows by
using Theorem 4.3 and the necessity part of the proof.
From the above theorem and Corollary 3.2 we get

CoroLLarY 5.1. The spectral distribution operator F can be written as the
sum of three operators Fy ,F,, and F,, where Fy is absolutely continuous with
Jactorizable density, F, is absolutely continuous, and Fy is singular. This decomposi-
ton is unique.

We now use the above theorem to give analytic conditions for an #-valued
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stationary process to be purely nondeterministic of rank M, using Payen
[20, Proposition 9, p. 379].

TreoREM 5.2. Let {X,, n =0, +-1,..} be an 5 -valued stationary process;
then X, is purely nondeterministic of rank M iff (i) The spectral distribution operator
1s absolutely continuous; (it) The spectral density f(A) = ZnM=1 pn(A) Ou(R), where
O.(}) is a projection on a subspace of dimension one such that its range function is
conjugate analytic [7, p. 124], and p,(}) is a strictly positive real function a.e. [I]
such that [;" log p(\)dA > —co.

Proof. Sufficiency follows from Proposition 9 of [20, p. 379] and Theorem 5.1.
To prove the necessity part we choose a complete orthonormal system {e;}2,
consisting of the eigenelements of D'/2. Consider then @(A) e, = g,(A). In view
of Theorem 5.1 we get that f; (A) = 2211 {e; , £ 2a(2), ;). Putting p,(A) =

| gx(Nllse OulX) = Projection of g,(), we get that f(A) = L'y pulX) Qu(d) and
J& log pa(A) > - oo following Payen’s arguments [20, p. 379].

6. ConTINUOUS PARAMETER PROCESSES

In this section we describe a procedure for extending results concerning
a discrete-parameter process to the continuous parameter case. The approach
depends mainly on [14]. Let 5 be a separable Hilbert space. We say that for
t € R, the real line, X, is a continuous parameter J#-valued weakly stationary
process if, for each ¢, X, is an S -valued random variable and

Ep<Xt ’ h1><Xs ’ h2> = <F(! s—1 |)h1 ’ h2>:

where I'(t) is the gramian. We say that {X,},.x is mean continuous if for each
he#, EKX,, b)) — <X, B2 —>0ass—t.

For a mean continuous purely nondeterministic process, the authors have
shown [14] that the idea of multiplicity coincides with that of rank given by
Gladyshev in the finite-dimensional case.

DerINITION 6.1. The rank of the process {X,} is defined as the multiplicity
of its purely nondeterministic part.

Remark. The above definition is unambiguous in view of the Wold-decom-
position given in [14, Proposition 7.1]. It is consistent with the finite-dimensional
case and the Zasuhin definition in the discrete parameter case in view of Theorem
6.2 of [14].

Let us define Ly(X) as the (closed) subspace of Ly(£2) generated by {{ X}, At € R,
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h e #} and the shift operator U, on Ly(X) as UK X, b) = {(X,,;, k). Then U,
is a strongly continuous group of unitary operators and hence

+oo
U, = f e~IE(dN),

0

where E(d4) is a projection-valued measure on the Borel sets Z(R) of R. Using
now the arguments paralleling those in discrete parameter case, we get the
following analogs of Theorems 3.1, 3.2, and 3.3, and Corollaries 3.1, and 3.2.

THeOREM 6.1. Let {X,},.x be an S -valued stationary stochastic process; then,
for each t,

I'(t) = j R

—00

where (i) for each 4 € B(R), F(d) € T(3#, ),

(ii) F is a measure in the sense that if 4, are disjoint members in B(R), then
HEUS 4;) — Sy F(4.)} — 0 as k — oo where 7 denotes the trace;

(iii) I@) = [T etuF(du) = [T, =it G(du) implies F(d) = G(d).

THEOREM 6.2. Let {X,,t€ R} be a mean continuous stationary 4 -valued
process; then

X, =X+ X teR,

where the processes {X "} and { X5’} are mean continuous H# -valued processes and
the spectral distribution operator of {X\*®} is absolutely continuous and that of
{X{®} is singular with respect to the Lebesgue measure X on R.

CoroLLARY 6.1 (Cramér decomposition). Let F be the spectral distribution
operator of a stationary S -valued process; then

F:Fac_f—Fs,

where B, and F; are T(3, H)-valued measures on B(R) such that F,, < X and F
is singular with respect to A.

CoroLLARY 6.2. Ewvery mean continuous stationary 3 -valued process { X, }iex

can be decomposed into three pairwise orthogonal stationary H -valued processes as
Jfollows:

Xt — Xt(l) +Xt(2) +Xt(3)’
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where { X1}, {X®} and {X®} are mean continuous stationary # -valued processes
such that { XV} is purely nondeterministic and FV << X, {X®} is deterministic with
F® £ ), and {X®} is deterministic with F® singular with respect to ).

THeOREM 6.3. Let G be an absolutely continuous T(H, H#)-valued measure;
then (i) the spectral density operator G’ can be defined uniquely for each CONS
int; (i) G'(u) € T(H#, ) a.e. [A); and (iii) for each A in B, G(4) = |, G'(u)X(du),
where the integral is as in [12].

As in Section 3, we now coordinatize the process to study the factorization.

Let Z(R) be the space of HS(s#, 5¢)-valued, operator-valued functions AonR
with [ | A(u)|% Mdu) finite. If we identify in %(R) the functions 4, B such that
| A(") — B(")lg = 0 a.e. [A], then Z(R) becomes a Hilbert space with inner
product ((4, B)) = 12w [z 7{AB*} dA and norm || 4 ||z = (4, A))*/2.

For a function 4 € %(R) we define the Fourier—Plancherel (FP) transform
following Paley and Wiener [21], as

400

A(t) = \—/%_7_7 J | et Aw) Mdu)

The following theorem can be proved by using essentially classical arguments.

TuroreM 6.4. Let A, B € %R) with F-P-transform A, B. Then
@) e Aw) B*() Mdut) = [ A(t) BX(t) Ndt) (Parseval’s Identity);
(i) [x A(w) Blu) ev'Ndu) = [ A(s) B(t — s)ds (convolution formula).
We denote %+(R) = {4 | A e %(R), A(t) =0, ¢t < 0}. Now in order to obtain

the factorization and analog of Theorem 5.1, we recall the analog of Theorem 4.2
[14, Theorem 9.3].

THEOREM 6.5. Let X, = {X\V} be continuous parameter, weakly stationary,
purely non-deterministic, # -valued process. Then, for each t,

X z [* 8% — ) g(au, (6.1)

where (a) the £,’s are mutually orthogonal and each £, is a process with stationary
orthogonal increments; (b) Ly(X;t) = Z,_l @ Ly(€,; t) for each t where Ly(X; 1)
1s the subspace Ly(X) generated by (X, , k), 7 < t, he H#%; (c) M is the multiplicity
of the process; and (d) Ziw S f_w a, | b,(1)|? Xdu) is finite. Here a,, > 0 denote
the numbers such that E | £,(4)12 = a,M4).
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Let us now define for 4 Z(R), £(4) == (£¥)(4))7;, where §O(d) == £ fori << M
and £@(4) = 0 otherwise, and let the matrix B(u) = {b;,(w)}, where b;(x) =
bP(u), k =1,2,., j=1,2,., M and equals zero otherwise. Let D be the
matrix with diagonal entries d; = a; for { << M, and d; = 0 otherwise; then
condition (d) of Theorem 6.5 shows that B(u) D'/2 € #,(R). Now by an argument
similar to Theorem 4.3 and Theorem 6.4 we get

THEOREM 6.6. The process {X{*'},.p is purely nondeterministic iff the spectral
distribution I is absolutely continuous and F, (u) = D(u) D*(u), where ® € £H(R)
with ®(t) = B(t) and B(u) = B(—u).

The analog of Theorem 5.1 can be proved by using the so-called discretized
process. Given any continuous 5#-valued process, one can construct a discretized
process {X,,n =0, -1, 4-2,..} by choosing X, = J (2," & E(r 4 2 tan~1A)
[14, (6.1), p. 634]. Furthermore, we know that the multiplicity of X,, is the same
as that of X, , and X, is purely nondeterministic iff X, is purely nondeterministic
[13, Section 6, Lemma G,]. Let F(A) be the spectral distribution of the purely
nondeterministic process X, and G(w + 2 tan~1A) the spectral distribution of
the corresponding discretized process; then F'(A) = 2/(1 + A2) G'(w + 2 tan-1A).
Hence we get that rank F"(A) = rank of G'(w 4+ 2 tan—1}) a.e. [A] which equals M
a.e., by Theorem 5.1. Now, therefore, we have the following analog of Theorem
5.1

THEOREM 6.7. The following is a necessary and sufficient condition for {X,}
to be purely nondeterministic of rank M:

(a) The spectral distribution operator is absolutely continuous with density f (u);
(b) Therank of f(u) = M a.e. [A];
(©) f) = Dlu) B¥(u), where P(u) € LH(R).
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