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A problem of J. Neyman (in Classical and Contagious Discrete Distributions
(G. P. Patil, Ed.), 1965, pp. 4-14) regarding a characterization of positive and
negative multinomial distributions is studied in this paper. Some properties of
multivariate power series distributions in general which should be of inde-
pendent interest are also derived.

1. INTRODUCTION AND SUMMARY

Neyman [4] obtained a number of interesting properties of the multivariate
negative binomial distribution and raised the question whether the properties
that he had found characterize this distribution. It is easy to see that the same
properties also hold for the positive multinomial distribution. Moreover, if
the properties hold for X ,.., X}, they also hold for Y,..., Y,, where
Y,=aX;,+b;, 1=1,.,k Hence, the interesting question is whether
Neyman’s properties characterize the two multinomials and distributions
obtained from them by linear transformations of this type. But to make this
question meaningful one first has to define what is meant by a family of distri-
butions. This has to be done in such a way that the multinomials will occur
as special cases. In the present context the following definition which is a slight
variant of that of Sinha and Sinha [6] seems to be a reasonable one. For each n
in some index set N, let aj...; >0 for (iy,..., ) e IF =1 X -+ x I, where I
is the set of nonnegative integers. Let 5 = {(6y,...,0,): 0, >0, i = 1,..., &,
and Zil,...,ik a'-”---i,ﬁi‘ -+ ix < o0}. For each 8 € 5%, , let
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398 GHOSH, SINHA, AND SINHA

Consider f(7; ,..., i, 1 n, 8) = a?l...ikﬁil “+ Bi#/c(8) and let P(:, n, ) be the corre-
sponding probability measure. Let 2, ={P(:, n, 8), n e N, 0 € 5#,}. Similarly,
for ne N consider 4/ ..; >0 and define analogously a class of probability
measures %, , and continue this process to finally introduce a? > 0 and
define 2, . The k-tuple (#,, %y ,..., %) is called a k-dimensional family.
Thus if we take /V as the set of posmve mtegers and for each positive mteger
neN,leta;. ;, =mnlfi!- z,c' (n — i, — - — i) and define 8; = p,/{1 “21 bits
with 0 <p,, i=1,.,k 21 p; <1, then we get the k-dimensional family
consisting of k-variate, (# — 1)-variate,..., trivariate, bivariate, and univariate
positive multinomials.

Similarly, if, as before, we take N as the set of positive real numbers and for
each #, let

RN 0> Ll V13

B g e (e — 1)
and define 6; = a,/(1 + Zf a;), for a, > 0,7 = 1,..., k, we get the k-dimensional
family consisting of k-variate, (k — [)-variate,..., trivariate, bivariate, and

univariate negative multinomials.

Hereafter the above two families of positive and negative multinomials as
well as those obtained by linear transformations Y, =aX, 4 &;, i = 1,..., &,
are referred to as the family of multinomials. We can now state the properties
enjoyed by the %k-dimensional family of multinomials.

Let a k-dimensional family be given and let the joint distribution of X ,..., X}
belong to &, . Properties P1 to P4 may be described in the following way.

Pl. The marginal distribution of Ky Xi, (1< 4 < <y < K5
I < m < k — 1) belongs to the class #,, .

P2.  The conditional distribution of X, ..., X; given X; =ux; ,..., X,- =
x; belongs to the class #,, and depends on the x, ’s only through Z, 1%,
where (Zy yeees Tuy s J1 5e-» J5) are a permutation of (1,.. k).

P3. The regression of X, on Xil ,...,Xim (m > 1) is linear, where
(&2 50 80) © (1,2, R).

P4. Define
my my+mg Myt
lezxiﬂ z Yz I Y, = z ‘Xilv
=1 l=my+1 l=my+--atmg_1+1

where 3; m; < k and (7 yeenr byuheeeim,) C(1,..., k). Then the joint distribution
of Y, ,..., Y, is again a member of the class %, and satisfies P1 to P3 with k& = s.

In an earlier paper, Sinha and Sinha [6] utilized the properties relating to
regression to characterize forms of nonsingular dispersion matrices of the
underlying parent distributions. Interestingly enough, the only two types of
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dispersion matrices so derived were found to correspond formally to those of
multinomials. This opens up the possibility, in view of [3], that at least within
the class of power series distributions these may be the only distributions
characterized by these regression properties. It turns out, however, that is not
true.

In fact we construct new bivariate (Sect. 3) and trivariate (Sect. 4) families
satisfying all of Neyman’s properties except part of P4 (namely, that the distri-
bution of X; + *-* + X, belongs to &,). One of the bivariate examples is used
in the construction of the trivariate example. It may be noted that if all the
properties listed by Neyman are to be meaningful, the dimension & must be
greater than or equal to 3. These examples notwithstanding, it seems likely
that within the class of power series distributions, the multinomials are charac-
terized by the following properties.

Ql. The regression of X; on the remaining variables is a linear function
of the sum of the remaining variables.

Q2. The distribution of X + -+ + X, is of the power series type.

If true, this conjecture would certainly solve Neyman’s problem since Q1
and Q2 obviously require less of X ,..., X; than P1 to P4. Under the condition
that Pg(X; + -+ + X, = 0) and Py(X; + - -+ X = 1) are strictly positive
the conjecture is proved in Section 5.

2. PRELIMINARIES

In this section we establish some properties of power series distribution that
follow from linearity of regression. For simplicity we consider the case of three
variables. Let X; , X, , and X, be three discrete random variables defined over
I3, having the power series p - f.

Py(X, = 1, X, =j, Xy = k) = aiik01i02j93k/f(9)’ (2.1)

where f(8) =3, ;. a;0,0,5705F, a;, =0, (i,j,k)el® 6,,0,,08, >0, Let
0 = {8 R f(8) < cv}). We assume in this section that J#; C interior of £
this justifies the interchanges of differentiation and summation made in the
proof of the proposition stated below. More generally, we could have assumed
H#, C the closure of the intersection of 5, and the interior of 2; one could then
first prove the proposition for S, N (interior of 2) and then extend it to J#; by
taking limits.

PROPOSITION.  Suppose that the following holds.

Eﬂl(Xl | Xy =7, X5 =k) = (0 + (000 + k). (2:2)



400 GHOSH, SINHA, AND SINHA

Then (a) the marginal bivariate distribution of X, and X, is of the power series
type, and (b) the conditional distribution of X, , given X, = j, X; = k, which is
(trivially) of power series type, depends only on (j + k).

Proof. 'To prove (a), note that, by definition, (2.2) implies
Z 10,9, / Z aipdy’ = oy(6) + Ba(01)(J + &)
= 0,(d/dby) log Z amﬁ = o(6) + B0 + A)
= Z a0, = A(8) - {BO)F+* - ¢(4, k) for some A(6;) >0,
' B(6,) >0, c(j,k) >0
oo =, Xy = B) = (3 @) 06,5 1(9)
= (], k) 67035/ £¥(8), (2.3)
where 0,* = 6,B(6,), 6,* = 6,B(6,), f *(8) = f(8)/4(6,). This proves (a).
To prove (b), note that the generating function of the conditional univariate
power series distribution of X given X, = j, X; = k&, defined by
Wby, 5,j, k) = Eel(sxl | X, = j, Xz = k)
satisfies
s - (d]ds) log (B, , s, j, k) = B (X1 | Xy =, Xy = k)
= o(615) + By(01)(j + 4)
by (2.2). Since ¢(f, , s,j, k) = 1 for s = 1, (2.4) implies
‘/’(01 4 S)j’ k) = ¢(01 ’ s?j + k)’

(2.4)

thereby proving (b).

Remark. Note that a sort of partial converse of the proposition is valid in
the sense that the validity of (2.4) implies that of (2.2). This can be proved
using [2, p. 11, Lemma 1.1.2].

Note, further, that if X;, X,, and X; have a power series distribution as
given in (2.1) then as noted by Patil [5, p. 184] and Bildikar and Patil {1,
Theorem 4.1], the marginal distribution of X, and Xj is of the form

Py(Xy = ], Xy = k) = 0,76,°h(8, , j, R)/f(8),

which is of the power series type in our sense iff 8, is kept fixed or A(6, , j, k)
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can be expressed as A(6,){B(6,)} {c(6,)}* ¢(j, k). That the latter property is
valid under linear regression follows from our proposition.

Suppose further that the marginal bivariate power series distribution (2.3)
of X, and Xj satisfies

Eg (X3 | Xy = k) = op(6;%) + Ba(6,)k. (2.5)

An analysis similar to the one given above under (a) then immediately says that
the marginal distribution of X, is again of the power series type.

3. Case oF Two VARIABLES

We first construct in this section a series of examples of joint discrete power
series distributions of two variables X, and X, , each with the values 0, 1, 2, and
each having linear regression on the other. We take up a power series distri-
bution

Po(Xy =i, X, = j) oC af,07; 4,7 =0,1,2, (3.1)

and assume that the distribution is symmetric, ie., a; = a;; > 0,4,7 =0,1, 2,
6, > 0, 6, > 0. In order to exclude trivial cases, we subject them to

Y ai; >0 foreach j=0,1,2. (3.2)

The regressions of X; on X, are given by the expressions
E(X, | X, =) = {anb; + 20,8, /{a; + a;0) + a;6,%, 7=012 (33)

If the regression is linear, ie., Ey (Xy | Xp =j) = of8;) + B(6,)J, then (3.3)
leads to three equations in « and 8. Eliminating « and 8, we find that the con-
sistency requirement connecting the a;;’s is given by

EX,1X;,=2)=2EX,| X, =1)—E(X,| X, =0) (34
identically in 6, , which yields the equations

280000381, = Agy(Agetys + A8oa)s (34.1)

2a41(@ge0n + Go1rz + Agp) = A1(Ago1s + A1Bg2) 1+ A0geBgatis, (3.4.2)
Agoley = Gyl (34.3)

4ay,80505p + 011(A1900s + Agy89s) = 2015(Apedsn + Ay + agayy), (3.4.4)

2809811095 == A1o(Bg1gs + G19G00)- (3.4.5)
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We first indicate the nature of the solutions involving some of the a,'s as
Zeros.

: 2
() ap = ap =0, ay, =24y, , 201,055 = @15, agp >0, a3, > 0.
. 2 2
(i) @ =ay =0, ayp=ag/day, a;=ay/2ay, dp>0, ay >0
(yielding the trinomial distribution of X, X, and 2 — X, — Xj).

(i) @y = @y = ayz = 0, agy > 0, ay; > 0, 4y, > 0 (yielding yet another
trivial solution).

Next assume all 4;;’s are positive. We may add one conventional equation
j p y q
Z Z al-,- = 1 (3.5)
P 3

It is easy to observe now that (3.4.3) together with (3.4.1) implies (3.4.5), and
(3.4.3) together with (3.4.2) implies (3.4.4). Hence, only (3.4.1) to (3.4.3) and
(3.5) are to be considered. Now

(3.4.3) = ayy, = ag(ass/ag)*?,
(3.4.1) = ay; = {@%/28000s} {002 + (@goas2)' "%},
(3.4.2) = 2a5{ag2s + @2i(@afa00)*’* + aZs}
= {a31/ 2800802}z + (Ap0a2)"®)* + Aa092000001(a32/ ae)'’”;

ie.,
2age — (ago8z2)'*Y -+ 2a5y(assfagg)* = {051/2800800 {02 + (@p02ee)" "}

This yields a cubic equation in gz of which the solutions are gg, = a3, /4ay,
and ayy = (@getze)*/* (with multiplicity 2). For ay, = at/day, , we have
a; = 2«“31/4"00) + (@90222)" %}, @1y = (p1/Bpo)(@pe@z2)'/* While from (3.5), we
have, further,

Ay = {1 — (ag)** — ag/(aee)**}*
Hence, one solution is

ZZT Eig; subject to (@90)*"® + a1 /(8ge)** < 1;
ayy = ag /44y, ,
g9 = (1 — (@gp)"'® — agy/(age)*'?)?, (3.6)
ayp = Gg1/ago * (get22)' ">,

2 1/2
ayy = agy/2a05 + 2(agoss)
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Set agy = pgg and ag; = 2Py Poo With pog + 2p; < 1. Then the solution becomes

2 2 2
@go = Poo » g1 = 2Poo Pox » a5 = Pg1 » oy = P11 (3.6)

1o = 2Pp1 P11 > an = 2( Py + Poo Prr)s

where pyy + 2pg + pyy = 1.
This solution can be identified as the one generated as a twofold convolution
of the joint discrete distribution whose generating function is

Gty , ts) = (Poo + Puuts + Protr + Putits) with  py = pyg -

In this connection see Remark | at the end of Section 4.
Another solution is obtained by setting ag, = (@yds,)'/? and here we get

ago( >0 .
a2:§> Ogg subject to  (dgg) 2 + agy/(a@ge)’? < 1;

g2 = (Ayolas)""%,

a, = atzn/aoo ) (3.7)
@13 = Ay (Bs9]a0)M ',

azn = (1 — (200)'"* — @gu/(ago)'/*)*.

Thus we have succeeded in characterizing all possible forms of a bivariate
discrete power series distribution of two variables X; and X, each with the
values 0, 1, 2 and exhibiting linear regression of X; on X, and of X, on X,
(due to symmetry).

Let a,;0,%0,7/c(6, , 8,) be one such distribution. Observe that, in view of the
results of Section 2, the linear regression of X,(X;) on X;(X,) implies that the
marginal distribution of X;(X,) is of the power series type. Let N ={1, 2, 3,4, 5},
aj; = a;; ,n = 1105, and as in Section 1, define #, as {P(-, n, 8), ne N, 6 € 55,}.
If we now consider the univariate marginal power series distributions of X,
and X, , and the conditional univariate power series distributions of X, given
X, =0, 1, and 2, we get a collection of five univariate power series distributions.
These five distributions indexed arbitrarily by # € N will constitute 2, . Since
a; =a;;,1,] =0,1,2, it is clear that {#, , #,} satisfies the properties P1, P2,
and P3.

4. CasE oF THREE VARIABLES

As in Section 3, we first construct an example of a joint discrete power series
distribution of three variables X, , X, , and X;, each with the values 0, 1, 2,
such that
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Eo(Xy | Xy = f, Xy = k) = o)) + By(61)(F + &),
Eg 0(X1 | Xy = J) = (0, 05) + Bo(0; , 05)5,
By o Xy + Xy | Xg = ) == ag(By , 0) -+ Bu6y , Ou)ks (4.1)
Eo(X, | Xy + Xy = 1) = oq(8y) + Bu(B)l

Let
Py(Xy =1, X,y = j, Xy = k) = Py C a;538,°0,70;%, 4.2)

where a;;, > 0, a,; is symmetric in the arguments ¢, f, &, 6; >0, 6, >0,
8, > 0, and moreover, to exclude trivial cases,

ZZ ayp >0 foreach 7 =0,1,2. (4.3)
ik

We utilize some of the results of Section 3 to derive proper relations connecting
the a;;'s so as to satisfy (4.1). Toward this end, we first write the marginal
bivariate distribution of (X, , X,) as

PJX, =i, X, =71 = P} < 4,06, (4.4)

7172

where Ay = (a0 + Osa; + 05%a,5); 4,j =0,1,2. Now note that (4.4) is
required to satisfy the property of linearity of regression of X; on X,. This,
however, immediately reveals all possible relations connecting the A;’s as
discussed in Section 3. In particular, we take up solution (i) with some of the
A;j’s as zeros, Thus, we get

(a) Ay = Ao = 0 identically in 8, > 0, which gives
Apgo = Gpo1 = Agoy = 0, .5)

agy = Gz = 0.

(b) Ay, = 24, . However, in view of (4.5), this yields a,,,8; -+ a5,,05* =
2a,500,2 identically in 8, > 0 and hence we derive

a,,; =0,
. (4.6)

ayyy = 2a4y5 .
(c) 24,4, = A%, . This again, in view of (4.5) and (4.6), yields
2(a119052 W (@g02 + 100 + Ag3905%) = (13305 1 ay20052)?
identically in 8; > 0, from which we derive only one more equation,

_ 2
2a5198200 == @123 -
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Thus, finally, we may conclude that a choice of the a,;;’s such as

Qoop = Ggoy = doge = Gg1 == Ggrg = dyyy = 0,  @gee >0,  ay;, >0,

4.7)

_ 2
a4y > 0, Q399 > 0, @113 = 20495, 20,158990 = aipp

will lead to linear regression of any variable on any other variable in their
bivariate marginal distribution (because of symmetry of the a,;’s). It is easy
to verify that this solution is nontrivial in the sense that there do not exist
multinomial variables ¥, , V,, and ¥,, and two constants @ and & such that
X, =a¥;+ b,7=1,2,3. Now we work out the regression of X; on X, and X, .
For this, we prepare the following table of P{X, = 1| X, = j, X, = k}, using
4.7).

ki  Conditional probability of X, : P{X, = i | X, = j, X; = &)

0 2 2 1
11 2 1
P P,
1 2 1’ 2 112 , 212
( ) (P112 + P212 P112 + P212)
P, P P,
2 2 0’ 1’ 2 022 , 122 222
( ) (P022+P122+P222 P022+P122+P222’P022+P122+P222)

It is now easy to verify that with

2{2a,55 + 61a199}

() = 8315 + 01015

and B,(0,) = —apf{ans + 614:20},
EB;(XI [ Xp =j, X5 = k) = oay(61) + By(61)(7 + ),

in view of @y, = 2ayy, and 2a,35855, = aig, , as listed in (4.7). Thus, a choice
of the a,;’s such as (4.7) will meet the first two conditions under (4.1) and
hence all the conditions under (4.1). Consequently, in view of the results of
Section 2, the marginal bivariate distribution of any two variables is of power
series type, the marginal univariate distribution of any single variable is of
power series type, and, trivially, the conditional bivariate distribution of any
two variables given the third is of power series type and the conditional univariate
distribution of any single variable given the other two is also of power series

type. Also, direct computation shows that the bivariate distribution of
Y, =X, + X, and Y, = X is given by

PyY, =i, ¥, = j) oc A26%0,),

* x x * % __
where 0% = 6,0,/(6; + 8,), Af = @gge, Afy = z» Ajp = A1z, Ao = o2,
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AX = ay , and AJ; = ayg, . This is certainly of the same form as (4.2), except
for symmetry of the AY’s, which we do not need here.

If we now start with any power series distribution satisfying (4.1) and construct
(P, Py, P,) in the same way as in the last paragraph of Section 3, then
(#,,P,, ?,) will have all the properties Pl to P4 except for the part of P4
relating to the distribution of X; + X, - Xj.

Remark 1. Let {X{, X, X{"), i = 1,..., N, be independent copies of a
triplet (X, , X, , X;) satisfying (4.1). It is then easy to verlfy that the distribution
of the N-fold convolution (Z,, Z,, Z;) where Z; Zl X9, 7 =1,2,3, also
satisfies (4.1). We can then use this to construct new families satisfying Neyman’s
properties except for the part of P4 relating to the distribution of the sum
Zy+Z,+ Z,.

Remark 2. Let Y,, Y,, and Y, be independent Poisson variables with
the means A8, , A0, , and A,0,6, , respectively (A’s fixed). Define now the two
random variables X; =Y, + V;, X, =Y, + ¥,. It is easy to verify that
the bivariate discrete distribution of X; and X, satisfies the property of having
linear regression of one variable on the other. We can therefore construct
a bivariate family satisfying Neyman’s properties except, again, for the part
of P4 relating to the distribution of the sum of the variables.

5. CHARACTERIZATION OF THE MULTINOMIALS

Let X ,..., X have a joint k-variate discrete power series distribution with
the p.f.
Po( Xy = 110y Xy = 1) = Ay ey, 05‘ 9;"/]((9) (5.1)
where ..., =0, (,. ) I¥ 0, ,..., 6, >0, and
JO) = ¥ a0 O

We assume | f(8)] < oo V0 in a sufficiently small neighborhood of the origin.
This justifies (5.5), (5.6), and (5.7), at least for sufficiently small 8, which is all
that is needed in the proof of Theorem 5.1 stated below.

THEOREM 5.1.  Under the conditions a,...o > 0 and ayq...q + *** + @g..p > 0,
properties Q1 and Q2 characterize the multinomials.

Proof. Obviously property Q2 implies
;.. 00 -+ OF(f(8) = b(m){c(8)}™ A(B), m=0. (52)

Ayt fp=m
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For m =0 and 1, (5.2) lmphes under the assumed conditions, f(8) A(8) =
ay...0/6(0) and ¢(6) -21 8, =Y 0, '(say) with 8/ =¢6;,, 1 =1,..., k, and
¢, = ayg...0b(0)/ay...ob(1),..., € = dg...16(0)/aq...b(1). Reparametrizing and de-
noting 0,”’s by 68,’s, we can write (5.1) as

Po(Xy =ty ey Xp = 1) = by 00 OR[f X(8) (5.3)
so that Q2 will imply

k N TH
Y b,-l,..ik()fl se O3k = c*b(m) (Z 0,-)" for some constant ¢* > 0
~ )

k m
- 2 bzl lk@h gék — ¥ Z b(m) (; 9;')

k
= (Y 0)  Gay). (5.4)
1
Note that (5.4) implies
afed, = gl  forall i 1. (5.5)

Now property Q1 implies
¥ b gt e 032 /}: by 03 = alBy) + B + )

> Y by B O = a(@l) Z b,l P AREN

-----

X 6;1 9;51:
= [o.— 5(01)22;0,.] L (1$)(@h/36) = offy),  using (5.4) and (5.5)
7 (50 = a0/ (6: — AEy z 6, (5.6)

1

where 5 = (1/¢) - (a¢/aol) We now use the fact that 84/, = 9y/d6, for any
7 # 1. This gives, in view of (5.6),

£(6) [6,— 80D 3 0] — o(6) [1 ~ £16) 3 0 = (6 08)

= (6)) 6, — o(6)) = o(6,) B(f;)  and  o(8y) B'(6) — &'(6,) B(8y) = O
d|dby [«(6,)/B(0,)] = 0 and  (d/d6,)[0y/x(6))] = —B(6:)/e(61)
- B(0)) = co(by) and /(6;) = —cb, +d

Y

1
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for some constants ¢ and 4. Therefore, (5.6) reduces to
k k
. (;9,.) —1/(d— cgei) ;
Le.,

(d/d€) log h(§) = 1/(d — ¢f), £ =).0;. (5.7

»-Ma‘

Since ay...o > 0, log ¢ is analytic at the origin. This and (5.7) imply d # 0. So
W(&) =L -(1 + (£)éd)e for d #0, (5.8)

where é = —1/c and L is a constant (independent of £). Since ¢ is the generating
function of bi‘.,.ik , which are nonnegative, L >0, d >0, and ¢ is either a
positive integer or a negative real number. From (5.8) one can get the b; ...; ’s
and hence the ail...ik’s in terms of L, d, and ¢. It is trivial to check that (5.1)
reduces to a positive or negative multinomial according as £ is a positive integer
or a negative real number. This completes the proof.

Remark. Our examples in Sections 3 and 4 show that QI individually does
not lead to a characterization of the multinomials. It is easy to construct examples
to show that Q2 also individually does not do so.

The main problem now is to characterize all power series distributions which
satisfy QI and Q2. As a generalization of this we may, as in [1], replace power
series distributions by exponential distributions in Q2 and try to characterize
all exponential distributions having properties Q1 and Q2. It is clear that the
multivariate normal, with the mean vector taking arbitrary values and a fixed
dispersion matrix satisfying the conditions of Sinha and Sinha [6] is an example
of this sort. Are the multinomials and the multivariate normal of the above type
the only examples ?
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