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Abstract. Electron-scattering cross sections in methane are analysed in the very-low energy region. The
correspondence between integral elastic, elastic differential and momentum transfer cross sections is checked
via a novel approach to modified effective range theory, in order to determine the depth and position of
the Ramsauer-Townsend minimum. Phase shifts of the two lowest partial waves are obtained explicitly and
parameterized by four coefficients with the physical meaning of the scattering lengths and the effective
ranges. Using recent experiments on vibrational cross sections performed over an extended (0–180◦) angular
range and comparing several theories, an agreement within 10% has been obtained between experimental
total and present summed (elastic + vibrational) cross sections in the whole 0.1–2.0 eV energy range. An
additional check for consistency is done using two-term Boltzmann analysis to derive electron diffusion
coefficients. Calculated drift velocities and transversal diffusion coefficients at 0–10 Td reduced electric
field agree within 5% with experiments.

1 Introduction

The discovery of the Ramsauer-Townsend (R-T) min-
imum, observed for electron scattering in Ar at
about 0.3 eV, independently in swarm and beam elec-
tron scattering experiments [1,2], triggered the develop-
ment of quantum wave theories. The R-T minimum occurs
in heavier atomic gases, where the scattering potential is
strong enough to induce a π (modulo π) phase-shift in the
s-partial wave at low impact energies, where contributions
from other partial waves are still small. It was shown pre-
viously in pioneering work for argon [3] that including an
empirical polarization potential is necessary to reproduce
theoretically the R-T minimum. The sub-eV electron en-
ergies are important for tokomak edge regions, radiation
counters and electrical discharges [4,5], with the R-T min-
imum determining electron temperatures in plasmas [6].

In molecules, a low-energy minimum was previously
observed experimentally in the total cross section in CH4

by Ramsauer and Kollath [7]. R-T is also present in SiH4

and GeH4, see [8,9] for comparison. In N2, Ramanan and
Freeman [10] in their low-temperature swarm measure-
ments “did not exclude the presence of R-T minimum”
at energies as low as a few meV, but no clear experimen-
tal or theoretical evidence is available from other stud-
ies. In another tetrahedral molecule, CF4, the R-T in the
elastic cross section, possibly 0.6 Å at 0.1 eV, see [9], is
masked in the total cross section by strong vibrational ex-
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citation. Shallow “valleys” in total cross sections are visi-
ble in H2O and NH3 [11], but the possible presence of an
R-T minimum is masked by strong rotational excitation,
see analysis in [8]. Excluding rotations from experimen-
tal vibrationally elastic cross sections [12] would yield an
R-T minimum in elastic cross section in H2O of about 2 Å2

at 2 eV but both the experiment and the analysis are te-
dious and can lead to serious errors, see [8].

The methane molecule remains, therefore, the lightest
target for which an R-T minimum is clearly seen. This is
surely due to its high polarizability, estimated from exper-
iments and theory to be between α = 16–21a3

0 [13,14], as
compared to isoelectronic neon (2.63a3

0) or argon (11.1a3
0).

However, also in CH4, the depth of the R-T minimum
is masked in the experimental total cross section by a
maximum of the vibrational excitation, particularly of the
two overlapping (v2 and v4) deformation modes. The high
value of the polarizability makes scattering forward cen-
tred [15], even at low energies, requiring measurements
at small angles in order to evaluate properly the integral
cross sections.

For the theoretical approach, methane is one of the
most intensively studied molecules [16–28]. The high value
of dipole polarizability makes it difficult to determine the-
oretically the low energy elastic collisions parameters. Dif-
ferent asymptotic models of the polarization potential in-
fluence significantly the depth and the position of the
R-T minimum, so alternative forms of polarization are
frequently used in separate energy regions [16,17,24,25].
Therefore, no consensus has been obtained on CH4 cross
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sections in the R-T minimum range so far, as it has also
been documented by numerous alternative sets of data
used for modelling electron diffusion processes and gas
discharges in methane and its mixtures [27,29].

In the present work we re-analyse available experimen-
tal data on differential, integral and momentum transfer
elastic cross sections for electron scattering by methane
in the region of the R-T minimum. In particular we
used recent elastic (and vibrational) cross sections ob-
tained in a wide angular range with the use of the mag-
netic angle-changer by Allan [30,31]. A mutual correspon-
dence between complementary data was obtained via a
novel [32–34] approach to the modified effective range
theory.

The new form of MERT has recently been tested in the
energy range up to a few eV for electron and positron scat-
tering by He, Ar, H2 and (in a preliminary way) CH4 [34].
As input data, experimental total cross sections were used;
in noble gases they coincide with integral elastic cross
sections in the considered energy range. The model [34]
worked well for He, Ar and H2, but in CH4 the contribu-
tion from the vibrational channel to the total cross sec-
tions has to be considered even at low energies.

Therefore, in the present analysis, the elastic cross sec-
tions in CH4 are completed with experimental and theo-
retical data on vibrational excitation and compared with
absolute measurements of total cross sections [35–37]. The
Boltzmann two-term model [38] is used additionally to
check the consistency of elastic and vibrational cross sec-
tions with experimental electron-drift coefficients. Conse-
quently, a self-consistent set of cross sections in the region
of the R-T minimum in CH4 is proposed.

2 Modified effective range approach

Modified effective range theory (MERT) was devel-
oped [39,40] in order to extend the concept of the effec-
tive range to the polarization interaction (∼r−4) dominat-
ing low-energy electron and positron-atom scattering [39].
Standard applications of MERT to, for example, noble
gases [41] are based on experimental elastic integral cross
sections and use four (or six) parameters expanding the
two lowest partial-wave phase shifts ηl into a series of
wavenumber k powers, as follows:

tan η0 (k) = −Ak − 4αAk3 ln (ka0)/3a0

− παk2/3a0 + Dk3 + Fk4 (1)

tan η1 (k) = παk2/15a0 − A1k
3 (2)

where l = 0, 1 is the angular momentum quantum num-
ber, α is the target dipole polarizability and a0 is the
atomic unit of length (Bohr radius). Out of the pa-
rameters used, only A has a physical meaning, namely
of the scattering length, giving the zero energy integral
elastic σIE and momentum transfer σMT cross sections
σIE (E = 0) = σMT (E = 0) = 4πA2. The applicability
of MERT in the original form was limited to a very low
energy regime, no higher than 1 eV, as was extensively
discussed by Buckman and Mitroy [41] for noble gases.

In methane, several works used the above expansion
of σIE into a series of the wave number k in the zero-
energy limit. Ferch et al. [35] used four parameters to
model their total cross sections below 0.5 eV of impact
energy; Schmidt [29] in his analysis including the d-wave
shift used six parameters (see Ref. [29] for detailed expla-
nations). Four-parameter MERT was used also by Lunt
et al. [42,43] to analyse backward-scattering cross sections
in the 0.013–0.175 eV energy range.

The main limitation of expansions like equations (1)
and (2) is the divergence of alternating signs of higher-
order terms in the power series. In order to extend the en-
ergy range of validity, Idziaszek and Karwasz proposed [32]
an alternative approach to MERT. In that method the
contribution of the long-range particle-target interaction
to the scattering phase-shifts is solved exactly using the
properties of Mathieu functions – the analytical solutions
of the Schrödinger equation with polarization potential –
while the effective range approximation is introduced ex-
clusively for the short-range interaction. In this way, the
fitting parameters of the effective range expansions given
by equations (1) and (2) are replaced by two coefficients
characterizing the scattering potential, with the physical
meaning of the scattering length and the effective range.
In this paper we show that for methane only the two low-
est partial waves are sufficient for the explicit analysis of
electron-methane collisional data below 2 eV of impact
energy.

In detail, the model [32] describes the phase shifts ηl

as follows:

tan ηl =
m2 − tan2 δl + Bl tan δl

(
m2 − 1

)

tan δl (1 − m2) + Bl

(
1 − m2 tan2 δl

) (3)

where δl = π(ν − l − 1/2)/2. Here m and ν denote the
energy-dependent parameters that have to be determined
numerically from the analytical properties of Mathieu
functions, see [32]. The contribution of the short-range
interaction is hidden in the parameter Bl(k) related to
the additional phase shift that is induced by the short-
range potential. This parameter is expanded around zero
energy for each partial wave separately: Bl(k) ≈ Bl(0) +
RlR

∗k2/2 + . . ., where Rl can be interpreted as the effec-
tive range for a given partial wave. Here R∗ =

√
αe2μ/h2

denotes a typical length scale related to the r−4 interac-
tion, with e being the elementary charge, μ the reduced
mass of projectile/target system and � the Planck con-
stant. In the particular case of l = 0, B0(0) can be ex-
pressed in terms of A, the s-wave scattering length, as
B0 = −R∗/A.

The number of partial waves necessary to be treated
by equation (4) can be estimated by comparing the energy
of the projectile with the height of the centrifugal barrier:
Eb(l) = 1/4E∗l2(l + 1)2 for the r−4 interaction [44], where
E∗ = h2/2μR∗2 is the characteristic energy. For methane
the characteristic energy, i.e. the range of the expected va-
lidity of MERT, is E∗ = 0.72 eV while the characteristic
range is R∗ = 4.36a0. The lth partial wave of the projec-
tile can probe deeply the region of the short-range interac-
tion only when the particle energy E > Eb(l). When the
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Table 1. MERT parameters for electron scattering in methane (some previous results [29,36]), see text for explanations.

MERT parameters A (a0) D (a3
0) F (a4

0) A1 (a3
0) H (a5

0) A2 (a5
0)

Ferch et al. [35] –2.475 186.0 –337 10.1
Schmidt [29] –2.755 171.2 –92.2 17.01 208.05 66.63

particle cannot overcome the centrifugal barrier at a given
angular momentum, the scattering phase-shift can be ap-
proximated by the following relation [39]:

tan ηl (k) ≈ παk2

8 (l − 1/2) (l + 1/2) (l + 3/2)
, for l > 1.

(4)
Integral elastic (σIE ), momentum transfer (σMT ) and dif-
ferential elastic (dσ/dω) cross sections are calculated using
the following relations:

σIE =
4π

k2

∞∑

l=0

(2l + 1) sin2 ηl (k) (5)

σMT =
4π

k2

∞∑

l=0

(l + 1) sin2 [ηl (k) − ηl+1 (k)] (6)

dσ

dω
=

1
k2

∣∣
∣
∣
∣

∞∑

l=0

(2l + 1) exp (iηl) sin (ηl)Pl (cos θ)

∣∣
∣
∣
∣

2

(7)

where Pl(x) are the Legendre polynomials and θ is the
scattering angle.

Substituting equation (3) into equations (5)–(7) one
gets relations which can be fitted to experimental data
in order to determine the unknown parameters of the ef-
fective range expansion of Bl(k). As shown below, only
two partial waves (s and p) are sufficient to describe the
cross-sections for electron collisions with CH4 up to an im-
pact energy of 2 eV; hence only four fitting parameters are
used in the current analysis. The physical interpretation
of these parameters can be described as follows: A is the
s-wave scattering length (related to B0), B1 is the zero-
energy contribution of p-wave, and R0 and R1 represents
the s-wave and the p-wave effective ranges, respectively.
In all our calculations we will consider also the contribu-
tion of 100 higher partial waves with l > 1 using the Born
phase-shift approximation, equation (4).

Through extensive comparative analysis we found that
the best results are obtained when using a value of dipole
polarizability α ≈ 19a3

0 that is slightly higher than the
experimental value α ≈ 17.5a3

0 [14] and the values 18.0–
18.2a3

0 calculated with polarized virtual orbitals [21]. The
value used presently proved to fit better the experimental
data chosen as described below. The difference in α can
reflect the octupole moment of CH4 (see later) or some
short-range interactions, not included in present analysis.

Interactive cross-check procedures using several exper-
imental low-energy cross section sets were used. The data
included: (1) elastic differential and elastic integral cross
sections (Sohn et al. [18]); (2) elastic differential and vi-
brational differential of Allan [31] – presently integrated
numerically to derive integral elastic and vibrational cross
sections – and one of the representative theories [45];

Table 2. MERT parameters for electron scattering in methane
(present analysis): A = −R∗/B0 is the scattering length, B1

is the zero energy contribution of the p-wave, R0 – the s-wave
effective range and R1 – the p-wave effective range. Note a
different meaning of present parameters, apart from A, than
those in Table 1.

Present MERT parameters
A (a0) R0 (a) B1 R1 (a)
–2.80 –0.63 –0.60 –0.27

(3) swarm-derived [29] momentum transfer cross sections
and (4) grand total cross sections [35–37]. As a starting
point for comparisons we used elastic differential cross sec-
tions (DCS) at selected energies [17] and swarm-derived
momentum transfer cross sections [29], but those data
alone did not allow us to obtain a mutual consistency.
A decisive breakthrough in the analysis was obtained us-
ing the most recent absolute elastic DCS at 45◦, 90◦, 135◦
and 180◦, measured as a continuous function of energy in
the whole range from 0.2 to 2 eV [31]. This allowed ear-
lier beam and swarm data also to be brought to a mutual
agreement.

3 Present MERT results

Our recent analysis in CH4 [34] was limited to total cross
sections. We are aware that only differential cross section
(DCS) at several energies (or energy dependences of DCS
at fixed angles) constitutes a truly stringent test for the
theory. In the present analysis we consider an extensive
set of experimental data and in particular we include the
most recent DCS obtained with the magnetic-field angle
analyser by Allan [31]. This new technique allows us to
extend the range of differential CS measurements from 0◦
to 180◦, removing ambiguities in extrapolating data into
angles inaccessible in earlier experiments.

The fitting procedure determined four parameters: the
scattering length and the effective range A and R0 for
s-waves and B1 and R1 for p-waves. The analysis is based
on a detailed (performed with a 0.02 eV step) series of ex-
perimental DCSs in the 0.11–2.0 eV energy range for 45◦,
90◦, 135◦ and 180◦ [31], see Figure 1. However, due to
the predicted limitation of the presently used MERT (the
value of characteristic energy E∗ = 0.76 eV), only DCSs
below 1 eV were used as input data for the fitting proce-
dures. An unweighted least-square procedure simultane-
ously minimizing relative differences between MERT fit
and all experimental points for all four angles was used.
The results of the fit are shown in Figure 1, and the corre-
sponding parameters of the effective range expansion are
given in Table 2.
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Fig. 1. (a) MERT simultaneous fit to four differential elastic cross-section datasets measured by Allan [31] at 45◦, 90◦, 135◦

and 180◦. To improve visibility, the data for the three lowest angles are shifted by 0.4, 0.2 and 0.1 Å2/sr, respectively. (b) Present
MERT-derived energy dependence of s- and p-wave phase shifts (in radians) compared to the analysis of Sohn et al. [18]. The
d-wave contribution calculated presently with Born approximation given by equation (4) is also shown for comparison.

The present MERT model practically coincides with
Allan’s experiment [31] within the error bar for 45◦
in the range 0.2–2 eV, apart from slight discrepancies
at 0.3–0.5 eV, where maxima for the vibrational excita-
tions are located (compare with Fig. 3). At 90◦ scattering
angle a very good agreement is seen up to 1.1 eV, whilst
for 135◦ very good agreement can be seen in the whole
range 0.2–2 eV. In the case of 180◦ the theoretical curve
remains within the experimental error bars (25% [30]) up
to 1.3 eV. In light of these results we conclude that the
present MERT approach is able to reproduce with suf-
ficient accuracy all four curves up to an impact energy
of 1 eV, in agreement with the predicted characteristic
energy.

To check the analysis, in Figure 1b we show the scat-
tering phase-shifts for the three first partial waves derived
using parameters from Table 2. Present results agree well
with the semi-empirical analysis of Sohn et al. [18] even up
to 2 eV, where a limit for the d-wave in the Born approx-
imation, equation (4), is clearly posed. A small difference
at low energies appears only at four points for the p-wave
shift, at 0.2–0.5 eV, where the results of Sohn et al. [18] lie
systematically at a constant value above our MERT curve.
Such a difference (in the analysis, not measurements, see
their Fig. 2 in Ref. [18]) overestimates, via extrapolation
to scattering angles above 140◦, the integral elastic cross
section. The present calculations are not affected by this

uncertainty because they are based on measurements at
angles up to 180◦.

Note, however, that the agreement between present
and Sohn’s analysis in Figure 1b is only indicative. A more
precise analysis should involve considerations on the scat-
tering geometry, see for example reference [45]. Note also
that the present analysis does not derive the d-wave shift
but uses the simple approximation, equation (4).

In Figure 2 we compare our MERT-derived differential
CS versus scattering angle with available experimental re-
sults [18,26,31,46] and some chosen theories [20,22–24].
Although DCSs vary quickly across the range of the R-T
minimum, the presently used MERT analysis reproduces
the shape of the DCS variations very well. As can be
seen in Figure 2a MERT is in a good agreement with
the experiment by Sohn et al. [18] at 0.2 eV, being lower
by about 10% only in the 30–80◦ angular range. Present
MERT agrees also with the theoretical approach of Jain
et al. [20] at this energy point.

At the absolute R-T minimum, 0.4 eV in Figure 2c,
the agreement between MERT analysis and the two exper-
iments, Sohn et al. [18] and Allan [31], is somewhat poorer.
In this case the discrepancy cannot be attributed to the ex-
periments, but rather to some subtle elastic-inelastic chan-
nel coupling effects, probably due to the presence of vibra-
tional excitation maxima. Note that the present MERT
analysis coincides at this energy with one of the models

http://www.epj.org
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Fig. 2. MERT analysis (solid line) of differential elastic cross section versus the scattering angle at 0.2 eV, 0.3 eV, 0.4 eV,
0.5 eV, 0.6 eV, 0.7 eV, 1 eV and 1.5 eV, respectively. Experimental data are from Sohn et al. [18] (filled circles), Allan [31]
(crosses), Bundschu et al. [26] (triangles) and Boesten and Tanaka [46] (open squares). Selected theoretical results are shown for
comparison: density functional theory (DFT) and free-electron-gas model (FEG) by Gianturco et al. [24]; correlation-polarization
model potential by Jain et al. [20], variational R-matrix by Nestmann et al. [23] and complex Kohn’ method with polarized
virtual orbitals by Lengsfield et al. [22].

http://www.epj.org
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Fig. 3. Comparison of integral elastic, integral vibrational
and total cross sections in methane. Elastic: present MERT
– solid line with open circles; Bundschu et al. [26] – diamonds;
Sohn et al. [18] – circles, at 0.2–0.5 eV reduced arbitrarily
by 0.5 Å2, see text for discussion; six-parameter MERT anal-
ysis by Schmidt [29] – short dashed line. Vibrational CS for
the two unresolved (v1 + v3) and (v2 + v4) modes: Althorpe
et al. [45] – lines with diamonds and squares, respectively;
Allan [30] 0–180◦ DCS presently integrated – big diamonds
and squares. Total: present elastic MERT plus two vibrational
modes from Althorpe et al. [45] – line with solid circles; ex-
perimental data by Ferch et al. [35] – small open squares;
Lohmann and Buckman [36] – small open circles. Momentum
transfer: present MERT – dash-dot-dot line; swarm-derived by
Schmidt [29] – dotted line.

by Jain et al. [20]. However, in the Jain’s model [16,17] a
phenomenological form of the polarization potential was
used and the cut-off parameter was adjusted to reproduce
the experimental R-T minimum. The present model is free
of such adjustments; the position of the R-T minimum is
defined intrinsically by the analysis of DCSs over a broad
energy range.

At 0.5 eV (Fig. 2d) MERT agrees with the experi-
ment [18] much better than other theories do. At 0.6 eV
(Fig. 2e) MERT analysis reproduces perfectly the two
available experiments, Sohn et al. [18] and Allan [31],
above 60◦ and below 40◦; the somewhat deeper theo-
retical minimum than the experimental one could derive
from the finite angular resolution of the measurements.
An even better agreement between Sohn’s experiment and
the present analysis is found at 0.7 eV (Fig. 2f). MERT
works well also at 1.0 eV and, surprisingly, even at 1.5 eV,
see Figures 2g and 2h. Present analysis starts to diverge
at 2 eV (not shown here), where it reproduces the shape of
DCS variations but it underestimates the high-angle val-
ues. Obviously, the d-wave contribution should be treated
more accurately at this energy, as is visible already in com-
parison with the experimental values in Figure 1a and in
the phase-shift analysis, Figure 1b. It is difficult to find
the exact d-wave phase-shift with current MERT anal-
ysis since the contribution of the d-wave to short-range
interaction is very small in the considered energy range.
Consequently, the parameters of the d-wave effective range
expansion derived through the fitting procedure are nu-

merically unstable. Hence the d-wave phase-shifts calcu-
lated in the Born approximation (Eq. (4)) have to be con-
sidered as sufficient to include this contribution.

4 Integral cross sections

Integral cross sections served as an additional check of
the consistency of the MERT parameterization; for plasma
modelling these cross sections are input data for deriving
drift coefficients via the Boltzmann equation [38]. For this
check we used experimental total and elastic cross sections
as well as experimental and theoretical vibrational integral
cross sections.

(1) Experimental total cross sections were measured
from 0.085 eV by Ferch et al. [35], from 0.1 V by
Lohmann and Buckman [36] and from 1.3 eV by
Jones [37]; their data are shown in Figure 3. Mea-
surements by Zecca et al. [47], coinciding within the
error bar with those of Jones, are given only at a few
energy points and with only two-digit precision, so
they do not introduce any new information and they
are not shown in Figure 3.

(2) Experimental integral elastic cross sections in our
range of interest were given (using the closed-coupled
model of Gianturco et al. [25]) in Bundschu et al. [26]
at 0.6–2 eV and by Sohn et al. [18] at 0.2–2 eV (using
a partial-wave fit). We note that the measurements
of Sohn et al. [18] above and below 0.5 eV come
from two distinct experimental series, so some dif-
ferences in normalization and/or analysis procedures
are not to be excluded. Allan [31] more recently mea-
sured absolute DCS in the 19◦–179◦ angular range
and with 1◦ step at 0.4, 0.6 and 2.0 eV. The error
due to our numerical integration and extrapolation
of his data is below 10%. Bunschu et al.’s [26] integral
and Allan’s [31] integrated elastic cross sections are
shown in Figure 3. Integral cross sections by Sohn
et al. shown in Figure 3 at 0.2–0.5 eV have been ar-
bitrarily shifted in amplitude by 0.5 × 10−20 m2 for
the reasons discussed above.

(3a) Vibrational excitation data in the region of the R-T
minimum obtained from the Kaiserslautern labora-
tory have been reported in several papers [18,48],
but no integral cross sections were given. Čurik
et al. [15] compared their theoretical results to the
recent experiment by Allan [30], but integral cross
sections are given only above 2 eV. Allan [30] pub-
lished separately energy dependences of vibrational-
excitation DCS at 90◦ for v1, v2, v3 and v4 from
thresholds up to 2 eV modes what would allow a
rough evaluation of the integral values, but the error
on such a procedure is high (of order 50%). There-
fore, experimentally reliable data for deriving the
integral vibrational-excitation cross sections remain
exclusively those of Allan’s [31] DSC measurements
at 0.6 eV and 2.0 eV for the unresolved v2+v4 modes
and at 0.8 eV and 2.0 eV for the v1 + v3 mode.

http://www.epj.org
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Our integration error on these data is not higher
than 10%. The integral values are shown in Figure 3.

(3b) Due to the lack of vibrational cross sections mea-
sured in beam experiments over a continuous energy
scale some additional data are needed to complete
the consistency checks.

The use of data derived from swarm experiments [29,49,50]
would not bring new information; furthermore, different
sets disagree significantly in magnitude. Practically, in the
R-T minimum region the only theoretical data other than
the Born approximation are several models by Gianturco
et al. [45,51,52]. These models differ somewhat in am-
plitude of the new-to-threshold maxima. Nishimura and
Gianturco [52] performed close-coupling calculations us-
ing a semi-classical exchange and by adjusting the calcu-
lated polarizability to experimental data. Their v1,3 cross
sections show a sharper peak (of 0.35 × 10−20 m2) than
off-shell results by Cascella et al. [51] (0.2 × 10−20 m2),
which, in turn, agree with the most recent calculation by
Čurik et al. [15], but only if the latter data are shifted
by 1 eV. For the v2,4 mode the difference is reversed –
the results of Cascella et al. [51] agree without adjust-
ment but the data of Nishimura and Gianturco [52] are
slightly lower (0.55×10−20 m2 vs. 0.5×10−20 m2, respec-
tively). On the other hand, the earlier calculations with an
exact exchange potential [45] reproduce much better the
shape of the low-energy maximum in the integral vibra-
tional cross section than the adiabatic-nuclear-vibration
model by Cascella et al. does [51].

Because of all these differences in recent results, we
chose a theory with an exact exchange and a short-range
polarization modelled by free-electron-gas; the calculation
corrects the adiabatic nuclear vibration approach via the
Lippman-Schwinger equation [45]. This model correctly
reproduces the thresholds of vibrational modes and pre-
dicts resonant peaks at about 8 eV in agreement with the
recent measurements [15]. Integral values for the v1,3 and
v2,4 modes are compared with the experiment [15] in Fig-
ure 3. The agreement for v2,4 is perfect both at 0.6 eV
and 2.0 eV while the v1,3 mode is similarly perfect at 2 eV
but poor (with a difference of 0.1 × 10−20 m2) at 0.8 eV.
Nevertheless, such a difference does not compromise the
rest of the consistency check, affecting the summed cross
section by not more than 10%.

Resuming, as seen from Figure 3, the agreement of
MERT analysis with the integral elastic CS of Sohn
et al. [18] is very good in the whole energy range up
to 1.5 eV once their 0.2–0.5 eV data are reduced by a
constant value of 0.5 Å2, as discussed in Figure 1b. Sim-
ilarly, MERT agrees with the experiment by Bundschu
et al. [26] within the declared experimental uncertain-
ties (20–30%). The present integral elastic MERT results
summed with the integral vibrational cross sections of
Althorpe et al. [45] agree with the three sets of total cross
sections within less than the declared TCS measurement
error bars. The difference observed in Figure 3 between ex-
perimental TCS and our summed (elastic + vibrational)
values is within 10% in the whole 0.085–2.0 eV energy
range.

For comparison, in Figure 3 we show also the integral
elastic cross section derived using Schmidt’s six-parameter
MERT approach, equation (3), with parameters given in
Section 2 of this paper. Such a model works well only
below 0.4 eV but diverges completely with experiments at
higher energies.

In Figure 3 we show additionally momentum transfer
cross sections: the presently obtained momentum transfer
CS resembles that proposed by Schmidt [29], i.e. derived
directly from swarm experiments using multi-term anal-
ysis of the Boltzmann transport equation. Both curves
are characterized by a similar deep minimum (0.25 Å2),
deeper by approximately a factor of two than those in
some other swarm-derived cross-sections sets [27,49,50],
the recent recommended data [53] or the latest, multi-
author collection of cross sections for CH4 from Boltzmann
analysis, available on the Internet [54]. Note that for
the relationship between the phase shifts, equations (1)
and (2), the minimum in the momentum transfer CS
should be deeper than that in the integral elastic CS,
which excludes some of the CS sets [27] despite of their
(apparent) agreement with swarm analysis.

The practical check of present momentum transfer CS
was done via two-term Boltzmann analysis [38]. The cal-
culated diffusion coefficients (drift velocity and transversal
diffusion over the mobility ratio) agree with swarm exper-
iments [29,55–60] within 10% in the whole 0.01–10 Td
range of reduced-electric field, see Figure 4. However,
it was shown already in the past that in the case
of methane Boltzmann’s multi-term [61,62] or Monte
Carlo [63] methods are needed. The first trials using multi-
term Boltzmann analysis [64] show that the agreement is
somewhat better than the two-term calculations presented
in our Figure 4.

Note also, that Berkhan and Schmidt [65] postulated
an increase of the rotational cross sections, just at the very
R-T minimum. They evaluated a maximum of the integral
rotational cross section of 0.033×10−20 m2 at 0.4 eV what
would perfectly “fill up” the difference between present
MERT and experimental DCS seen in Figure 2. Unfortu-
nately, none of the theories of rotational excitation that
we are aware [27,66,67] reported a maximum of the cross
section at the R-T minimum. Further theoretical research
would be important.

5 Conclusions

The present work aimed to summarize several experi-
mental and theoretical works in order to cross-check the
differential, elastic integral, integral vibrational, momen-
tum transfer and total cross sections in methane. For this
purpose we used an analytical form [32] of the modified
effective range theory using only four parameters charac-
terising the scattering potential. The analysis was based
on recent [31] extensive measurements of DCS at four (45◦,
90◦, 135◦ and 180◦) angles between 0.1 and 2.0 eV of
impact energy, thus removing ambiguities in extrapolating
data into angles inaccessible in earlier experiments.
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Fig. 4. Experimental swarm parameters: (a) the drift velocity and (b) the transverse diffusion coefficient, compared to solutions
of two-term Boltzmann equation [38] using MERT-derived momentum transfer cross-section as the input data. The experimental
results are from Schmidt [29], Hunter et al. [55], Haddad [56], Al-Amin et al. [57], Cochran and Forester [58], Millican and
Walker [59] and Pollock [60].

Table 3. Recommended integral cross sections in the region of Ramsauer-Townsend minimum, used in present analysis. Abbre-
viations stand for elastic (σIE) presently obtained via MERT analysis, theoretical vibrational-excitation [45] for two unresolved
experimentally modes (σ2,4 + σ1,3), summed values σsum = σIE + σ2,4 + σ1,3. Scattering energies (E) are given in eV; the cross
sections are given in Å2.

E σIE σ2,4 σ1,3 σsum E σIE σ2,4 σ1,3 σsum E σIE σ2,4 σ1,3 σsum

10−3 24.11 – – 24.11 0.175 2.290 0.178 – 2.486 0.450 0.759 0.543 0.145 1.447

2.5 × 10−3 22.11 – – 22.11 0.200 1.890 0.381 – 2.271 0.475 0.761 0.536 0.163 1.459

5 × 10−3 19.95 – – 19.95 0.225 1.586 0.456 – 2.046 0.500 0.772 0.528 0.178 1.476

7.5 × 10−3 18.37 – – 18.37 0.250 1.355 0.521 – 1.871 0.525 0.790 0.520 0.186 1.496

0.010 17.11 – – 17.11 0.275 1.179 0.541 – 1.721 0.550 0.814 0.512 0.193 1.515

0.025 12.33 – – 12.33 0.300 1.045 0.559 – 1.599 0.575 0.843 0.504 0.198 1.542

0.050 8.294 – – 8.29 0.325 0.945 0.562 – 1.502 0.600 0.876 0.496 0.202 1.578

0.075 6.020 – – 6.02 0.350 0.872 0.565 – 1.435 0.700 1.042 0.469 0.208 1.744

0.100 4.556 – – 4.55 0.375 0.820 0.561 – 1.381 0.800 1.241 0.441 0.207 1.888

0.125 3.547 – – 3.55 0.400 0.786 0.557 0.065 1.412 0.900 1.460 0.420 0.202 2.082

0.150 2.823 – – 2.82 0.425 0.767 0.550 0.117 1.437 1.000 1.689 0.399 0.197 2.286

1.500 2.852* 0.323 0.17

2.000 3.918* 0.298 0.298

*MERT values at 1.5–2.0 eV are underestimated, by some 5–15%, due to underestimation of d-wave phase-shift.

To choose recommended vibrational integral CS we
performed a thorough screening of theories [15,45,51,52],
beam experiments [30,31] and swarm analysis [29,49,50].
We found that present MERT-derived integral elastic
CS (σIE) combined with the theoretical vibrational CS
(σ2,4 + σ1,3) by Althorpe et al. [45] reproduced almost
perfectly up to 1 eV the absolute total CS obtained in
several alternative-type experiments and extended to low
energies [35–37,47]. Such a combination not only provides
a quantitative agreement, but also, most of all, it recon-
structs the detailed shape of the experimental data.

At higher energies (>1 eV) the present analysis starts
to underestimate the measured total CS, indicating the
limitations of MERT applicability in CH4. Note that the
present MERT, using only four parameters of the effec-
tive range expansion, improves significantly the original

version of MERT where six parameters were needed [29]
to reproduce experimental data below 0.4 eV and extend
the validity of MERT analysis up to 2.0 eV.

Numerical values for integral cross sections recom-
mended by the present analysis and the corresponding
scattering phase-shifts are given in Tables 3 and 4.

The elastic data derived in this work have to be
considered as the first approach towards the recom-
mended cross sections in methane in the R-T minimum.
In particular, more efforts are needed to improve the
coefficients describing the vibrational excitation. Calcu-
lations of the latter fail to reproduce the faint thresh-
old structures seen in some experimental spectra [30].
Therefore, some minor corrections in the regions of the
Ramsauer-Townsend minimum, 0.3–0.5 eV, are still not
to be excluded. Tests by multi-term Boltzmann analysis

http://www.epj.org
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Table 4. Recommended momentum transfer cross section (σMT) and corresponding the s-wave (η0) and the p-wave (η1)
scattering phase-shifts in the region of Ramsauer-Townsend minimum. Scattering energies (E) are given in eV; the cross
sections are given in Å2 and the phase-shifts in radians.

E σMT η0 η1 E σMT η0 η1 E σMT η0 η1

0.001 23.50 0.022 0.0003 0.175 0.87 0.075 0.0281 0.45 0.41 –0.006 0.0406

0.0025 21.20 0.034 0.0007 0.2 0.61 0.069 0.0304 0.475 0.46 –0.014 0.0406

0.005 18.76 0.046 0.001 0.225 0.44 0.061 0.0324 0.5 0.52 –0.021 0.0405

0.0075 16.99 0.054 0.002 0.25 0.33 0.054 0.0341 0.525 0.58 –0.028 0.0403

0.01 15.60 0.060 0.0026 0.275 0.27 0.047 0.0356 0.55 0.64 –0.035 0.0399

0.025 10.43 0.080 0.0061 0.3 0.24 0.039 0.0368 0.575 0.70 –0.042 0.0395

0.05 6.27 0.091 0.0111 0.325 0.23 0.031 0.0387 0.6 0.76 –0.049 0.0367

0.075 4.05 0.093 0.0155 0.35 0.25 0.024 0.0394 0.7 1.01 –0.077 0.0333

0.1 2.71 0.091 0.0193 0.375 0.27 0.016 0.0399 0.8 1.24 –0.103 0.0289

0.125 1.84 0.087 0.0226 0.4 0.31 0.009 0.0403 0.9 1.46 –0.128 0.0237

0.15 1.26 0.082 0.0256 0.425 0.36 0.001 0.0405 1.0 1.66 –0.152 0.0181

and Monte-Carlo models are also needed to obtain a con-
sistent (i.e. better than 5%) relationship between beam
and swarm experimental results.

The high value of dipole polarizability (α ≈ 19a3
0) that

proved to work so well in the present analysis could in-
dicate the importance of the octupole potential, which
has the same dependence on distance as polarization. The
value of the octupole moment is about 2 – 3a3

0, com-
pare [68]. The inclusion of all these effects is outside the
scope of MERT and it requires more advanced approaches.

A possible next step towards analysing the R-T min-
ima in other molecules, like SiH4 and GeH4 [4,49], using
MERT would be the search for some systematic depen-
dencies for the scattering lengths and the effective ranges.
Without doubt CH4, with its high polarizability, proved to
be a challenging target for MERT. Our estimate of the to-
tal uncertainty of the given cross sections is within ±10%
in the whole 0–1.5 eV range. Different approaches are
needed to perform similar semi-empirical analyses of elas-
tic (and total) cross sections at higher energies.

We thank Prof. M. Allan for sending us extensive numerical
sets of his experimental results and Dr Hab. Z. Idziaszek for
providing us with detailed explanations of the MERT numeri-
cal package. The job was performed within Centre for Quantum
Optics (COK UMK) and triggered by the International Atomic
Energy Agency’s interest in CH4 electron scattering. G.K. ac-
knowledges the hospitality at the National Fusion Research
Institute in Gunsan (Korea); K.F. would like to acknowledge
the support of the Foundation for Polish Science.
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