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Abstract

We consider the class of parallel rewriting systems and investigate the interaction between
two complexity measures, that in the literature have been called synchronized parallelism and
independent parallelism. It is shown that, when the degree of synchronized parallelism is bounded
by some constant greater than one, the degree of independent parallelism induces an infinite
non-collapsing hierarchy within the family of generated languages. The result is obtained using
an original characterization of parallel rewriting systems. Other language-theoretic properties of
parallel rewriting systems are proved in this work, that together with our main result provide an
answer to some questions that were left open in the literature. © 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction

Since the early 1970s, many rewriting systems have been presented in the formal lan-
guage literature that extend the generative power of the class of context-free grammars.
A family of these formalisms, called parallel rewriting systems, has been extensively
investigated; the reader is referred to [9] for an excellent review of many important
results about this family.

Two different kinds of parallelism are realized in parallel rewriting systems, that
in [9, p. 151] have been called the synchronized parallelism and the independent
parallelism. The synchronized parallelism atlows derivations of substrings to proceed
in a synchronous way, i.e., a sentence in the generated language may include substrings
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that have been obtained by a common underlying derivation process. The independent
parallelism reflects the capability of the system to instantiate independent derivation
processes that are combined together to form the generated string. Context-free gram-
mars are the canonical example of a system with only independent parallelism, while
the ETOL systems of Rozenberg [18] are an example of parallel rewriting systems
with only synchronized parallelism. Examples of rewriting systems using both kinds
of parallelism include the generalized syntax-directed translation (GSDT) of Aho and
Ullman [2] and the top-down tree-to-string transducers (y7) of Engelfriet et al. [9].
(A transducer can be regarded as a controlled generative device.) Both classes gen-
erate the same languages. An interesting correspondence between the class of parallel
rewriting systems and the class of two-way machines has been established in [9], where
equivalence in generative power is shown using a generalized model called checking
tree-pushdown transducer.

If we restrict the synchronized parallelism to a finite degree, that is if we allow only
a bounded number of subderivations to be synchronized in a given grammar, we ob-
tain a subfamily of parallel rewriting systems that includes the so called finite copying
top-down tree-to-string transducers (y7%) of Engelfriet et al. [9], the string generating
context-free hypergraph grammars (CFHG) of Bauderon and Courcelle [4] and Habel
and Kreowski [11], the multiple context-free grammars (MCFG) of Kasami et al. [14]
and Seki et al. [22] and the string-based linear context-free rewriting systems (LCFRS)
of Vijay-Shanker et al. [24] and Weir [25]. All these rewriting systems are weakly
equivalent, as shown in [8,26]. We will call finite copying parallel rewriting systems
the family of parallel rewriting systems with finite degree of synchronized parallelism.
As far as the correspondence with two-way machines is concerned, the family of paral-
lel rewriting systems with finite synchronized parallelism generates the same languages
as the class of deterministic tree-walking transducers (DTWT) of Aho and Ullman [2].

At the same time, the size of the longest production in a given parallel rewriting sys-
tem always imposes a finite bound on the number of independent derivation processes
that can be interleaved. Hence, the degree of independent parallelism is always bounded
by some constant in parallel rewriting systems. In what follows, we will regard the
two kinds of parallelism introduced above as complexity measures.

Independent investigations of different formalisms in the family of finite copying
parallel rewriting systems have shown that the degree of synchronized parallelism es-
tablishes an infinite, non-collapsing hierarchy in the generated languages; i.e., by in-
creasing the degree of synchronized parallelism we gain additional generative power
(see, for instance, [9, 11,22]). As an example, if the degree of synchronized parallelism
is bounded by an integer f =1, a grammar can “count” up to 2, but cannot generate
the language L= {afa}---aj,, ,|n>0}. However, not much was known to date about
the second complexity measure, i.e. independent parallelism or maximum production
size. The major result of this paper is that, within parallel rewriting systems with syn-
chronized parallelism bounded by a fixed (but arbitrary) constant f >2, the degree
of independent parallelism induces an infinite non-collapsing hierarchy for the gene-
rated languages. However, as we show, independent parallelism can be “traded” for
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synchronized parailelism, in the sense that, given a finite copying parallel rewriting
system, a weakly equivalent system in the same family can be obtained with a re-
duced degree of independent parallelism, but with an increased degree of synchronized
parallelism. We investigate language theoretic properties of the hierarchy of rewrit-
ing systems of fixed degree of synchronized parallelism, and solve in the negative
a question left open in [9], about whether parallel rewriting systems with degree of
synchronized parallelism bounded by a fixed constant constitute a full principal AFL.
When the degree of synchronized parallelism is bounded by f =1, that is when syn-
chronized parallelism is inhibited, the above rewriting systems can be cast in a normal
form defined by some bound on the size of the productions, that is some bound on the
degree of independent parallelism. (As already mentioned, in this case the generated
languages are exactly the context-free languages and the above fact is related to the
existence of two-normal forms for context-free grammars.) Our result shows that, when
[ =2, such normal forms are not admitted. This solves a question left open in [2] and
has interesting consequences for the design of algorithms for the recognition problem
for these rewriting systems.

In a sense, our result is a generalization of a result in [1], concerning non-simple
syntax-directed translation schemata, that may be viewed as a restricted kind of parallel
rewriting systems with degree of synchronized parallelism bounded by f =2. There,
the existence of an infinite non-collapsing hierarchy induced by the degree of indepen-
dent parallelism is shown for such systems. We generalize this formalism by introduc-
ing a new class of rewriting systems called local unordered scattered-context grammar
(LUSCG) which has the same generative power as finite copying parallel rewriting sys-
tems. The definition of LUSCG is based on a rewriting restriction, called locality, that
turns out to provide an exact characterization of finite copying parallel rewriting sys-
tems. We show our result by working on LUSCG in such a way that we can then trans-
fer our result to all other formalisms mentioned above. The choice of LUSCG renders
the proof of our result more intuitive, due to the intrinsic parallelism of these systems.

This paper is organized in the following way. In Section 2 we introduce local un-
ordered scattered context grammars and define two parameters for this class that are
related to synchronized and independent parallelism. In Section 3 we show that the
degree of independent parallelism induces an infinite hierarchy when the degree of
synchronized parallelism is bounded by a constant, and in Section 4 we prove some
language theoretic properties for members of such a hierarchy. In Section 5 we use
an equivalence result reported in the appendix to show how all our results can be
transferred to other formalisms in the class of parallel rewriting systems. Finally, in
Section 6 we discuss some other consequences of the presented results.

2. Definitions

In this section we introduce a new class of parallel rewriting systems, which we
will call local unordered scattered context grammar, and show how valid derivations in
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these systems can be represented by means of trees generated by context-free grammars.
We then define two (independent) parameters for this class, called fan-out and rank.
These two parameters are related to synchronized and independent parallelism, and
their mutual interaction will be investigated throughout this paper. In what follows,
we will use standard notational conventions. For an alphabet ¥, we denote by V'* the
set of all finite strings over V. Let ac¥V and weV™*; #,(w) denotes the number of
occurrences of a in w. As usual, for a class % of generative devices, ¥ (%) denotes
the class of all languages generated by %.

A class of rewriting systems called scattered context grammars was introduced by
Greibach and Hopcroft [10]; an unordered version was proposed by Milgram and
Rosenfeld [17] and Mayer [16]. The following definition is based on Salomaa [20,
p. 259] and Dassow and Paun [6, p. 135].

Definition 1. An unordered scattered context grammar (USCG for short) is a quadru-
ple G=(Vn, V1,P,S) where Vy, Vr are finite, disjoint sets of nonterminal and terminal
symbols, respectively, S € Vy is the start symbol and P is a finite set of productions hav-
ing the form (44,...,4,) = (21,...,%,), where n>1, 4,€ Vy, o, €(VnU Vp)*, 1<i<n.

We write y =>¢ 0 whenever there exist p =(4y,...,4,) — (¢1,...,%,)EP and an ar-
bitrary permutation # of {1,...,n} such that

r= VOAn(l)ylAn(Z) T yn—lAn(n)ym
o= Yolr(1)V1%z(2)  * * Yu—1%n(n)Vn,

where ;€ (WU V1 )*, 0<i<n.

The class of all unordered scattered context grammars is also denoted USCG. USCGs
are known to be weakly equivalent to several other regulated rewriting systems, in-
cluding context-free matrix grammars and state grammars. The reader is referred to
Dassow and Paun [6] for details.

We now introduce a restriction on the derivation relation for USCG which we will
call locality. Informally, locality forces each production to rewrite only symbols which
were previously introduced together in a single step of the derivation. As a result, we
have that in a local rewriting system the set of all derivations can be characterized
by a recognizable set of trees in the sense of Thatcher [23], i.e., each derivation can
be represented by a tree generated by a (fixed) context-free grammar. The notion of
locality was first discussed in [25] and can be used to characterize the class of finite
copying parallel rewriting systems, as it will be discussed in Section 5.

We need to introduce some additional notation. In what follows, strings y in
(Vx U Vr)* will be viewed as sequences of instances of symbols in ¥y U Vr. Let G be
an USCG and let y and & be two strings in (VU ¥1)* such that y=¢ §. Intuitively
speaking, if we view y = 0 as a rewriting step, then there is a one-to-one correspon-
dence between instances of nonterminals in ¢ that have not been newly introduced by
the step and instances of nonterminals in y that have not been replaced. More formally,
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assume that there exist B, n and i, B€Vy, n=1 and 0<i<n, such that
y=yod1y1 - - Ai}iByiAis1 - Vn—14nVns
0="7po01y1 " " - fxi')’iBV;aHl C e Yn—1%Yn-

Then we say that the indicated instance of nonterminal B in & corresponds to the
indicated instance of B in 7.

An equivalence relation / is said to be associated with a string ye (VU Vr)* if I is
defined on the set of elements of y that are instances of symbols in ¥n. We introduce
associated equivalence relations in the definition of the derive relation for USCG to
define a new class of rewriting systems. (We overload symbol = .)

Definition 2. A local unordered scattered context grammar (LUSCG for short) is
an unordered scattered context grammar G = (¥, V1, P,S) for which a binary relation
=»; is defined over pairs consisting of a string in (VyUV1)* and an associated
equivalence relation. We write (y,1,) =¢ (6,15) if and only if:
(i) there exist p=(A4y,...,4,) — (2t1,...,4,)EP and an arbitrary permutation 7 of
{1,...,n} such that

Y =YoAr)14r@) " * * Vn—14n(n)¥ns
o= Yo%n(1)V1%(2) * * * Yn—1%xn(n)Vns

where y;€(VnUVT)*, 0<i<a,

(ii) the indicated instances of nonterminals A.(),...,Az(s) in y are equivalent un-
der I,, and

(iii) all instances of nonterminals in the subsequences tx(1), ..., %x(n) indicated in & are
equivalent under I;, as are any instances of nonterminals in ¢ that correspond
to instances in y equivalent under /,; no other instances are equivalent under I;.
(This uniquely determines /5.)

Note that, according to the above definition, string J is obtained from y as in
Definition 1, with the additional requirement that the indicated instances of A1), 4x(2),
...»Az(my In y are equivalent in the associated relation I,. Furthermore, the obtained
equivalence relation 75 makes equivalent all and only the instances of nonterminals
newly introduced by the derivation step, and “preserves”, with respect to I,, equiv-
alences between instances of nonterminals that have not been newly introduced (see
Example 1 below). The class of all local unordered scattered context grammars is also
denoted LUSCG. The relationship between the non-local and local versions of USCG
will be discussed in Section 6.

We introduce additional notation to be used in the following. Given a string of
the form yoAr1yy1 - Yn—14nm¥n, n=1 and © some permutation of {1,...,n}, we
denote with 7¢4--4) any associated relation that contains every pair of instances of
nonterminals A,...,4, indicated in y. If p:(4y,...,4,)— (a1,..., ;) belongs to P,
we say that (41,...,4,) is the left-hand tuple of p and (ay,...,%,) is the right-hand
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GL= (N, V1, P, S);

Vn= {S,4,B}

rr={L1}

P={p1: (5)—(44),
P2 (4,4)—([4),[4]),
py (A44)—>(LID,
psa: (4,4)— (4B,AB),
ps: (B,B)—(4.4)}

Fig. 1. An LUSCG for language L= {ww|w & D;}.

tuple of p. Relation = will sometimes be written 2 to indicate that production p
was used in the rewriting. In order to represent derivations in G, we use the reflexive
and transitive closure of =g , written i>G. The language generated by a LUSCG G
is L(G)={w|(8,I®)) g (w,0)} (note that relation /¢ associated with S is uniquely
defined).

Example 1. Let D; be the Dyck language of strings of properly balanced parentheses
and let L={ww|weD,}. Language L can be derived by the LUSCG Gy specified in
Fig. 1. In order to show a derivation in G;, we number instances of nonterminals in a
string from left to right, and specify equivalence relations by giving their equivalence
classes. Then string [[]][I[[]I[1€L can be derived in G; as follows:

S A{1}}) B¢ (4,{{1.2}})
B 6 (4B4B,{{1,2,3,4}})
26 ([(41Bl41B,{{1,3},{2,4}})
56 (4141414, {{1,3},{2.4}})
6 (4IM4. {123}
B¢ (o, 0.

As already mentioned, the locality restriction makes it possible to represent the
underlying structure of a derivation by means of a tree from a recognizable set of
trees. The following definition specifies how this can be done. Let G =(¥Vy, V1, P,S)
be a LUSCG. Define PO = { p| p€ P, there are no nonterminals in the right-hand tuple
of p} and P(V=pP — PO, We assume an arbitrary canonical (linear) ordering < of
the productions in P. Without loss of generality, we also assume that pg is the unique
production in P that rewrites S (i.e., has left-hand tuple (S)) and pse P,

Definition 3. The derivation grammar of a LUSCG G = (Vy, V1, P, S), denoted der(G),
is the context-free grammar (P, P, 1, ps) where P(1) and P© are the set of non-
terminal and terminal symbols, respectively, pg is the initial symbol and II contains
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der(Gr)= (P, PO, 11, py);
PO = {p1, p2, pa, ps}
PO = {p;},
I={p—p» PpP1—ps, P1—Ps
P2 p2, P2 p3, pP2— P4,
Pa— paps, P4 Pp3ps, Pa— P4ps,
ps—p,  ps—p3s  Ps—ps }

Fig. 2. The derivation grammar of G;.

)51
|
Pa
TN
Plz Pls
P3s ps

Fig. 3. The derivation tree in der(Gp) corresponding to the derivation in G; of string [[1][1[[1](}.

all and only productions of the form p— p;--- p,, where p, p1,..., p,€P and n>1,
such that p; < p, < -+ - < p, and the multiset of instances of nonterminals in the right-
hand tuple of p equals the multiset of instances of nonterminals in the left-hand tuples

of pi1,..., pn.

We remark that, as a consequence of the canonical ordering of the productions
in P in Definition 3, two productions in der(G) cannot differ only in the order of
the right-hand symbols. Note also that to every derivation in G corresponds exactly
one derivation in der(G), in a straightforward way, and to every derivation in der(G)
corresponds at least one derivation in G.

Example 1 (continued). Assume the canonical ordering of productions of G, such that
pi< p; for 1 <i<j<5. Then the derivation grammar der(G.) is given in Fig. 2. Note
how production ps— p; ps in II, for instance, satisfies Definition 3, since productions
p2 and ps together rewrite all instances of nonterminal symbols of G introduced by
the right-hand tuple of p4. The (leftmost) derivation in der(Gi) corresponding to the
derivation of string [[1J[][[1][] previously presented is p) = ps=> p2ps = p3pPs= pi s
and is represented as a derivation tree in Fig. 3.

We conclude the present section with the definition of two parameters associated
with grammars in the class LUSCG. In the next sections these parameters will be
considered as complexity measures and their interaction will be investigated.

Definition 4. Let G=(Vx, V1,P,S) be a LUSCG, pcP, and let der(G)= (P, PO,
I1, ps) be the derivation grammar of G. The fan-out of production p, written ¢(p),
is the length of its tuples. The fan-out of G is defined as ¢(G)=max,cp ¢(p). The
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rank of production p, written p(p), is defined as p(p)=max(,—ecm|®| (assuming
max ) =0). The rank of G is defined as p(G)=max pep p(p).

Example 1 (continued). For the sample grammar G;, we have ¢@(p;)=1 and
@(p;)=2 for 2<i<5; hence we have ¢(G;)=2. Furthermore, from the specification
of der(G.) we see that p( ps) =max(,,)en || =2. This implies p(G.)=2, since all
the remaining productions in P have rank smaller than two.

For integers f >1 and r >0, LUSCG( /) will denote the class of all LUSCG having
fan-out bounded by f and r-LUSCG will denote the class of all LUSCG with rank
bounded by r; »-LUSCG( /) will denote the intersection of the two.

3. A rank hierarchy

This section presents the main result of the paper. We show that the rank parameter
defines an infinite (non-collapsing) hierarchy within each class LUSCG(f'), f =2. The
technique we have adopted has been inspired by a technique used in [1] to prove the
existence of an infinite hierarchy induced by the rank in non-simple syntax-directed
translation schemata (SDTS). The result in [1] concerns the class of translations be-
tween two context-free grammars, i.e., between parallel rewriting systems with degree
of synchronized parallelism bounded by f = 1. This class may be viewed as a (proper)
subclass of the parallel rewriting systems with f =2. Indeed, the definition we have
given for the derive relation for LUSCG is very similar to the definition of derivation
in SDTS.

Let G=(Vn, V1,P,S) be a LUSCG. We first introduce some notions that describe
productions of G in terms of derivations in which they can participate.

Definition 5. Let .«/ C V7. A production p in P of the form (4,...,4,)— (a1,..., %),
t=1, covers of if and only if for every integer d > 1 there exists a derivation 5 such
that the following conditions are satisfied:

(i) n has the form

(5,14 6 (uo Az 1y "'ut—lAn(t)utsll(Al """ Ay
L6 (otarythy - - th— 1 Oy the, I2)
*
= (uovruy -+ - ue_ vy, B), (1)

where u;,v; € Vi, 0<i<t, 1<j<t, and n is some permutation of {1,...,¢};
(ii) string v; - - - v, includes more than J instances of each terminal in &/ and string
ugUL Uy - - - 41 Usu, includes more than d instances of each terminal in V7.

In the following we will use symbol < to denote the covering relation, and will
write p<a to abbreviate p<{a}. Furthermore, we will write 4<.2Z by means of p
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if there exists a production p of the form (4y,...,4;) — (x1,...,%), t=1, such that
A=A, for some [, 1 <I<t, and for every integer d =1 there exists a derivation 5 of
the form (1), such that string v; includes more than d instances of each terminal in .o/
and string ugvu; - - - u;— 01, includes more than 4 instances of each terminal in Vr.
Note that if 4<.9/ by means of p, then p<.<Z. Note also that p<.o/ (4<.9/) implies
pPAB (A< B) for every BC .

We present a sufficient condition for a production p to cover a subset of V', that will
be used throughout this section. Let p:(4,,...,4,)—(x,..., o), =1, be a production
in P, and let o/ C V1. If p does not cover & (written p 4 &) there must be a constant
M, s such that, for every derivation of the form in (1), either M, ,; bounds the number
of instances of a symbol from &/ appearing in v\v; - - - v;, or M, s bounds the number of
instances of a symbol from Fr appearing in uoviu; - - - v, If pasf, we let My o =—1.
Let Mg be the maximum among all M, », p€ P and &/ C V7. Then, whenever pcP is
used in a derivation of w€ L(G), in such a way that p derives more than M instances
of each symbol in some set .o/ C V1 and w itself includes more than Mg instances of
each symbol in V1, we can conclude that p covers /.

The following fact will also be used several times in this section.

Lemma 1. Let peP be a production of the form (41,...,4:)— (x,...,00), t=1L If p
covers some s/ TV, then there exist sets of;, 1 <i<t, such that Uf:l o= .o and,
for every integer d =1, there exists a derivation n such that the following conditions
are both satisfied:
(i} u has the form (1); and
(il) for each i, 1<i<t, string v; includes more than d instances of each termi-
nal in of; and string upviuy - - - u,_ vsu, includes more than d instances of each
terminal in Vr.

Proof. Let m>1 be an integer. Since p </, there exists a derivation # of the form (1)
such that string v, --- v, includes more than mt instances of each terminal in </ and
string woviuy - - - 4, 10;u, includes more than m instances of each terminal in Vp. Let
P = (A1 D25 ) be a partition of 7 specified as follows. For each ac .o,
choose the least [/, 1</<¢, such that v; includes more than m instances of a, and let
a€ oy, (there is always such an [ by a counting argument; some of the 7, ;, 1 <i<1¢,
may remain empty). We thus have an infinite sequence of partitions ¢ =2,,2,,....
Since there are finitely many partitions of 7, there exists some partition # that occurs
infinitely often in ¢. Clearly, the members of # meet the requirements on the ./;’s set
out in the proposition. [1

We first prove a separation result for classes r-LUSCG(f), #=3. In order to do
so, we define a particular family of languages to which we will henceforth restrict our
attention.
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Definition 6. Let » and f be two integers, 7, f>1. Let also V") ={q, ;| 1<i<r,
1</<f} and 7, a permutation of {1,2,...,r} defined as follows. If » is even:

2i—1, ie{l,....r/2};
(=19 ..
2i—r, ie{r/2+1,...,r}

If » is odd:

i, ie{l,r};

r—2(-1), ie{2,....(r+1)2-1}
2i—r—1, ie{(r+1)2+1,...,r—1}

(i) =

Language L, ; is specified as follows:

b (1) In (r)

— i ! _
Leg={wwy-weiwi=ay, -al,, we=ay (), a0y p

2<h< S, iz 1<) <r)

Note that if »=2n then 7, is the permutation [1,3,5,...,2n — 1,2,4,6,...,2n], if
r=2n—1 then =, is the permutation [1,2n —3,2n—5,...,5,3,2n — 2,2,4,...,2n — 4,
2n—1]. The effect of #, in the cases r =6 and »r =7 is shown for illustrative purposes
in Fig. 4. Below we often use the fact that for all »>1, =,(1)=1 and =, (r)=r.

Observe that there is an order c¢j,c,...,¢y of VT("f) such that L, , Ccfecy - c;*'f.
In the following we will call segment each subsiring wy, 1 <A< S, in the definition of
a string in L, r. For 1<s<r, we will also use @, to denote the set {a,a,>...,45 s},

which we will refer to as a terminal group for L, ;. Let o be a set of terminal

n{i} 1 5 3 6 pA 4 7

Fig. 4. The permutation n» for r =6 and r=7.
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G = (W, V"D, p,5),;

P={pi|l<i<3+2r};

o= {Su{Q;R;|1<j<fIu
{dij11<igr1<j<f}

pr o (S)—= (41101 - 41Qr);
P2 (@ Q)= (Ridrs- - ReAr (),
Pt Ri, . R)— (@D, o)), aW =y 454,
oD =40 jAn,3)i Amir—1)ss 2SI S
Pitj ¢ it Aj )= (@450, .85, 74 ), 1<J<r;

DPirrtj ¢ i1, dj )= (a1, 7)) 1<jsr

Fig. 5. A (r — 2)-LUSCG(f) grammar for L, s.

groups for L, ;. If p<{a|aca,, a;€s/}, then we write p<./. For >3, the set
{&|2<s<r — 1} will be denoted B>/,

Example 2. Language L, ; can be derived by a grammar in (r — 2)-LUSCG(f), for
f=1 and r=4: such a grammar is defined in Fig. 5. We have p(p))=p(p2)=2,
p(p3)=r—2and p(p3y;) =1, p(p34r4;) =0 for 1 <j<r; the rank of p; determines
the rank of G. Observe that ps; covers %/,

In Lemma 5 below we will show a basic fact about our family of languages, namely
that, for any r>6 and f>2, any grammar in LUSCG that derives L, ; cannot have a
production that covers more than one, but fewer than » — 2, terminal groups in %/,
To do this, we need first some intermediate results. In the following discussion, we will
be referring to an implicit LUSCG of fan-out f generating L, r; hence, for example,
whenever we mention a symbol ag,, the ranges of s and ¢ are implicitly stated.

The next lemma shows that for languages L, r, the properties of covering a set
of terminal symbols and of covering the set of associated terminal groups cannot be
distinguished.

Lemma 2. If a production p covers some o/ C VT(r’f ), then p covers {a | as €A}

Proof. Let /' = Ua e s I o= o' the statement trivially holds. Otherwise, let
be o/’ be such that p<1.d but p 4 o U{b}. Consider a derivation of the form

(S,I<S>) ;G (upAdiuy - -- ut—lAtu;,IfAl’""AJ)
L6 (vomyuay - -t Oy, 1)
i>'G (ugvyuy - uy_ 0., 9), )

where u;, v; E(VT(r’f ))*, and #> 1. (Note that such a derivation exists since p covers .o.)
Let m be the number of instances of b in upu; - --u,;. Since p covers .o, there exists
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a second derivation

* A1, Ay
(1) Zo6 (upnrytdh -+~ )y Anryu, i

P

=6 (UpotmyU] + - Uy Oy Uy, La)

*
=6 (UpXe()t) - Uy Xn(yu;, D), (3)

with uf,xje(VT(r’f ))* and 7 some permutation of {1,...,¢}, such that the number of
instances of each a € &/ in string xx; - - - x; exceeds Mz+m and the number of instances
of each ae V") in string wu)xp(iyid, - - 1 Xn(ytt) exceeds M. Since o/ U {b} is not
covered by p, the overall number of instances of 4 distributed within x;x; - - - x, must be
bounded by M. We can combine (2) and (3) to obtain a third string ugxju - - - 4,1 x4,
in L, s, for which the number of instances of some a,,€.%/ with beca; differs from
that of b, contradicting the definition of L, ;. We conclude that no such a » could
exist. [

Next we show (in Lemma 4) that whenever (an instance of) a nonterminal 4 in
the left-hand tuple of a production p covers {a,4,a,,}, ie. a set of two symbols
belonging to the same terminal group but to different segments, then p covers the
whole of ¥1"/). We prove the result in two steps.

Let a and b be two symbols in VT(r’f ). Observe that the set of all terminal symbols
occurring between a and b (including a and b) is the same for all strings in L, ;.
We will call this set the in-between set of a and b.

Lemma 3. Let p be a production such that an instance of a nonterminal symbol A
in the left-hand tuple of p covers (by means of p) the set {a,b} C VT("f ). Then p
covers the in-between set of a and b.

Proof. Let &/ be the in-between set of a and b. If o ={a,b}, the lemma holds
trivially, Otherwise, let of' =.of — {a,b} (' #0). Since A< {a,b}, there must be a
derivation of the form

* Ay
(5,157 6 (updyuy '"ukAlAkuk"‘ut—lAtut7]1< bodi)y

7

S (Hoonuy - g Oty - - - 10y, Io)

E3

= (uoviuy - Up— 1Ok - - - U1V, B), (4)
where A = Ay, ui,vjE(VT(r’f ))* and r>1, such that more than Mg instances of symbols
a and b are found in v; and more than M instances of each symbol in VT(”f ) are dis-

tributed within the string uov; - - - ux_ 104w - - - v:4,. From the definition of L, , it follows
that all instances of the symbols in &/’ must occur in v;. But then p covers /. O

We can now prove the previously mentioned result.
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Lemma 4. Let =2 and r=1. If a nonterminal A from the left-hand tuple of a
production p covers {as 4, a5} C VT(”f) for some s and g<q', then p covers VT(r,f).

Proof. Since n,(r)=r and n,(1)=1, a,, and a; 44 are in the in-between set of a4
and a4 . Then p must cover {a,,q,al,qH} by Lemma 3. By Lemma 2, p must cover
{@r1,@,}. Let B be a nonterminal that covers 4, ; by means of p (which should exist
by Lemma 1 applied to o/ =a;Ua;). If B covers {ay 1,a}, a a member of @, then
by Lemma 3, p<{a;|1</j<r}, and we are done by Lemma 2. Suppose instead that
B covers no member of @,. Since every a,; is covered by at least one nonterminal
from the left-hand tuple of p (again by Lemma 1 applied to «/ =a;U4d,) and since
we assume that p has at most f nonterminals, there must be a nonterminal from the
left-hand tuple of p which covers two members of @, say g, and a,,, with u<u'.
Again by Lemma 3, p<{a; . |1<j<r}, and we are done by Lemma 2. [

We now use the previous results to derive a basic property of G that will be used
to show the major result.

Lemma 5. Let f=2 and r=6. If a production p covers more than one terminal
group in B, then p covers B"/).

Proof. Assume that (41,...,4,), t=1, is the left-hand tuple of p. First we show that,
if pa{a;,ay} for a;,ay €B"/), s<s', then the only interesting case for us is t= f
and 4;<{ay;,ay ;} for 1<i< f. By Lemma 1 (applied to &/ =a,;Uay) symbols g,
and a; ,, ¢7#¢q', must be covered by some (instances of) nonterminals in the left-hand
tuple of p. If any nonterminal 4 in the left-hand tuple of p covers {a; 4, a4 }, then by
Lemma 4, p covers all symbols in VT(r’f ). A similar statement holds for s’ instead of s.
The remaining possibility is that ¢t = f and for all i, 1 <i< f, 4; covers a set including
exactly one terminal in @; and exactly one terminal in @y. W.l.0.g. we may assume
that 4; <ay;, 1 <i<f. Assume also that / is the least index such that 4;<{a ;,ay ;},
for some j>/. Then we would have that instances of ay ; follow instances of ay ; in
the derived string, contrary to the definition of L, ;. Thus, in the following, we will
deal only with the case 4;<{as,ay ;} for 1<i<f.

Since A4, covers {a;,1,a,,1} by means of p, by Lemma 3 we conclude that p must
also cover {a; 1,ds41.1}, and hence {d;, @31} by Lemma 2. Again we restrict our atten-
tion to the only interesting case in which A4;< {a;;,as11,:}, 1 <i<f. By investigating
the case i =2, we now show that p<{a,_12,a22}. We distinguish three cases.

Case 1: r is even. It can be seen from the definition of L, s that a,_1, and az»
are in the in-between set of a;, and as41,2. We have that p covers {a,_12,a22} by
Lemma 3.

Case 2: r is odd and s#r — 2. It again follows from the definition of L, ; and from
Lemma 3 that p<{a,_12,a22}.

Case 3: r is odd and s=r—2. Then 4 <{a,_22,4,_1.2}- By Lemma 3 and from the
definition of L, s, p must also cover {a,_;,,a3}; by Lemma 2 p covers {a3,a,_}.



100 Q. Rambow, G. Sattal Theoretical Computer Science 223 (1999) 87-120

One more time we restrict our attention to the case in which 4; <{as 1,a,-2,1}. Since
¥ 26, we can apply the same reasoning to see that p covers {@3,d;}. But since 3 #£r—2,
we are now in Case 2.

We may conclude that p<{a,_i,a22}. By Lemma 2, {ay1,a,—1,1} must also be
covered by p. The only interesting case is if this set is covered by A,. But then by
Lemma 3 p<{a;,|2<j<r— 1}, and we are done by Lemma 2. [

The following lemma presents a property of derivations in G that will be used to
“factorize™ derivations for some sentences in L, ,. We need to introduce two additional
notions. Let p be a production whose left-hand tuple is (4;,...,4,), t< f. Assume the
existence of a derivation of the form

(S,[<S)) ik__>G (uOArt(l)ul P ut—lAn(t)ut,I(A] ..... Ar) )’

where uiE(VT("f))* and 7 is some permutation of {1,...,7}. Then wuodnyu: - -1
Anyu, is called a p-factorized sentential form. Let a,b,c be different symbols in
VT(”f ). We say that b is isolated in the above sentential form whenever, for strings
x, y,0,z€ (V"/))*, one of the following conditions is realized: (i) up = xbycv, (i) u; =
xaybvcz for some j, 1<j<t — 1, or (ili) ¥, =xaybv. Note that whenever a terminal
symbol b is isolated in a p-factorized sentential form, then p cannot generate b (be-
cause all occurrences of b in a sentence of L, ; are consecutive).

Lemma 6. Let f>2, r=>6. Let p be a production such that p<B"7" and let
ugAiuy - - u,—1Ayuy, t< f, be a p-factorized sentential form. Then for every termi-
nal group a; € B there exists a terminal symbol a€a; such that a is not found in
the string uouy - - - ;.

Proof. For the sake of contradiction, assume that ugu; - - - 4, contains instances of every
terminal symbol in some @ € #"/). First of all, we claim that no u;, 0<i<t, can
contain two different terminals from @;. From the definition of L, ; it can be seen that
for any as 4, a4 in @5, g# ¢, the in-between set of a, , and a, , contains at least one
terminal b from some @y € B, s’ #5. If as,q and g, o are included in u;, then b will
be isolated in the p-factorized sentential form and p could not generate b, contrary to
the hypotheses. This proves our claim. )

Let l=n.(r — 1), ie., I=r—2 if r is even, /=v — 3 if r is odd. To prove the
lemma, we will distinguish three cases.

Case 1: s&€{2,1}. If any a,,€q, is included in ug, then ay to its left will be
isolated and p could not generate a,;, contrary to the hypotheses. Similarly, if any
as,4 is included in u;, then a;, ¢ to its right will be isolated and p could not generate a;, /,
again a contradiction. We conclude therefore that the terminals in @, are all contained
within u; - - - u,—;. Since < /, there will be some u;, 1 <i<t— 1, which contains two
different terminals from @;, contradicting our claim.

Case 2: s=2. If any a, 4, €a; is contained in u,, then a, r to its right will be isolated
and p could not generate such a symbol. From our claim and the definition of L, , it
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follows that t = f and each a, is contained in u,_; for 1 <g< f. Consider now A;.
Since p covers #/) and u; contains a; >, 4; must cover at least the set {a1,a32}
(whose elements occur to the left of a;, in strings of L, ;). By Lemma 3 p covers the
in-between set of @, ; and as ;, which includes a, ;; therefore p covers @y by Lemma 2.
But this is impossible, since %y contains an instance of a,;, which would be to the
left of the instances of a;; generated by p, contradicting the definition of L, /.

Case 3: s=1. If any a; 4€a; is contained in uo, then a;; to its left will be isolated
and p could not generate such a symbol. Again it follows from our claim that t= f
and each a;, is contained in u,, for 1<q<f. Consider 4,. Since p covers B"/),
u; contains a; 1, and u, contains a;», A; must cover at least the set {a,—1 1,432}
(whose elements occur in between a;; and a,; in strings of L, ). By Lemma 3, p
covers the in-between set of a,_;,; and a3, which includes a, ;; therefore p covers @,
by Lemma 2. This is impossible, because u, contains an instance of a; s, which would
be to the right of the instances of a, ; generated by p, contradicting the definition
of Lr, f- O

The proof of the following theorem, which refers to all previous results, shows that,
for all sentences w in some subset of L, s, any derivation in G of w can be partitioned
into two parts. In a sense to be made more precise below, the first part of the derivation
cannot generate all terminal symbols in any terminal group in £/, while the second
part of the derivation uses productions that do cover #/).

Theorem 1. Let f=2, rz6. Then we have L, ;€ ¥((r—2)-LUSCG(f)) —
ZL((r — 3)-LUSCG(f)).

Proof. A grammar in (r —2)-LUSCG(f) that derives L, ; has been presented in
Example 2. To prove the statement, we show that the assumption of the existence
of Ge(r — 3)-LUSCG(f) such that L(G)=L, s leads to a contradiction.

Let 4¢ be the maximum number of terminal symbols in the right-hand tuple of a
production of G. Let w be a sentence in L, ; such that #,(w)>(r — 3)-Mg + 4¢

for every ac VT(r’f ), and let also n be a derivation in G for w. Let p, be the first

production used in #, i.e., # has the form (S,I<S>)p:'>g (a,I’);G (w,0). § is a p-
factorized sentential form and, by the choice of w, p; covers /). Let py ..., pri,»
1 <k <7 —3, be the sequence of productions used in # to rewrite the right-hand tuple
of p;. (Hence, for some string ¢ which is a permutation of p; ,..., p1g, p—E is
a production in II of der(G).) If among these productions there are some that cover
A1), we arbitrarily choose one and call it p,. We iterate the step until either we
arrive at a production p;, [ > 1, whose right-hand tuple contains only terminal symbols,
or we arrive at some production p;, />1, used in # such that p; covers #">/) and
none of the productions that are used in # to rewrite the right-hand tuple of p; covers
AB"7) (see Fig. 6).

Let (A4y,...,4;), t<f, be the left-hand tuple of p;, let = be some permutation
of {1,...,t} and let w=uovz(yu1 - Us_1Vn)tt;, Where v; is the substring derived
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Fig. 6. A derivation of w in G, represented as a derivation tree in der(G). The part of the tree above pro-
duction p; cannot generate all terminal symbols of any of the terminal groups in 8>/}, By the construction
of w, these symbols must therefore be covered by the productions that are the daughters of p;.

under n# by the nonterminal 4; in the left-hand tuple of p;, 1<i<t¢. Then string
tgAgy1 - 1 Anyu; is a pj-factorized sentential form. By Lemma 6 we have
that, for every terminal group a;€ A1), there exists a terminal a, 4, that is not con-
tained within string wou; - - - ;. Hence, more than (» — 3) - My + A instances of each
Gsq,» 2<8<r — 1, are generated under 5 from the nonterminals in the lefi-hand tu-
ple of p;. Thus, the right-hand tuple of p; cannot contain only terminal symbols.
Now let pr1,...,p1k, 1<k<r — 3, be the sequence of productions used in # to
rewrite the right-hand tuple of p;. (Again, for some string £ which is a permutation
of pri1,..., pii, pr— & is a production in IT of der(G).) The right-hand tuple of p;
itself cannot contain more than Ag instances of each ay,, and therefore py1,..., piy
must generate more than (r — 3) - Mg instances of each ag, . Since k;<r — 3, by a
counting argument we conclude that for each s, 2<s<r -1, there must be at least one
Pri» 1<i<k, such that p;; generates under # more than M; instances of a;, . Again
by a counting argument, we derive that at least one p;;, 1<i<k;, generates more than
Mg instances of two symbols a,, and ay ,,, s#s’. Hence p;;<a{asq,,ay.4,}. Then
we have that p;; covers two terminal groups in #":/), by Lemma 2, and p;; covers
#"/) by Lemma 5. This contradicts the choice of production p;: we conclude that
there can be no derivation in G for w, that is, grammar G does not exist. O

We now turn to subclasses 2-LUSCG(f) and 3-LUSCG(f), f >2. We first show
that for f =2, they collapse.

Theorem 2. #(2-LUSCG(2)) = £(3-LUSCG(2)).

Proof. We show how to convert a grammar G €3-LUSCG(2) — 2-LUSCG(2) into
G’ €2-LUSCG(2) such that L(G)=L(G’). Let p be a production of G of rank three.
Assume first that ¢(p)=2 and let p be of the form (A4;,4s)— (a1,%2) with oy =ug
Biuy - u;_1Byuy and ay = v9Cyv; - - - v, Cyv,, where B;, C; € Vn, u;,v; € V5, and where
{,r are nonnegative integers with 3<! + r<6. Let I, ={ p1, p», p3} be any multiset
of productions of G that rewrites the right-hand tuple of p. We distinguish three
cases.
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Case 1: I,r>1. By a counting argument, there must be p; € II, such that ¢(ps)=2
and pj rewrites two nonterminals among B, B;, C; and C,. Assume pj rewrites B; and
C;. For new nonterminal symbols [ p, ps, 1] and [ p, ps,2], construct productions

(AI,AZ)_’([PaPh,l]Blul, Uocl[p,phaz])a
([p, Prs 1), [P, P, 2]) = (woBy - - - Bi_qui—y, v1Cy---Goy) (5)

to be used by G’. By assumption, the productions in (5) have rank not greater than
two. The remaining cases for p, are handled in a similar way.

Case 2: I=1 or r=1. Assume /=1. Choose production p,€ll, such that pj
rewrites Bi. If @(py)=2, py also rewrites nonterminal C, for some 1<g<r.
If g & {1,r}, then for new nonterminal symbols [p, ps,1] and [p, ps,2] construct pro-
ductions

(41,42) = (woBru1, [p, pr, 11C,[ P, i, 2]),
([p5 Dh, 1]7 [p9 ph’2]) - (UOCX ot Cq—luq—la Uqu+1 e Crvr)- (6)

Productions in (6) have rank not greater than two. If g=1, g=r or @(ps)=1, we
have subcases that can be handled with just one new nonterminal.

Case 3: I=0 or r=0. Assume /=0. Choose production p,€Il, such that p,
rewrites C). If @(ps)=2, py also rewrites nonterminal C, for some 2<g<r. If g¢
{2,r}, then for new nonterminal symbols [ p, ps, 1] and [ p, ps,2] construct productions

(41,42) — (w0, voCi[p, P, 11C,L P, pr,2]),
([p, P1,11,[ P, Ph,z]) - Cy--- Cq—lvq—l, Uqu+1 - Covyp). €

Again, productions in (7) have rank not greater than two. If g =2, g=r or o(ps)=1,
we have two subcases that can be handled with just one new nonterminal. This exhausts
all cases in which ¢(p)=2.

Finally, if p is of the form (4)— («), we can proceed as in Case 3 above. [

Next we will show that for any integer f >3, the class 2-LUSCG(f) is properly
included in 3-LUSCG(f). The family of languages Ls ; studied at the beginning of
this section cannot be used in order to prove this separation result, and we have to
define new languages to which we will restrict our attention in what follows.

Definition 7. Let f be an integer, f >3, and let VT(f):{al,h,az,h,a3,h,a4,h,a5,;,|
1<h< f}. Language Qy is specified as follows:
_ . [N ' - R . B VR [ YR S S S R PR
Qr = {wiwy - Wf|W1—01,1a2,143,1a4,1a5,1’ W2 =4y 503 70 204 245 5,
wy =l a2 ,a},a5 a5, 3<h<f,i;>1, 1<j<5)

As in the case of languages L, s, we will call segment each substring wy, 1 <A< f,
in the definition of a string in Oy. We will also use the terminal group notation
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a,={as1,a52...,a5 5}, 1<s<5. Finally, the set {@;,a;,a3} will be denoted #/).
We now study some properties that are common to all grammars in LUSCG that derive
languages Q. (Henceforth, we will always assume f>3.) In what follows, there is
a strong similarity with the properties of languages L, , that have been investigated
so far; for this reason, sometimes proofs will be omitted; in the remaining cases, our
arguments will be simpler than those used for languages L, s, due to the fact that
languages O, depend upon only one parameter.

Assume that GELUSCG is a grammar of fan-out f deriving some language QOy.
We start with three properties of G that correspond to Lemmas 2—4. Let ¢ and b be
two symbols in VT(f ). For any string w in Qy, the set of all terminal symbols occurring
between a and b in w (including a and b) is always the same. Again this set will be
called the in-between set of a and b.

Lemma 7. For every production p of G, the following statements hold.:
() if p covers some o C VT(f) then p covers {a|a; € /};
(i1) if a nonterminal symbol A in the left-hand tuple of p covers (by means of p)
the set {a,b}, then p covers the in-between set of a and b;
(iii) if a nonterminal symbol A in the left-hand tuple of p covers (by means of p)
the set {asq,a5q4}, g7 q', then p covers VT(f).

Proof. Statements (i) and (ii) can be proved using the same arguments found in the
proofs of Lemmas 2 and 3. To prove statement (iii), observe from the definition of
Qy that as, and a; 4 are in the in-between set of a,, and a,,. We then proceed
exactly as in the proof of Lemma 4, taking r=5. [

We now derive a basic property of productions in G. What follows is the analogue
of Lemma 5 for languages Q.

Lemma 8. If a production p of G covers more than one terminal group in BY), then
p covers BY).

Proof. Let p cover groups @ and @y in #Y), s<s'; assume also that (4;,...,4,),
1<t< f, is the left-hand tuple of p. As in the proof of Lemma 5 we may restrict
ourselves to the case that = f and 4;<{as;ay;} for 1<i<f. There is a finite
number of cases for the pair s,s’: from the definition of Oy we see that in all cases
a terminal symbol ay-; is included in the in-between set of a;; and ay; for some
i, where @;7€ 8 and s” & {s,s'}. By Lemma 7, p must cover {a;;ay ;,as ;} and
therefore 8. [

The notion of p-factorized sentential form for a production p and the associated
notion of isolated symbol have been introduced in the discussion preceding Lemma 6.
These notions will also be used in the following statement, which represents for lan-
guages Oy the analogue of Lemma 6.
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Lemma 9. Let p be a production of G such that p< B and let upAyu, - - - u,_ 14,1,
t< f, be a p-factorized sentential form. Then for every terminal group a;c ) there
exists a terminal symbol a€d; such that a is not found in the string ugu; - - - uy.

Proof. We assume that ugu; - - - 4, contains instances of every terminal symbol in some
@, € B and derive a contradiction. First, we claim that no u;, 0<i<¢, can contain
two different terminals from @;. Assume the contrary. From the definition of Qf it can
be seen that at least one terminal from some @y € BV), s’ #s, will be isolated in the
p-factorized sentential form. Then p could not generate it, contrary to the hypotheses.
To prove the lemma, we then proceed by distinguishing three cases.

Case 1: s=4. If any a4 ,€as is included in uo, then ay; to its left will be isolated
and p could not generate a |, contrary to the hypotheses. A similar argument applies
if any a4, is included in u,. Since < f, we conclude that there is some u;, 1<i<t—1,
which contains at least two different terminals from az. But this contradicts the above
claim.

Case 2: s=2. If any ay ,€@; is contained in u;, then a3 / to its right will be isolated
and p could not generate such a symbol. If 1< f we establish a contradiction using
again the claim above. Assume therefore = f and each a;, is contained in u,_,
for 1<g<f. Since p covers #), by Lemma 1, a3, and a3, must be covered by
some nonterminals in the left-hand tuple of p. Since uy contains a;, u; contains
a2 and symbols a3 | and a3, occur between symbols a4 ; and a;» in strings in Qy,
no nonterminal other than 4, in the lefi-hand tuple of p can cover a3, and as».
We conclude that 4; must cover {a3 1,as2}. By statement (iii) of Lemma 7, p covers
VT(f ) and then ap. But this is impossible, since %y must contain at least one instance
of a;; to the left of a,,;, which is therefore isolated.

Case 3: s=3. If any a3 ,€a; is contained within g, then a,, to its left will be
isolated and p could not generate such a symbol. Again we deal with the case 1= f
and a3, in u, for 1 <g< f. With an argument similar to Case 2, we can argue that
p covers @s. Again this is not possible, because #; must contain at least one instance
of as ; to the right of a3 r, which is therefore isolated. [

The technique used in the proof of Theorem 1 along with the above lemmas can be
used to show the following result. The proof is omitted because of its strong similarity
with the one of Theorem 1.

Theorem 3. Let [ be an integer, f>3. Then we have Q,€ ¥ (3-LUSCG(f)) —
L(2-LUSCG( f)).

To conclude this section and to complete our picture of the rank hierarchy for fixed
values of the fan-out parameter, we give a last result that compares the subclasses of
LUSCG of ranks one and two. The proof of the result, however, must be deferred to
Section 5, where we will use results of Section 4 along with an equivalence result that
allows us to transfer to LUSCG some facts that are already known for the class of
finite copying parallel rewriting systems.
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Theorem 4. Let f>1. Then Z(1-LUSCG(f)) is properly included in £(2-
LUSCG(f)).

Section 5 will complete our investigation of the interaction between the fan-out and
rank complexity measures by transferring the rank hierarchy results of this section to
parallel rewriting systems and combining them with a fan-out hierarchy result that is
well known for the latter class.

4. Closure properties

This section investigates some language-theoretic properties of classes r-LUSCG( (),
r, f=1. We will use these results in Section 5.

A family of languages is called an abstract family of languages (for short AFL), if
it is closed under union, concatenation, &-free Kleene closure, e-free homomorphism,
inverse homomorphism and intersection with regular languages. A full AFL is an AFL
which is also closed under arbitrary homomorphism.

Theorem 5. For integers r=2 and f =1, L(r-LUSCG(f)) is a substitution-closed
Jull AFL.

Proof. Since for »>2 and f > 1, r-LUSCG( /) contains all regular languages, it is suf-
ficient to show closure under substitution and under intersection with regular languages
[20, p. 126].

To show closure under substitution, consider a grammar G = (Vn, Vr,P,S) in
r-LUSCG(f). For each a in Vr, let L@ be a language in Z(r-LUSCG(f)) and
let G@ = (1@, 7, p@, §@) be a grammar in r-LUSCG(f) that generates L@. We
assume that VI\(,“) and VI\(Ib) are disjoint for all a,b€ V1, a# b, and that VI\(]“) and Vy are
disjoint for all a€ Vr. We construct a new grammar

G = (VIQU Umn UnpPul P9, [S]),
ac€lt acVhr aclt

where ¥, and P’ are defined as follows. Let d; be the length of the longest sequence
of consecutive terminal symbols introduced by a rule in P. Let

Vi = {[udv), [udv, p] | A€ VN, u,vE VS, |u|,|v]<J¢ and p€P}.

To comstruct P’, let p be a production in P of the form (A4y,...,4;)—(a1,...,9%),
where 1<¢< f and for each k, 1 <k<t, we have ay =ugoBr1uk1 - Uk 1, 1Bk 1,4k 1,5
Iy =0, By;€Vy for 1<i<l; and wy ;€ V] for 0<j<lk. For every tuple 7= (u;,vy,
..., U, 0y) such that u;,v;€V{ and |u;, |v;| <6, 1<i<t, we add to P’ the production

o (Ao, .. [ dio,]) — (e d1oy, pl,. .., [u 4,01, p).



O. Rambow, G. Sattal Theoretical Computer Science 223 (1999) 87-120 107

Furthermore, for every t as above and for every ac V1 and 1 <A<, we add to P’ the
production

Pha: ([Ab P], vevy [Ah—h p]9 [auhAhvhs P]» sees [utAtvt’ P])
—([41, P, - - [An_1, Pl S©Ourdpvn, pl,..., (U401, p1)

and the production

p‘/r,h,a : ([Al’ p]’ L) [Ah—b p]a [uhAhUh(l, P],- vy [utAtUt’ P])
- ([A]’ p]a cees [Ah—l’ p]a [uhAhUh, P]S(a)= cees [utAtvta P])

Finally, we add to P’ the production

p’ :([Ala P],---, [Ats p])ﬂ(ag""’a;)s

where o) = [ug0Bx1][ui1Bi2] ... [us,—1Br 4k, ), 1 <k<t. The construction is carried
out for every p in P.

It is straightforward to show that G’ generates the language whose strings are ob-
tained from strings in L(G) by replacing each a € Vy with some string in L®; we omit
the details. We have p(p')=p(p), p(p.)=1 and p(p.4.)=p(p,, ) =2, for every
p in P and every choice of 7, # and a. Thus, p(G’)=p(G). Since all productions in
P’ derived from p in P preserve the fan-out of p, we have G’ €r-LUSCG(f). This
proves closure under substitution.

As far as intersection with regular languages is concerned, we anticipate here some of
the contents of the next section (Theorem 6), where an equivalence result is presented
between classes »-LUSCG(f') and classes »-MCFG( f) studied in [22]. In [22, Theorem
3.9] it is shown that, for every f>1, |J,,,-MCFG(f) is closed under intersection
with regular languages; their proof preserves parameter r. Hence our result follows
from Theorem 6. [

We obtain the following two corollaries, the first of which was proven (more simply)
in [9, Theorem 5.1] (for finite copying top-down tree-to-string transducers) and in [22,
Theorem 3.9] (for multiple context-free grammars).

Corollary 1. For f=1, (LUSCG(f)) is a substitution-closed full AFL.

Corollary 2. For r =2, ¥(r-LUSCG) is a substitution-closed full AFL.

5. Implications for parallel rewriting systems

In this section we provide an overview over some classes of finite copying paral-
lel rewriting systems that have been defined in the literature. We start by proving a
generative equivalence relation between these formalisms and the class LUSCG. The
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importance of such a result is that it provides an original characterization of finite
copying parallel rewriting systems in terms of the locality restriction that was intro-
duced in Section 2. At the same time, the equivalence result maps the fan-out and rank
parameters defined for LUSCG into synchronized parallelism and independent paral-
lelism, respectively, as defined for the parallel rewriting systems we consider here. In
this way we can transfer the results presented so far and show how independent par-
allelism induces an infinite non-collapsing hierarchy in parallel rewriting systems with
degree of synchronized parallelism bounded by a constant greater than one. This hierar-
chy is orthogonal to the non-collapsing hierarchy induced by synchronized parallelism
that has been previously discussed in the literature. The hierarchy result, combined with
the results of Section 4, also provides an answer to a question that was left open in
the literature. In what follows, we will use the term rank of a context-free grammar to
refer to the greatest number of nonterminal symbols that can be found in the right-hand
side of the productions of the grammar.

We start by relating the class LUSCG to a class of rewriting systems known as
multiple context-free grammars (MCFG) introduced in [14,22]. For notational con-
venience, we present MCFG through a notational variant of this class that in [26]
is called string-based linear context-free rewriting system. This variant requires the
“information-lossless” condition (see [22]) while MCFG does not. However, Seki et
al. [22] show that this does not affect the generative power of the class (their Lemma
2.2).! We discuss the relationship between LUSCG and MCFG in some detail, since
existing results will then allow us to relate LUSCG to other known formalisms as well.

Let V't be an alphabet of terminal symbols; in the following we will be interested in
functions mapping tuples of strings in V¥ into tuples of strings in V5. For integers »
and f, r=0 and f>1, we say that g is an r-ary function if there exist integers f;>1,
1<i<r, such that g is defined on (VF)/1 x (V)2 x ... x (Vf)/; we say that g has
fan-out f if the range of g is a subset of (VT*)f. Let yu, x5, 1<A<f, 1<i<r and
1 <j < f;, be string-valued variables. A function g as above is said to be linear regular
if it is defined by an equation of the form

g((xl,l,...,xl,fl),...,(xr,l,...,x,,f)):(yl,...,yf), (8)

where (yi,..., ys) represents some grouping into f sequences of all and only the vari-
ables appearing in the left-hand side of (8) (without repetitions) along with some ad-
ditional terminal symbols (with possible repetitions). The following definition is based
on [26, p. 137] and [22, p. 196], and can easily seen to be a notational variant of
either.

! String-based linear context-free rewriting system is a member of the family of linear context-free rewriting
system (LCFRS) introduced in [24, 25] independently of MCFG. This family groups together a large class
of rewriting systems that operate on different types of objects, such as strings, tuples of strings, trees, graphs,
and so on. The result of rewriting is then associated with terminal strings by “yield functions”, in order to
generate string languages.



O. Rambow, G. Sattal Theoretical Computer Science 223 (1999) 87-120 109

G} = (M, V1,5, P);

Vn ={S,4,B}

=1L}

P={p: S—g),
pz: A— [0,

pyi A— f(4),
pa: A— fi(4,4) }
g({x11,x%12)) = {xnixz),
HO={1L[D,
Sr(ax2)) = (el al),

S3((x1n,x12), (x21,%22) ) = (X11X21,%12%22).

Fig. 7. A multiple context-free grammar for language L = {ww|w € D, }.

Definition 8. A multiple context-free grammar (MCFG) is a quadruple G = (Vy, V1,
P,§) where Vy and Vy are defined as for an unordered scattered context grammar, every
symbol 4 € Vy is associated with an integer @(4)>=1, S is a symbol in Vy such that
@(S)=1, and P is a finite set of productions of the form p:4— g(Bi,Bs,...,Byp)),
where p(p) =0, 4,B;€Vy, 1<i<p(p) and where g is a linear regular function having
arity p(p) and fan-out ¢(4), defined on (V7)?EB x ... x (Vf)?Bn),

For every A€ Vy and t€(V7)?YW, we write 4 = ¢, if one of the following condi-
tions is met:

(i) 4—gO€P and g0 =1
(il) 4—g(B1,...,By(p))EP, B; = 1; for every 1<i<p(p), where ;€ (V{)?®), and

g(tl,...,lp(p))———t.

We emphasize that in MCFG the rewrite relation always relates a single nonterminal
symbol to a tuple of terminal strings. For A€ Vy, we call ¢(4) the fan-out of A4;
for peP, we call p(p) the rank of p and we write ¢(p)=@(4) whenever 4 is
the left-hand side symbol of p. For GeMCFG, we define ¢(G)=max ey, ¢(4) and
p(G) = max pcp p(p). For r=0 and f>1, the class of all linear context-free rewriting
systems with rank bounded by r and fan-out bounded by f is denoted »-MCFG( f).?2
The language derived by G is the set of strings L(G)={w|S =¢ (w)}.

Example 3. Let L be the language considered in Example 1. A grammar G} €
2-MCFG(2) that generates L is defined in Fig. 7. Observe that nonterminal 4 gen-
erates all tuples of the form (w,w), with weD,.

The following theorem establishes a strong (rank- and fan-out-preserving) equiva-
lence relation between LUSCG and MCFG. The proof is conceptually straightforward
but notationally complex; we defer it to the appendix.

2Seki et al. [22] use the notation f-MCFG to refer to MCFG of fan-out f, while we use »-MCFG to
refer to MCFG of rank r.
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Theorem 6. Let r, f be integers such that v, f 2 1. Then we have ¥ (r-MCFG(f))=
ZL(r-LUSCG(f)).

We can immediately obtain the following rank hierarchy result for MCFG.

Theorem 7. For each f =2, the rank parameter induces a non-collapsing hierarchy
in class MCFG(f).

Proof. The statement directly follows from our main result and from Theorem 6. [J

Next we switch to other finite copying parallel rewriting systems that have been
defined in the literature, and use Theorem 6 to transfer our main result to these for-
malisms. Deterministic tree-walking transducers (DTWT) were introduced by Aho and
Ullman [2] (called TAT there). A DTWT is an automaton with a finite state control,
that visits in checking mode an input tree generated by a context-free grammar and
outputs a translation string. Since this (sequential) device can visit a given subtree
more than once, the output tree will contain separated substrings that are “homomor-
phic” to (a string representation of) that structure. Two complexity measures can be
defined for the class DTWT, usually called the crossing number and the ramnk. The
crossing number of a DTWT represents the maximum number of times the automaton
crosses (enters and exits) any subtree in the input tree language; because of the deter-
minism, this number is always finite (see [2]). The rank of a DTWT is the rank of the
context-free grammar that generates the input language and is finite by definition. For
f =1 and r=0, let us denote by -DTWT(f) the subclass of all DTWT with crossing
number bounded by f and rank bounded by r. If we regard DTWT as generative
devices controlled by some tree language, we have the following result.

Theorem 8. For each f =2, the rank parameter induces a non-collapsing hierarchy
in class DTWT(f).

Proof. In [26] it is shown that, for every f>1, MCFG(f) has the same generative
power as DTWT(f). The proof preserves the rank parameter. The claim then imme-
diately follows from our main result and Theorem 6. [

Note that in [2, p. 473] the authors mention the existence of an analogue of the
Chomsky normal form for the class DTWT, that is, the language produced by a DTWT
of any rank can also be obtained by some DTWT of rank two. We remark that this
does not contradict Theorem 8, since the conversion into the normal form increases
the crossing number. In Theorem 11 below we give a formal proof of their statement,
by showing that if the rank is greater than two, it is always possible to decrease the
rank at the expense of increasing the crossing number.

Top-down tree-to-string transducers (y7T) have been introduced in [9] as a model
of the generalized syntax-directed translation (GSDT) of Aho and Ullman [2] and,
in case the degree of independent parallelism is bounded by one, as a model of the
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controlled ETOL systems of Rozenberg [18]. These parallel rewriting devices take a
tree as input, and convert it through a series of rewrite steps into a string. Each rewrite
step consumes the root node of a tree in the sentential form, and rearranges the subtrees
that are immediately dominated by this node, interleaving them with terminal strings;
these subtrees may also be copied. Rewriting is controlled by states which are explicitly
represented in the sentential form.

In what follows, we regard yT as a class of generative devices controlled by the
family of tree languages that can be generated by context-free grammars. With this
assumption, two parameters can be defined for these systems. If in a derivation the
number of copies of a subtree of the input that a tree-to-string transducer can generate
is finite, we say that the transducer has finite copying degree. Furthermore, the rank
of a transducer is the rank of the context-free grammar that generates the controlling
tree language. We denote as r-yTg(r) the class of all devices in yT with finite copying
degree bounded by f and rank bounded by r, f,7>1. The following result can now
be easily established.

Theorem 9. For each f =2, the rank parameter induces a non-collapsing hierarchy
in class nyc(f)«

Proof. In [9, Theorem 4.9] it is shown that, for each f>1, ZL(yTis))=
P(DTWT(f)) (the result is achieved using a model called deterministic checking
tree transducer). The proof preserves the rank parameter for both classes. Hence the
statement follows from Theorem 8. [

The class of ETOL systems of finite index (ETOLFnv) was introduced by Rozenberg
and Vermeir [19] and Latteux [15]. In [9, Theorem 3.2.2] it is shown that, for each
f =1, the family of languages generated by ETOLrn(sy and 1-yTr(s) are the same.
This gives us the following corollary.

Corollary 3. For every integer f =1, 1-LUSCG(f) = ETOLgm( ).

Using this result, we can now supply the missing proof for Theorem 4 in Section 3,
whose statement is repeated here.

Theorem 4. Let f>1. Then £(1-LUSCG(f)) is properly included in £(2-
LUSCG(f)).

Proof. Inclusion holds trivially. We have seen that, for every f =1, ¥(2-LUSCG(f))
is a substitution-closed AFL (Theorem 5), and thus closed under concatenation. In [15]
it is shown that #(ETOLf(y)) is not closed under concatenation. Properness of the
inclusion follows then from Corollary 3. O

An alternative proof of the above result can be obtained using the well known
fact that there exists a context-free language that is not contained in any of the
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subclasses Z(ETOLrms)), f=1 (see [9]). But we have already observed that the
subclass 2-LUSCG(1) generates all and only the context-free languages.

We can also answer an open question raised in [9, p. 189], about whether family
L (yTx(s)) is full principal for each f>2.3

Corollary 4. For each f>2, Z(yTi(r)) is not full principal.

Proof. This follows immediately from the fact that, for every =2 and for every f =2,
ZL(r-LUSCG(f)) is a full AFL (Theorem 5) and from our rank hierarchy result. [

Context-free hypergraph grammars (CFHG) are rewriting systems that derive sets of
edge-labeled hypergraphs; these systems were introduced as a generalization of edge
rewriting graph grammars (see, for instance, [4]). In a CFHG, each production speci-
fies some replacement of a labeled hyperedge with a hypergraph, along with particular
conditions that allow the replacing hypergraph to be embedded within the host hyper-
graph. In this way a derivation proceeds sequentially, by replacing hyperedges in a
sentential hypergraph; but due to the many tentacles associated with each hyperedge,
the derivation can mimic some sort of parallelism. In CFHG, edge rewriting is per-
formed in a context-free fashion, so that the locality restriction is observed. It turns
out that each derivation can be associated with an underlying tree structure that can
be generated by a context-free grammar (see [8]). Two independent parameters can be
identified for a CFHG. The first one is the maximum number of tentacles associated
with a hyperedge in the grammar. The second parameter is the rank of the underlying
context-free grammar associated with the CFHG. For integers r, f > 1, we denote by
r-CFHG(f') the subclass of all context-free hypergraph grammars with rank bounded
by r and maximum number of tentacles bounded by f.

If we restrict our attention to CFHG generating string languages, that is chain-like
hypergraphs, we find the same generative power as the class DTWT, as shown in [8],
thus relating CFHG to parallel rewriting systems. We can use their result to transfer
our rank hierarchy to CFHG.

Theorem 10. For each f>1, the rank parameter induces a non-collapsing hierarchy
in class CFHG(f).

Proof. In [8] it is shown that, for each f>1, classes DTWT(f) and (string language
generating) CFHG(2f — 1)UCFHG(2f') generate the same family of languages. The
proof fails to preserve the rank parameter only in their Lemma 5.3 (p. 349). However,
in the proof of Theorem 6.5 (p. 356) the authors provide an alternative proof of
Lemma 5.3 which is in fact rank-preserving. The result then directly follows from our
main result and Theorem 8. [

3 We are grateful to Joost Engelfriet for drawing our attention to the relevance of our result to this issue.
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1 2 3 435

(T T~ TSR S B

Fig. 8. Inclusion relations of languages generated by r-LUSCG(f). The rank parameter corresponds to
columns, the fan-out parameter corresponds to rows in the array. Proper inclusion between adjacent entries
is indicated by a separation line; no separation line signifies equality.

To conclude the present section, we combine our rank hierarchy result with well-
known facts about parallel rewriting systems, in order to investigate how synchronized
parallelism and independent parallelism interact. In {9] it is observed that each sub-
class r-yTi(1), ¥ =2, generates all and only the context-free languages, while subclass
1-yTk(1) generates all and only the linear context-free languages. It is well known that
the family of linear context-free languages is strictly included in the family of context-
free languages (see, for instance, [12]). In [9, Theorem 3.2.5] it is also shown that, for
each f>1, there exists a language generated by subclass 1-yTys41) that cannot be
generated by the class yTw(r). We are then led to the conclusion that the two complex-
ity measures investigated in this work induce two orthogonal non-collapsing hierarchies
for finite copying parallel rewriting systems. The two hierarchies are schematically rep-
resented in Fig. 8 by means of an array.

The two hierarchies state that there is proper inclusion of £(r-LUSCG(f})) in
ZL(r-LUSCG( f2)) if fi<f2 and r; <ry, or if 1 <rp and f < f5. The question arises
whether we can “trade” the two types of parallelism, i.e, what the relation between
ZL(r\-LUSCG( f1)) and L (r-LUSCG(f3)) is when fi < f; and r| >r;, or when fi> f>
and r; <r,. As we have already mentioned, Engelfriet et al. [9, Theorem 3.2.5] show
that, for each f>1, there exists a language in ¥ (1-LUSCG(f + 1)) that cannot be
generated by any grammar in »-LUSCG(f'), for any #>=1. Therefore, synchronized
parallelism cannot be traded for independent parallelism. In the following theorem, we
show that the converse is not true. The theorem, which is stated for class MCFG,
shows that the rank parameter can be traded with the fan-out parameter. In the proof,
we will use the following convention: a sequence X, ..., X; denotes the empty sequence
whenever j <i.

Theorem 11. Let f>1 and r23. Then for 1 <k <r —2 we have £ (r-MCFG(f))C
L((r — k)-MCFG((k + 1) 1)).
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Proof. Let G=(Vn, V1. P,S) be a grammar in r-MCFG(f') and let & be an integer,
1 <k <r — 2. We will exhibit a grammar G’ in (r — £)-MCFG((k 4 1)) such that
L(G')=L(G). Let G' =(V{, V1, P',S), where

VIII = VNU{A,;_,' : pEP and OSISk - 1}
We define P’ as follows. For each production peP, p:A— g(By,...,B,;) with =
p(p)>r — k, we add the following productions to P’:

pl:A__’g/(Bla"'eBl—/\'-—l’Ap‘O)’

Ppo:Apo— go(Bi—i,4p1 )

P1:Ap 1 = Gi(Bi—k+1,4p.2),

P2 Api—2— Gi2(Br—2,Ap 1),
Pi—1 Apk—1 = Gi-1(Bi-1,B;).
The functions g; introduced above simply form larger and larger tuples from their
arguments, without appending any strings:
G 1 (X115 X1 (B, 1))s (X215 2 X2.0(8,)))
= X0 0o s XL (B )0 X2 12 X2, 0(B1)) s
Gr—2((X1 15 X1 o(Bie ) X215 e+ s X2, 0(Bi_ ) )= B1)) )

= (xl,la-~-axl,(p(8,_ g)ax2.l,~~-ax2,(p(B,_|)|rp(B,)>’

GrlXL 1 X108 ia ) (X215 3 X2, 008, i 2) bt o(B)))
= (X1 s XL (Bt 119X s - 5 X2 0B,k 12) b 0(B))>
Gol{X1 1 XLo(B,_))s (X2, 15+ X2, 0(Bi_y 1)+ - 0(B) )
= (Xl,l’---,Xl‘w(s,_‘),xz.l,---,X:z,q;(s,_‘.,,)T-»~+¢(B,)>~
Thus, for 0<i<k — 1, we have the following relation:
k=i ‘
0(gi)=3 o(Bi_y) <k+1)f.
h=0
Now let us turn to function ¢’ used in production p’. In order to define this
function, we first introduce a homomorphism # from {x; ; | 1 i<, 1<j<@(B)} UV
to {xi ;| 1<i<t —k - L1<j<oB)}U{x ;| 1<j<@(Bix) + -+ + @(B)} U Vr.
Homomorphism # is specified as follows:
a if {=a, aclty,
h(é)z X j iff:x,-,j, I<igt—k -1,

Xt—kp(Bi_o)++oB,_y+j f {=Xij, t —k<i<L.
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Now assume that g is defined by a relation of the kind

g((xl,l,...,x1,¢(3l)>,..., <xt,1,...,xl’¢(31)>): <O(1,. . "‘xq)(p)>-

Then we have

gl(<x1,1,---,x1,<p(31)>,---, (xt—k—l,l,---,xt—k—l,go(B,,k_l)),
<xt—k,17 e sxt~k,(p(B,_k)+"'+(p(B;)> ) = <h((11 )a ey h(a(p(p))>

(g’ is linear regular because g is and because % is a bijection). Thus, p(G')<r —k,
and @(G')<(k +1)f. It can easily be seen that L(G')=L(G). O

The above result transfers in the obvious way to the other parallel rewriting sys-
tems discussed in this section. We remark that, in the above theorem, the contain-
ment is proper, since we have already observed that there exist languages gener-
ated by 1-LUSCG(f + 1) that cannot be generated by class LUSCG(f), for each
f=1. It is not known whether the result is optimal, i.e., whether there exist r, f
and £ as in the hypotheses of Theorem 11 such that Z(»-MCFG(f')) is not included
in Z((r — k)-MCFG((k 4+ 1)f — 1)). Such a result would complete our knowledge
about the class of languages generated by LUSCG, and remains as an open research
issue.

6. Remarks

We have characterized finite copying parallel rewriting systems by imposing a re-
striction, called locality, in the definition of derivation for the class USCG. This
significantly alters the formal properties of USCG. While LUSCG is known to generate
only semi-linear languages [9,25,22], USCG can also generate non-semi-linear lan-
guages [6]. And while the class #(LUSCQG) is only composed of languages in P, that
is languages whose sentences can be recognized in deterministic polynomial time,*
[7,24,22] USCG can generate NP-complete languages [5]. As shown in this work,
rewriting systems in LUSCG generate an infinite non-collapsing hierarchy with respect
to the fan-out and rank parameters. The result implies that these rewriting systems do
not admit normal forms that are defined by some bound on both complexity measures.
In contrast, two-normal forms are admitted for grammars in USCG, with respect to both
parameters. This result has been shown for matrix grammars (see, for instance, [6])
and it unproblematically transfers to USCG. Furthermore, it has been conjectured that
language L={ww|weD,} (see Section 2) is not in F(USCG) [6, p. 42]; if this
conjecture in fact holds, then £ (USCG) and #(LUSCG) are incomparable.

The results of Section 3 also have interesting consequences for the recognition/
parsing problem of the generated languages, as discussed in the following. Tabular

4In fact, [7] shows the stronger result that OUT(SAG), the class of output languages generated by a
string-valued attribute grammar, is in LOG(CFL).
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methods for the solution of the recognition problem for the class MCFG have been
presented in [22], generalizing in this way the well known Cocke-Kasami—Younger
tabular method for the recognition of context-free languages [27,3]. It is worth ob-
serving that, in contrast with the Cocke—Kasami~Younger method, these methods do
not behave “uniformly” on MCFG, in the sense that for each grammar G&€MCFG a
method using a recognition matrix with a number of dimensions proportional to dg is
needed, where dg = @(G) - (p(G) + 1) is called the degree of G. The existence of a
k-rank normal form G’ for any G in the class MCFG, such that G’ can be obtained
in polynomial deterministic time from G, would have entailed that the uniform recog-
nition problem for MCFG could be solved in deterministic polynomial time. This is
quite unlikely, since in [13,21] NP-completeness results were independently shown for
the uniform recognition problem for classes MCFG(f), f =2. (These results easily
transfer to classes LUSCG(f).) Assuming P # NP, the existence of a k-rank normal
form obtainable in an amount of time not bounded by any polynomial in the size of
the input grammar was still an open issue, leading to a possible solution to the uniform
recognition of these languages. The result presented in this paper shows that tabular
methods of the kind usually employed in context-free language recognition are not a
viable solution to the problem.

Appendix: Equivalence of LUSCG and MCFG

Class MCFG has been introduced in Definition 8 and an equivalence relation between
MCFG and LUSCG has been stated in Theorem 6; this appendix provides the proof
of Theorem 6. We have already remarked that the recursive definition of the rewrite
relation in MCFG observes the locality restriction. As a consequence, we find that in
MCFG derivations can be associated with underlying trees that can be generated by
context-free grammars. We develop here this idea and introduce concepts analogous to
those presented in Definition 3.

For a given context-free grammar G,, we call complete any derivation of the form
A §>GC n, n a string of terminals of G.. As done previously in this paper, we represent
derivations in G, by means of trees whose nodes are labeled by symbols of G.. We
write T(G,) to denote the set of trees representing all complete derivations in G.. Let
G = (W, V1,P,S) be a multiple context-free grammar. Define PO = {p| p(p) =0} and
PO =p — PO, (We are overloading symbols PO and PU); it will always be clear
from the context whether these symbols denote subsets of productions of a grammar
in LUSCG or of a grammar in MCFG.) Without loss of generality, we assume that
ps is the only production in P with left-hand side S and pse P,

Definition A.1. The derivation grammar of an MCFG G, written der(G), is a context-
free grammar (P‘D, PO II, ps), where PV and P® are the sets of nonterminal
and terminal symbols, respectively, pg is the initial symbol and IT is a (finite) set
of productions specified as follows. For every p:4 —g(Bi,...,Bp)) in P and for
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every sequence pi,..., Pp(py of productions such that the lefi-hand side of p; is B;,
1<i<p(p), production p— py--- py(p) belongs to II.

It should be clear that any instance 4 =g (y1,..., Vp)) of the derivation relation
in G can be associated with a complete derivation in der(G) of the form p:;:ier(G) n
for some peP and nc(P®)*, that is with a derivation tree in T(der(G)) with root
node labeled by p.

The main idea in the next theorem is to compare underlying context-free derivations
in MCFG with underlying context-free derivations in LUSCG. To do so, we need to ex-
tend the rewrite relation in LUSCG to string tuples. Let G = (W, V'r, P, S) be a grammar
in LUSCG; in what follows we write ({y1,...,7.),11) =¢ ({61,...,0,),12), n =1, when-
ever (y1#yft - #y,, 1) = (01#6:# - #0p, 1) holds (where # is a new symbol). Let
p be a production in G having left-hand tuple (4;,...,4,), n=1. Similar to the case
of MCFG, any derivation in G having the form ((Al,...,A,,),I<A1"‘A">)§>G((wl,...,
wn),0), w;€ V7 for 1<i<n, can be associated with a complete derivation in der(G)
of the form p=Saer(c)n, nE€(P®)*, that is with a derivation tree in T(der(G)) with
root node labeled by p. We are now ready to prove Theorem 6, whose statement is
repeated here.

Theorem 6. Let r, [ be integers such that v, f = 1. Then we have £ (r-MCFG(f))=
L(r-LUSCG())).

Proof. (C) Let G=(Vn, V1, P,S) be in r-MCFG(f). We construct G’ in -LUSCG(f)
such that L(G)=L(G"). In what follows, let p:4— g(By,...,B,)) be a production
in P and let g be defined by an equation of the form

GUXL L2 XL o8>+ > Zp(p 13-+ %p(2). 0 Boip))) = (V155 Vo))
Assume also that symbol pg. does not denote any production in P. We define
ne={lp.ij1l PEP,1<i<p(p) 1 <j<o(B)} U{[ps0,01}

and G' = (Vy, Vr1,P,[ps:,0,0]), where set P’ is constructed as follows. We associate
with each p, specified as above, a homomorphism /4, mapping set {x; ;| 1<i<p(p),
1<j<@(B;)} UVt into set ¥ U Vr and defined as follows:

- [p’l’J] if izxi,j,
hp(8)= { 4 if e

Assume that p’ is a production in P containing in the kth position of its right-hand
side the symbol 4 in the left-hand side of p. We add to P’ the production

([pl’k’ 1]’ ) [plak’ (p(A)]) - (hp(yl )9 oo ,hp(y(p(A)))'
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We iterate the process for every pair p,p’ as above. In addition, let pg:S—
g(B1,...,B,(ps)) be defined by an equation (recall that ¢(ps)=1)

GUxLLs X108 -5 Xp(ps) 1+ > Xp(p5).0(Bpip)) ) = (V1)

We add to P’ the production

({ps,0,0]) = (A (¥1)).

Note that p(G)=p(G") and ¢(G)=¢(G").
We claim that 4 =6 (y1,..., Ve4))> Vi€VT, 1<i<p(A4), if and only if

(LK 1], [P ey @(A)]), TP s D0y Ky ), B),

for any p’ and & such that the kth nonterminal in the right-hand side of p' is A. The
claim can be easily established by associating with the derivations above the corre-
sponding trees in 7(der(G)) and T(der(G’)) (which have the same height) and then
proceeding by induction on the height of these trees. Relation L(G) = L(G') immedi-
ately follows from the claim.

(2) Let G=(Wn, V1,P,S) be in r-LUSCG(f) and let der(G)= (P, PO I, ps)
be the derivation grammar associated with G. We construct G’ € »-MCFG( /) such that
L(G)=L(G"). Define

Vi={l41,...,Ap(»]| (41,...,App)) is the left-hand tuple of peP}

and let G’ =(V{, V1, P’,[S]), where P’ is specified as follows.
Let pp be a production in P of the form

Po: (At Apip)) = (0155 B o))

and, for 1<i<@(po), let oy =u;0C; 1u;1 - -~ Cixtti g, Where k5,20, u; ;€ VT*, 0</<k
and C;; €W, 1<j<k. Let also p be a production in IT of the form py— p{--- p,,
and let (B;,...,B; 4(p)) be the left-hand tuple of p;, 1 <i<n. Let ¢ be a bijection
from the set {(i,/)|1<i<@(po),1<j<k} to the set {x;;|1<i<n 1<j<o(p)},
such that o((i,j))=xy ;; always implies C; ;=B . The existence of at least one
such a bijection follows from the definition of I1, since p,,..., p, together must rewrite
exactly the nonterminals introduced by pg. Then, for 1 <i<@(po), let y;=u;00((i,1))
i1+ o((d ki) Jui g,
We add to P’ the production

[Alv-"aAqJ(po)] _)go'([Bl,ls"'7B1,(p(p1)]9‘"’[Bn,lv"an,(P(pn)])’

where g, is a linear regular function of arity ¢(po) and rank n defined by the equation

gc(<xl,l3'"sxl,(p(p[)>;~“9<xn,1>"’7xiz,(p(p,,)>)= <y19-”’y€f)(1?0)>‘

In the construction of P/, this process is iterated for every possible choice of ¢ as above,
and then for every possible choice of py€P and pell. Note that p(G)=p(G’) and

»(G)=¢(G").
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We claim that ((4;,...,dg0), [ 400)) 56 (11, Vo), 0), vi€VE, 1<i<
@(A4), if and only if there exists a derivation in G’ of the form [41,...,44)] =
(¥1,---» Yo(a)). As before, this can be easily established by induction on the common
height of trees in T(der(G)) and T(der(G’)) associated with the above derivations.
Again, relation L(G)=L(G') immediately follows from the claim. [
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