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Sets of efficient points in a normed space with respect to the distances to the
points of a given compact set are geometrically characterized; hull and closure
properties are obtained. These results are relevant to geometry of normed spaces
and are mostly useful in the context of location theory. -« 1986 Academic Press. Inc.

INTRODUCTION

A nonempty subset 4 of a normed space X being given, a natural multi-
objective programming problem may be considered. The distances,
associated with the norm, to every point of 4 are to be simultaneously
minimized.

Such a topic occurs for instance in approximation theory, in geometry of
normed spaces and also in location theory where it provides a general
model applicable to different economic fields.

The basic concept of efficiency has been introduced under various
shapes: among them, the set of strictly efficient points or set of minimal
points or metric hull of 4 denoted by c(A4), the set of efficient points or
Pareto optima denoted by E(A4), and the set of weakly efficient points or
closest points to 4 denoted by C(A4). These sets, associated with 4 in a
normed space, are formally defined further and have been studied in dif-
ferent frameworks:

(i) The metric hull or set of minimal points ¢(4) by Kuhn [6] in
optimization theory, by Beauzamy and Maurey [1] and Papini {9] in the
geometry of Banach spaces.

* This paper is based upon results first presented at the third Franco-German conference on
optimization, July 1984, Marseille-Luminy, France and at the first EURO Institute, July-
August 1984, Brussels.
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(i1) The set of Pareto optima by many authors working in multi-
objective programming.

(i) The set C(A) of closest points to A by Fejer [5] in
approximation theory and by Phelps {107 in geometry of normed spaces.

When the space X is a Hilbert space, then for every subset 4, ¢(A4), E(A)
and C(A) are actually the closed convex hull of 4 [5-6].

The aim of this paper is to give a geometrical descrition of the above-
mentioned sets of efficient points. The idea to get such a description is to
define subsets of X, able to play the role of halfspaces in the hilbertian case;
in that case a halfspace appears naturally as the subset of points closer to 0
than to all other points of a halfline starting from 0 with a direction 4. Of
course such subsets denoted by Q; are not halfspaces in any normed space.
However, the analogy can be specified, and making use of these sets, a
description of c¢(A), E(A), and C(A) can be obtained.

It is then natural to study the so-called sets Q;; a geometrical description
is given when the normed space is strictly convex or when the unit ball of
X is a polytope; more precise results are obtained when X is two dimen-
sional and when X is R” with the /'-norm and with the /*-norm. In the
general case it is only possible to confine Q; between known sets called U
and V.

Thanks to a characterization of ¢(A4), E(A), and C(A) which makes use
of a subfamily of the whole family (Q;); ., hull and closure properties are
also obtained.

The paper is divided into four sections: Section | is devoted to
definitions and first properties. Section 2 gives the main theorem relating
the descrition of c(A4), E(A), and C(A4) with the sets Q;. Section 3 studies
the sets Q; in a general normed space. Section 4 deals with hull and closure
properties.

The first motivation of this paper is location theory. Two previous
papers [3, 4] study connections between the sets of efficient points and the
set of solutions to a Fermat-Weber problem, for a finite subset 4 of a
n-dimensional space.

The results obtained here are complementary of those of [3] and [4],
but their links with geometry of normed spaces give to them another
interest.

1. DEFINITION AND FIRST PROPERTIES

1.1. Notations

Throughout this paper X is a real normed space where the norm is
denoted by |-|. The unit ball is B= {xe X/|x| <1} and the unit sphere is
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S= {xe X/|x| =1}. The ball centered at a with radius r will be denoted by
B(a, r).

For a subset D of X, int(D), D, co(D), co(D), D= X\D, and — D are
respectively the interior, the closure, the convex hull, the closed convex
hull, the complementary, and the symmetric with respect to 0 of D. When
D and D’ are subsets of X and « is real, D+ D’ is the set {xe X/3ye D,
y'eD',x=y+ y'}, and aD is the set {ax/xeD}.

A cone I" will always be a cone with vertex at 0; a cone with vertex at x,
will be denoted by x,+ 7. A segment [« v] is the set {fu+(1—6)v,
0<0<1}.

For a convex subset D of X, Ext(D) and Exp(D) are the sets of respec-
tively extreme and exposed points of D; a p-face of D is a p-dimensional
face of D.

The subdifferential of the norm at x will be denoted by dy(x). If B°
(resp. S°) is the unit ball (resp. unit shere) of the dual X” of X, dy(0) is
equal to B® and dy(x) is a weakly compact face of S° for x#0. The
correspondance x — dy(x) is upper semi-continuous when X is equipped
with the topology of the norm and X” with the weak topology. The direc-
tional derivative of the norm at x in the direction d # 0 is related with the
subdifferential by y'(x, 6)= Max{(p, d)/pe dy(x)}.

If p belongs to B°, N(p) is the convex cone generated by the exposed face
of B defined by {xe B/(p, x)=1}.

1.2. Sets of Efficient Points

First, we recall various kinds of efficiency.

DErINITION 1.1. Let A4 be a nonempty subset of X. We call
(i) Set of strictly efficient points (with respect to 4) the set
c(d)={xeXNy#x,Jae A, |a—x|<|a—yl},
(i1) Set of efficient points (with respect to A) the set
E(A)={xeXNy+#x, (Jac A, |la—x|<la—yp|) or
(Vae 4, la—x| <la—y|)}
(iii) Set of weakly efficient points (with respect to 4) the set
C(A)={xe XNy#x,3ae A, ja—x|<|a—y|}.

An alternative definition (see [11]) is given by
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ProrosiTiON 1.1.  We have the following statements

(1) XEC(A)l.ffﬂaeAB(a’ |x-—a|)={X},
(2) xeE(A) iff Nuea Bla, |x—al)n (U,c 4 int Bla, |x—al)) =,
(3) xeC(A) iff Nae 4 int Bla, |x—al)= .

We now state some general elementary properties, which hold whatever
the norm is.

PrROPOSITION 1.2. Let A and B be nonempty subsets of X.
(1) Acc(d)c E(A)=C(A).
(2) If A is bounded then c(A), E(A), and C(A) are bounded.
(3) If A< B, then c(A)c=c(B) and C(A) = C(B), but not necessarily
E(A)< E(B).
(4) c(A)=c(A), E(A)= E(A), but not necessarily C(A)= C(A).

Proof. (1) It is a direct consequence of the definitions.

(2) 1If A4 is included in B(0, r) then C(A) is included in B(0, 2r).

(3) If A< B, the inclusions c¢(A)cc(B) and C(A4)c< C(B) result at
once from the definitions. An example where 4 = B and E(A) & E(B) is
given below (cf. Examples 1 and 2).

(4) Let x¢c(A); then there exists y # x such that ja — x| = |a— y| for
every ae A and consequently for every ae A. Thus ¢(A) < c(A4), and we
have c(4)=c(A) thanks to (3). An analogous argument leads to
E(A)= E(A). An example where C(A)# C(A4) is given below (cf. Exam-
ple 4). 1
Examples in R* with the I'-Norm

Let a=(1,0), b=(0,1), a’'=(2,0), b'=(0,2), c=(1,1), and ¢’ = (2, 2).

(1) If A={a, b}, then c(A)=A, E(A) is the closed set bounded by
the square oach and C(A)= E(A).

(2) If A={o, a, b}, then c(A) is the union of the two segments of line
[o,a] and [o, b], E(A)=c(A) and C(A4) is the closed set bounded by the
square oach’.

(3) If A={a,a,b,b'}, then c(A) is the union of the two segments of
line [a,a’] and [b, b'], E(A) is the union of ¢(4) and of the closed set
bounded by the square oach and C(A4) is the closed set bounded by the
square oa'c’b’.

(4) If A4 is the open set bounded by the trapezoid aa’d’b, then
0¢ C(A4) and oe C(A4).
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With some assumptions on the norm of X, a close relationship exists
between different sets of efficiency and also with the closed convex hull.

PROPOSITION 1.3. Let A be a nonempty subset of X.

(1) If X is strictly convex, then
c(A)=E(A)=C(A)= C(A).
(2) If X is a Hilbert space, then
c(A)=E(4)=C(A)=To(A).
(3) If X is two-dimensional, strictly convex, and if A is bounded, then

c(A)=E(A)=C(A)="To(A).

Proof. (1) Let xe C(A) and let y # x. With z=(x+ y)/2, we associate
ae A such that |a~x|<|a—z|. If a—x and a— y are colinear vectors,
then we have |a — x| <|a— z]. If they are not colinear, then the strict con-
vexity of the function 1 — |a— (1 —¢) x—1ty| on [0, 1] involves |a—x| <
|a— y|. Thus x & c(A4). We conclude with (1) and (4) of Proposition 1.2.

(2) Let x¢To(A4) and let y be the projection of x on €o(A). Then
la~x|>|a—y| for every aeA; therefore x¢ C(4). Thus we have
C(A) =To(A).

Let x ¢ c(4) and let y # x such that |a — x| > |a— y| for every ae A. The
subset {ue X/|lu— y|=|u—x|} is a hyperplane separating x and To(A),
therefore x ¢ €0(A4). Thus we have T(A4) < c(4). We conclude again with
(1) of Proposition 1.2.

The proof of C(A4)=t0(A) may be found in [5] and in [10] and the
proof of ¢(4)=CTo(A) in [6].

(3) A proof of this assertion is given in [10]; another one may be
found in [11]. See also Corollary 4.1. ||

Remark 1.1. It is advisible to note that Phelps [10] shows that the
condition C(A4)c=co(A) for every subset 4 of the normed space X is
equivalent to say that X is a Hilbert space when its dimension is at least
three and X is strictly convex when it is two dimensional. In dimension
two, another characterization of strict convexity is given in Corollary 4.2.

Without any assumption on the norm of X, c¢(4) is not necessarily
included in T0(A4), even when A is finite (see [1]). However when E is two
dimensional, then c(A4) is always included in €6(A4). The proof given in [4]
when A is finite, making use of [13], is also valid when 4 is bounded. See
also [11] and Corollary 4.1.
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1.3. Q; sets and P sets

Let & be a vector of X with § #0. The following complementary subsets
of X will be used to obtain a descrition of the sets of efficient points:

Qs={xe XNL>0, |x—1id| > |x|},
Ps={xeX/3A>0, |x — Ad| < |x| }.
When X is a Hilbert space with the inner product denoted by (-, -), then
Qs is the closed halfspace {xe X/(x,6)<0} and P, is the open halfspace
{xeX/(x,6)>0}.

To specify some properties of these sets we introduce another notation;
let xe X and ye X, we denote by

Qx,y = {Z € X/‘Z —X| > lZ_— yl }7

P ., ={zeX/lz—x|<|z—y|}.
The next two propositions are straightforward consequences of the
definitions and properties of the norm. We only state them for the sets of

type “Q;” corresponding results for the sets of type “P” are easily obtained
by complementarity.

ProPOSITION 1.3. Let 6 #£0 and A #0. Then

(1) Qiris0=x+Q50,
(2) Q;.5,0 = AQ&.O,
(3) Qo,;,a = AQo,&-

PropoSITION 1.4. Let § #0 and 0 < pu < A. Then

(1) Qué,OCQ}.é,Oa
(2) Qous=0Qoss

(3) Qs is a cone containing 0, which is the intersection of a decreasing
family of open sets; more precisely

Qs= ﬂ {Q15.0/4>0}.

In general, without assumptions on the space X, Q; sets and P; sets have
no special topological properties. However, the next result gives a direct
characterization of int(Q _;), the formulation of which may be compared
with the definition of Q;.
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PrOPOSITION 1.5. Let 6 #0. Then
int(Q_s)={xeX/Ai>0,|x— 4| <|x]} = U {Qo.s/4 >0},

Proof. Let x € X be such that there exists A >0 with |x — 44| < [x|. Then
the convex function t— |x—1t3| is necessarily strictly decreasing on
]—o00,0]; whence we have, for every p>0, |x+ pd| > |x|, which means
xeQ_;. As the set {xe X/31>0, [x —Ad] <|x|} is open, it is included in
mnt(Q ).

Conversely, let xeint(Q_;); then there exists a ball with radius r >0,
centered at x, included in Q _;. Suppose || = 1, what is not restrictive; for
pel0,r], we have x—pdeQ_; and therefore, for every p>0,
|x — pd+ ud| > |x — pd|. In particular for u = p, we have |x| > |x — pd| and
the result follows. |

COROLLARY 1.1. Let 6#0. Then int(Q;) is dense in Q;.

Proof. Let xe Q;; we choose y,=x—ad. When « tends to 0, y, con-
verges to x, and y, belongs to int(Q;); indeed |y + (¢/2)] = |x — (2d/2)| <
| ¥l L&, yeint(@;). |

COROLLARY 1.2. Let 6 #0. Then we have

(1) int(Q_;)< Ps.
(2) If S contains no segment parallel to 8, then Q5= P _;.

Proof. The first inclusion is a direct consequence of the definition of P;
and of Proposition 1.5. Let xeP;; there exists A>0 such that
|x — Ad| < |x|. As the convex function ¢t — |x —td| cannot be constant on
any segment, we have |x —ud| < |x} for each u, 0 <u< 4, ie, xeint(Q _;).
The result follows by complementarity. ||

The next definition has been introduced by Brown [2] in the context of
approximation theory; it arose in studying the continuity of approximation.
The property to be considered gives some topological properties of the sets
and will be an essential assumption in Theorem 2.1.

DEerFINITION 1.2, Let  #0. The normed space X is said to possess the
property (B;) if for each x with |x—4|<|x|, there exists x>0 and a
neighbourhood W of x such that, for every ye W, |y —ad| < |y

It is not restrictive to assume o <1 in this definition. With the above-
mentioned notations, we have an equivalent formulation:



EFFICIENCY IN A NORMED SPACE 513

PrROPOSITION 1.6. Let 6 #0. The space X has the property (B;) if and
only if, when x belongs to P for 1> 0, then there exists p (which a priori
depends on x), 0 < p <4, such that x belongs to int(P ;).

The next two propositions deal with properties of O, and P, sets of a
topological nature.

PrROPOSITION 1.7.  Let 0 #0. If X has the property (B;), then Q; is closed.

Proof. We prove that Py is open. Let xe P;; then there exists A>0
such that x € P,;,. Property (B;) implies that there exists u, 0 < p < 4, such
that x eint(P,;,), and int(P,s,) is an open set included in P;. ||

PROPOSITION 1.8. Let 8 #0 and suppose that X has the propert); (B;). If
a compact A is included in P, then A is included in P,;, for some 1> 0.

Proof. Let xeA; as A is included in P, there exists 4>0, which
depends on x, such that xe P;;,. Property (B;) implies that there exists
u(x) and a neighbourhood W{x) of x such that W{(x) is included in
P, vs5.0- As A is compact, the covering (W(x)).., of 4 contains a finite
subset which is also a covering. Thus, there exists {x,,.., x,,} < 4 such that
A4 is included in W(x,)u W(x,)u - uW(x,). Let p=min{u(x,),
©(X3),s ulx,) }. For i=1,2,.., n, we have W(x,) < P,.,50< P,s0 and then
Ac Pué,O' I

It should be noted that, in general, if a compact K is included in the
union of an increasing family of closed sets, K is not necessarily included in
one of these closed sets.

To give examples of spaces which possess the property (B5) we need

LemMma 1.1. If S contains no segment parallel to 6 #0, then we have
Pisocint(P ;) for 0 < p <A, whence X has the property (B;).

Proof. Let xe P,5,. We have x#0 and |x — Ad| < |x|. As the function
t = |x — td| is strictly convex on R, we have |x — ud| < |x| for every p with
0 <p< 4. A continuity argument implies the existence of a neighbourhood
W of x such that, for every ye W, |y —ud| <|y| and then ye P,;,. Thus
we have xeint(P,;,). |

We also introduce a definition (see [3]).

DEeFINITION 1.3. A normed space is said to possess the Diff-Max
property if for every x € X, there exists a neighbourhood W of x such that
for every ye W, dy(y) is included in 0y(x).

Now, the next theorem gives conditions under which X has property
(Bs)-

409/117/2-15
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THEOREM 1.1. The space X possesses the property (B;) for each 6 #0 in
the following cases:

(1} X is strictly convex,

(2) X is two dimensional,

(3) X has the Diff-Max property,
(4) X is polyhedral.

Proof. (1) is a direct consequence of Lemma 1.1. This result may also
be found in [3].

(2) We prove the stronger result: for each § #0, we have P;;,c
int(P,;,) for 0 < u < A. Without restriction suppose that A=1and j<u<1.
Let x € P;,; thanks to Proposition 1.5, it is sufficient to consider the case
where |x| = |x —t6] for every 1€ [0, 1].

Let &k such that g <k <1 and let >0 such that kK <1—oa. The sphere
centered at x, with radius |x| contains the segment [0, 6]. Hence, with a
translation, the sphere centered at x + ad, with the same radius contains
the segment [ad,(1+a)d]; as O is not an interior point of the
corresponding ball, we have |x + ad| = |x|. Besides, for pe[a, 1 +a], we
have |x]=|x+ad—pd|, which gives |x+ad—pd|<|x+ad], 1ie,
x+adeP,s,.

Similarly, with the opposite translation, we have for se [ —o, 1 —a],
X—adeP,;,.

Consequently, x+«d and x—ad belong to P,;, when « beiongs to
[0, 1 —k]. Thus the segment /= [x—(1—k)0d, x+(1—k)d] is included
in P,s,. Making use of Proposition 1.3 the segment (u/k) I is included in
P50 and the open cone, which contains x, generated by this segment is
also included in P ;.

It must be noted that the assumption of two dimensionality is fundamen-
tal for the validity of the proof.

(3) Without restriction suppose that |§| =1. Let § #0 and let xe X
such that |x— 6| < |x|. By the Diff-Max property there exists r >0 such
that, for |y — x| <r, we have dy(y)<=dy(x). Let p=r/2, and let u<r/2,
u<1. We prove that if |[x — y[ <p, then |y — ud| <|y].

Indeed, we have |y — ud — x| <r, and therefore dy(y — ud) < dy{x). Let
pEdy(y— ud); then (p, x —ud) = |x| — u(p, 6) < |x — pd|. As |x — pud| <|x|,
we have (p, 6) >0 and we deduce |y —ud|=(p, y—ud)<|yl.

(4) It is a consequence of (3) and of a result given in [3]: a finite-
dimensional space has the Diff-Max property if and only if it is polyhedral.
Another proof may be found in [2]. |
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2. EFFICIENT POINTS AND (5 SETS

This section is devoted to a characterization of the sets of efficiency c(A4),
E(A), and C(A), associated with a compact set 4, making use of the Q;
sets.

THEOREM 2.1. Let A be a compact set. If X has the property (B;) for
each 6 #0, then

(1) xec(A) iff for every 6 #0, An(x+Q;)# I,
(2) xeE(A) iff for every 6#0, An(x+Q05)#J or An(x+
int(Q_,))=4.
Without any assumption on X, we have
(3) xeC(A) iff for every §#0, An(x+ Ps)# .

Proof. (1) The following statements are equivalent

(1) x¢c(A),
(i) 36#0, 3A>0, Vae 4, la—x—4id| <la—x],
(iii) 35#£0,34>0, Acx+ Ps0.

Moreover, by Proposition 1.8, (iii) is equivalent to the inclusion 4 =x + P,
for some J#0; in other words there exists J6#0 such that

An (X + Q(;) = @
(2) The following are equivalent
(1) x¢E(4),

(i) 36#0, 3A>0, (Vaed, l[a—x—Ad<|la—x|) and (Jae 4,
la—x— 6| <|a—x|),

(iii) 36#0, (3L>0, Acx+P,,) and (Au>0, An(x+
Qo.us) # D).
Indeed the equivalence between (i) and (ii) is a direct consequence of the
definition of E(A) and the equivalence between (ii) and (iii) follows by
Proposition 1.4. Then, by Propositions 1.8 and 1.5, (iii) is equivalent to the

relations A<=x+ P; and Anx+int(Q_;)# & for some d#0, and the
result follows.

(3) In the same manner, we have the equivalences
(1) x¢C(A),
(ii) 36+#0,34>0, Acx+ Q5.
According to Proposition 1.5, int(Q _;) is an increasing union of open sets

Qo.25; then, as the set A is compact, (ii) is equivalent to the inclusion
Acx+int(Q ;) for some 4 #0 and the result follows. |1
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Remark 2.1. If A is a finite subset of X, Theorem 2.1 is always valid,
even if property (B;) is not satisfied. It is the case in the framework of
location theory where X is a finite dimensional normed space, and where A4
is the set of existing facilities.

Remark 2.2. The preceding theorem allows us to give a nice geometric
descrition of ¢(A4), E(A), and C(4), when A is a compact set, to the extent
that the sets Q; are themselves well described.

Particularly when X is a Hilbert space, then each Q; is a closed halfspace
and each closed halfspace is a Q; set; therefore, when A is a compact set,
we obtain again the equality

c(A)=E(A)=C(4)=7c06(A).

Moreover, this very particular case shows that the assumption on the
compacity of A is necessary; take as a counterexample the open unit ball
of X.

When X is strictly convex, then, for each § #0, X has the property (B;);
we have Q,=P ; (see Corollary 1.2) and by complementarity
int(Q _;)= P;. Therefore Theorem 2.1 implies, for each compact set A4,
c(AY=E(A)=C(A).

COROLLARY 2.1. Let A be a compact set.

(1) If X has the property (Bj) for each 6#0, c(A) and E(A) are
closed.

(2) C(A) is closed.

Proof. We only prove that E(A) is closed; the other proofs are built on
the same pattern.

Let x ¢ E(A). From the assumptions and Theorem 2.1, there exists § #0
such that A c x+ P; and 4 n (x +int(Q _;)) # . Since A is compact and
P; is open, there exists a neighbourhood W, of x such that, for every
yve W,, we have A < y+ P;. If a is a point of A4, such that a— xeint(Q _;),
there exists a neighbourhood W, of x such that, for every ye W,, we have
a—yeint(Q_s). Hence W, W, is a neighbourhood of x, which is
included in the complementary set of E(A4). ||

As a straightforward consequence, we get a result of [1].

COROLLARY 2.2. If X is an infinite-dimensional reflexive normed and
strictly convex space and if A is compact, then ¢(A), E(A), and C(A) are
weakly compact.
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Proof. The result follows from Proposition 1.2 and from Corollary
21. 1

Without property (B;) assertions (1) and (2) of Theorem 2.1 fail. For
instance, we give in dimension three an example as follows.

Counterexample

In R? let D be the half-disk defined by D= {(x, y)/x*+ y* <1, x>0},
and let T be the triangle defined by 7= {(x, y)/—x+1<y<x+1, x<0}.
In R? we put I'={(x, y, z)/(x, y)eDuT, z=1} and B=co{I'v —-T}. B
is a convex compact set which is symmetric and contains 0 in its interior.
We choose on R? the norm for which the unit ball is B.

Let A={(x, y,2)/(x =3+ y*<i, x=4, z=1} U {(—1,0, 1)}. With the
vector 6=(0,0,1), we have AcP;, ie, AnQ;=¢, and
Anint(Q _;)# &. However, 0ec(A4), whence Oe E(A4); indeed we have
[a] =1 for each ae A, and Y (B(a, 1), ae A4) {O}

Property (B;) is not satisfied since Q; is not closed. Indeed, let
u={(1,0,1). We have |u|=|u—A6|=1 for Ae[0,2], which means that
ueP;;ie, u¢ Qs. For 0 <o <n/2, put u,=(cos ¢, sin ¢, 1). When ¢ con-
verges to zero, u, converges to u. We show that u,e Q;: from the con-
vexity of the norm it is sufficient to prove that |u,—Aid|>|u,l, ie
u,—Aib¢ B for A€ ]0,2[. We prove the result by contradiction. Suppose
that u,—Ade B. Then there exists vel, we —I, 8 [0,1] such that
u,—Ad="0v+(1—0)w. In particular, we have 1 —1=26— 1. Hence the
point (cos @, sin @) is a convex combination with positive weights 6 and
(1—0) of a point of the half-disk D and of a point of the triangle — T,
which is impossible.

It is also to be noted that the conclusion of Proposition 1.8 fails: A is
included in P;, but A4 is not included in P,;, for some 1> 0; indeed, for
ac A, put A(a)=Sup{i/A>0,aeP,;,}; when a tends to u, A(a) tends to
Zero.

3. GEOMETRICAL DESCRIPTION OF THE (; SETS

3.1. General Results

Two cones of X, associated with a vector ¢ #£0, play a prominent part in
the description of the Q; sets. They are defined by

Us=J {N(p)/peExt(B°), (p, 5) <0},

= {N(p)/p e Ext(B), (p, 5)<O}.
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A characterization of U and V;, making use explicitely of the subdif-
ferential dy or making use of the directional derivative y’(-, -) of the norm,
is useful.

PROPOSITION 3.1. Let 6 #0 and let xe X. We have the equivalences

(1) xeUsiff 3pe dy(x) with (p, 6) <0 iff y'(x, —8) >0,
(2) xeV,iff dpedy(x) with (p, ) <0 iff y'(x, —9)=0.

Proof. The case x =0 being obvious, we assume x # (.

(1) Let x be such that (p,, 8) <0 for some p, € dy(x). Suppose that
(p, ) =0 for every pe Ext(dy(x)). Making use of Krein-Milman theorem,
the hyperplane defined by {p/(p, 8)=1(po.d)} strictly separates p, and
dy(x) what is impossible. As Ext(dy(x)) < Ext(B°) we have (p, d) <0 for
some p € Ext(B°); then x € U,. The converse is immediate.

By the result y'(x, §)=Max{(p, d)/pedy(x)}, we obtain xe U, if and
only if y'(x, —0)>0.

(2) Let x be such that (p,, 6) <0 for some p, e dy(x). By (1) we can
suppose that (p,, &) = 0. The hyperplane defined by {p/(p, §)=0} is a sup-
porting hyperplane of dy(x) and such a hyperplane contains at least an
extreme point of dy(x) whence contains an extreme point of B°; then
xeVs.

The converse is immediate and we terminate the proof as in (1). |I

COROLLARY 3.1. Let 6 #0. Then

(1) V;is closed.
(2) If the unit ball B is smooth, then Us\{0} is open.
Proof. (1) V; is closed since y'(x,d) is an upper semi-continuous
function of x.
(2) If B is smooth, then dy(x) is a singleton at x # 0, and x — dy(x) is
continuous on X\{0}. Hence U;\{0} is open. |

The next theorem emphasizes the relationship between Q,, U;, and V.

THEOREM 3.1. Let 6 #0. We have
(i) int(U;)=int(Q,) = Us= Q; < int(Us) = int(Qs) = Us = Os,
(i) Qs;cVs;=P .
Proof. By Proposition 3.1 we have xe U; (resp. xe V) if and only if

—J is a direction along which the directional derivative of the norm at x is
positive (resp. nonnegative).
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By the definition of Qs and Proposition 1.4 we have xeQ; (resp.
xe P_;) if and only if —¢ is a strict ascent (resp. ascent) direction from x
for the norm.

By Proposition 1.5 we have x eint(Q;) if and only if J is a strict descent
direction from x for the norm.

These properties imply at once, U; = Q5 < V5 and making use of the con-
vexity of the function t — |x — 3], int(Qs) < Us and Vs=P_;.

As int(Q;) is an open set included in Uy and which contains int(Uj), we
have int(U;) =int(Q;). As V; is closed, we have O;< V5.

Finally by Corollary 1.1, we have int(Q;)=0;. |

The equality P_;= ¥V, with Theorem 2.1, gives a good description of
C(A4) when A is compact. To use effectively the characterization of ¢(A4)
and E(A) when A is compact and when X satisfies (B;) for every 6 #0
(Theorem 2.1), some complementary results are needed.

THEOREM 3.2. Let 6#0
(1) If X is strictly convex, then Qs=V;=P ;.
(2) If X is two dimensional, then Q;= U;.

(3) If X has the Dif-Max property—and therefore if X s
polyhedral—then Q5= Us;.

Proof. (1) is a straightforward consequence of Corollary 1.2 and
Theorem 3.1.

(2) is a consequence of the closedness of Qs (Proposition 1.7 and
Theorem 1.1) and of Theorem 3.1.

(3) 1is a consequence of Theorem 3.1 and of the following iemma:

LEMMA 3.1, Let 6 +#0. If X has the Diff-Max property, then Uy is closed.

Proof. Let x¢ Us; from Proposition 3.1 for every pedy(x) we have
(p, 6) =2 0. Thanks to the Diff-Max property, dy(y) is included in dy(x) for
every y belonging to some neighbourhood W of x. Hence for every ye W,
we have (g, 6) >0 when ¢ is in dy(y), which means WnU;=. |

3.2. Example of Qs Sets in a Strictly Convex Space

When X is strictly convex, by Theorem 3.2 we have Q;=V;=P_; for
every 6 #0, and by Theorems 2.1 and 1.1, the equality ¢(4)= C(A4) holds
for every compact set 4. Thus we find again a result yet given in Section 1
(Proposition 1.3).

As an example, we study the real vector space L'(T, u) where (T, u) is a
positive measure space and 1 <r < +oo. Let s be such that (1/r)+ (1/5)=1
and let us denote sgn(g) the function which takes the value +1 (resp. —1
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and 0) when g is positive (resp. negative and null). Then for 6 L(T, p),
0#0, we have

Q5={k sen(p) Pl k>0, pe L(T. ). | p(z)a(t)du(z)st)}.

Indeed each pe L°(T, u) of norm 1 is an extreme point of the unit ball of
L*(T, p) and, as a consequence of the equality case in the Holder
inequality, we have N(p)= {k sgn(p)|p|”/k=0}.

When 4 is compact, thanks to Theorem 2.1 we obtain xec(4) if and
only if, for every é € L'(T, p), there exists a e 4 such that

L sgn(a(r) —x(¢))]a(t) — x(¢)| " (¢) du(2) <O.

3.3. Examples of Qs Sets in a Polyhedral Space

In a polyhedral space X, by Theorem 3.2 we have Q; = U, for each § #0.

Each N(p) with pe Ext(B°) is a convex cone generated by a face of B
whose dimension is #— 1, and Q; is a finite union of such cones.

We denote by 7 the set /= {1,2,..,n} and as examples we study:

(@) R" with the I'-norm
PROPOSITION 3.2. Let 6=(6y,0,,.,0,)eR", 6#0 and let I°

{i€l/d;=0}. For A" and ¢, complementary subsets of NI°, let I ;=
{xeR"x;20if ie #, x;<0 if ic A" }. Then, we have

;= {r;x‘/(f, H') such that '}, 6,< 5'}'

ie § iex
Proof. The extreme points of B° are the 2" vectors defined by
p=(pi, P2, Pn) With p;= +1 or p;= —1. Let p be such a vector; then
N(p)={xeR"/x;20 if p,=+1 and x,;<0 if p,= —1}.

Let ¢ and " be two complementary subsets of I\/° and let =, be the
following subset of Ext(B°):

Mo = {q=(41,‘12a-~~a g.)q:= +1 il ie £,q;= -1 if ieA
and ¢,= +1 or —1 if iel°}.

Then pen , 4 satisfies (p,d) <0 if and only if 3, , 6, <3 ;. 4 6, and the
result follows since we have Q;=Us and I',, = {N(p), pen »}. |
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Remark 3.1. If n=2, thanks to Proposition 3.2 we obtain only eight Q;
sets, the four quarters of plane: R* xR*, R*xR~, R~ xR*, R xR~
and the four halfplanes: RxR*, RxR~, R~ xR, R* x R. As every one of
these four quarters of plane is included in one of these four halfplanes,
according to Theorem 2.1, the set of strictly efficient points can be defined
by

dA)={xeRYAN(x+Qs5)# T, 6=1(¢/2,¢/2),e= +1,&' = +1}

and we obtain exactly the description of the rectangular hull defined by
Juel [7] in R2

(a) R” with the I*-norm.

PROPOSITION 3.3. Let 6=(8,,08,,.,0,)eR", 6#0 and let I°=
{iel/o,=0}, I* ={iel/6,>0}, I" ={iel/6,<0}. For each ke, let

Ni = {xeR"x, = Ixl..},
Ni = {xeR—x,=Ixl..}

Then, we have

Qs=J (Nifkel Yol (N jkel*).

Proof. The extreme points of B° are the 2n vectors of R": ¢, and —e,,
with ie I, where e; has all its coordinates null except the ith which is 1.
Then N} =N(p;}) and N7 =N(p;) and as Q= U,, the resuit follows
since the condition (p;", ) <0 (resp. (p;, ) <0) is equivalent to ke~
(resp. kel*). |}

The cone N (resp. N;) is the cone generated by the face of the unit
cube [ —1, +1]" the equation of which is x, =1 (resp. x, = —1).

4. HurLL AND CLOSURE PROPERTIES

In some cases (two-dimensional space, R" with [*-norm, R> with
I'-norm) it is possible to improve Theorem 2.1 by giving a characterization
of ¢(A), E{A4), and C(A4) making use of a subset 2 of the family (Q;)s 0>
instead of the whole family.

This improvement is useful practically and theoretically:

(i) The explicit determination of the sets of efficient points will be
easier if it requires only a little number of cones Q; it happens especially in
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a two-dimensional space, a situation which is relevant to location theory
(see, e.g., [8, 12, 14]).

(ii) It will be shown that the cones Q€ 2, in the three aforemen-
tioned cases, are all closed and convex, and then, that the operators ¢, E,
and C, working on the compact sets of X have a hull property and a
closure property (these words are explained in Remark 4.1).

The first subsection gives general results on the hull and the closure
properties. The examples R” with /*-norm and R’ with /'-norm are
developed in the second subsection and the results peculiar to R? are
exposed in the third subsection.

4.1. General Results

The following notations will be used in this subsection. Let 2 be a set of
cones O with vertex at zero and whose interior is nonempty. Let 4 be the
set of cones 7 = {int(Q)/Q e 2}.

When A is a subset of X, we define

A)={xeXNQe2, An(x+Q)# T},
TA)=Y(y+T/yeX, TeT, Acy+T),
2(A)={xeXNQe2, An(x+Q)# T or An(x—int Q) =},
T (A)=V(y+T/yeX,TeT,Acy+Tand An(y—T)#J.

THEOREM 4.1. If each Q € 2 is convex and closed, then we have for each
compact subset A of X,

22(A))=2A)=T (4) =T (7 (4)),
2(2(A))=2(4)=T (4)=T (T '(4)).

Remark 4.1. The sets 2(A4) and 2'(A) will be identified later with ¢(A)
and E(A), respectively, under appropriate assumptions on 4 and X.

The statement 2(A)=.7(A) (resp. 2'(A)=7'(A)) expresses a hull
property to the extent that J(A4) (resp. 7 '(A)) is the intersection of sub-
sets containing 4 and with a particular other property. The analogy with
the closed convex hull of 4 (defined as the intersection of closed halspaces
containing A) allows this formulation.

The statement 2(2(A4))=2(A) (resp. 2'(2'(A4))=2'(A)) expresses a
closure property.

The proof of the theorem will be a consequence of the following lemmas,
in which only the first equality or inclusion is proved, the proof of the
second being omitted.
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LEMMA 4.1. If each Q€ 2 is convex then for each Ac X, 2(A)c T (4)
and 2'(A)<= T '(A4).

Proof. Let x¢ 7 (A); then there exist Q€2 and xeX such that
An(y+int(Q))= and xey+int(Q). As Q is a convex cone and
int(Q)# ¢ we have Q+int(Q)=int(Q). Hence x+ Q< y+int(Q) and
then An(x+Q)=0, ie, x¢ 2(4). §

LemMMa 4.2, If each Qe 2 is closed and if A is a compact set, then
T(A)c 2A) and T'(A) < 2'(A).

Proof. Let x¢ 2(A); then there exists Q€ 2 such that An(x+ Q)= .
As A is compact and Q is closed, there exists a ball B(x, r} (r > 0) such that
foreveryueB(x, r), An(u+ Q)= . As Q is a cone, whose interior is non
empty, there exists ze(x+int(Q))nB(x,r). Then y=2x—z satisfies
xey+int(Q) and 4 N (y+int(Q)) = J; this means x¢ 7 (4). 1

LEMMA 4.3. If each Qe 2 is convex, then for each A< X, 2(2(A))=
9(A) and 2'(2'(A))=2'(A).

Proof. We have 2(A4) < 2(2(4)) since B < 2(B) for each subset B of X.

Let x¢ 2(A). Then there exists Q€2 such that (x+ Q)nA=. Let
yex+Q. As Q is a convex cone the interior of which is non empty, we
have y+Qcx+Q, whence An(y+Q)=, ie, y¢2(A4). Thus
(x+ Q)N 2(A4) = which means that x¢ 2(2(4)). |

LEMMA 44. For each AcX, we have F(T(A)=T(4A) and
T(T'(AN=TF'(A).

Proof. Let xeX and TeJ. Then A<x+ T if and only if 7(4)c
x+ T. The equality 7 (7 (A4)) =T (A) follows from definition. |

4.2. Examples of Hull and Closure Properties for the Set of Strictly Efficient
Points

FirsT ExaMpPLE. R” with /®-norm.

We denote by 2 the set of 2n cones {Nj}icrcnV {N; }1cken @S
defined in Proposition 3.3; thus 2 is a subset of the family (Qs)so-
Moreover each Q; contains at least a cone Q € 2. Then if A is a compact
set, Theorems 1.1 and 2.1 imply the equality c(4)= 2(A4).

As each cone Qe 2 is closed and convex, Theorem 4.1 implies the
closure property c(c(A4)) = c(A).

Denoting by T (resp. T; ) the cone generated by the 27! (n— 1)-faces
of the unit cube, different from the one whose equation is x, =1 (resp.
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xe=—1), we obtain 7 = {T;}}, ., <,V {T¢ }1<r<n and we have the hull
property c(A) =9 (A).

SeconD ExaMmpLE. R with /'-norm.

Let us denote by 2 the set of the twelve cones Qs of R* associated,
according to Proposition 3.2, to the vectors (g, &', 0), (g 0, ¢'), (0, &, &) with
¢= +1 and £'= +1. For instance, if 6 = (¢, ¢/, 0) then @, =eR~ xR~ x R.
Thus each Q€ 2 is a “quarter of space” and therefore is convex and closed.

Moreover we have the following property: each cone Q;, 6 # 0, contains
a cone Q€ 2. Indeed, let Q;¢ 2; then ¢ is colinear with none of the twelve
above-mentioned vectors. This means that the plane orthogonal to ¢ and
passing through O contains zero vertex or two symmetric vertices of the
ball B, which is the unit cube [ —1, +1]°.

In the first case (resp. in the second case) the set { p e Ext(B°)/(p, 6) <0}
has four (resp. three) elements which are the vertices of a square which is a
2-face of B. At least two such vertices define a 1-face F, of B Let d, be a
vector orthogonal to the plane passing through zero and containing F,,
such that (p, 6,) <0 for peExt(B°) provided that (p, §)<0. Then §, is
colinear with one of the twelves vectors defining 2 and whence there exists
Q€ 2 such that Qe Q.

The family 7 contains twelve elements which are “three quarters of
space” of type R* xRxRURXR™ xR.

Now, if 4 is a compact set, Theorems 1.1 and 2.1 imply the equality
c(A)=2(A4). As each Qe 2 is closed and convex, Theorem 4.1 gives the
closure property c(c(A))=c(A4) and the hull property ¢(4)= 7 (A4).

Remark 4.2. 1In the two cases studied above there exist cones O which
are not convex. However, considering the subfamily .2, whose each element
is a closed convex cone, we obtain for the set of strictly efficient points a
closure property and a hull property.

4.3. Hull and Closure Properties in a Two-Dimensional Space

In this subsection if u#0 and v+#0 are two noncolinear vectors we
denote by K(u, v) the closed convex cone, generated by the segment [u, v]
and by H*(u) and H (u) the two closed halfplanes bounded by the line
through 0 and w.

A geometrical description of the Q; sets is easily obtained in dimension
two.

Let 6 #0 and let D and D’ the two supporting lines to B parallel to J.
The set F=D n B (resp. D' n B) is a face of B. If Fis a singleton {u}, Q; is
the closed halfplane H*(u) or H (1) which does not contain d; otherwise
Fis a segment [u, v], with v =u—kJ, k>0 and Q; is the cone K(v, —u).
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Hence, when ¢ is parallel to a 1-face of B, Q; is a closed cone limited by
a salient angle and P; is a closed cone limited by a reentrant angle. When 6
is not parallel to a 1-face of B, then Q; and P; are closed halfplanes.

Consequently if B is a polytope which has 2p extreme points, and if 6 is
parallel to a 1-face of B, then Q; is the closed convex cone generated by 0
and (p— 1) consecutive 1-faces of B.

The two following theorems deal respectively with the set of strictly
efficient or efficient points and with the set of weakly efficient points.

THEOREM 4.2. In a two-dimensional normed space let 2 be the set of
cones defined as follows:

(i) with each 1-face [u,v] of B, the two cones K(u, —v) and
K(v, —u) are associated,

(ii) with each exposed point u of B which does not belong to a 1-face
of B, the two closed halfplanes H* (u) and H™ (u) are associated.

Then if A is a compact set
(1) o(4)=2(4)=7 (4),

(2) E(A)=2(A)=9'(A) provided that B contains at least six
extreme points.

Proof. First, we prove that every Q; with § #0, contains a cone Qe 2.
We have only to consider the case Q5= H™*(u) (resp. Q5= H (u)) where
ue B belongs to a 1-face [u, v] of B. But in this case @, contains the cone
K(—u, v) (resp. K(u, —v)).

Then from Theorem 2.1 we obtain c¢(A)=2(A4) and as each Qe 2 is
closed and convex, Theorem 4.1 implies 2(4)=F (A4).

We prove now that 2'(4) < E(A), the converse being immediate. Sup-
pose that there exists xe€ 2'(4) and x ¢ E(A). Then there exists § #0 such
that An(x+Q;s)= and An(x—int(Q;))# & and for every Qe 2:
An(x+Q)#J or An(x—int(Q))= . As Q4 does not belong to 2, Q;
is a closed halfplane defined by Q;= H™*(u) where u belongs to a 1-face
[u, v] of B and then Q; contains the cone Q,= K(—u, v). Hence we have
necessarily 4 n (x —int(Q,)) = .

Now we have two cases since B contains at least six extreme points:

(a) B contains at least an exposed point which does not belong to a
1-face of B.

(b) At least a 1-face of B does not contain v.

In the two cases we obtain a cone Q € 2 such that 4~ (x+ Q)= and
A (x—int(Q)) #0 and the result follows by contradiction. |
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Remark 4.3. If B has only four extreme points, the assertion (2) of
Theorem 4.2 fails as it is shown by the following example: let A be the set
{0} x [0, 1] in R? with the /*-norm; then E(4)= A4 and 2(4)= {0} x R.

However, in this case we have [14] E(A)= 2(4) C(A) for every com-
pact set A.

THEOREM 4.3. In a two-dimensional normed space let P be the set of
halfplanes H* (u) or H (u) where ue Ext(B). Then if A is a compact set

(1) C(d)={xeXNPe?, An(x+P)£J},
2) CA)=(\(y+PlycX,PeP Acy+P),
(3) C(C(4))=C(A4).

Proof. 1t is sufficient to prove (1). Assertions (2) and (3) are easy con-
sequences of Theorem 4.1.

Assertion (2) gives a very useful characterization of C(A4) as intersection
of a well-defined family of halfplanes.

Let x € X such that for each Pe 2, An(x+ P)# ¢f and let 6 #0. If § is
parallel (resp. nonparallel) to a 1-face of B, P, contains (resp. is equal to) a
halfplane H*(u) or H ™ (u) with ue Ext(B). Then A4 n (x+ Ps)# & which
means that x e C(4).

Conversely let xe C(A) and let Pe 2. We can supose that P=H " (u)
with u € Ext(B). If u is exposed, there exists § # 0 such that P = P, and then
An(x+P)# . If u is not exposed, there exists a sequence {u,},.n Of
exposed points of B which converges to u, and for each integer ne N, there
exists a, € 4 such that a, — xe H* (u,). As 4 is compact, there exists a sub-
sequence of {a,},.n converging to a point aeA4 and we have
a—-xeH (u),ie, An(x+P)£. 1

Remark 4.4. 1If Bis a polytope, the set 2 contains only a finite number
of cones, which are all of type K(x, —v) and the set & contains only a finite
number of halfplanes. The results of Theorems 4.2 and 4.3 are then
doubtless useful to find good algorithms to build the sets ¢(A4), E(A), and
C(A) with respect to a finite subset 4. On this topic, see [12] and [14].

COROLLARY 4.1. Let X be a two-dimensional space and let A be a com-
pact set in X.
(1) We have c(A)cco(Ad)yc= C(A).
(2) If X is strictly convex, then c¢(A)=co(A4)=C(A).

Proof. (1) Let x¢co(A); then there exists a closed halfplane H such
that A N (x+ H)= (. It is clear that H contains a Q; set, with é #0; then
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An(x+ Q;)= & which means x ¢ ¢(4). The inclusion co(4) < C(4) is an
immediate consequence of Proposition 4.2.

Note that no general inclusion relation holds between co(A4) and E(A4)
(see examples in Sect. 1.2).

(2) By the strict convexity assumption, the set of closed haifplanes of
X is equal to the family of P; sets and the result follows. |

Remark 4.5. 1If two normes y, and y, have the same set 2 according to
Proposition 4.1 (resp. & according to Proposition 4.2) then for every
compact set A, we have c¢,(4)=c,(4) and E,(4)=E,(A4) (resp.
Ci(4)=Cy(4)).

This happens, for instance, when the norms are polyhedral and when the
two unit balls have the same direction of extreme points. The
corresponding result for E(.4) with a finite subset A is given in [12].

In the same way if the sets 2, and 2, associated with y, and y, satisfy
2, < 9,, then, for every compact set A, ¢,(A)cc,(A) and E,(4)c E,(A).
Some results of [12] are relevant to this remark.

Remark 4.6. Some characterizations of strict convexity of X related to
this topic has been yet given.

(i) A two-dimensional normed space is strictly convex if and only if
for every bounded subset 4 of X we have C(4)=7t0o(4) (Phelps [10]).

(ii) A two-dimensional normed space is strictly convex if and only if
for every bounded subset 4 of X we have E(4)=7co(A) (Plastria [11]).

(iii) A normed space is strictly convex if and only if, for every two-
points set 4, we have co(A4) < c(A) (Beauzamy and Maurey [1]).

Thanks to Corollary 4.1 and a characterization of Beauzamy and
Maurey another result is obtained:

COROLLARY 4.2. A two-dimensional normed space is strictly convex if
and only if, for every compact subset A of X we have co{A)c c(A).

Note that the same wording appears in [9] without the condition of two
dimensionality. However, this restriction is necessary; the following exam-
ple shows that in some strictly convex three-dimensional space, the
inclusion co(A4) < ¢(A) does not hold for some three-points set.

COUNTEREXAMPLE. The space R’ is equipped with orthogonal axes Ox,
Oy, Oz.

Let C be the cylinder whose basis is the circle centered at 0 with radius 1
in the plane xOy and whose generating lines are parallel to 0z. Let I" be the
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curve given by x=cos 0, y=sin 0, z=k sin(30) where k is positive and
small enough.

ta

The existence of a strictly convex ball B, symmetric with respect to 0 and
ngent to C along I" can be proved.
Let A= {a,, a,,a;} be the three-points set with a1=(\/§/2, 1/2, 0),

ay=(—+/3/2, 172, 0), ay=(0, —1,0) and let 5= (—1, 0, 0).

The ball B is the unit ball for a norm in R The set @, is the cone with

vertex at 0, generated by a “halfball” limited by the curve I" and which does
not contain 4. Then Qs A=, i.e., 0¢ c(A). However, 0 e co(A).

10.
11

12.

13.

14,
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