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We study the distribution of integral points on the varieties of the form 
fi(xl ) = ‘. =f,(x,), where f,, 1 <j< r, is a norm-form associated to an ideal class 
in a totally complex finite extension of Q. IT) 1986 Academic Press. Inc. 

1 

Let fi(xj), 1 <j< r, be a form of degree d, with integral rational coef- 
ficients depending on nj variables 

xj = (x,, )...) Xjn,). 

Consider an algebraic variety V defined over Q’ by a system of equations 

fi(-Xl) =f&) = . . . =L(x,), r > 2. (1) 

Suppose that fi is nonnegative definite over R for each j, that is, f,(u,) 3 0 
when a,E IV, and consider an algebraic variety 

vi:J;(xj) = 1, 1 djdr, 

and a subvariety 

vo= v, x ‘.. x V,:f,(x,)= .” =f,(x,)= 1 

of V. Let Ujz VjlR and let U= U1 x ... x U,, so that U, and U are certain 
subsets of the manifolds of real points in V, and V,, respectively. We write 

’ As usual, Q, [w, C, and Z denote the field of rational numbers, the field of real numbers, 
the field of complex numbers, and the ring of rational integers, respectively. 
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and define a projection 

273 

by the relations 

whenf,(a,) = 0 
7r=7r, x ... xn,, 7cj( aj) = 2 1 <j<r. 

otherwise 

Choose X> 0 and denote by JV( U, X) the cardinality of the set 

where n = xi’=, nj, a = (a, ,..., a,), aj E Zq for each j. 
It is a classical problem in analytic number theory to estimate 

asymptotically the number .N( U, X) of the lattice points as X+ cc. The 
simplest non-trivial case of two positive definite binary quadratic forms 
allows for elementary treatment (cf. [6]). Several authors (see, e.g., [ 1, 10, 
121 and references therein) have considered the case of an arbitrary num- 
ber of binary quadratic forms. If, in particular, the discriminant of any of 
these forms is equal to the discriminant of the corresponding quadratic 
field and if these quadratic fields are arithmetically independent in the sense 
of the definition given in Section 4, then one can obtain [S] (cf. also 
[9, Chap. II, Sect. 51) an asymptotic formula for N( U, X) as X -+ co. 

In [7] we considered this problem for two quadratic forms of several 
variables. If the number of variables n is large compared to the degrees of 
the forms and to the number of equations, then one can approach the 
problem by analytic methods (cf. [ 1 l] and references therein). The goal of 
this paper is to treat full norm-forms corresponding to ideal classes of the 
maximal order in a totally complex algebraic number field. We achieve it 
by reducing the problem to an estimate for the number of integral ideals 
having equal norms that lie in fixed ideal classes and whose image under a 
natural map to the Minkowski manifold associated with these fields is con- 
fined to smooth subsets of the manifold. Such an estimate has been 
obtained recently (cf. [8,9], lot. cit.). Combining it with simple algebraic 
considerations we prove that, under certain natural conditions, integral 
points are equidistributed over V. It is interesting to compare our estimates 
(19), (23) with results of other authors on representation of integers by 
decomposable forms (see, for instance, [2, lo] and references therein). 



274 B. Z. MOROZ 

2 

We use the following notations: k is a finite extension of Q of degree 
2n = [k: Q] assumed to be totally complex; ZL is its ring of integers; H is 
the group of ideal classes of k; Z,(k) is the monoid of integral ideas of k; 
Z(k) is the group of its fractional ideas; Y is a direct sum of n copies of C 
regarded as a (2n)-dimensional algebra over I&!; given a ring B we denote 
by B* the multiplicative group of invertible elements in B; R, is the mul- 
tiplicative group of positive real numbers; k is a fixed algebraic closure of k. 
Let 

be the set of all the embeddings of k into @ indexed so that oj+ Jr) = o,(y) 
for y E k, j d n; we extend rri to an isomorphism of F into @ denoted by the 
same symbol 

CTj:/54, 1 <j<n, 

and let o,+,(y)=o,(y) for j<n, yak. Choose a basis {e,I 1 <j<n) of Y 
over C for which 

e,e, = 0 when i#j, ef=ei, 1 di, j<n, 

and define a homomorphism 

N: Y*+R+, N: f y,e,+-+ fi I .Y,/‘. yiE@. 
j= I /=I 

Obviously, 

Y*ER+ x w, 

where 

W=: {yly~ Y*, Ny= l} 

is a (2n - 1)-dimensional subgroup of Y*. Let 

be the componentwise embedding of k into Y. Since N(cr(y)) = N,,,y for 
any y in k, the group W contains a discrete subgroup 
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where m denotes the order of the maximal finite subgroup of k*, and we 
get an exact sequence of groups 

where 5 is a (2n - 1 )-dimensional torus 

F= {(q,..., Z2”-1 )IzjEc*, lZjl = 1, l<j<2n- 1;. (2) 

Let p0 be the Haar measure on y normalized by the condition pO(r) = 1 
and let ,G be the positive Bore1 measure on W uniquely defined by the con- 
ditions: 

(1) /i(b(E) U),=fi(U)for US w, EEu*, so that ji is c,*-invariant, and 

(2) ii(U) = pO(z(U)) when z separates points on U, that is 
r(a) #z(d) for a #a’, a E U, a’ E U. 

Write zj= exp(2nicp,), 0 ,< ‘pi < 1, in parametrization (21, and define 
smooth sets on 5 as in [ 81 (see also [9, p. 49-50]).* A subset U of W is 
called toroidal if r(U) is smooth and r separates points on U. To define the 
“ideal numbers” introduced by Hecke [3], we decompose H in a direct 
sum of its cyclic subgroups, say 

HrcZ/m,U@ ... QZ/m,Z, miE.Z,m,> 1,l <j<q. 

Choose a generator Aj of Z/mjZ and an integral ideal ZSj in the class A,: ’ 
Let /?, in k* be chosen in such a way that @JE k and the principal ideal 
(&‘J) coincides with S?$.J.J. For A E H we write A = c,“=, I,A,, 0 d lj 6 mj- 1, 
1 <j<q, and let B(A)=n;=, 937, b(A)=n;=, @. Let (o,(A)1 1 <j<2n} 
be an integral basis of the ideal B(A) and let 

w;(A)=o,(A)/?(A)-‘, 1 <j62n. 

We define a nonsingular linear map 

2n 

gA. . lRZn+ Y, g,:ak+ 1 u,a(u>) for a = (a, ,..., a*n)T ajE R t3) 

of R2” on Y and a norm-for’;’ 

.fAb) = Nk(x),O(.~) (.$, XiWi(A)) N/c/. g(A)-’ (4) 

’ A subset of I is smooth if it is (& p,)-smooth in the sense of Section 3 when one takes as 
elementary the rectangular subsets of Y. 
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associated to A. By construction, fA(x) is a homogeneous polynomial of 2n 
variables x = (x, ,..., xZn) and of degree 2n with integral rational coefficients. 
Up to a unimodular transformation the form fa(x) is determined by the 
ideal class A and depends neither on the choice of g(A ) in A ’ nor on the 
choice of the basis {o,(A) 1 1 <j< 2nf of g(A). Since 

Nk,69~(A)=Nm(A))), 

we have 
fA(U) = m,(a)) for a E R’“. 

We define a map 

i/k Z(k) -+ F 

letting for & E A (here A varies over the elements of H) 

where (a) =&B(A). Since z(c$E))= 1 for EE LL*, the right-hand side of (5) 
depends, in fact, only on ~4 but not on the choice of a. For each A in H let 
the map 

be given by 

AA(O) = 0, lti,(a)=(a)~(A)-’ when a#O, 

a = (a, ,..., %I, a = f ujoj(A), 
j=l 

where U,E Q, 1 <j < 2n, so that a E k*. We summarize the properties of 
these maps in the following statements. 

PROPOSITION 1. (1) l,(u)eZO(k) ifund only ifu#O and UEZ’“; 

(2) fA(U) = Nk,O(~A(a))for UE QZn; 

(3) n,(u) = A,(u’) ifund only ifg,(a) = o(E) gA(u’)for some E in ?I*. 

Assertions l-3 follow easily from the definitions. Let 

VA’= {uluER2n,fA(u)= l} 

and let (with 6 = 1/2n) 

. R2” + PA’U (01, KA(“) = 

0 
KA- 

when fA(a) = 0 

dAt”) -’ when &(a) # 0 



NORM-FORM VARIETIES 277 

For U G VcA) let 

be the rational cone supported on U, and let 

be a subset of A associated to U. Since 

g/(( VA’) = w, 

the function dog, is well defined on subsets of VA). A subset U of VA’ is 
called toroidal whenever gA( U) is toroidal. 

PROPOSITION 2. (1) The map t,G is a homomorphism of Z(k) into F; 

(2) ~(l,(a))=(zog,)(~.~(a))fov a#@ 
(3) if U is a toroidal subset of V (“, then 1, separates points on cA( U), 

that is A,(a) # n,(a’) when a #a’, a E cA( U), a’ E cA( U). 

(4) I,(c,( U)) = c>( U) wheneoer UG VA). 

Proof. Let d and d’ be two fractional ideals. We have to prove that 

@(~$.Qf’) = rc/(d) $(Jo (6) 

Let~~AA,d’EA’forsomeA,A’inH;writeA=~,Y_,fjAJ,A’=~~_,I~A, 
with 0 <I,, 1; < mj- 1 for each j. We have AA’ = xi”= 1 l,“A, with 
1; = Ii + 1; - xjmj, where ~~ = 0 when I, + 1; < m, and uj = 1 when lj + 1; k mj. 
Choose c1 and ~4 satisfying the conditions 

dg’(A I= (a), &“g(A’) = (a’) 

and let P,(A,) = j(Aj)“/ for each j. It follows that 

B(A) /3(A') = B(AA') fi flo(Aj)^' 
j=l 

and that 

.!%(A) B(A’) = B(AA’)(ol”), where LX” := fi j?,(Aj)“). 

(7) 

j=l 

Therefore 

(8) 
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Equation (6) follows from (5), (7). and (8). This proves Assertion 1. Asser- 
tion 2 follows from the definitions of g, and iA. To prove Assertion 3 sup- 
pose that a #O and A,(a) = A,(a’). Then by Assertion 3 of Proposition 1, 

(f@g,q3(71A(u))=(TogA)(TCq(u’)). (9) 

If arcs, U’E cA(U), and gA(U) is toroidal, it follows from (9) that 
7cA(u) = ~,(a’). By Assertion 2 of Proposition 1, we have also 
f,(u) =fA(u’); therefore a = a’. Let us prove Assertion 4. If a E c.~( U), then 
x.4(u) E u and therefore $(~,h)) = (~gA)(~Aa))E (q,)(U); thus 
iA(C,‘f(U))~c~(u). c onversely, let d E c;( U), so that 

$(~)E~(gA(U)). (10) 

Let d@(A) = (a), then it follows from (10) that 

N,,,d-* o(@(A) ’ &)E&TA(U) for some E in LA*, 

and therefore 

4aB(A)-‘~) = N,,. Ad6 g,(b), b = (b, ,..., b,, 1 

for some b in U. Let a = (a, ,..., uzn), ui = b,NklQ SZZ’, so that 

a(ap(A)-*&)= c up(w,(A)). (11) 
j= 1 

It follows from ( 11) that a E Qezn and d = AA(u); moreover, by construc- 
tion, z,(u) = b E U, so that UE cA( U), and we deduce the inclusion 
c>(U) E I,(c,( U)). This completes the proof of Proposition 2. 

3 

Let M be a differentiable manifold of dimension 12 and let ,D be a positive 
Bore1 measure on A4; let E be a system of p-measurable subsets, the 
elements of E being called elementary sets. A subset U of M is said to be 
(E, p)-smooth, if there exists a positive number C(U) such that for every d 
in the interval 0 <A < 1 one can find a finite system 

E,(A) = {pjl 1 <jG N) 

of elementary sets satisfying the following conditions: 

(A,) UC U&l pj, 
(A,) N&A-“, 
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(A,) pinpi=@ when i#j, 

(A4) there is N, such that pi E V for i < N, and 

~(N,y~N+c(v~A~ 

Suppose we are given a set S and two maps: 

71: S+M, N:S+R+. 

The triple (S, n, N) is said to be (E, ,u)-equidistributed, if the cardinality 
Jlr(p, t) of the set 

u(p, t)= (slsES,n(s)Ep, Ns<t} 

satisfies the relation 

A”-@, t) = bp(p) t + O(f’-“) as t+co (12) 

for each p in E, with positive b and y that do not depend on p and t. 

PROPOSITION 3. Suppose that (S, rc, N) is (E, p)-equidistributed and let V 
be an (E, p)-smooth subset of M. We have then 

M(V, t)=bp(V)t+O(C(V)t’-Y’) (13) 

with y1 = y/(n + 1) and an O-constant independent of V and t. 

Proof. Choose A in the interval 0 < A < 1 and let E,(A) satisfy con- 
ditions A,-A,. Let V, be the union of those p in E,(A) for which 
p n V # 0 and let V2 be the union of those p in E,,(A) for which p E V. By 
A,, we have 

Obviously, 

~(v,\v,)<c(U)A. (14) 

mu,, t)>N(V, t)>N(V,, t) (15) 
and 

P(Vl)~dV)Z(V,). (16) 

It follows from A, - A, and (12) that 

J’“(Vj, t) = bp(VJ t + O(A-“tl-Y), j= 1, 2. (17) 



280 B. Z. MOROZ 

By (14)-(17) one obtains 

~~“(U,t)=b~(U)t+O(d~“t’~‘)+O(C(U)dt). 

Taking d=fPy’, yr=y/(n+l) we deduce (13)from (18). 

(181 

4 

Let k,, 1 <j< r, be r finite Galois extensions of Q. We say that the fields 
k 1,..., k, are arithmetically independent (cf. [S; 8; 9, p. 120-1211) if for every 
rational prime p its ramification indices e,(p) in k, and e,(p) in k; are 
coprime whenever 1 < i<jg r. Suppose that k,, 1 <j< r, is totally complex 
and fix an ideal class Ai in k,. Let f, and gj be the norm-form and the map 
associated to Aj respectively by (4) and (3); let dj = [k,: Q] and let 
d = I,‘=, dj. Consider the real manifolds 

and let 

I’,(h)= {aIfi(a)=h, AQ”‘), 1 <j<r, h>O, 

V,,(h)= V,(h)x ... x V,(h); 

let 

v= {(Q, )...) ~r)Ifl@,)= ... =f,(a,); ujE EPJ, 1 <j=$r) 

be the manifold of real points on the variety defined by the system of 
equations (1). Let 

rc,: m-+ Vi(l)U (0) and 71: v-r V,(l) 

be defined as in Section 1, so that rc = zn, x ... x x, on Va(h) and 

when h=O 

when h>O 
for QE V,(h), 1 <j<r, 

where we set, for brevity, 6, = l/d,. We define a positive Bore1 measure p, 
on Vi(l) by 

PjLi(")=bjLi(gj(u)) for UG V,(l), 

where jij denotes the measure on the manifold W,=g,( Vj( 1)) defined in 
Section 2; let ,u = pL1 x . .. x p, be the product measure on V,( 1). Let us 
define a system E of subsets of VO( 1) by the condition: p E E if and only if 

P=PIX . . . x p, and pi is a toroidal subset of Vj( 1) for each j. 
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THEOREM. Suppose that kj is a Galois extension of 62, 1 <j< r, and that 
the fields k, ,..., k, are arithmetically independent. There exist two positive 
numbers b and y depending only on the fields k,, 1 6 j 6 r, such that 

M(U,X)=bp(U)X+U(C(U)X--‘), as X-+03, (19) 

for any (E, p)-smooth subset U of V,(l), with an O-constant independent of 
U and X. 

Proof In view of Proposition 3, it is enough to prove that (19) holds 
foranypinE.Butforp=p,x . . . x pr with toroidal pj, 1 d j d r, it follows 
from Propositions land 2 that M(p, t) coincides with the cardinality of the 
set 

where d varies over r-tuples (A$,..., dr91’,), 4~ Z,(kj) of integral ideals; 
$j: Z(k,) + 4 is the homomorphism (5) of the group of fractional ideals of 
k, into the basic (d,- I)-dimensional torus q assigned to k, by (2), and 
pj = (rjogj)(~j(pj)) is the projection of pj on the torus 5 with rj: Wj + q as 
defined in Section 2; the index j varies over the interval 1 <j< r. By a 
theorem on equidistribution of ideals having equal norms (see 
[8, Theorem 2 and remarks in no 41 or [9, p. 120, Theorem 3]), the car- 
dinality NO(p, t) of v,(p, t) can be estimated as 

-/V;,(P, t)=bMP) t+ O(fl-‘3, b > 0, y > 0, (20) 

where p=pi x ... xp,, and pLo is the Haar measure on F = Fi x ... x Fr 
normalized by the condition ~~(5) = 1; the constants b and y depend only 
on the fields k,, 1 <j < r. Since by definition of a toroidal set and by con- 
struction of the measure p we have 

estimate (20) coincides with (12), and (19) follows. 

Remark 1. The constant b in (19) is given explicitly by Theorem 2 in 
[S]. It is a matter of formal considerations to deduce from the asymptotic 
formula (19) for the number of integral points in a cone supported on a 
smooth subset U of V,( 1) an estimate for the number of integral points in a 
more general subset of V. We notice that 

v= vcl(o)~(vcdl)x~+) 

and that V,(O) contains no rational points except the origin. Let A denote 
the restriction of the Lebesgue measure on R to IR + ; we define a positive 
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Bore1 measure p’ on V by the conditions p’( V,,(O)) = 0, p’= ,u x E, on 
Vcdl)xR+. Let E, be a system of subsets of V of the form 

U,=UxI, 

where U is an (E, p))-smooth subset of V,( 1) and I= { t 1 t, < t < t, > is a 
subinterval of R, (so that 0 B t, < tz), and let Xi(u) denote the number of 
integral points in a subset u of V. Suppose k, ,..., k, are Galois extensions of 
Q which are arithmetically independent; then it follows from (19) that 

~(u,)=b~‘(U,)+O(C(7C(U1)) t(U1)l-Y) for U, in E,, (21) 

where 

t(u)=:sup{hI Vo(h)nu#@) when UE V. 

Proceeding as in the proof of Proposition 3 we deduce from (21) that 
under the above assumptions 

Jv;(u) = bp’(u) + O(AC(u)) + O(A -d t(u)‘-‘) (22) 

for any (E, , $)-smooth subset u of I/ and any A in the interval 0 < A < 1. If 

A = t(u) (1 -r)h qu)-S < 1, &L 
d+l’ 

it follows from (22) that 

-4(u) = PI(U) + 0 cc > $) hC(#)t(U)-yd ) ) 
where pi = bp’ is a positive Bore1 measure on V. 

Remark 2. The estimate (23) is not trivial only for large enough t(u). It 
is important to observe that (23) holds for a subset u of a rather general 
shape, not only for the conic sets considered in the theorem. 

One can prove estimates (19) and (22) under a weaker condition on the 
fields assuming only that k,,..., k, are linearly disjoint over Q. In this case, 
however, the coefficient b may depend on the choice of the ideal classes Aj, 
1 <j< r, and for some sequences A, ,..., A, it can be equal to zero. If the 
fields are not assumed to be linearly disjoint Eq. (19) takes the form 

N(u,X)=~(u)XP(logX)+o(c(u)X’-~) (19’) 

for some polynomial I’(t), as in the problem of equidistribution of integral 
ideals having equal norms (cf. [S; 8, Appendix; 9, Chap. 23). 
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