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Abstract

In this paper, using the properties of chromatic polynomial and adjoint polynomial, we char-
acterize all graphs having chromatic polynomial ), _ - (WOC 1) (A
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The graphs considered here are finite, undirected and simple. Let G be a graph
and P(G, /) its chromatic polynomial, 4#(G,x) be its adjoint polynomial. Two graphs
G and H are chromatically equivalent if P(G,A)=P(H,J), and adjointly equivalent
if h(G,x)=h(H,x). A graph G is chromatically unique if P(G,)=P(H,.) implies
that H is isomorphic to G. Similarly, a graph G is adjointly unique if h(G,x)= h(H,x)
implies that H is isomorphic to G. By G we denote the complement of G. It is obvious
that a graph G is chromatically unique if and only if G is adjointly unique.

To compute chromatic polynomial for a given graph is well known, but to deter-
mine the graphs with a given chromatic polynomial is not easy. In this paper, using the
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properties of adjoint polynomial and the relations of adjoint and chromatical polyno-
mial, we shall give all graphs determined by the polynomial 1<mo (molil) (A);.

Let G be a graph, p(G) and ¢(G) be its order and size, respectively. The symbols
P, C, and D, stand for the following graphs of order n: the path, the cycle and
the graph obtained by identifying a vertex of K3 with one endvertex of P,_;. Let
T(l,1,13), (I1<I[;<I3) be a tree with one vertex of degree 3 and three vertices
of degree 1 in which the distances from the vertex of degree 3 to the vertices of
degree 1 are /;, [, and I3, respectively. Let WG, x)=x*Dh(G,x), where h(G,x) is
a polynomial with a nonzero constant term.

For convenience, let #(G) stand for A(G,x), and /#;(G) for h;(G,x). We will write
h(l, 1o, hs) for (T (1, 12, 13),x), and h(1y, 15, 13) for h (T ([, 12,13),x). Let B(G) denote
the least root of /;(G). The reader may refer to [[5,2]] for all notations and terminology
not explained here.

2. Preliminaries

Let b;(G) denote the number of ideal subgraphs with p —i components (see [[5]]),
then

p—1
PG, )= b(G)A)pis
i=0
where p=1|V(G)| and (A)y=2A—1)---(A—k + 1).
Definition 1 (Liu [[5]]). If G is a graph with p vertices, then the polynomial
p—1
h(G,x)="Y bGP
i=0

is called the adjoint polynomial of G.

Definition 2 (Liu [[5]]).

by(G) — wO=1) 1y (G)>0
RG)=1 7 2 s

if ¢(G)=0.
is said to be the character of a graph G.

Lemma 1 (Liu [[S]]). If G has k connected components Gy, G,,...,Gy, then

k k
WG.x)=[] m(Gix). RG)=_ R(G).

i=1 i=1
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Lemma 2 (Liu [[5]]). (1) (Liu [[1]]) A(Pyu+1) =(Ciy1)R(F) (k=3),

(2) (Liu [[4]D) mM(Co)=m(1,1,n =2), h(Dy)=hi(1,2,n = 3),
(3) h(P2)h(Cs) = h(P3)h(Ds),

(4) h(P2)h(Cy) = h(Ps)h(Ds),

(5) h(P2)R(Ci5) = h(Ps)h(Cs)h(D7).

Proof. Conditions (3)—(5) can be directly verified.

Lemma 3 (Liu [[5]]). Let G be a connected graph, then

(1) R(G)< 1, and the equality holds if and only if G=P, (n=2) or G=Kj,
(2) R(G)=0 if and only if G is one of the graphs K,C,,D, and T(l,,1;,13).

Lemma 4 (Liu [[6]]). Let T be a tree, and f(T,u) be the characteristic polynomial
of T. If

F(Tw)y=p"D f(Tp),  W(Tx)=x"Dhy(T,x)
and x = — 12, then
h(T,x)=(—1)* fi(T, ),

where O(T) and o(T) are the degrees of the lowest terms of f(T,u) and h(T,x),
respectively, and k is the number of edges in a maximum matching.

Lemma 5 (Biggs [[1]]). If A is m-fold eigenvalue of tree T, then —J is, too.

Lemma 6 (Cvetkovic et al. [[3]]). (1) The eigenvalues of the T-shape tree T(1,1,n—
1) are 0 and

2i —

1
2 cos n, 1<is<n+1.

(2) The eigenvalues of B, are

2 cos n, 1<i<n.

n+1

Proposition 1. (1) The root-set of hi(C,) is

{—z (1+cos 21; ! n> 1<i<[3]}-

(2) The root-set of hi(P,) is

2
{—2 (l—i—cos !
n+1
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Proof. (1) Since /,(C,,x)=h1(1,1,n—2), by Lemma 6, we know that the eigenvalues
of T'(1,1,n — 2) are 0 and 2cos((2i — 1)/2n)n,1<i<n. From Lemmas 2 and 4, we
have

hi(Coox)=hi(1,1,n = 2)= (=D fi(T(1,1,n — 2), ),

where x = — y? and k is the number of edges in a maximum matching of 7'(1,1,n—2).
Since the degree of /;(C,) equals one-half of the degree of fi1(7T(1,1,n — 2),u), by
Lemma 5, the roots of f1(7(1,1,n—2), u) are symmetric about the origin. Thus the root
of hi(C,) is opposite to positive roots of square. By Lemma 6 and the trigonometric
formula, we get (1). Similarly, we can show that (2) is true. [

Lemma 7 (Wang and Liu [[7]]). (1) For n=4, B(D,)<p(C,)<P(B) and equality
holds if and only if n=4,

(2) (Wang and Liu [[7]]) for n=4, p(Dyi1) <P(Dy) and f(Coi1) <P(Cp); for =2,

B(Bi1) <P(E),
(3) for m>3 and n=1, (h(Cy),h1(Py))=1,(m>3,n>1),
(4) for m=4 and n=1, h(B,) and hi(C,,) have no multiple root,
(5) for n=4, p(C,)> — 4.

Proof. By Proposition 1, we have (3)—(5).

Lemma 8 (Cvetkovic et al. [[3]]). Let T be a tree and 2,(T) the maximum eigen-
value of T. Then 11(T)<2 if and only if

Te{h,T(1,1,n),7(1,2,2),T(1,2,3),7(1,2,4)}.

Proposition 2. Let T be a tree, then (T)> — 4 if and only if

Te{R,T(1,1,n),7(1,2,2),7(1,2,3), T(1,2,4)}.
Proof. It follows directly from Lemmas 4 and 8.

Lemma 9 (Zhao et al. [[8]]). (1) Let G be a connected graph such that R(G)= —k
and q(G)=p(G)+k — 1. Then B(G)< — 4, where k=1,2,3,

(2) Let G be a connected graph such that k=4 and R(G)= — k. Then q(G)<
p(G)+k— L

Lemma 10. (1) B(Ds)= p(Cs) = B(P11),

(2) B(Ds)=P(Co) = P(P17),
(3) B(D7)=B(C15) = P(P2o).
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Proof. These are direct results of Lemmas 2 and 7.

Lemma 11 (Liu [[5]]).

h(Px)= Y <nfk>xk.

k<n

Lemma 12 (Zhao et al. [[8]]). Let n>2. Then P, is chromatically unique if and only
if n=3,5 or n#4 is even.

Proposition 3. Let my be odd, then the adjoint equivalent graphs of P,, can only
be

! m n
K, U fK3U (U Pul> U <U c> U (U T(1§">,zg">,zg"))> U (U D,-) :

i=1 i=1 i=1 i€B

where f=0,1; f +1=1; r + n<f, BC{4,5,6,7}, and I’ =1,1{ =2,19 <4, or
D=1=1,i=1,2,..,n

Proof. Let m; =(m;_; — 1)/2 (i=1,2,...,k) be positive integers. By Lemma 2(1), it
follows that

k/
1 (Pug) = [ 11(Cons )1 (B, ),
i=1

where if m; =1,2, then k' =k — 1, else k' =k.

Let H be the adjointly equivalent graph of P,,, by Lemma 7 we know that /;(B,,)
has no multiple root. Thus #;(H) at most has one #(K3). So by Lemma 2(2),
h(Dp)=h(1,2,1'=3). If I’ =28, by Lemma 7 and Proposition 2 we have that (D, )<
—4<B(Py,)- So hi(By,) does not contain i (D )(I' =8). If G=T(l},15,13), and I} =1,
lh=2,1s=50r I,#1, [,#1, 2, according to Proposition 2, we know that 4;(B,,) does
not include %,(G). Hence we can assert that

1 m n
H=rK U fK3U <UP> U <U c) U (U T(1§">,zg">,zg"))> U (U D,-)
i=1

i=1 i=1 ieB
52 53 St
U(UH,—)U( UH,—)umu U #]. (1)
i=1 i=sr+1 i=s,—1+1

where R(H;)=—j and H; is connected if s;_1 + 1<i<s;, 50=0, j=1,2,...,t; BC
4,567} I"=1,1 =2, I <4 or 1" =1 =1; f=0,1.
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By Lemma 1, it follows that

! m n
R(H)= fR(K3) + Y R(B,)+ > RCy)+ > RIUD, 1, 1))
i=1 i=1

i=1
+ > RMD)+ > R(H).
i€B i=1
From Lemma 3,
K K
STRH)=1—1—f, > |RH)| =1+ f-1
i=1 i=1

From (1), we know that

! m n
qH) = fg(K3)+ > qB)+ > a(C)+ > a(T(1, 1, 1)
i=1 i=1 i=1

+ Y gD+ q(H:).
1

icB i=
Since f(H;)=p(Py,)> —4 and H; (1<i<s,) is connected, by Lemma 9 we have
q(H;))< p(H;) + [R(H;)| — 2, 1<i<s,.

So, we can get that

! m n
g(H) < fp(K)+ Y p(B)+ Y p(Co)+ Y p(r(17, 19, 1))

i=1 i=1 i=1

St

+3 " p(D)+ Y (p(H) + |R(H)| —2) — 1 —n

icB i=1
=pH)-2s, —r—n+f—1
and
q(H) = q(Fny) = p(Fyy) — 1= p(H) — 1.
Thus 2s, +r+n<f, f=0,1. Clearly, s, =0. Recalling
S TIREH)| =1+ f -1,
i=1

we get that /' + /=1 and » + n< f. Hence Proposition 3 holds. [
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Proposition 4. Let my be odd. If

hl(Pmo):hl(Pn)ﬁ m(C) ] m(Di); and BcC{4,5,6,7} (2)
i1 icB
or )
hi(Bny) = hi(Ps) ﬁ m(Cy) [ @M (1,1, 15),  and BC{4,5.6,7}, (3)
=1 icB
then 5,6,7 ¢ B.

Proof. Let m;=(m;_1 —1)/2 (i=1,2,...,k) be positive integers. We need only prove
the fact that /;(D;) cannot divide A (B,,) for i=5,6,7. We prove the fact by induction
on my.

We first show that /(D7) cannot divide /(By, ).

If mp<29, by Lemma 10 we see that /(D7) cannot divide hi(B,,). If my=29,
assume 71(D7)|hi(Pa). Since h(P,,) is without multiple root, by Lemma 2 and (2),
we have

h1(Ps)hi(Cs)hi(P1a)hi (Cis) = by (Ps)n(Cs i (D) () [T m(Co) T (D),
i=1 icB’
where B'=B — {7}.
We denote by f(left) the minimum root of the left-hand side and by f(right) the
minimum root of the right-hand side. Since

h1(P2)hi(Cis)=hi(Ps)hi(Cs)hi(D7),

then

hl(PS)hl(CS)hl(PM):hl(PZ)hl(Pn)H h(Cy,) H h(D;),

i=1 ieB’

where f(left) = f(P14) € {B(D4), B(Ds), B(De)}-

According to Lemma 4, the roots of 4(C,) and A (P,) are real numbers, then
B(right)# AU, Ciy). So B(Pis)=P(P,) and n=14. Eliminating h(P4) from both
sides of the above equality, we get that

hi(Ps)h(Cs)=h(P2) [] m(C) [T m(D»).
i=1

i= i€eB’

So, p(left) = B(C5)E{P(D4), f(Ds), f(Ds)} and there exists v; such that f(Cs) = p(Cy,).
We may assume v; =35, then

h(Ps)=hi(P) [ m(Cy) [T m(Dy).

i=2 ieB’
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But then we have f(left)=f(Ps)= — 3 and f(right) = f(Ds -, Cy,). However, this
is a contradiction because S(Dg) = f(P17)<P(Ps) and B(C,,)# f(Ps) for every v; =4.
So when mg =29, h(D7) cannot divide /;(By,).

We assume for the moment that 29 <k <my, then h;(D7) cannot divide /;(F;).

If k = my, by the conduction of proposition and Lemma 2(1), we have BC {4,5,6,7}
such that

1 (Con 1 (Ba) =i (B) [ mn(Co) T (D),

i=1 i€eB

then f(left) = f(Cy,+1). Since there is n<my such that S(P,)# p(By,) and mo>29, by
Lemma 2, 7, we know that

PB(right) <f(P2) = p(Cis)<fp (U Di) -
i€B
Thus, from [, 71(C,,) we can get f(right).
Similar to mo =29, we may assume that C,, .1 =C,,. In this case, we have

m(Pw)=m @) [[ mC) ] mD).

i=2 ieB

If m; is odd, by the induction hypothesis, we know 7¢ B.

If m; is even, since m;>14, we know P, is adjointly unique by Lemma 12, so
7¢ B. Similarly, we can show that 5,6¢ B in (2).

Suppose /3>1. Since hi(1,1,73)=h(Cr,12), we know that (3) equals (2).

If I3=1, then

1 (Pug) = (x + 3 (P) [ [ m(Co) [] (@)
i=1 i€B

Note that 4(Ps)=h(Py)(x + 3). Similar to the proof of (2), we can show that
5,6,7¢B in (3). O

3. Main results and proofs

Theorem 1. Let my be a positive integer. Then the graph G has chromatic polynomial
of the form

) (mol_,) ()

1<mgy
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if and only if G satisfies one of the following:

(a) For even my=4, either (_;%Pmo or else G=K,UK;.
(b) For odd my with m;=(m;_; — 1)/2 a positive integer for i=1,2,...,k, either
G=P,, or else

(i) Ge{KiUKs UL Cur1. K3 ULy Gt UT(1, Lmy — 1), By ULy o1 (=
L,2,....k)} if me=4,

(i) Ge{By, U_, Cur1, (G=12,...,k)} if m#4 is even,

(iii) Ge{PsUDsU] Copsts By ULy Gt =120k = 1)} if mp=1.

Proof. Sufficiency: If P(G,2)= "' b(G)(A)p—i, then h(G,x)= """ bi(G)xP~.
Since h(P4) =h(K1UK3), h(Cs)=h(Ds) and A(1,1,7)=h(Ci;2UK;), by Lemma 2(1)
and Lemma 11 sufficiency is obvious.

Necessity: We need only prove that the adjointly equivalent graphs of B,, belong
to the class of graphs described in this theorem.

If mg#4 is an even, by Lemma 12, obviously conclusion holds.

If my =4, we can directly prove that K; UK3 is only adjoint equivalent graph of Pj.

If my is odd, by Proposition 3, the adjointly set of P, is

l m n
KU fK3U <U Pu[> U <U c) U <U T, 15”,15”)) U (U Di> ,
i=1 i=1 i=1 i€B

where f=0,1;f +1=1; r+n<f; P=19=1or 1"=1,1{"=2,1{’<4,Bc{4,5,
6,7}.

We discuss each case in the following.

Case 1: f=1,1=0,r=1 and n=0. Then

H~K,UK;U <Lmj C> U (U D,—) )
i=1 ieB

By Proposition 4, we get BC{4}. Since hj(H)=h(P,,) and 7 (K| UK3)=h|(Ps), we
have

k m
I m@Cnim @) =m@H ] @) ] mD)  (mc=2N) 4)
i=1 i=1 ieB
or
k—1 m
[T mCndmBo ) =m@H [ M(CH ] @) (i =1,2). (5)
i=1 i=1 i€B

In (4) and (5),

Blleft) = B(Cy41),  Plright) = p ((U c) U ( U D,-> ) :
i=1

icB
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If B(right) = f(Cs) = p(Ds), then (4) does not hold. From (5) we get k=2,mpy=1
and /(P3)=hi(P4), which is a contradiction. Hence f(right)= (-, C;). Suppose
p(right) = p(C,, ), by symmetry, we have that C,, 1 =C,,. Clearly, m; +1=v;. Elim-
inating 5(Cy,+1) from both sides of (4) and (5), we obtain that

k m
I @G @)y =m@H ] @) ] mD)  (m=2N)

i=2 i=2 icB
or
k—1 m
I MG )P ) =@ ] M(CH ] @) (mi=1.2).
i=2 i=2 icB
Next we continue to proceed this step, there is i=2,3,...,k or i=2,3,...,k — 1

such that m; + 1 =v;. So

h(Pu)=m(Ps) [[ m@CH]] m@)  (mx=2N)

i=k+1 i€B
or
(P )=m(P) [ @) ] (D) (mie=1,2).
i=k i€B
Since my_; =3,5 or my is an even number greater than or equal to 4, by Lemma 12,

we have that my =4,|J_, C,, = Ule Cm+1 and |B|=0. Hence,

k
H=ZK UK3U (U Cm,+l> .

i=1

Case 2: f=1, 1=0,r=0and n=1. So

H=K;U (U c) U (U D,«) ur (1", 159, 1),
i=1 ieB

From Propositions 2 and 4, it is clear that BC {4} and 151) =1, 1(21) =2 and 1(31) <4. We
replace lgl) by [3. For h1(1,2,13)=hi(Dr,+3), we have that /;(P,,) has no multiple
root. So,

1 (Puy) =1 (Pa) [T 1 (Co)R(1,1,13) T (D),
i=1 ieB’
where B’ C {4}.
Suppose [3>=2. Since h;(1,1,73)=h(Cr+2), similar to case 1, there are i,j=
1,2,...,k; i#j such that

U,‘:mi+1, 13:I1’lj—1.
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So
my=4, |B|=0,
namely, there is a j=1,2,...,k with

k
H~KU Ly%ﬂ uT(,1,m; —1).
i#]
Suppose /3 =1. For A;(1,1,1)=x+3, similar to the discussion of (4) and (5), there
is my =2N such that
i (P) = (x4 3)m(Pa) [ | m(Co) [] (D))
ied icB
or my = 1,2 such that
i (Bu_) = (x + 3)(Pa) [ [ m(C) [] (@)
ied icB

where A C{1,2,...,m},BC{4}. When m; =4, the formula above is false. When m; =
1,2 or m; =2/>4, both formulae above contradict Lemma 12.
Case 3: f=1, =0, r=0 and n=0. There is BC {4} such that

Hé&U<OQQU<UD).
i=1 i€EB

Since |V(H)|=|E(H)| and |V (Bu,)|#|E(By,)|, we know that H and B,, are not ad-
jointly equivalent, this is a contradiction.
Case 4: f=0,1=1 and n=r=0. There is BC{4,5,6,7} such that

() ()

Here set u; =u, by Proposition 4, we know that BC {4}. Thus

k m
11 MG @) =@ [ m(C) [] @) (me=2N) (6)
i=1 i=1 i€B
and
k m
I MG @ )= @) m(CH [[ @) (me=1,2). (7)
i=1 i=1 i€B

In (6), by Lemma 7(3), we have

<H m(C) [T M) (B, )) =1,
i=1

i€B
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thus &;(By, )| h1(R,). If u is an even, for the same reason, we have that /;(By, ) | hi(B,),
so u=my. If we eliminate A;(P,, ) from both sides of (6), there is BC {4} with

H 1 (Cyi1) = H m(Co) [T M.

i€B

Since my >4, comparing the least roots of both sides, in the above formula, we get
that |B| =0 and there is a j=1,2,...,k such that

J
H%iju <U Cm,+l) .

i=1

If u is odd, by Lemma 2(1), we have u=3,5 by symmetry. If u =3, similar to (4),
we have

h(Po)=h(P3) [ m(CH ] mDi), Ac{1,2,...,m}.

icd i€eB

This contradicts Lemma 12.

A similar contradiction occurs when u =35.

In (7), according to three cases, we have that u is even, u =3 and 5. Similar to the
discussion of (5), we can show that

(P ) =R [ m(Co) [T M),

icd i€B’

where B'CB, AC{1,2,...,m}. By Lemma 12, we know |4| =0, |B’|=0 and there is
u=23 with my =1, u=5 with my =2. Namely, if m; =1, then

J
H~P, U(U m+1) (j=1,2,....k—1),

or

k—2
HZ=P;UDyU (U Cm‘.+1> .

If m;, =2, then

N})mU<UCm+1> ]_1)277k_1)

The proof is completed. [
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