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1. Introduction

The Collatz function is defined on all positive integers x by:

_Jx/2 x even
fe) = {32{—}—] x odd.

Given any odd integer x, let X' = (3x 4+ 1)/2" where 2" is the highest power of 2 that divides 3x + 1. The reduced form of
the Collatz function is R(x) = x” and is defined only for odd integers.

The Collatz conjecture says that for all integers x > 0 there exists i such that fi(x) = 1 or, equivalently, that there exists
k such that R¥(x) = 1.

Despite the efforts of many people for about seventy years, the conjecture is still undecided. The efforts are well
documented in a very large literature. The problem has been attacked from many viewpoints. The Collatz function has been
studied in large domains: Integer, rational, real and even complex numbers (where a beautiful fractal has been obtained)
[5,3,4,9]. The Collatz conjecture has been also proved equivalent to many other conjectures in different contexts: Rewriting
systems, tag systems, etc. [7,2,6].

Our bibliography contains only a very small and incomplete selection of papers; we refer interested readers to the large
annotated bibliography in Lagarias [1]. The paper by Jean Paul Van Bendegem [10] is a philosophical essay on the 3x + 1
problem.

The paper is organized as follows: Section 2 shows the direct computation of Gy, as sets of binary strings, for the first few
values of k. Those computational experiments suggest that binary strings in Gy are the concatenation of k periodic strings
whose periods, that we call seeds, are of length 2, 6, 18, ..., 2 - 3*~1, In Section 3 some useful (and beautiful) properties of
seeds are proved. Section 4 contains the main result: A complete characterization of classes G as sets of binary strings.
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2. Computational experiments
Define the inverse R~ (x) of the reduced Collatz function as the set of odd integers such that y € R~'(x) iff R(y) = x. We

can easily see that

0 ifx=0 (mod 3)
X22m+2 -1

{ : mzo} ifx=1 (mod 3)

R'(x) = 3

X22m+1 -1 )
— :m=>0 ifx=2 (mod 3).

3
Let Gy the class of odd integers x that converge to 1 in k steps, i.e. such that R¥(x) = 1

The class Gy can be defined inductively by

Go = {1}

G = U R ().

xeGy—1
For a binary string s let [s] be the non-negative integer whose binary representation is s. In what follows we see classes
Gy as sets of binary strings.
Clearly Gy = {1}: The singleton set that contains only the binary string 1

Let us compute first G,
my+1 __ 1 m_
{ ~mlzo}= > 4 :m =04

Gi=J R ') =R =1—

X0€Go
> iy 4' as a binary string of length 2m; 4 2 we obtain 01™*1 j.e. the concatenation of one or more

If we representx; = ) .
copies of the binary string s; = 01 of length 2. Thus

G] = {[[Sr]nhq]] T my = 0} .
Now we can compute G, from G;.

G=J R )= G R ([[5’1“1“]]).

X1 €G1 mq =0

Since x; = Z 4 =
[t ] amet — 1

| BV

m; + 1 (mod 3) we obtain
2 H ?k1+2ﬂ 4m _ 1
:k1,m220 —:k1,m220

Compute first

2 .
[[sﬂ] §)41_43—1:7

3 3 3
and let s, = 000111 be the binary representation of 7 as a string of length 6.
A simple computation shows that [[53"1“]] /3 = [[s’;lsgz)]] where s[z) = 00 is the prefix of length 2 of s, and
9 — 0001 is the prefix of length 4 of s,. Moreover, [[sfk‘ﬂ]] mod 3 = 1 and

that [[ 3"‘“]] /3 = [[512‘1554)]] where s, =
[[sfk‘ﬂ]] mod 3 = 2.
Then
my+1 __ 1
Gz = { [[Skls[z)]] 4m2+1 + : k1, my > O}
4m2+1 -1
—— tky,my > 0}

L)

U{Z[[kl 9] 4m2 4
23[2)]] and [[ S11

We can write (4™*! — 1)/3 = > 4" in binary both as [[s

by 1 position.

]] where s1,; = 10 is the left rotation of s;
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Lengths of strings s} 2s [ ) and 5 215[1 >1 are respectively 2m; + 2 and 2m; + 1. Thus we conclude that

2 2 4 1
G, = {[{s2 oSo oSt At z)]] ke, my > 0} { 5! 05[2 bsT2st! )1]] D ky,my > 0}
where, for uniformity, s1,0 = s; and s o = s, (the unrotated seeds).
We can conclude that G, is the set of all integers whose binary representation starts with zero or more copies of
= 000111 and continues either by the preflx 5[2) 00 of s, followed by zero or more copies of s; o = 01 followed

by the prefix s] 0 =51 = 01 or by the prefix 52 o = 0001 followed by zero or more copies of s; 1 = 10 followed by the prefix

s[]D1 = 1. The representation of G, as a tree is:

S5 —Shy sty — sy o (000111)* ZOO — (01)* —o01
s st s 0001 — (10)* —1

where s* means concatenation of zero or more copies of s.!

We can compute G3 in the same way. However it is better to use a computer program to build and print the trees for Gs,
G4 and Gs. The tree for Gg is too big to be computed and printed.

The program inductively computes the tree for Gy from the tree for G, by computing R~!(z) for each branch z of the
tree; it is based on two mutually recursive procedures: Div3 and Div3Aux.

Div3(x, r) is called with parameters a node of type x = sy ; and an integer r which is the remainder of the division by
three of the ancestors of node x (r = 0 when the procedure is called with the root as input). The companion procedure
Div3Aux(z, y, r) is called with parameters a node of typey = sl,fz and an integer r which is the remainder of the division
by three of the ancestors of node y. Moreover, for each node x = s} ;, the procedure DIv3Aux is called three times with,
respectively, z = Sfm fori=0,1,2.

The two procedures can be described as follows in C-like pseudo code:

Dv3(x,r) [/x=s;,
1 w=r-s,

/| w is the concatenation of the binary string for r with three copies of s 4.
2 Spt1.0 = w/3 [/ Notice thatr = w mod 3 since sﬁ.d mod 3 = 0.
3 “build a new node x" with label s}; | ;" '
4  for “each son y of x”
5 fori=0 to2
6 y' = DIV3AUX(S}, 4, ¥, T)
7 ify # NIL
8 “add y’ as a new son of x
9

/9

return x’

Div3Aux(z,y,r). [ly = s,[f?j andz = s;'qqd for0 <i<?2.
¢ = £+ length of z

[6)
W=T-Z-Sy

SLQLd’ =w/3
" = w mod 3
if y is a leaf
ifr ==
return NIL
else [[r'==1o0rr ==
“build a new node y’ with label s
10 ifr ==
11 “add to y’ a single son s o followed by a leaf s’
12 else [[r'==2
13 “add to y a single son s7 ; followed by a leaf s}
14 else [/yisnota leaf. Let x be the son of y
15 X =Diwv3(x, 1)
16 “put ¥’ as the son of y
17 returny’

[y
h+1,d

O ONOOUhA W N =

[2) "

[1) ”

/9

1 The tree representation used for G, (and that that will be used for next classes Gy) is just the syntactic tree of a regular expression
(000111)*[00(01)*01 4 0001(10)*1]. Thus classes Gy are regular sets of strings.
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Many different implementations of those procedure have been written and used, starting from a naive one written when
no properties of the classes were already known and refining it as soon as more and more properties were discovered.
Here is the tree for G3 obtained as output of the program:

(000010010111101101)*

— 00 — (000111)* — 00 — (01)* — 01
N0001 - (10 o1
0000 — (100011)*  — 100 — (01)* =01
N10001 - (10 —1
N 00001001 — (011100)* — 01 - (10)* —1
N011100 - (01)*  — 01
0000100101 — (111000)* Zl - (10" —1

11100 — (01)* —o01
\‘00001001011110 — (110001)* — 1100 — (01)* —01

N 110001 — (10)* —1
~ 0000100101111011 — (001110)* —0 — (0)* —o01
N 001 — (10 —1
Let s5 = (000010010111101101)* be the root. Its sons are the six prefixes 5[32()) sg‘%, s[f()), s??, sg%g) and sQ?, each one

followed by the repetition of a different left rotation of s,: In order s} , S5 5, S5 5, S5 3, S5 4 @nd s; ;. In turn, each left rotation
of s, is followed by two of its prefixes of different length and then by the repetition of a rotation s , or s7 ; of s; followed by
a prefix of the rotation. By using this notation the tree becomes

s o oy, of) o, o)
N st o)

N Ly s s, o)
£ s, o8l

N Sy, o s, o)
R R

R e R
N s, o)

NP g, Sl s, o)
& s, o)

\sgl’g) —>5qu —>sgly)1 —>s’{y0 —>s[fé
N\ [3) §))

*
21 7St 7 S1a

Experimental results suggest that classes G; can be defined in terms of an infinite sequence of strings s, of length 2 - 3"~1,
We call s;, seed of order h.

Indeed, we will show that for each x € G, there exist integers g, dy, and ¢;, such that

a6 a [€2) a L
X = [[Sk,]dl5k.¢1115k2—1,d25k—21,d2 .- ~51’,<d,<51,1f1kﬂ

whereq, > 0,0 < £, <2-3"1 d; =0and, forh> 1,0 < dj < 2-3"2,

We can extend notation s'© (the prefix of length £ < A of a string s of length A) to all non-negative integers n (even
n > 1) by letting s™ denote the prefix of length n of a sufficiently long repetition of s, i.e. if ¢ = [n/A] and £ = n mod A
then si® = 59519 is the concatenation of q copies of s followed by the prefix s'©.

By using this extended notation, we can write the previous equation in a more compact form as

_ o n2) U9)
X = [[sk’fjlsk_zl’dz .. 'Sl,dk]] (1)

wheren, =2 3" g, + ¢, forh=1, ..., k.
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In Section 4 the intuition coming from computational experiments is proved, i.e. that all x € G has the binary
representation in Eq. (1).
Moreover the sequences of integers ny, d such that
[n1) [n2) [ng)
[[Sk,d1skfl,d2 ~~51,¢§kﬂ € G

are defined, thus giving a complete characterization of classes Gy.

3. Properties of seeds

Experimental results in Section 2 suggest that seeds are binary strings s, of length 21, where A, = 3"~1, and that seeds
can be defined inductively as s; = 01 and [s;] = [[sﬁ_l]] /3 for h > 1. The simple computation

2 .
3 >4
Hshq i=0

[sn] = = [sp_1] 4" 5 = 7 [sp—1] 41

shows that s, is well defined since [[sﬁfd] /3 is an integer.

Here are some properties of seeds sy, of rotations s, 4 and of extended prefixes s},").

Lemma 1 (Properties of Seeds). For all seed s, we have

Ap—1
1
Is+] 5t _wo 2)
Sh = — =
An Aht1
and
[ss] = 1 (mod 3). (3)
Proof. The proofis by induction. For the basis [s;] = 1 = (4' — 1)/3 = (4*! — 1) /A, and [s;] mod 3 = 1. For the inductive
step
Ap—1—1
! i 22: 1';) i
3 [sn—1] 4711 — )4t
HSH = [[Sh71]] = i=0 = i=0 -
" 3 3 3
2 Apa—1 2 Ap—1—1 .
Z( 4})41Ah_1 Z Z 41)Lh_1+j
_ =0 j=0 _i=0 j=0
An An
Ap—=1
41
_ ,g 4 —1
An Ant1
and
2 .
> [sn—1] 4™
[sn] = 'Z‘Jf = [sp_1] 417 =1 (mod 3). O
Lemma 2 (Properties of Left Rotations of Seeds). For0 < d < 2\,
[sna] = (Zd mod Apt1) [si] (4)
and
[sn.a] =2 (mod 3) (5)
and, for0 < d < Ay
[sha] + [Snass,] =4 — 1 (6)

(i.e. bits of string sy a4, are the complement of corresponding bits of sp 4) and, finally

4 h+1 [[Sﬁ,d/]]
[sht1a] =1 3 + 3

wherer = |d/(2\y)] and d’ = d mod 2A,.
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Proof. The proof for Eq. (4) is

[s] — [sx] mod 22—
+ 22ip—d
(Isn] mod 2%h=?) 4*h 4 [s] — [s,] mod 2244
22xp—d
([sn] mod 2%h=7) (4*h — 1) + [sp]
22xp—d
(Isn] mod 22%h79) Ay [sp] + [snl
22xp—d

A1 ([sh] mod 22%h—7) 4+ 1
= 22u—d [sn]

[sna] = (Isx] mod 2%1~4) 24

At
= ST [snl

(4 — 1) mod Ay 122179 + 1

= ST [sn]
22 mod Apyq224h 4

= S [snl
270=124 mod Apqq 221

= 920p—d Snl
224 (24 mod Ap1)

= 22h—d [sh]

= (2 mod Apy1) [sn] -

Aht1 (4'%_1 mod 22“"1) +1

The proof for Eq. (5) is
[sh,a] = sl (2 mod Api1) =27 (mod 3).

We can prove Eq. (6) only for d = 0: The cases of 1 < d < Ay are a simple consequence since rotations do not change the
pairs of bits at a distance A, from each other.

4 -1 241
sno] = [sul = =
[sho] Aht1 Aht1

24 41 2M 41
=( " _1>2“+2“——+ = [s12% + [5]
Aht1 Aht1

@ -1)

where s, s’ are the binary string of length A, such that

2% 41 2% 41
11 and [s] =2 — 1

Ant Ant1

[s] =

Then

2% 41 2% 41
* )2*h+ L

Ant1

[sna,] = [T 2% +[s] = <2kh -

24 41

Aht1

h+1

=4 _1

(2 —1) = 4" — 1= [so] -

Finally, by Eq. (7), 2¢ = 2¢ (mod A1) and {MJ = r (by the isomorphism of Z, and Z, ). Thus

M1 M1

29 mod A ,
29 mod Apys = LMJ A1 + (29 mod Apsz) mod Apyy = ripgs + 29 mod Apyg

Ant1
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and
[shs1.a] = (2% mod Apya) [snea]  (by Eq.(4))
= (r)\h-H +2¢ mod )»h+1) [sh+1]

= (rAhH + 2% mod kh+1> [[siﬂ /3

2

3 4t
— (m,H1 + 29 mod Ah+1) Is1] ":‘)3
S 4
= (r@ — 1) + [sna]) f=°3
3
_ Aot + [[Sh‘d/]]. O

3 3

Lemma 3 (Properties of Extensions of Seeds). Forn > 0,h > 0and q = [n/(2Xy)], £ = n mod 2X;

] = VJ (®)

Aht1
i) =[] /3] ©
sL =q Sh mod 3).
["] = a2 + [s’] (mod 3) (10)

Moreover, for0 < d < Appqandr = |d/(2Ap) ], d = d mod 24,

n [n)
s ] = LW]J (11)

Proof. The proof of Eq. (8) is by induction on q. For the basisq = 0andn = ¢ < 2\,
[[S[e)ﬂ _ 4)\.’1 —1 _ 2( 3 2@ _ 2@
" Apg1 22—t g1 Apgpr2% Ant1
where the last equality follows from
2¢ 1 2¢ { 2¢ J
—_— < — < —— | —|.
Mhp12P0 0 Appr T Apga Ant1
For the inductive step let n’ = n — 2A,. Then
, / 4 —1_, 2" 2%h —1_, 2" 2n
[s°] = tswp2" + [s"] = =—2" + = 2"+ = { J
A1 A1 At At A1

For Eq. (9)let k = [n/(2Ap4+1)]. Then

i = [ese0] = | ek | = 5| = 1 )

where the last equality holds because [[sﬁ"]] mod 3 = 0.
For Eq. (10)

[[51[1n)]] = [[Sﬂ] 2+ [[5;[1[)]] =q2' + [[S,[f)]] (mod 3)

where the last equality holds because [[SZH = g (mod 3).
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Finally, for Eq. (11), let k = [n/(2Ap+1)] so that [[sg"ll d]] = [[(sﬁﬂd)[")ﬂ.Then

=

—1
k _ 2Ap+1
[[sthl,d]] =) [sntr.a] 27

3
47h+1 1 Sy
<r + i

]] 2Aht1
3 3 ) 2 (by Eq. (7))

4kt [[Si{‘d/]]
3 + 3

K
k m] _ 2" 4 — 1 [[sg(d’]]
(5h+1,d) T | 22khpta r 3 + 3

on 4k nt1 [[S kd/ﬂ
= 22kApy1 r \\ J + 3
_ 2n r4k)\h+1 + S d’
| 22khptr

on  r4kn 4 5 d’ J

|
-

and

22kApt1 3

1 on S3k,
= 3(r2"+M>J
_ HHJ .

3

4. Convergence classes

The experimental results in Paragraph 1 suggest that each x € G has the binary representation given by Eq. (1), for some
integers n;, d; (1 <i < k).

Here we characterize integers n; and d; such that the x given by Eq. (1) is in Gx. We do so by defining a scheme 4§ which
is a set of lengths n; > 0 and left rotations dp, ; (for 1 <i < h < k).

Definition 1 (Scheme 4§y for G). A scheme 4§, for G, is given by the rotation d; ; = 0 and an even length n; = 0 (mod 2).
For k > 1 the lengths n; > 0 and left rotations dj, ; of a scheme 4y are defined by mutual induction by

(a) ny = £2 (mod 6),

(b) iy =ri—1,i-1(5 — 2[ri—1,j—1 — rii—1]) £ 1 (mod 6), for2 <i < k
(€) Nk = r—1,4—1 — 1 (mod 2)

(d) dpy =0,for1 <h <k,

(€) dni=dpn_1i+rh-1,i-12Ap—i—1,for2 <i<h <k

(f) dh,h =Th-1,h-1 — 1,for2 <h<k

where ry; = [[sL"}il)] s i ]] mod 3.
Lemma 4. Let 8y a scheme for Gy. Thenr,p, # 0for1 <h < k.

Proof. By induction on h. For the basis r; 1 = [[sg (‘1) ]] mod 3 and

[sver ] =[] = [s47%] = ni/2 (mod 3).

Then ry; # 0since ny = +2 (mod 6).
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Let h > 1 and assume ry_1 y—1 7 0. Then
[[sm’)l.l 5[1’13,),,1]] (mod 3)
ma12" + [si [ (mod 3)

= I'hh—1Th—1,n—1 + [[S["h) ﬂ (mod 3).

Lrp—1,p—1—1

Th,n

Ifrp_1p—1 = 1thenn, = 2mis even and

Thae1 + [[s[]n“)]] (mod 3)
Tha—1 + [s7] (mod 3)
=Typ—1+m (mod 3)
and so ryp # Oiff
m+ryp_1 # 0 (mod 3)

Th,n

np 4 2rpp—1 # 0 (mod 3)

Ny % thp—1 (mod 3).
Ifrp_14-1 = 2thenn, =2m+ 1is odd and
21 + [[s[ln’{)]] (mod 3)
= 2rp1 + [s7]  (mod 3)
=2rpp—1+m+1 (mod 3)
and so ry, # Oiff
m+1+2rpp-1 #0 (mod 3)

np+1+4+rp-1%0 (mod 3)
np # 2(rpp—1 + 1)  (mod 3).

In both cases
Ny # Th—1,h—1(Th=1,n—1 + pp—1 — 1) (mod 3).

Thus n;, satisfy the congruences

Th,n

Np = rp—1,p—1 — 1 (mod 2)
and either
=141 p—1(h—1,—1 + Mh—1 — 1) (mod 3)
or
My =2+ 1 p—1(h—1,—1 + Mp—1 — 1) (mod 3).
Using the Chinese Remainder Theorem, we can obtain in the former case
np = 3(p-10-1— 1 — 2[1+ rp—1p-1(Th—1,—1 + Thn—1 — 1]  (mod 6)
= rp-1,h-1[5 — 2(th-1,h-1 + Th,i-1)] + 1  (mod 6)
and in the latter case
np = 3h—1n-1 — 1) = 2[2+ 1 i—1(th—1,h—1 + The—1 — 1] (mod 6)
= rho1n-105 — 2(h—1,n—1 + r—1)] — 1 (mod 6).
Then ry, # 0iff
np = po1,h-1[5 — 2(M—1,n—1 — Tp—1)] £ 1 (mod 6)
and the later is true by definition of $;. O

Lemma 5. Let k > 1 and &, a scheme for Gy. Then for allh > 1

[n1) (-1 T _ [n1) [nh—1)
[[Shvdh.l o .Szvdh.h—l]] - H[Shflvdh—l,l o 'Sldh—l.h—l]] /BJ )

5417
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Proof. We will prove, by inductiononi =1, ..., h — 1, the more general equation

[n1) [n;) [n1) [n)
[[Sh,clihyl -~-5h—li+1,dh,,-]] = L[Shll,dh,l,l -~-5h_’f,d,,,1y,-]] /3J .

For the basisi = 1,dy 1 = dn—1,1 = 0 and Eq. (9) gives

] = ] = (B3] 2] = | 5]

Fori > 1, by applying the inductive hypothesis, we can obtain
[n1) [n) [n1) [ni—1) i i [n)
[[Shll,dh,l,l ...sh,‘,-,dhfl_iﬂ /3 = Nshjl,dhq.1 "'sh—li—l,dh,“,l]] /BJ 2M 4 (rhq,HZ"* + [[s,,,’,-_dhq’i]]) /3

[n1) [ni—1) i i [n)
= Hsh«‘lih.l o 'Sh—,i,:ih’i,l]] 2" + (rhfl,iflznl + [[Sh—ll.dh,i,iﬂ> /3

and then, by using Formula (11),

[ny) [ni) _ n) [ni—1) n; n; [n)
H[Sh%dh_],] "'Shii,dh_ly,-]] /3J = [[sh,dh1 '”Shli-dh_i—l]] 2M 4 L(rh_“_]z i Hshil-dh—i,i]]) /BJ
= [[551611})11 o 'Sgﬁ-ld)h.i—l]] 2" + [[S’[:gh—iﬂ,i]] = [[SL”J#)H o '5£1’1i)1+1,dh.iﬂ -

Lemma 6. Let 8, be a scheme for Gy and, for 1 < h < k, let x, = [[s,[l";z - s[lngi hﬂ. Then x, € Gp,.

Proof. The proof is by induction on h. For the base case h = 1, n; is even and
_ [l | _ [e2m+2)] _ +1
x| = [[51,}1111]] = [[51.,0 ]] = [[ST ]] € G.
For h > 1 we can prove
Xh_12nh -1

Xn= "3 € R (xy-1) C Gy

Indeed, by applying the inductive hypothesis, we can obtain

xp-2" -1 (3 LM%J + Th1,n—1)2™ — 1
3 N 3
If‘h—lJ P Th—1,h—12" — 1

3 3

Xp—
52+ b
[n1) [np—1) h [np)

Lﬂshﬁlvdh—m " 'S1xzh—11,h—lﬂ /BJ 2"+ [[s{l?ih,h]]
[Hlm) ) S[ﬂh—]) ]] 2M 4 [[S[{lZZh]]
Xp.

Jdpg tt02,dp o
O

Lemma 7. For all x € Gy there is a scheme 8 such that x = [[51[:1;13 s k]].

Proof. The proof is by induction on k. For the base case k = 1 the proof is straightforward:

G = {[[s’{'“]] S m > O] = {[[s?_g'”)ﬂ S m> 0]

andsox = [[5[12,6"“)]] for some m > 0. Then, choosing §; withn; = 2m 4 2 and d;; = 0, we obtainx = [[s[]"(‘jilﬂ

Let k > 1and lety € Gy_; such thatx € R™1(y).
By the inductive hypothesis there is a scheme $,_; such that

[n1) [nk—1)
y= [[Skrgl,quﬂ "'51~Zk—ll,k—]]] :
Moreover y mod 3 # 0 and
x=(y2"-1)/3

where, forsomem > 0,n =2m+ 2ifymod 3 =1andn=2m+ 1ify mod 3 = 2.
We can extend $_1 to 8, by settingny = n,dy1 = 0,dy; = dk—1,i+Tk—1,i—12Ak—i—1,for2 <i < k,and dy = rg—1x—1—1.

Then x = [[51[232.1 .. SEHZZkﬂ and x € Gy by the previous lemma. O
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Theorem 1 (Structure of Convergence Classes). x € Gy iff there exists a scheme &y, for Gy such that

_ D [nk)
x= Hsk,dk’] "'Sl,dk,k]] . (12)

Proof. Immediate from the last two lemmas. O

Given a scheme 4, we can compute the corresponding x € G, by Formula (12). In the reverse direction, given x € G, we
can compute the corresponding scheme 4y, as follows. Let x, = xand, forh =k — 1, ..., 1, compute x, = R(x41) and take
as ng, ng—1, - . . , N1 the exponents of the power of 2 at the denominators in R(x,1). We can easily prove that this sequence
of lengths satisfy points (a), (b) and (c) of the definition of a scheme. Then we can use points (d), (e) and (f) to compute
rotations dp ;.

For example, for x = 27 € G4; we obtain

i 1 2 3 4 5 6 7 8 9 10
n; 4 5 1 1 3 4 2 2 4 1
di.i 0 11 107 71 47 122 650 866 1154 6155
i 11 12 13 14 15 16 17 18 19 20
n; 1 1 3 1 1 1 1 1 2 1
dei | 4103 2735 1823 4859 3239 2159 1439 959 638 851
i 21 22 23 24 25 26 27 28 29 30
n; 2 1 1 3 2 1 1 1 2 1
dei | 755 566 503 335 890 1187 791 527 350 467
i 31 32 33 34 35 36 37 38 39 40
n; 1 2 1 2 2 1 1 1 1 2
dei | 311 206 275 182 242 323 53 35 5 2
i 41

n; 1

dy.i 1

Notice that s}y = 0" but for 5,3 = 00011,5,% =01lands;s’ = 1.

A final impleméntation of procedﬁres D1v3 and Div3Aux based on the scheme 4 (with a nice graphical interface) is
described in [8] (in Italian).
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