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Maciej Bocheński · Aleksy Tralle

Received: 3 February 2013 / Accepted: 9 August 2013 / Published online: 21 August 2013
© The Author(s) 2013. This article is published with open access at Springerlink.com

Abstract Bieliavsky introduced and investigated a class of symplectic symmetric spaces,
that is, symmetric spaces endowed with a symplectic structure invariant with respect to
symmetries. The theory of symmetric spaces has essential and interesting generalizations
due to the fundamental work of Gray and Wolf continued by many researchers. Therefore,
we ask a question about possible symplectic versions of such theory. In this paper we do obtain
such generalization, and, in particular, give a list of all symplectic 3-symmetric manifolds
with simple groups of transvections. We also show a method of constructing semisimple
(noncompact) symplectic k-symmetric spaces from a given (compact) Kähler k-symmetric
space.
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1 Introduction

A homogeneous k-symmetric space is a homogeneous space generated by a Lie group auto-
morphism of order k. It is a natural generalization of the concept of a symmetric space. The
geometry and a classification of generalized symmetric spaces were developed by Fedenko
and Kowalski [6,13]. Recently there was an increasing interest in topological questions of
the theory [12,17,18]. In [4] Bieliavsky built a symplectic version of the theory of symmet-
ric spaces. In this paper he expressed the classification problem of symplectic symmetric
spaces in terms of Lie algebras. In particular, a classification of semisimple symplectic sym-
metric spaces was obtained by studying infinitesimal objects called symplectic triples. Let
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X = (G/K , ω, s) be a simply connected, symmetric symplectic space. One can uniquely
identify this manifold with the appropriate triple (called the symplectic triple) (g, σ,�). The
Lie algebra g of a Lie group G has a reductive decomposition into (+1)- and (−1)-eigenspaces
of an involutive automorphism σ of g:

g = h + m

It is shown, that the existence of an invariant 2-form �, whose restriction to m × m is a
symplectic structure, is equivalent to the existence of an element Z in the center Z(h), which
has the injective adjoint representation on m. The latter characterization follows from the
work of Koh [11]. Then it is proved, that in the symmetric semisimple case, every nonzero
element in Z(h) has this property. This reduces the problem of the classification of simple
symplectic spaces to finding appropriate Lie algebras in Berger’s list of simple involutive Lie
algebras [2]. Our aim is to extend this result to the class of k-symmetric spaces. This is not
straightforward for several reasons (for example, Berger’s list is not applicable). However,
using general techniques from [13] together with modifications of Bieliavsky’s arguments,
a generalisation of Koh’s result, and a quite subtle kind of ”duality” between 3-symmetric
spaces of compact and non-compact type [7], we are able to extend some of his results to the
case of generalized symmetric spaces. In particular, we get a classification of 3-symmetric
spaces with simple transvection groups. The latter is given in Tables 1 and 21 at the end of
the article. Our work consists of three steps:

1. Description of symplectic k-symmetric spaces and the equivalence between k-symmetric
symplectic spaces and k-symmetric symplectic triples. This part mainly follows the line
of arguments in [13] and [4],

2. Establishing the properties of k-symmetric triples and a connection between symplectic
forms and elements of the center of h,

3. A classification theorem.

Methods used in this paper are based on classical Lie group theory. If necessary the reader may
consult [9] and [15]. Our notation and terminology are close to these sources, therefore, we
use this material without further explanations. Our basic reference for symplectic manifolds
is [14]

The main results are contained in Theorems 3,4,9, Tables 1 and 2 and Proposition 6.
In the context of the present work, we also mention classification results for symplectic

generalized symmetric spaces in small dimensions [5], and research on hermitian geometry
of (non-symplectic) generalized symmetric spaces [1].

2 Regular k-symmetric spaces

Definition 1 A regular k-symmetric symplectic manifold is a triple (M, ω, s), where M is a
manifold with a symplectic form ω, and the family of diffeomorphisms

s = {sx : M → M, x ∈ M}
which satisfies, for all x, y ∈ M , the following conditions:

1. sx (x) = x ,
2. sx is a symplectomorphism, such that sk

x = id and k ≥ 2 is the least integer with this
property,

1 We use standard notation. However, the sources like [9] and [15] slightly differ from each other, so one
should consult [7] for the details.
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3. sx ◦ sy = sz ◦ sx for z = sx (y),
4. the fixed point x of sx is isolated.

If we weaken the assumption demanding only that sx are diffeomorphisms, we get the notion
of regular k-symmetric space.

We begin with a general description of k-symmetric spaces following [13].

Definition 2 Let there be given a regular k-symmetric manifold (M, s). Consider the smooth
multiplication M × M → M defined by the formula x · y = sx (y). The group Aut (M) of
diffeomorphisms preserving the multiplication will be called the group of automorphisms of
(M, s).

It is proved in [13] that Aut (M) is a Lie group of transformations of M .

Definition 3 Let there be given a regular k-symmetric manifold (M, s).The group of
transvections G(M) of (M, s) is the closure in Aut (M) of the group generated by all auto-
morphisms of the form: sx ◦ s−1

y , x, y ∈ M .

We will need the Proposition below, which is proved in [13] (Theorems II.33 and II.35).

Proposition 1 Let (M, ω, s) be a regular k-symmetric space. Then G(M) is a connected
normal subgroup of Aut (M). Moreover G(M) is a transitive Lie group of transformations
of M.

This Proposition enables us to look at (M, s) as at a homogeneous space.

Definition 4 A regular homogeneous k-manifold is a triple (G, H, σ ), where G is a connected
Lie group, H ⊆ G is a closed subgroup, and σ : G → G is an automorphism of G such that:

1. σ k = id and k ≥ 2 is the least integer with this property,
2. (Gσ )o ⊂ H ⊂ Gσ , where Gσ = {g ∈ G | σ(g) = g} , and (Gσ )o is the identity

component of Gσ .

Proposition 2 (II.24 and II.45 in [13]) For (G, H, σ ) let A := id − σ ∗, h := ker A, m :=
I m A. Then h is a Lie algebra of H and the space G/H is reductive with respect to the
decomposition g = h + m.

Definition 5 (G, H, σ ) is said to be prime if G acts effectively on G/H and [m, m]h = h

(the index h indicates taking the h-component of a vector in g).

Theorem 1 (II.40 in [13]) Let o ∈ M and k ≥ 2. There is a one-to-one correspondence
between the pointed, connected, regular k-manifolds (M, s, o) and the prime, regular homo-
geneous k-manifolds (G, H, σ ).

Before proceeding to the symplectic case, we need one more observation.

Lemma 1 (Fitting decomposition, [13]) Let W be a finite dimensional vector space and
A : W → W be an automorphism. There is a unique decomposition W = W0A ⊕ W1A of W
into A-invariant subspaces, such that A |W0A is nilpotent, and A |W1A is an automorphism.
We also have:

W1A = ∩∞
i=1 Ai (W ) W0A = {v‖Ai (v) = 0 f or some i}.
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Let g be a Lie algebra with an automorphism ν of order k and let A := id − ν. Take
h := ker A and m := I m A, then g = h+m is the Fitting decomposition of g. It is sufficient
to show, that h = g0A, because A(h + m) = A(m). Assume that X ∈ g0A and X /∈ h.

Without loss of generality we get: AX 
= 0 and A2 X = 0. Thus, X − νX = Y for some
Y ∈ g, νY = Y,, and, therefore:

νX = X − Y

ν2 X = νX − νY = X − 2Y

· · ·
νk X = X − kY = X,

and hence Y = 0, a contradiction. We also get

[h, h] ⊆ h and [h, m] ⊆ m (*)

The first one is obvious. As for the second, one can notice that A |m is an automorphism. For
X ∈ m, Y ∈ h there is Z ∈ m such that X = AZ = Z − νZ . Finally

[X, Y ] = [Z − νZ , Y ] = [Z , Y ] − [νZ , νY ] = A[Z , Y ] ∈ m.

Consequently, the pair (g, ν) gives rise to the simply connected regular homogeneous k-
manifold (G, H, σ ), where ν = σ∗.

Definition 6 A homogeneous space G/H is called reductive, if there is a decomposition
g = h ⊕ m such that AdG(H)(m) ⊂ m.

Note that if H is connected, the reductivity condition is equivalent to (∗). It is clear from
our discussion that regular homogeneous k-symmetric spaces are reductive. The property of
reductivity will be used throughout the paper. More details can be found in [13].

Definition 7 The pair (g, ν) will be called k-symmetric. It is effective, if h does not contain
any proper ideal of g and prime, if it is effective and satisfies the equalty:

[m, m]h = h.

The decomposition g = h + m is called the canonical decomposition of a k-symmetric pair.

Let there be given a homogeneous k-symmetric manifold (G, H, σ ). If the group G acts
effectively on G/H, then the corresponding pair (g, ν) is called effective. Conversely, assume
that (g, ν) is effective. Then the map U → ad(U ) |m defined on h is injective. We have the
following. Let n be the set of all elements U ∈ h such that [U, m] = 0. For U

′ ∈ h, U ∈
n, X ∈ m we have [U, X ] = 0 and [X, U

′ ] ∈ m which implies
[
[U ′

, U ], X
]

=
[
U

′
, [U, X ]

]
+

[
U, [X, U

′ ]
]

= 0.

For Y ∈ h, U ∈ n, X ∈ m we obtain [[Y, U ], X ] = 0. Hence n is an ideal of g and n ⊂ h,
therefore n = (0).

Proposition 3 Let k ≥ 2. There is a one-to-one correspondence between k-symmetric, prime
pairs (g, ν) and simply connected prime homogeneous k-manifolds (G, H, σ ). The group G
corresponds to g, ν = σ∗ and H is a connected subgroup with the Lie algebra h = ker A,
where A = id − ν.

We also need the following.

123



Geom Dedicata (2014) 171:329–343 333

Proposition 4 Let (g, ν) be a k-symmetric pair in which g is a simple Lie algebra. Then
(g, ν) is prime.

Proof It suffices to notice, that c := m + [m, m] is an ideal of g. ��
Definition 8 A connected regular pointed k-symmetric space (M, s, o) is called simple, if
G = G(M) is a simple Lie group.

Now it is easy to see that we can identify isomorphic classes of simply connected simple
k-symmetric spaces (M, s, o) with the isomorphic classes of simply connected prime homo-
geneous k-manifolds (G, H, σ ), and isomorphic classes of k-symmetric prime pairs (g, ν).

We can use interchangeably those objects as a description of a fixed k-symmetric manifold.
Now we must check, if the above construction works in the symplectic category. We need
the following theorem:

Theorem 2 (II.25 in [13]).

1. Let (G, H, σ ) be a regular homogeneous k-manifold, π : G → G/H be the canonical
projection. Define the transformation ŝ of G/H induced by σ , that is, defined by the
equality ŝ ◦ π = π ◦ σ on G. Let G act on G/H by left translations. Then putting:

ŝπ(g) = g ◦ ŝ ◦ g−1 for each g ∈ G, (1)

we obtain a well defined family s = {ŝx | x ∈ G/H} of diffeomorphisms of G/H.
(G/H, s) is a connected, regular k-manifold and G acts as a group of automorphisms
of it.

2. Conversely, let (M, s, o) be a connected, regular k-manifold and o ∈ M be a fixed point.
Let G be the identity component of the automorphism group Aut (M) and Go the isotropy
subgroup of G at o. Define a map σ : G → Aut (M) by the formula

σ(g) = so ◦ g ◦ s−1
o f or g ∈ G.

Then σ is an automorphism of G, and (G, Go, σ ) is a regular homogeneous k-manifold.
Also, M ∼= G/Go and the symmetries sx are given by formula 1 for s = so.

Assume now, that (M, ω, s, o) is a k-symmetric, symplectic pointed space and let (g, ν) be the
corresponding k-symmetric pair. There is a differential 2-form � on g given by the pullback
of ω |o by (π∗ωo)e, where π : G → M is the canonical projection. The form � is closed
and nondegenerate on m. The form ω is invariant under the action of G ⊆ Aut (M, ω, s) and
every sx , so the form � is adh-invariant and ν = σ∗-invariant.

Conversely - take (g, ν,�) where � is adh- and ν-invariant symplectic form on m. Let
(G, H, σ ) be the corresponding simply connected, k-symmetric homogeneous manifold. Let
� be a 2-form on g obtained from � by extending by 0 in h, so that i(X)� = 0 for x ∈ h.

We get a nondegenerate G-invariant form ω on G/H such that (ω = π∗ω). In the sequel
we will use the basics of the Lie algebra cohomology [16]. Let C p(g) denote the space of
p-cochains in g over reals and let δ be a coboundary operator for the trivial representation of
g on R. Because � is adh-invariant, it is a Chevalley 2-cocycle. This means that ω is closed.
We conclude that, by Eq. 1, ω is invariant with respect to symmetries sx .

Definition 9 A triple (g, ν,�) is called a prime k-symmetric symplectic triple, if the fol-
lowing conditions are satisfied:

• ν is an automorphism of g such that νk = id and k ≥ 2 is the least number with this
property;
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• for the canonical decomposition g = h⊕m, the Lie algebra h does not contain any proper
ideal of g (⇔ h acts effectively m ) and

[m, m]h = h.

• � is an adh-invariant symplectic form on m and ν |m is a symplectomorphism of the
symplectic vector space (m,�).

If g is semisimple (simple, reductive), then the triple (g, ν) is called semisimple (simple,
reductive).

Theorem 3 For every k ≥ 2 there is a one-to-one correspondence between prime symplectic
k-symmetric triples (g, ν,�) and simply connected k-symmetric pointed spaces (M, ω, s, o).
This correspondence is described as follows: g is the Lie algebra of G(M), ν is the differential
of the automorphism of G(M) generated by so, and � is the pullback of ω by the canonical
projection.

3 Singling out symplectic k-symmetric triples

In this section we will effectively describe how one can single out a k-symmetric symplectic
pair in the class of k-symmetric triples. We begin with the following proposition.

Proposition 5 If (g, ν) is semisimple then the Killing form of g is nondegenerate on h and
on m.

Proof If (g, ν) is a semisimple k-symmetric triple then the Killing form B of g is nondegen-
erate. Moreover:

B(x, y) = B(νx, νy) f or x, y ∈ g

Thus for x ∈ h and y ∈ g we have

B(x, y) = B(x, νy) ⇒ B(x, y − νy) = 0 ⇒ B(x, Ay) = 0

But A(g) = m so h and m are B-orthogonal. ��
The following fact is well known.

Lemma 2 Let g be a semisimple finite-dimensional Lie algebra over a field K of character-
istic 0. Let M be a finite-dimensional g-module. Then:

1. H1(g, M) = 0,

2. H2(g, M) = 0.

It follows that

� = −da a ∈ g∗.

For any Lie algebra t we have b ∈ t ⇒ db(X, Y ) = −b([X, Y ]) so:

−i(h)�(X) = 0 ⇒ a([h, m]) = a([h, h]) = 0.

Since the Killing form B is nondegenerate, the 1-form a is dual to some element Z ∈ g with
respect to B by the formula

B(Z , •) = a(•)

∀X,Y∈g �(X, Y ) = B(Z , [X, Y ]).
The latter implies the following result.
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Theorem 4 A semisimple k-symmetric pair (g, ν) is symplectic if and only if there is Z ∈
Z(h) such that ker(adZ |m) = 0.

Proof Let (g, ν) be symplectic. There is Z ∈ g such that

�(X, Y ) = B(Z , [X, Y ]).
Let Z = h + m, we have:

∀h1∈h ∀m1∈m B(Z , [h1, m1]) = 0

B([h + m, h1], m1) = 0

but h is a subalgebra, also m and h are B-orthogonal, so

∀h1∈h ∀m1∈m B([m, h1], m1) = 0.

The Killing form is nondegenerate on m and [h, m] ⊂ m therefore

∀h1∈h [h1, m] = 0.

Assume, that m 
= 0. The symplectic form is nondegenerate on m:

∃m2∈m B(Z , [m, m2]) 
= 0

B([h + m, m], m2) 
= 0

B([h, m] + [m, m], m2) 
= 0

B(0, m2) 
= 0,

a contradiction, which implies Z = h. Because i(h)�(X) = 0 we get

∀h1,h2∈h B(h, [h1, h2]) = 0

B([h, h1], h2) = 0,

and because B is nondegenerate on h we obtain

∀h1∈h [h, h1] = 0,

which implies Z ∈ Z(h).

Conversely, define a 2-form � by

�(X, Y ) := B(Z , [X, Y ]) = B([Z , X ], Y ).

It is nondegenerate on m because B is nondegenerate on m and i(W )� = 0 for W ∈ h.
Furthermore � is closed by Lemma 2. Now it is sufficient to notice, that ν(Z) = Z . The
latter follows from the equalities below.

B(Z , [ν(X), ν(Y )]) = B(Z , ν[X, Y ]) = B(ν(Z), ν[X, Y ]) = B(Z , [X, Y ]).
��

In view of the latter theorem, it will be convenient to use the following terminology.

Definition 10 An element Z such that Z ∈ Z(h) and ker(adZ |m) = 0 will be called
injective.

Now Theorem 4 can be fomulated as follows. A semisimple k-symmetric pair (g, ν) is
symplectic if and only if it has an injective element.
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4 Classification of 3-symmetric symplectic spaces

4.1 Classification of 3-symmetric spaces

In [7] Gray and Wolf presented (inter alia) a classification of simple, simply connected
3-symmetric manifolds X = G/H, where group G acts effectively on X. Compact and
noncompact spaces are treated separately. In the first case the classification is divided into
the following three subcases :

C1: G is a simple Lie group, H is a centralizer of a torus, rank G = rank H
C2: G is a simple Lie group, H is semisimple with center Z3, rank G = rank H
C3: rank G > rank H

At the second step of their analysis, they use the above list and study the noncompact case
by a certain construction which we are going to describe now. Here are the basic steps of it.
Step 1 Let G be a reductive non-compact Lie group with Lie algebra g and let H be a closed
and reductive subgroup of G with the Lie algebra h. Assume that G acts effectively on
X = G/H. There exists a Cartan involution σ of g which preserves h and we can decompose
g into (+1)- and (−1)-eigenspaces of σ (this is the Cartan decomposition):

g = gσ + m h = hσ + (h ∩ m).

We obtain compact real forms of gC and hC :
gu = gσ + im hu = hσ + i(h ∩ m)

Then the following result holds.

Lemma 3 (Lemma 7.4 in [7]) There is a unique choice of Lie group Gu with Lie algebra gu

which has the properties (Zu denotes the identity component of the center of Gu):

1. the analytic subgroup Hu for hu is closed,
2. the action of Gu on Xu = Gu/Hu is effective,
3. X

′
u = Gu/Zu Hu is simply connected, the natural projection Xu → X

′
u is a principal

torus bundle with group Zu, and π1(Xu) ∼= π1(Zu), free abelian of rank dim Zu .

Step 2 Let X = G/H be a coset space of compact and connected Lie groups G and H with
Lie algebras g and h. Let G act effectively on X and let σ be an involutive automorphism of
g which preserves h. In the compact case such automorphism always exists, since a compact
Lie group contains a circle subgroup, say S. Thus, one can take an inner automorphism
generated by s ∈ S ⊂ H of order 2. We have the following decomposition into (+1)- and
(−1)-eigenspaces of σ :

g = gσ + m h = hσ + (h ∩ m).

This decomposition defines real forms of gC and hC :
g∗ = gσ + im h∗ = hσ + i(h ∩ m). (2)

Furthermore, g∗ is reductive, h∗ is reductive in g∗, and the following result holds.

Lemma 4 (Lemma 7.5 in [7]) There is a unique simply connected coset space G∗/H∗,
where G∗ is a connected Lie group with the Lie algebra g∗, H∗ is a closed subgroup of
G with the Lie algebra h∗, and G∗ acts effectively on X∗. Let F be a torsion subgroup
of π1(X). Then F can be viewed as a finite central subgroup of G∗

u (cf. Step 1) such that
G = G∗

u/F, H = (H∗
u F)/F and X = X∗

u/F.
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Step 3 Let (g∗, ν) be a noncompact prime 3-symmetric pair and assume that g∗ is semisimple.
We will show, that it can be obtained from some compact 3-symmetric space by the procedure
from Lemma 3. This pair defines a 3-symmetric space X∗ = G∗/H∗. First, we will assign
a compact 3-symmetric space X to X∗. Extend ν by linearity to an automorphism of (g∗)C

and let L be a maximal compact subgroup of I nt ((g∗)C) containing ν. It is known that
for any complex semisimple Lie algebra a, any maximal compact subgroup of a Lie group
A = I nt (a) corresponds to a compact real form of a. Because of that, we may conclude
that L defines a compact real form g of g∗C by exp(adg) which is the identity component
L0 of L . We have ν(g) = g, so let h = gν and obtain a simply connected homogeneous
space X = G/H with connected G acting effectively on X . Using Lemma 3 we also have
a correspondence between X∗ = G∗/H∗ and X∗

u = G∗
u/K ∗

u . As g and g∗
u are compact

real forms, there is an automorphism α of (g∗)C sending g to g∗
u . Furthermore h and h∗

u are
compact real forms of (g∗)C)ν so we have α(h) ∼= h ∼= h∗

u, thus there is also an automorphism
β of α(g) = g∗

u which sends α(h) to h∗
u . Therefore βα : g ∼= g∗

u sends h to h∗
u, and so induces

an isomorphism from X to X∗
u . As a result we can view X∗ = G∗/H∗ as a space constructed

from X = G/H by the procedure described in Lemma 4, provided that we view h := gφ,

where an automorphism of order 3 is defined as φ = β ◦α◦ν ◦α−1 ◦β−1. We can summarize
these observations as follows. We will say that a 3-symmetric space of non-compact type
G∗/H∗ is obtained from a 3-symmetric space of compact type by a canonical procedure, if
G∗/H∗ corresponds to G/H in accordance with Lemma 4, or by a complexification.

Theorem 5 Any simple 3-symmetric space G∗/H∗ of non-compact type is obtained from
some compact 3-symmetric simple space by a canonical procedure.

Now, one only needs to check what spaces can be obtained from [C1]–[C3] by the pro-
cedure from Lemma 4, and therefore obtain the classification of noncompact simple 3-
symmetric spaces X∗ = G∗/H∗ where G∗ acts effectively:

NC1 : G∗ is a simple Lie group, H∗ is a centralizer of a compact toral subgroup. This class
consists of G∗, which are obtained from spaces in C1 (by the procedure from Lemma
4 or by complexification).

NC2 : G∗ is a simple Lie group, H∗ is not a centralizer of a compact toral subgroup,
rank G∗ = rank H∗. This class consists of G∗, which are obtained from spaces in
C2 (by the procedure from Lemma 4 or by complexification)

NC3 : rankG∗ > rank H∗

4.2 Classification of 3-symmetric symplectic spaces

We begin with the compact case.

Theorem 6 (Theorem 9.5 in [7]) Let X = G/H where G is a compact Lie group, H is a
centralizer of a torus. Then X is equipped with an invariant Kähler structure.

Therefore, all spaces from the class C1 are symplectic. Classes C2 and C3 have no symplectic
representatives, because in each simple space the center of the isotropy subgroup is discrete
and, therefore, has no injective elements. All spaces from C1 are presented in Table 1.

Now we can analyze the noncompact case. Let σ be an involutive automorphism of g. Let

g = h ⊕ mA

be the canonical reductive decomposition, determined by some automorphism of order 3.
Note that this time we denote the reductive complement by mA, since m is reserved for the
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Table 1 Compact spaces

G K

SU (n)/Zn ,

n ≥ 2
S{U (a) × U (b) × U (c)}/Zn ,

0 ≤ a ≤ b ≤ c, 0 < b, a + b + c = n
SO(2n + 1)

n ≥ 1
U (a) × SO(2n − 2a + 1),

1 ≤ a ≤ n

Sp(n)/Z2
{U (a) × Sp(n − a)}/Z2,

1 ≤ a ≤ n
SO(2n)/Z2,

n ≥ 3
{U (a) × SO(2n − 2a)}/Z2
1 ≤ a ≤ n

G2 U (2)

F4 {Spin(7) × T 1}/Z2, {Sp(3) × T 1}/Z2

E6/Z3
{SO(10) × SO(2)}/Z2, {S(U (5) × U (1)) × SU (2)}/Z2,

{[SU (6)/Z3] × T 1}/Z2, {[SO(8) × SO(2)] × SO(2)}/Z2

E7/Z2
{E6 × T 1}/Z3, {SU (2) × [SO(10) × SO(2)]}/Z2,

{SO(2) × SO(12)}/Z2, S{U (7) × U (1)}/Z4
E8 SO(14) × SO(2), {E7 × T 1}/Z2

A/Zn denotes the quotient of A by the central subgroup which is cyclic of order n. If A = B × C, then A/Zn
is B × C glued along central cyclic subgroups of order n. S{. . .} denotes elements with determinant equal to
1. SO∗(n) denotes the real form of SO(n, C), n = 2m with maximal compact subgroup U (m).

(−1)-eigenspace of the involution σ . We can assume that σ(h) = h. Then

B(σ (h), σ (mA)) = B(h, mA) = 0

hence

B(h, σ (mA)) = 0.

Because the Killing form B is nondegenerate on h, we get the equality σ(mA) = mA.

Therefore the following equalities yield a decomposition into eigenspaces of σ :
h = h1 ⊕ h2 mA = m1 ⊕ m2

h∗ = h1 ⊕ ih2

We need the following result.

Lemma 5 Assume that G/H is 3-symmetric symplectic and compact. If dim Z(h) = 1,

then any 3-symmetric homogeneous space G∗/H∗ obtained by a canonical procedure, also
possesses an injective element (and, therefore, is symplectic).

Proof Every element g ∈ g∗ and h ∈ h∗ can be written as

g = h1 + m1
A + ih2 + im2

A h = h
′ + ih

′′
,

for h1, h2, h
′
, h

′′ ∈ h and m1
A, m2

A ∈ mA. Moreover, an automorphism σ acts as the
identity on h1, h

′
, m1

A and minus the identity on h2, h
′′
, m2

A. Let Z = h
′ + h

′′
be an

injective element in the center of h, and let h = h1 + h2 be any element in h decomposed
with respect to σ . The following equalities hold

[h ′ + h
′′
, h1] = 0

[h ′
, h1] + [h ′′

, h1] = 0

σ([h ′
, h1] + [h ′′

, h1]) = σ(0)

[h ′
, h1] − [h ′′

, h1] = 0
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We have [h ′
, h1] = [h ′′

, h1] = 0, analogously

[h ′ + h
′′
, h2] = 0

gives us [h ′
, h2] = [h ′′

, h2] = 0. Therefore, h
′
, h

′′ ∈ Z(h). The center of h is one-
dimensional, and σ acts on h

′
by id, and by −id on h

′′
, so h

′ = 0 or h
′′ = 0. Without

loss of generality assume h
′′ = 0, therefore h

′
is injective. Let:

[h ′
, h1 + m1

A + ih2 + im2
A] = 0

for any g = h1 + m1
A + ih2 + im2

A in g∗. Vector Z = h
′

is in the center of h, so

[h ′
, h1 + m1

A + ih2 + im2
A] = [h ′

, m1
A + im2

A] = [h ′
, m1

A] + i[h ′
, m2

A] = 0

therefore m1
A = m2

A = 0, because Z is injective on mA. ��
We also need the following properties.

Theorem 7 (Theorem 13.3(1) in [19]) Let X = G/H, where H is a connected subgroup of
maximal rank in a compact connected Lie group G. Let σ be an automorphism of G which
preserves H, thus acts on X, and preserves some G-invariant almost complex structure on
X. Then the following conditions are equivalent, and each implies that σ preserves every
G-invariant almost complex structure on X :
1. σ is an inner automorphism of G,

2. σ = ad(t) for some element t ∈ H.

We also have theorem 7.7(ii) from [7] for a special case � = {1, φ, φ2} where φ is an
automorphism of g∗, which defines a 3-symmetric structure.

Theorem 8 Let X = G/H where G is compact connected Lie group with closed and con-
nected subgroup H and let G act effectively on X. Let σ be an involutive automorphism of
G which preserves H. Let X∗ = G∗/K ∗ be the simply connected space described in Lemma
4. Then:

1. G-invariant and σ -invariant almost complex structures on X are in one-to-one corre-
spondence with G∗-invariant and σ -invariant almost complex structures on X∗.

2. X∗ has a G∗-invariant and σ -invariant almost complex structure.

Now we can continue our classification of symplectic 3-symmetric spaces. We will show,
that all spaces in NC1 are symplectic. To do this, we have to prove, that every space in this
class has an injective element. All such spaces are constructed from G/H belonging to C1,
and so G/H has an invariant Kähler structure ((·, ·), ω, J ). Note that in what follows we
will use the well-known relation between the Riemannian metric (·, ·), the (almost) complex
structure J and the Kähler (symplectic) form ω:

(·, ·) = ω(·, J ·).
Also, we will consider invariant almost complex structures on reductive homogeneous spaces
G/H . A general description of such structures can be found in [10] (Proposition 6.5, Chapter
X). We use the following: there is a one-to-one correspondence between G-invariant almost
complex structures on G/H and linear endomorphisms J : m → m such that J 2 = −id and
J ◦ Ad t = Ad t ◦ J for any t ∈ H . If H is connected, the latter is equivalent to the identity

J ◦ ad h = ad h ◦ J,∀h ∈ h.
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Table 2 Noncompact spaces

G∗ K ∗

SU (n − m, m)/Zn S{U (a − s, s) × U (b − t, t) × U (c − p, p)}/Zn
a + b + c = n, s + t + p = m, 0 ≤ a ≤ b ≤ c, 1 ≤ b,

0 ≤ 2s ≤ a, 0 ≤ 2t ≤ b, 0 ≤ 2p ≤ c
SL(n, R)/Z2 {SL( n

2 , C) × T 1}/Z n
2

n ≡ 0(2)

SL( n
2 , H)/Z2 {SL( n

2 , C) × T 1}/Z n
2

n ≡ 0(2)

SL(n, C)/Zn S{GL(a, C) × GL(b, C) × GL(c, C)}/Zn
a + b + c = n, 0 ≤ a ≤ b ≤ c, 1 ≤ b

SO(2n + 1 − 2s − 2t, 2s + 2t) U (a − s, s) × SO(2n − 2a + 1 − 2t, 2t)
1 ≤ a ≤ n, 0 ≤ 2s ≤ a

SO(2n + 1, C) GL(a, C) × SO(2n − 2a + 1, C)

1 ≤ a ≤ n
Sp(n − s − t, s + t)/Z2 {U (a − s, s) × Sp(n − a − t, t)}/Z2

1 ≤ a ≤ n, 0 ≤ 2s ≤ a, 0 ≤ 2t ≤ n − a
Sp(n, R)/Z2 {U (a − s, s) × Sp(n − a, R)}/Z2

1 ≤ a ≤ n, 0 ≤ 2s ≤ a
Sp(n, C)/Z2 {GL(a, C) × Sp(n − a, C)}/Z2

1 ≤ a ≤ n
SO(2n − 2s − t, 2s + t)/Z2 {U (a − s, s) × SO(2n − 2a − t, t)}Z2

1 ≤ a ≤ n, 0 ≤ 2s ≤ a, 0 ≤ t ≤ n − a
SO∗(2n)/Z2 {U (a − s, s) × SO∗(2n − 2a)}Z2

1 ≤ a ≤ n, 0 ≤ 2s ≤ a
SO(2n, C)/Z2 {GL(a, C) × SO(2n − 2a, C)}/Z2

1 ≤ a ≤ n
G2 U (2)

G∗
2 = G2,A1 A1 U (2), U (1, 1)

GC
2 GL(2, C)

F4 {Spin(7) × T 1}/Z2, {Sp(3) × T 1}/Z2
F4,B4 {Spin(7 − r, r) × T 1}/Z2, {Sp(2, 1) × T 1}/Z2

r = 0, 1
F4,C3C1 {Spin(7 − r, r) × T 1}/Z2, {Sp(3 − t, t) × T 1}/Z2

{Sp(3, R) × T 1}/Z2
r = 2, 3; t = 0, 1

FC
4 {Spin(7, C) × C∗}/Z2,

{Sp(3, C) × C
∗}/Z2

E6/Z3 {SO(10) × SO(2)}/Z2
{S(U (5) × U (1)) × SU (2)}/Z2, {[SU (6)/Z3] × T 1}/Z2
{[SO(8) × SO(2)] × SO(2)}/Z2

E6,A1 A5 {SO∗(10) × SO(2)}/Z2, {SO(6, 4) × SO(2)}/Z2
{S(U (5 − p, p) × U (1)) × SU (2 − s, s)}/Z2,

(s, p) = (0, 0), (0, 1), (0, 2), (1, 2)

{[SU (6 − p, p)/Z3] × T 1}/Z2, p = 0, 2, 3
{[SO∗(8) × SO(2)] × SO(2)}/Z2
{[SO(8 − p, p) × SO(2)] × SO(2)}/Z2, p = 2, 4

E6,D5T 1 {SO(10 − p, p) × SO(2)}/Z2, {SO∗(10) × SO(2)}/Z2, p = 0, 2
{S(U (5 − p, p) × U (1)) × SU (2 − s, s)}/Z2,

(s, p) = (1, 0), (0, 1), (1, 1), (0, 2)

{[SU (6 − p, p)/Z3] × T 1}/Z2, p = 1, 2
{[SO∗(8) × SO(2)] × SO(2)}/Z2
{[SO(8 − p, p) × SO(2)] × SO(2)}/Z2, p = 0, 2

EC
6 /Z3 {SO(10, C) × C

∗}/Z2
{S(GL(5, C) × C

∗) × SL(2, C)}/Z2, {[SL(6, C)/Z3] × C
∗}/Z2

{[SO(8, C) × C
∗] × C

∗}/Z2
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Table 2 continued

G∗ K ∗

E7/Z2 {E6 × T 1}/Z3, {SU (2) × [SO(10) × SO(2)]}/Z2
{SO(2) × SO(12)}/Z2, S(U (7) × U (1))/Z4

E7,A7 {E6,A1 A5 × T 1}/Z2, {SU (2) × [SO∗(10) × SO(2)]}/Z2
{SU (1, 1) × [SO(6, 4) × SO(2)]}/Z2
{SO(2) × SO∗(12)}/Z2, {SO(2) × SO(6, 6)}/Z2
S(U (7 − p, p) × U (1))/Z4, p = 0, 3

E7,A1 D6 {E6,D5T 1 × T 1}/Z2, {E6,A1 A5 × T 1}/Z2

{SU (2 − p, p) × [SO(10 − s, s) × SO(2)]}/Z2,

(p, s) = (0, 0), (0, 2), (1, 2), (0, 4)

{SU (1, 1) × [SO∗(10) × SO(2)]}/Z2
{SO(2) × SO(12 − p, p)}/Z2, S(U (7 − s, s) × U (1))/Z4,

p = 0, 4 s = 1, 2, 3
E7,E6T 1 {E6 × T 1}/Z3, {E6,D5T 1 × T 1}/Z2

{SU (1, 1) × [SO(10) × SO(2)]}/Z2, {SU (2) × [SO∗(10) ×
SO(2)]}/Z2
{SO(2) × SO∗(12)}/Z2, {SO(2) × SO(10, 2)}/Z2
S(U (7 − s, s) × U (1))/Z4, s = 1, 2

EC
7 /Z2 {EC

6 × C
∗}/Z3, {SL(2, C) × [SO(10, C) × C

∗]}/Z2
{C∗ × SO(12, C)}/Z2, S{GL(7, C) × C

∗}/Z4
E8 SO(14) × SO(2), {E7 × T 1}/Z2
E8,D8 SO(14) × SO(2), SO(8, 6) × SO(2), SO∗(14) × SO(2)

{E7,A1 D6 × T 1}/Z2, {E7,A7 × T 1}/Z2
E8,A1 E7 SO(12, 2) × SO(2), SO(10, 4) × SO(2), SO∗(14) × SO(2)

{E7 × T 1}/Z2, {E7,E6T 1 × T 1}/Z2, {E7,A1 D6 × T 1}/Z2

EC
8 SO(14, C) × C

∗, {EC
7 × C

∗}/Z2

Table 3 Noncompact spaces of outer automorphism

SL(n, R)/Z2 {SL( n
2 , C) × T 1}/Z n

2
n ≡ 0(2)

SL( n
2 , H)/Z2 {SL( n

2 , C) × T 1}/Z n
2

n ≡ 0(2)

SO(2n − 2s − t, 2s + t)/Z2 {U (a − s, s) × SO(2n − 2a − t, t)}Z2
1 ≤ a ≤ n, 0 ≤ 2s ≤ a, 0 ≤ t ≤ n − a

We will consider two cases determined by the type of involutive automorphism σ (it may
be inner or outer). We should keep in mind that the spaces belonging to the class NC1 are
obtained by the canonical procedure from C1 and correspond either to inner σ , or to outer σ ,
or to the complexification. For example, all non-compact 3-symmetric spaces G∗/H∗ from
Table 3 belong to NC1.
Case 1 σ is an inner automorphism. Then, based on above properties, σ = ad(t) for some
t ∈ H and σ preserves any G-invariant almost complex structure. Assume that the injective
element for the form ω is Z = h

′ + h
′′

(the decomposition is taken with respect to σ)). As
in the proof of Lemma 5 we show that h

′
, h

′′ ∈ Z(h). Then

∀X,Y∈mA ω(X, Y ) = B(h
′ + h

′′
, [X, Y ]).
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Assume that h
′ 
= 0 and M1 + M2 
= 0 is in the kernel of adh′ . Then

[h ′
, M1 + M2] = 0

σ([h ′
, M1 + M2]) = [h ′

, M1 − M2] = 0,

hence [h ′
, M1] = [h ′

, M2] = 0. Without loss of generality take M1 
= 0. Because J is
G - invariant we have 0 = J [h ′

, M1] = [h ′
, J M1]. Therefore:

0 < (M1, M1) = ω(J M1, M1) = B(h
′ + h

′′
, [J M1, M1]) = B(h

′′
, [J M1, M1])

Because J is σ -invariant and σ(M1) = M1 we have:

B(h
′′
, [J M1, M1]) = B(σ (h

′′
), σ ([J M1, M1])) = −B(h

′′
, [J M1, M1]),

0 < B(h
′′
, [J M1, M1]) = 0,

a contradiction. Therefore either h
′ = 0 or h

′
has trivial kernel. As in Lemma 5, h

′
or h

′′
is

injective and h∗ has an injective element.
Case 2 σ is outer. From [7] we know that all spaces in NC1 which correspond to an outer
automorphism are presented in Table 3. The first two manifolds are constructed from G =
SU (n)/Zn, H = S{U (a) × U (a)}/Zn for 1 ≤ a ≤ n − 1. Here the center of the isotropy
subgroup is one-dimensional, so the existence of an injective element follows from Lemma
5. The last space comes from G = SO(2n)/Z2, H = {U (a) × SO(2n − 2a)}/Z2 for
1 ≤ a ≤ n − 1. When a 
= n − 1 we can again use Lemma 5.

For a = n − 1 we have G = SO(2n)/Z2, H = {U (n − 1) × SO(2)}/Z2 and σ =
ad(t) where t = diag(k1, k2), k1 ∈ U (n − 1), k2 ∈ O(2) and detk2 = −1. But G =
SO(2n)/Z2, H = {U (n − 1) × SO(2)}/Z2 and G = SO(2n)/Z2, H = {U (n − 1) ×
O(2)}/Z2 share the same 3-symmetric pair (g, ν). We have exactly the same canonical
decomposition g = h + mA. Therefore, on the level of the Lie algebras we can treat σ

as an inner automorphism, and thus every G-invariant almost complex structure on mA is
σ -invariant. We can continue as in Case 1.

We should also notice that a direct calculation shows that the following lemma is valid.

Lemma 6 The complexification of a Lie algebra with an injective element has an injective
element.

Classes NC2 and NC3 do not contain any symplectic spaces for the same reason as C2
and C3. All spaces from NC1 are presented in Tables 2 and 3. We can summarize our
considerations as follows.

Theorem 9 All simple, simply connected regular 3-symmetric symplectic spaces are given
in Table 1 (compact case) and Table 2 (noncompact case).

Remark 1 Note that Table 2 contains Table 3.

Let us make the following final remark. Looking at the canonical procedure of constructing
G∗/H∗ from G/H and the proof of Lemma 5 one can see that if G is semisimple, the whole
construction goes through for any regular k-symmetric space. Thus we get a method of con-
structing semisimple (noncompact) symplectic k-symmetric spaces from a given (compact)
Kähler k-symmetric space, described in the following proposition.

Proposition 6 Assume that G/H is a regular k-symmetric symplectic space with compact
semisimple Lie group G of transvections. If dim Z(h) = 1, then any k-symmetric homoge-
neous space G∗/H∗ obtained by a canonical procedure, also possesses an injective element
(and, therefore, is symplectic).
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